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ABsTrRACT. For r = (r0,...,7q—1) € R% define the function
o 2= 2% z=(20,...,24-1) — (21,...,24-1, — |rz]),

where rz is the scalar product of the vectors r and z. If each orbit of 7+ ends up at 0, we call
Tr a shift radiz system. It is a well-known fact that each orbit of 7+ ends up periodically if the
polynomial t% +74_1t%~1 4 ... +r( associated to r is contractive. On the other hand, whenever
this polynomial has at least one root outside the unit circle, there exist starting vectors that give
rise to unbounded orbits. The present paper deals with the remaining situations of periodicity
properties of the mappings 7 for vectors r associated to polynomials whose roots have modulus
less than or equal to one with equality in at least one case. We show that for a large class of
vectors r belonging to the above class the ultimate periodicity of the orbits of 7 is equivalent
to the fact that 7s is a shift radix system or has another prescribed orbit structure for a certain
parameter s related to r. These results are combined with new algorithmic results in order to
characterize vectors r of the above class that give rise to ultimately periodic orbits of 7 for each
starting value. In particular, we work out the description of these vectors r for the case d = 3.
This leads to sets which seem to have a very intricate structure.

1. INTRODUCTION

Shift radix systems were introduced in 2005 by Akiyama et al. [1] in the following way. For
r=(ro,...,7q_1) € R? define the function

w28 =78 z=(20,...,24-1) — (21,...,24-1,— |rz]),

where rz is the scalar product of the vectors r and z. Note that 7.(z) = (z1,...,24) where z4 is
defined uniquely by

0<rozo+- - +rq-12q—1+ 24 < 1.
This relates the study of 7 to almost linear recurrences (see e.g. [2, 3, 12] where this viewpoint
is emphasized).

The mapping 7y is called a shift radiz system (SRS) if for any z € Z? there exists k € N such
that! 7F(z) = 0. Shift radix systems turned out to be a generalization of several notions of well-
known number systems. For certain parameters r related to a Pisot number § the mapping 7,
is conjugate to the well-known beta-transformation Tg(y) = By — |87y]. This conjugacy can be
used in order to prove that the beta-expansions related to § have a certain finiteness property
(called property (F) in the literature; cf. e.g. [10]) if and only if the related mapping 7 is an
SRS. Moreover, the problem of characterizing all bases of canonical number systems (see [15] for a
definition of these objects) turns out to be a special case of the description of all vectors r giving
rise to SRS. For details of these correspondences we refer the reader to [1]. It is also possible to
view the rational based number systems introduced in [5] as special cases of SRS.
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SRS are related to orbits of 7. ending up eventually at zero. As we are interested in eventually
periodic orbits of 7. in general, we define the sets
Dy:={reR? |Vz€Z'3k,1eN:7F(z) =7} (2)} and
D((io) = {r € R? | 7+ is an SRS}

which will be of importance throughout the present paper. In view of the above-mentioned facts
the set Déo) is related to finiteness properties of several kinds of number systems. The set Dy is

strongly related to contractive polynomials. Indeed, for r = (rq,...,74_1) € R? define

0 1 0 e 0

: 0 . . :

o . . . dxd

(1.1) R(r) := : : . 1 0 eR

0 o - 0 1

~Tro —T - —Td-2 —Td-1

and let

Eq:={reR?| o(R(r)) < 1}
where g(A) denotes the spectral radius of the square matrix A. It is easy to see that &; is the
so-called Schur-Cohn-region (see [18]) which contains all vectors r for which r - (z°,z!,... z971)

is a contractive polynomial in 2. In [1, Section 4] it is shown that D, satisfies
(1.2) Es C Dy C E_d

and &, = int (£;). We mention here that the set £; was discussed in [9], where it was shown that
it is simply connected and that it is bounded by three hypersurfaces two of which are hyperplanes
for d > 2.

The only problem remaining for the characterization of Dy is to describe Dy \ €4, which is a
subset of 0Dy. We just mention that this problem contains a well-known conjecture on Salem
numbers as a special case. Indeed, in 1980 Schmidt [17] conjectured that beta-expansions with
respect to a Salem number 3 are periodic for each v € Q(f5). It turns out that this is equivalent
to the fact that the mapping 7 has only eventually periodic orbits, i.e., r € Dy, for a certain r
related to 8. As ( is a Salem number this parameter r is contained in D4. Some studies related
to the original conjecture of Schmidt can be found in [6], however, it has not been settled for a
single Salem number up to now. Although in the present paper we are able to describe large parts
of Dy \ €4 we cannot settle Schmidt’s conjecture. Our parameter classes also do not contain Salem
numbers.

For the more general problem of describing Dy \ €4 the situation is a bit different. Indeed, there
exist some subsets of 9Dy (not related to Salem numbers) which could be characterized so far.
Partial results for d = 2 can be found in [2, 3, 4, 14]. Moreover, in [16] several regions of 9D5 have
been investigated. The current situation for d = 2 is depicted on the left hand side of Figure 1.
The interior of the triangle represents €. The solid lines and the points marked with small full
disks form a subset of Dy while the dashed lines together with the points marked with small circles
((1,2) and (1, —2)) do not. It is up to now unknown whether the grey parts of the right boundary
of the triangle belong to D5 or not. It is conjectured that they do (see [4, Conjecture 6.1]). For the
three dimensional case there exists only a case study (see [12]). More precisely, it was shown that

345
1, 5

of D, and often even for a single point it seems to be hard to decide whether it belongs to D4 or
not.
The aim of the present paper is to give a new method which allows to decide for large regions
of 0Dy whether they belong to Dy or not.
(0)

Our method works by establishing connections between the sets Dy and D¢’ (where e < d) as

well as some related sets. Knowledge on the sets Dgo) is used in order to make assertions on the

, #) € 0D5 \ D3. Summing up, it seems to be very difficult to describe the boundary

boundary of Dy. Although the sets Déo) are far from being described completely, large regions of
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FIGURE 1. The set Dy (left) and an approximation of Déo) (middle). On the right

hand side we give a magnified version of the dashed rectangle indicated in the

approximation of Déw. In this magnification some parts of the small grey region

which is not yet characterized is visible.

them can be described algorithmically which is a priori not possible for points in Dy \ £4. Indeed,

)

characterization results on DS) can be found in [1, 4]. Moreover, a very good approximation of

Dg)) is contained in [19]. This approximation is shown in the middle of Figure 1. The white parts

inside the triangle belong to Déo), the black parts do not. The small grey sets near the right
boundary that can be seen in the magnification on the right hand side of Figure 1 have not been
analyzed yet. The only complete result available so far is for d = 1. Here we have D; = [—1,1]
and Dg)) =[0,1) (¢f. [1, Proposition 4.4]).

The paper is organized as follows. In Section 2 we collect several properties of £; which will be
used in the sequel. For this purpose we summarize and adapt the results of Fam and Meditch [9)].
Section 3 contains first results on the orbit structure of 7. In Section 4 we define sets determined
by certain cycles of 7. that will be relevant in the sequel. Section 5 contains our main results. We
give characterization results for large parts of Dy \ &4 in terms of sets which can be determined
algorithmically. In particular, we relate some parts of Dy \ €4 to Dgl)l., Dg?Q as well as some
related sets large parts of which can be described algorithmically. The results are based on a fairly
general theorem on the orbit structure of 7. Section 6 is devoted to algorithms for determining
the relevant sets. Using these algorithms we give a description of large parts of D3 \ €3, compare
Figures 3 and 4.

2. SOME PROPERTIES OF &y

The set &; can be described by using a result of Schur [18].
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FIGURE 2. The set &3

Proposition 2.1 (cf. Schur [18]). For 0 < k < d define

1 0 o 0 19 o0 - -
Td—1 S0
5e(ros- 1) = rd;s,l 0 r.d:1 é (1) o 0 Tdi”zil € R2(+1)x2(k+1)
0
: . 0o . . Td—1
- B - T | 0 1

Then
(21)  Ex={(ro,...,ra—1) €R? |Vk € {0,...,d — 1} we have det (dx(ro,...,7q-1)) > 0}.
For small d we have
& ={z e R | |z| < 1},
(2.2) Ey ={(x,y) € R? | <1yl <x+1},
Es ={(x,y,2) ER® | |z| < 1, Jy —x2| <1 —2? |x + 2| <y+1}.

T

We already saw that &£; is a triangle. &5 is depicted in Figure 2. For obtaining a characterization
of &4 in the above mentioned way we have to calculate d determinants, the biggest of them having
dimension 2d x 2d. There exists another way of characterizing £; which is based on the results
proved by Fam and Meditch in [9]. In this paper it was shown that &; is simply connected and
that for d > 2 it is bounded by three hypersurfaces two of which are hyperplanes. Just intuitively
this is obvious by the following observations.

Indeed, for r € R? denote by A1, ..., \q the d (not necessarily distinct) roots of the characteristic
polynomial x p(y) of R(r). It is easy to see that r € £; if and only if [\;| < 1foralli € {1,...,d} and
r € 9&; if and only if [N;| < 1foralli e {1,...,d} and equality holds for at least one index. There
are three possibilities for a root to have modulus 1. It can be +1, —1 or a non-real complex number
with absolute value 1. Each of these possibilities corresponds to one hypersurface. For obtaining
a parametrization of these hypersurfaces define for vectors r = (r9,...,7p—-1), 8 = (S0, ..., 8¢-1)
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of arbitrary dimension p, ¢ € N the binary function ® by

(2.3) XR(ros) = XR(r)XR(s)-

Obviously © is associative, commutative and continuous in both arguments. Formally denote by ()
the 0-dimensional vector and define r® () := r for all vectors r. Note that this makes (U reN R¥, @)
a commutative monoid which is isomorphic to the monoid of monic real polynomials together with
multiplication. Furthermore, it is convenient to denote by &y the set that consists only of (). For
DCRPand ECRIlet DO FE :={ros|r € D,s € E}. The following results have already
been presented by Fam and Meditch in [9]. Since the authors only give sketched and somewhat
heuristic proofs we prove the results in full detail here.

Lemma 2.2 (¢f. [9, Formulas (9) and (10)]). Let p,q € N, p even. Then

(1) &0 & = Epra

(2) &6 &g = Epgs

(3) 06, ©@ELUE, ©® 0Eg = OEptq-
Proof. For p =0 or ¢ = 0 the lemma is trivial. Thus suppose p and ¢ are non-zero. For proving
(1) suppose that r := (ro,...,rp—1) € & and v’ = (r,...,r;_1) € &. This implies that the
roots of the polynomials P(z) = xpg)(z) = 2P + rp_12?~ ' + - + 19 and Q(z) = Xp)(z) =
7 + rgflxq_l + - -+ + 15 have modulus smaller than 1. Thus, by (2.3), we have xgrer) = PQ
and therefore r @ r’ € £,14. On the other hand suppose that s € £,1,. We have to show that
there exist r € £, and r’ € £, with r ©r’ =s. We can write xg(s) as a product of the shape

XR(s) (@) = (@ = A1) (@ = As) (@ — As1) - (@ = Aspe) (@ — Asier) -+ (@ — Asyar)

with 5,6 >0, s+ 2t =p+q, A\ e Rfor 1 <j<s, Agyj € C\Rfor 1 <j <2t A\ojj = Aoty
for1<j<tand || <lforl<j<p+gq LetJC{l,...,s}and J C {1,...,t} such that
|J] +2]J'| = p. This is always possible, since p is even. Let

Px) =a? +rpaa” "+ o= [[@ =) [T (@ =A@ = Aoyeny),s

JjeJ JjeJ’
Q) =at+r 2 4= [ @=XN) JI @=r)@—Acrsy).
Je{1,...,s}\J JE{1,... t}\J’
Note that P and @ are real polynomials. Then obviously r := (rg,...,rp—1) € &, ¥’ =
(1G5 +,714-1) € & and r © v’ = s completing the proof of Assertion (1). Assertions (2) and
(3) follow immediately by the continuity of ®. (]

Note that for p = ¢ = 1 mod 2 we only have £, ©® &, C £p44. Lemma 2.2 can be used to obtain
a parametrization of £,, from parametrizations of £, and &;. We will show this by an example.

Ezample 2.3. Tt is easy to see that & = {v| — 1 <v <1} and & ={(s, (s + 1)t)| — 1 < s, < 1}.
We now want to get a parametrization of . From Assertion (1) of Lemma 2.2 we know that
E3 = &1 ©® &, By the definition of ® this shows that

(2.4) E3={(vs,s +vt(s+1),(s+ 1)t +v)| —1<s,t,v <1}

This parametrization maps (—1,1)® onto £. However, this mapping is not bijective since, for
example, we have (0) ® (§,2) = (3) ® (0,3). By Assertion (2) of Lemma 2.2 we easily get a
parametrization of £ by enlarging the domain of s,¢,v to the closed interval [—1,1]. This shows
the advantage of the representation (2.4) since exchanging the strict inequalities to non-strict ones

in the representation of £ in (2.2) does not yield & (cf. [11]).

Now we turn to the boundary of £;. Assertion (3) of Lemma 2.2 already shows one way to
obtain 0&;. Now we will present an alternative representation. Let d > 2 and

EY =) 08,
(2.5) ECY =(-1) 08,
EYY :={(1,a) |a € (-2,2)} © & 2.
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Theorem 2.4 (cf. [9, Section II]). For d > 3 we have
(1) (=1 (©
0Ey = Ed U Ed U Ed .

Proof. The proof runs along similar lines as the proof of Lemma 2.2. Since (1),(—1) € 9&; and

{(L,a)|a € (-2,2)} € 0& we have E((il) U Eéfl) U EC(;C) C 0&gq. On the other hand suppose that
r € 0&;. Then Xxpg(y) has a root 1, a root —1 or a pair of complex conjugate roots with absolute
value 1. All other roots have modulus less than or equal to 1. Suppose xg()(1) = 0. Then
Xr(r)(2) = (z — 1)XR(s)(z) for some s € R"! and thus r = (—1) ®@s. Since all roots of X g(y) have
modulus less than or equal to 1 we necessarily have s € £;_; showing that r € Ec(l_l). Similarly it
can be shown that r € E((il) when X g(yy has —1 as a root. If xg(y) has a pair of complex conjugate
roots having modulus 1, say a£if3, |a| < 1, then x g(y)(2) must be divisible by z? —2a+ 1. Hence
Xrr) (2) = (22 — 2 + 1)xp(s)(z) for some s € RY™? and we even have s € £;_5 by the same

argument as above. Thus r = (1,—2a) ®s € Egc). O

Note that in view of (2.5) this shows that Ec(ll) and Ec(l*l) are homeomorphic images of &;_1. It
is not true that EC(IC) is a homeomorphic image of £;_o x (—2,2) for d > 4, as injectivity is violated.
This can be seen by observing that for a,b € (—2,2) with a # b we have r := (0,...,0,1,a) €
0E4—2,s:=(0,...,0,1,0) € 942 and r ® (1,b) = s ® (1,a). However, it is easy to see that the
interior of Ec(lc) (subspace topology) is always a homeomorphic image of ;-2 X (—2,2).

Theorem 2.5 (c¢f. [9, Section IIJ). E((il),Eé_l) and Ec(lc) are simply connected. Moreover, E((il)
and Eé_l) are subsets of hyperplanes.

Proof. The simple connectivity of Eél), Eé_l) and Egc) follows immediately from the simple con-

nectivity of £;_1 and £;_2 and by the definition of Eél), Eé_l) and ng:)' Now x = (x0,...,Z4-1) €
E((il) if and only if there exists a (unique) point r = (rg,...,74—2) € E4—1 such that

x=(1)or=(ro,70+71,.-.,7d—3 + Ta—2,74—2 + 1).

Thus (xo,...,24—1) satisfies 1 4+ Z;l:l(—l)jxd_j = 0 showing that Ec(ll) lies on a hyperplane.
Similarly it can be shown that

EVY c{(Xo, ..., Xa 1) €RY | Xo+--+ Xqq +1=0}.
0

Let us summarize some facts on &;. Fam and Meditch show that &; is bounded (cf. [9, Theo-
rem 1]) and simply connected (cf. [9, Lemma 1]). As mentioned in (1.2), it satisfies £; = int (&y).
Moreover, Theorem 2.5 yields that £; is bounded by three hypersurfaces for d > 2. Two of these
hypersurfaces are hyperplanes. If d = 2 the third one is a hyperplane (line), too. This is obviously
not true for d > 3. Egc) is a subset of an algebraic curve of higher degree. Just for completeness
we want to mention another result of Fam [8] in which the volume V(&) of &4 is calculated. Using
the Barnes G-function G we have

920240 b (L 1) G (n4 1) (d = 2n),

G(2 2
V(gd) = 22"2+3"+(12;.|)_2)4
Trrncents) - (d=2n+1).

n

Note that for positive integers the Barnes G-function equals the superfactorials: G(n+2) =[] 1] !
for n € N. Moreover, observe that by [8, Formula (2.13)] we have limg_,o, V(€;) = 0. On the
other hand the diameter of £; tends to infinity with d. Indeed, the vector of the coefficients of
the k-th cyclotomic polynomial @, belongs to the boundary of £,(;) and by a result of Emma
Lehmer [13] the maximum of the absolute value of the coefficients of @, is not bounded.
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3. FIRST RELATIONS BETWEEN THE ORBITS OF Ty AND Ty@s

In this section we will investigate the relation between the behavior of 7 and the behavior of
Tros forr € R% and s € Z9 (see Theorem 3.1). We will see that it is necessary for r to be an element
of Dy in order to have that r©s € Dgy4. Moreover, we need s to have integer coordinates because
otherwise there exist no relations between 7. and 7.0s as the ones described in Theorem 3.1.

This forms the basis for a finer classification of D; which will be established in the subsequent
sections and which will enable us to give necessary and sufficient conditions for r and s to ensure
that r ©s € Dgy4. These conditions can be checked algorithmically. Thus at the end we will be
able to describe large pieces of Dgiq \ Eaq-

We start with an analysis on how the maps 7. and © fit together. At first we introduce a new
map acting on (right) infinite sequences. For some ¢ € N\ {0} and a vector s = (s, ...,5q-1) € Z7
define

qg—1
Vs 1 Z% = Z%, (Tn)nen <Z SkTntk + $n+q> :
k=0 neN

It is easy to see that V5 maps each periodic sequence to a periodic sequence and each sequence
that is eventually zero to a sequence that is eventually zero.

Let r € R? and x € Z%. Successive application of 7 to x induces a sequence of integer vectors,
(Xn)nen = (179(X)),en» Where xo = x. By the definition of 7, after each application only one
entry changes. The other entries only change their position. Denote by 7,f(x) € Z> the sequence
(zn)nen of the first entries of the sequence (x,,)nen. It is easy to see that for all & > 0 we have

(Thy ..o Thya—1) = X = TF(x), in particular, x = (x¢,...,74_1). We will denote a sequence
(25 )nen with period I and preperiod k by xo, ..., 2k—1, (Tk, ..., Z14r—1). If there is an index k
such that x,, = 0 for n > k we will therefore write xo, ..., zt_1, (0)>

The behavior of 7 can be described completely by the behavior of 7pas if s € Z9. This is made
precise in the following theorem. If s € 9&, then also r ® s € 9€444. Thus this result will enable
us to describe parts of Dgiq \ Ea1q C 0a44.

Theorem 3.1. Let p,q > 1 be integers, r € RP and s € Z1. Then

Ve o 1log(ZP79) = 7 (27).

Proof. Suppose r = (rg,...,rp—1) and s = (sg, ..., Sq—1). Set
So  S1 sq-1 1 0 0
U= 0 o € ZP*Pra
: . . . .0
0 --- 0 S0 o oo Sg1 1

Note that U has maximal rank p and UZPT9 = ZP. Thus the theorem is proved if we show that
for all x € ZPT4 we have

(3.1) Vs 0 s (x) = 77 (Ux).
Suppose (Zr)keN = Tpos(X) and (yx)ren = 75 (Ux). We have to show that
(3.2) Yn = 80Tn + -+ S¢-1Tntq—1 T Tniq

holds for all n > 0. We do this by induction on n. For 0 < n < p —1 this is true by the definition
of U. Now assume that (3.2) is true for each k € {0,...,n} with n > p — 1. By the definition of
(yx)ken we have

p—1
Yn+1 = — E TiYn+1—p+j
Jj=0
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By the assumption on the induction this gives

p—1
Ynt1 == [ D ri(50s- 1801, 1) - (@nt1opiss s Tntgpts)
_JZO
p—1
= er(SOa <5 Sq—1, 1) : (xn+1—p+j7 s 7l‘n+q—p+j) + (307 SERE) sq—l) : (In-i-la s axn—i-q)
7=0
+ (S05---38g=1) " (Tnt1s-- -5 Tntq)s

where we used the fact that s is an integer vector. Now write the argument of the last floor
function as scalar product of two p 4+ d dimensional vectors. It is easy to see that this gives

S0 0 0 0
. S0 .
Sq_ : )
ql 1 : 0 : Tnilp
Sq—1 S0 0 .
- 0 0 + 7 1 +t+rpaa +
S1 50
0 s Lntq
: : Sq—1 :
L 0 0 1 Sq—1 i
Tn41—p
=—|[(s®r) = Tntq+1
L Tntq
where the last equality follows from the definition of (zj)ren. Thus we arrive at
Ynt+1 = 80Tnt1 + -+ Sg-1Tn+q T Tntqt+l
which shows that (3.2) holds for n + 1. Hence, in view of (3.1) the theorem is proved. O

We give an example for illustrating the statement of the theorem.

Ezample 3.2. Let r = (13, 2) and s = (1). Theorem 3.1 says that for each y € Z? there exists

x € Z3 such that 77 (y) = Vs o 7jus(X), i.e., the behavior of 7. is completely described by the
behavior of 7.gs. For instance, suppose y := (5,—3). By (3.1) we have to choose x such that

Ux =y with
110
U(O 1 1)'

. _ (11 163 14
Hence, we can choose x := (4,1, —4). We have r ©s = ({3, 55, 5 ) and
Toos(X) = 4,1, —4,(5,-4,2,1,-4,7,-9,10, 9,7, —4,1,2, —4)*.
In our case the map V5 adds two consecutive entries of a sequence. We thus have
V; © T:@S(X) = 5; 73) (]—7 ]-a 72; 37 737 3; 72)00 = T: (y)

From Theorem 3.1 we can deduce several assertions. Firstly by choosing s = (0) we obtain that

(7”0, .. .,T'dfl) € Dy <— (0,7"0, .. .,T’d71) S DdJrl,
(7’0, .. .,T'dfl) c Déo) < (0,7"0, .. .,T’d71) S D((10421

which is contained in [1].
More generally we have the following result.
Corollary 3.3. Letr € R and s € E_q nZza.
o Ifr©s € Dyiq thenr € Dy.

e IfrOse Dgfq then r € Déo).
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Proof. This can be seen immediately by Theorem 3.1 since Vg preserves the periodicity of a
sequence as well as the fact that a sequence is eventually zero. ]

Note that s € E_q N Z4 holds if and only if x g(s) is the product of cyclotomic polynomials.

We restricted ourselves to integer vectors s € &, since for s ¢ £; we had r ©'s &€ €414 and thus
ros €Dy (rOse D((ioﬁ o+ tespectively) cannot hold in view of Lemma 2.2 (3). Observe that
s € £ NZ4 implies s € OE, whenever s # 0 and thus r ®s € €44, Thus the above corollary
yields first results concerning the relation between Dgiq \ E44q and Dy (D((ioﬁ q \ Ei+q and D((io),
respectively). It should be mentioned that the second part of Corollary 3.3 is of interest only if
there exists d € N with DEIO) \ &4 # 0. Up to now no such d is known. As mentioned in the
introduction, for d = 2 it is shown in [4, Section 2] that the intersection is empty

Note that the converse of Corollary 3.3 does not hold in general. It is shown in [2] that

1, 1+2_\/g) € Dy. But the already mentioned analysis of Kirschenhofer et al. [12] shows that

(15 3+\/5, 3+2\/5) = (1) © (17 L+y5

2 2
Corollary 3.3 that gives necessary and sufficient conditions for s and the behavior of 7. to ensure
that r ©s € Dgyp.

) € 0&; \ D3. In the following we will develop a converse of

4. SOME CLASSES OF CYCLES OF Ty

This section is devoted to solving the problem of finding sufficient conditions for r € Dy such
that the converse of Corollary 3.3 holds. To this matter we will define sets characterized by cycles
of 7 with certain properties. First we need some additional definitions and notations. Define the
following equivalence relation for finite sequences.

(ZOa e wxl*l) = (yov s 7ym71) < JkeN: xo = Yky X1 = Yk+15 -+ - s Llem(l,m)—1 = Yk+lem(l,m)—1

~

where the indices of x and y are taken modulo [ and m, respectively. It is easy to see that 2 is an
equivalence relation. Let Z* the set of all finite integer sequences. We will denote the elements of
Z* /= by representatives of minimal length inside angle brackets. For example, we have

(2,3,1,2,3,1)=(3,1,2,3,1,2,3,1,2) = (1,2,3)
and the corresponding equivalence class is (1,2, 3) (= (3,1,2) = (2,3,1)). Furthermore, let
T Lt =L
be the canonical epimorphism and
1:7Z* >N
the length of the representative. Note that the length is well defined. In the example from above
we have [((1,2,3)) = 3.

For r € D, the sequences 77 (x) end up periodically for all choices of x € Z¢. This motivates
the following definition.

Definition 4.1. For r € D; we call a point x € Z% purely periodic (with respect to 7y) if there
exists an [ € N such that 7!(x) = x. Moreover let

C(r)y:=n{be " |IxcZ: 77(x) = b7} C Z*) =
be the set of all equivalence classes of cycles of 7. For p € N\ {0}, define the function
0 for pti(B) or LB aj=0

Sy 2]~ — {0,1 B={xo,...,208-1) — J=0
P {013, < 0r 0 SUB) 1> {1 otherwise,
where &, denotes a primitive p-th root of unity.

Note that the function ), is well defined since it is independent of the chosen representative of
B. We can define the set D((io) in terms of C(r) by

DY) = {re Dy | C(r) = {{0)}}.
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We will now make a finer classification of the elements of D,. For p € N\ {0} let
(4.1) DI .= {r € Dy | VB € C(r) : S,(B) = 0}.

We obviously have DEIO) C D((ip ) for each p € N. According to the following lemma, the set Dy)

)

coincides with DEIO apart from a set of measure 0.

Lemma 4.2. Letr = (ro,...,74—1) € Dél)\l)éo). Thenr € OEq4. Moreover, X g(r) has a cyclotomic
polynomial @y, k > 1, as divisor.

Proof. Asrt € Dy) \D((io) there exists a cycle B # (0) with S1(B) = 0. Suppose B = (zg,...,Zi-1).
By the definition of cycles and the behavior of 7, we know that rg, ..., rq—1 must satisfy the I(B)
inequalities

(4.2) 0<rozj+- - +rg1Tj4d-1 +Tjrqg <1 (0<5<B)-1)

where here (and throughout the remaining part of this proof) the indices of the x; have to be
taken modulo [(B). By the definition of D((il) we have

(4.3) > z=0

By adding any [(B) — 1 of the above inequalities we thus obtain another set of [(B3) inequalities,
namely

(4.4) 0< —rozj — = Trg—1%jpd—1 — Tjra < U(m)—1 (0 <5 <UB)-1).

Combining (4.2) and (4.4) we get

(4.5) 0=7roxj 4+ +Td-1%jtrd—1 + Tj4d

for all j € {0,...,1(B) — 1}. By multiplying these equations with integers we see that
{(kxo,...,kx;—1) |k €Z} C C(r).

Since B # (0) we have that C'(r) has infinitely many elements. By [1, Lemma 4.2] this implies
that r € 0&,.

To prove the second assertion observe that the recurrence relations (4.3) and (4.5) for the
sequence (x;);jen imply that the ordinary generating function F'(z) := ) >0 %j 29 of this sequence
fulfills
F(Z) _ PO(Z) — = QO(Z) ,

Ltz 270 0 2dxpe(1/2)

where Py, Qo € Z[z] with deg Py < £ — 1 and deg Qo < d. The second assertion now follows. O

5. MAIN RESULTS

We now come to the main results of the present paper. They show that large parts of Dy \ &4
can be described by the sets Dép ) for e < d. In particular, we are able to describe Dy N Ec(ll) and

Dg N E(([l) completely in terms of these sets. In the next section we will see that the sets Dép )
can be characterized algorithmically.
Our main result is the following. As before, ®; denotes the jth cyclotomic polynomial.

Theorem 5.1. Let d,g > 1, v € R? and s = (so,...,84-1) € Z such that so # 0. Then
r ©®s € Dgyq if and only if the following conditions are satisfied:
(i) There exist pairwise disjoint non-negative integers o, . . ., ap with XR(s) = Poy Py *+* Py
(ii) re M), Dy
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Before we give the proof we list some propositions which contain special cases of Theorem 5.1.
These propositions give characterizations of the behaviour of 7 on some parts of 0&;. As already

mentioned in Theorem 2.4 the boundary 0&; is the union of the three hypersurfaces Ec(l_l), E((il)

and EC(IC). The intersection of Dy with the hyperplanes Ec(l_l) and Ec(ll) is completely determined

by the structure of D((iljl and Dfi)l, respectively.

Proposition 5.2. For d > 2 we have Dy N Eéil) =(-1)o Dél_)l.
Note that by Proposition 5.2 and Lemma 4.2 we also have
DyNint (ES ) = (=1) © (E4-1 N DY)

(the interior on the left hand side is taken with respect to the subspace topology). At the end
of the present section we give a short proof of Proposition 5.2. Indeed, we show how it follows
from Theorem 5.1. In the same way as Proposition 5.2 one can show that the following results are
special cases of Theorem 5.1.

Proposition 5.3. For d > 2 we have Dy N Eél) =)o Dgf_)l.

The situation for E((ic) is more complicated. Here Theorem 5.1 yields only partial results.

Observe that the sets on the left hand sides in Propositions 5.4 - 5.6 are proper subsets of E((ic).
Proposition 5.4. For d > 3 we have Dy N (1,0) ® Eq—2 = (1,0) ® D((;i)Q.
Proposition 5.5. For d > 3 we have DgN(1,1) ©®&q—2 = (1,1) ® Dg)’_)Q.

Proposition 5.6. For d > 3 we have DgN(1,-1)©® &2 = (1,-1) ® Dfﬁ)Q.

Note that for d > 4 more results of this type follow from Theorem 5.1.
In order to prove Theorem 5.1 we need the following simple auxiliary lemma, whose proof is
incorporated for the sake of completeness.

Lemma 5.7. Let (z,)n>0 be a sequence with

L

Ty = Z Ai(n)A?
i=1
where A;(n) = Z;‘Zo Agj)nj are polynomials with coefficients Agj) € C and A1, ..., A\ are pairwise

disjoint roots of unity. If Agj) # 0 for some pair (i,j) with j > 1 then x,, is not bounded.

Proof. Let g > 1 be the largest integer such that there is a pair (¢, q) with AEQ) # 0. Then, after
a possible rearrangement of the indices of the \;, there is a positive integer K < L such that

K
> ATN

i=1

+O(ne™h).

|z | = nf

If we can show that B(n) := Zfil Az(-(” A is bounded away from zero for infinitely many n, we are
done. Since the \; are roots of unity B(n) is periodic in n and it suffices to prove that B(n) # 0
for at least one n. Suppose this is false. Then

K
STANFE =0 (0<k<K).

=1

However, as the determinant of this system is a multiple of a Vandermonde determinant, this
(@)

would imply that A;”" = 0 for all 4, a contradiction to our assumption. U
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Proof of Theorem 5.1. We start with showing the sufficiency of the two conditions. Suppose that
(i) and (ii) are satisfied. Let x € Z9T¢ and (5 )nen := 725 (x). We have to show that (z,)nen
ends up periodically. For convenience set s, := 1. By (3.1) we know that

(5.1) (Yn)nen == 73 (¥) = Vs((Zn)nen)
holds with

q q q
y = E SiTi, E SiLi41 - -+, E SiTitd—1 | -
i=0 i=0 i=0

As ¢ > 1 we have b > 1 and thus r € Dgal) and a fortiori r € Dy. Hence, there exists an
index ng and a (minimal) positive integer [ such that vy, = yn4; for n > ng. We therefore have

(Ynos -+ Yno+i—1) € C(r).
The sequence (xy,)n>n, satisfies the recurrence relation

(5.2) Zsi$n0+k+z‘ = Yno+k = Yno+k+l = Zsi$n0+k+l+z‘

for k > 0. Its characteristic equation is

(tl - 1)XR(S) (t) =0.

Denote its roots by Ai,..., A, and suppose that they are arranged in a way that Ay,..., A, are
roots of ¢ — 1 only, Ayi1,..., N\ are roots of t' — 1 and of XR(s)(t), and Ajy1,..., Ay are roots
of Xr(s)(t) only. As t! — 1 as well as X R(s)(t) have only simple roots by the pairwise disjointness
assertion in (i) we conclude Ay 41,..., A have multiplicity two while all the other roots have
multiplicity one. Thus

g l
(5.3) Tngek = 3 AVNE L N AN

j=1 j=w+1

for [ 4+ g complex constants A;V). The sequence (Zp)n>n, is periodic if and only if AED =0 for all
je{w+1,...,1}. If 2l —1 and XR(s) have no common roots (i.e., if @y {1,..., a3 1 [) then all
roots are simple and the second sum in (5.3) is empty. Thus (x,,)nen ends up periodically in this
case and we are done. Suppose in the sequel that 2! — 1 and y R(s) have common roots, i.e., that
w < .

In order to calculate the constants Ag-y) we use (5.2) to obtain

g q
Yno A‘”Zs Aith y Z Al Z (k + W)ABH!
i=1 Jj= ’LU+1 h=0
(5.4) :ZA N X Ry (N Z AN (X X s (A ) + A Xy (A7)
j=1 Jj= w+1
S A )+ 3 A )
j=1 Jj=w+1

The latter equality holds because xp(s)(Aj) = 0 for j > w. Taking k& € {0,...,[ — 1} this is a
system of [ linear equalities for the [ constants A(IO) A(O) Aiuljrl, e ,Al(l). We will show that
condition (ii) implies that AED =0 for each j € {w+1,...,1}. This will yield ultimate periodicity
of (zn)nen in view of (5.3).

The linear system in (5.4) can be rewritten as

(5.5) WUnos -+ Unori—1)T = G(AD ..., AQ A AT
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with
XR(S)()‘l) T XR(s)O‘w) XIR(S)()‘w+1))‘w+1 T XIR(S)()‘l))‘l
o Xr@AOM 0 XRE M)A X Pur)Aog1 0 X QDA
XaE QDM xR M)A X Q) Mogr 0 X QDA
Thus by Cramer’s Rule
det G
AW J
J det G

where G; equals the matrix G with the jth row exchanged by the vector (yn,, .. -, Ynot1—1)". One
has det G # 0 since it is a non-zero multiple of the determinant of a Vandermonde matrix. We
have to show that det G; = 0. We have

w 1
(5.6) det G = [T xreOn)" ] Mexre () D;,
k=1 k=w+1
k#j
where
1 1 Yno 1 1
A1 o Njol YUngtl Aj1 e Al
Dj = det . . .
AT T e MGY e N

As the products in (5.6) are obviously nonzero we have to deal with the determinant D;. In

—k
order to calculate this determinant add the \; i multiple of the kth row to the last row for each

ke€{1,...,1—1}. This does not change the determinant which now can be written as
1 ... 1 Uno 1 ... 1
Ao A Yno+1 N1 N
D; = det : : :
SRR v Yno+k+1-2 Ny N
0o ... 0 L—:lo)\_jk“ynﬁk 0 0

We shall now prove that 22;10 )\_jkyn0+k = 0. This implies that thus the last determinants D;,

det G; and therefore Ag-l) as well are equal to zero for each j € {w +1,...,l}. Indeed, as \; is a

root of 2! — 1 and XR(s), in view of condition (i) there exists a p € {1,...,b} with o, | I and thus
A; and, hence, )\; as well are primitive a,th roots of unity. As oy, |l and (Yng,- -+, Yng+i—1) € C(r)
we have

-1
(5.7) Sy (Unos -+ Ynott-1)) = D EE Ynysk =0

k=0

for each a,th root of unity &, by condition (ii). Hence, in particular, Z;;IO )\_jkynOJrk = 0. This

shows that D; = 0 for each j € {w+1,...,{}. Thus detG; = 0 and therefore also A§1) = 0 for

w+1<j <l Inview of (5.3) this shows the ultimate periodicity of (z,)nen and we are done.
We will now show the necessity of the conditions (i) and (ii).

(i) Since r ©®s € D444 the second inclusion in (1.2) implies that 1 > p(R(r ©®s)) > p(R(s)).
Since sg # 0, s is related to a polynomial over Z each of whose roots are nonzero and
bounded by one in modulus. This implies that each root of this polynomial is a root of
unity.

Still we have to show that x g(s) has no root of multiplicity greater than 1. Suppose on
the contrary that xpge) has a root of multiplicity at least 2, say Aj,. Let x € 74+ and
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(n)nen = Toor(x). We will show that (x,)nen does not end up periodically. As (2, )nen
satisfies the recurrence relation (5.2) there are polynomials A; (1 < j < g) such that

g
Tpgtk = ZAj(kW
j=1

Inserting (5.2) we obtain

9 4q
Yno+k Z Z spAj(k+h) )\k‘Hl

j=1h=1

Taking k € {1,...1} these are [ equations for the [ + ¢ coefficients A§-V) of the polynomials
A;. However, ¢ of these [ 4 ¢ coefficients do not occur in (5.8) because they are cancelled
out in a similar way as in (5.4). One of the coefficients not occurring in (5.8) is Ag), as

its multiplier in (5.8) is easily seen to be

k')‘;?OXR(s) ()‘jo) +A; +1XR(S) ()‘ )-
This vanishes as \j, is a double zero of x g(s). Thus we use (5.8) in order to calculate I of

the [+ ¢ coeflicients A§.V). Each g-tuple z1,. .., 2, of integers yields a system of ¢ equations.
Indeed,

2 = zngj(k)Az? (1<k<g)

This system can be used in order to calculate the remaining ¢ coeflicients A;V), among

which we have Ag-i). We choose z1,...,2, in a way that Ag) # 0. This choice gives us

values for all coefficients A;V).
For k > q define the integers z; by

Then by (5.2) the sequence 75, .((20, ..., 24+1-1)) obviously satisfies the recurrence rela-
tion Y1 SiZngthti = Doi_g SiZnothtiti- As Ag) # 0 this sequence does not end up
periodically by Lemma 5.7, a contradiction.
Since r©s € Dytq, (Tn)nen in (5.3) is ultimately periodic. By Lemma 5.7 this implies that
Ag-l) =0 for each j € {w+1,...,1}. The proof of the sufficiency of the three conditions
shows that this is equivalent to D; = 0 and thus to the fact that (5.7) holds for av, ..., as.
As the latter is just a reformulation of (ii) we are done.

O

We continue with the short proof of Proposition 5.2. It is then clear how to deduce the other
propositions from Theorem 5.1.

Proof of Proposition 5.2. Set s = (—1) and note that xp(s) = ®1. Then an application of Theo-
rem 5.1 immediately shows the result. O

The following corollary gives a criterion which ensures that certain points do not belong to

D).

Corollary 5.8. If ®, | xr() thenr & D((ip)

Proof. Suppose on the contrary that r € fo ). We will derive a contradiction. Let q := ¢(p)
where ¢ denotes Euler’s totient function. Define s € Z9 by the equation xg) = ®,. Then by
Theorem 5.1 we have r ©s € Dgy4. On the other hand, since ®, | xg(r), there exists r' € R4

such that r =1’ ®s. As r € Dy Theorem 5.1 implies that r’ € D((f:)q. Thus we have v’ © (s ®s) =
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r©s € Dgyyq. However, because r € D((ip) and X p(ses) = <I>Z2, is not the product of pairwise disjoint

cyclotomic polynomials this contradicts Theorem 5.1. U

6. ALGORITHMS AND CONCRETE RESULTS

6.1. An algorithm for describing fo ). After the formal introduction of the sets Dép ) in (4.1)
we will present a way for characterizing these sets algorithmically. For p = 0 an algorithm can be
found in [1] (see also [4, 19, 20]). We first give a brief outline of this algorithm and afterwards we
apply similar ideas in order to generalize it for other values of p.

Definition 6.1. Let r € D;. A set V C Z? that satisfies
(1) Vx€Z4Tk €N, (by,....by) € VE i x=3"" by,
(2) x€V=1(x),—T(—%x) €V

is called a set of witnesses of r.

Such a set exists and can be chosen to be finite because the linear part of the mapping 7, is
contractive. We refer to [1], where details are discussed.
A set of witnesses has nice properties concerning 7.

Theorem 6.2 (cf. [1, Theorem 5.1]). Let r € Dy and let V be a set of witnesses of r. We have
rc D((io) if and only if V does mot contain purely periodic points with respect to 7+ except 0.

The definition of the set of witnesses can be extended to sets QQ C Dy.

Definition 6.3. Let Q C Dy. A set V C Z? that satisfies
(1) ¥x € Z3k €N, (by,...,b) € Vi ix=3" by,
(2) (V)U—=m(=V) CV holds for all r € Q

is called a set of witnesses of Q).

Such a set exists and can be chosen to be finite provided that the diameter of @) is small. For
details we refer again to [1].
Further define the following graph.

Definition 6.4. For a finite set W C Z¢ and a set Q C Dy, we define G(W, Q) = (V, E) to be the
smallest directed graph with vertices V C Z% and edges E C Z% x Z¢ such that

(1) WCV,

(2) (V) CViorallr e @,

(3) E={(x,(x))|x € V,r € Q}.

We are interested in the (directed, simple) cycles of such a graph, i.e., in paths of the form
Vo — Vi — ... — V;_1 — Vo with pairwise disjoint v; (0 < i <[ —1). To avoid confusion with
cycles of 7 we will refer to cycles of graphs as graph-cycles although the two types of cycles are
closely related to each other. A graph-cycle of length [ consists of [ d-dimensional integer vectors.
By the definition of the edges a graph-cycle has the shape

(oy ey @d—1) = (X1, yxqg) = -+ = (=1, ..., Td—2) = (Toy. .., Td—1)-

Similar to a cycle of 7., a graph-cycle is uniquely determined by the [ integers zg, ..., x;—1. Again
the elements are ordered cyclically. This enables us to identify a graph-cycle of G(V, Q) for some
sets V and @) with the integer sequence of corresponding length that determines it and denote it

also by (zg,...,x1-1).
Finally, for some graph-cycle (zg,...,z;—1), consider the system of | double inequalities
(6.1) 0<rox;+- - +rq—1Tjra—1 +Tjrq <1, 0<j<l),

where the indices of the z; have to be taken modulo [, and denote
Py ((xo, v wi-1)) = {(r0s- .. ,7a—1) € R | (ro,...,74_1) satisfies (6.1)} .
Note that a graph-cycle B is a cycle of 7, for some r € Dy if and only if Py(B) # 0. More precisely,
r € Pi((xo,...,21-1)) <= (x0,...,21-1) € C(r).
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It is possible to characterize Q N D((io) by using a corresponding set of witnesses V provided that
it is finite. This characterization is based on an idea of Brunotte (see [7]).

Theorem 6.5 (Brunotte Algorithm, ¢f. [1, Theorem 5.2]). Let Q C Dy and suppose that V is a
finite set of witnesses of Q. Furthermore denote by II the set of graph-cycles of G(V, Q) without
the trivial one (0). Then
0
DY NQ=Q\ | Pl

mell
Our aim is to adapt Theorem 6.2 and Theorem 6.5 in order to get algorithms for describing
Dgp ) for p # 0. The main problem is that even though a set of witnesses of a set Q@ (where  may
consist of one point only) contains enough cycles to completely characterize Q N D((io) it may not
include all cycles of 7 with r € Q.
Suppose that p # 0 and r € D,. For a given set of witnesses of r we have the following situation.

) by Theorem 6.2 and therefore, as

When 0 is the only purely periodic point of 7. then r € D((io
Dg)) C Dép ), we immediately conclude that r € D(gp ) If the set of witnesses includes other purely
periodic points than 0 then these points induce a set IT of cycles. If this set contains a cycle B
with S,(B) # 0 then r ¢ D((ip) and we are done. A problem occurs if IT # {(0)} and S,(B) = 0 for
all B € II since we do not know whether there exists a cycle B’ with B’ ¢ II and S,(B’) # 0.

The following lemma will show that we can use the idea of the set of witnesses even for analyzing

the structure of Dgp ), however, with some additional expenditure.

Lemma 6.6. Letr € Dy and V a set of witnesses of r. If x € Z% is purely periodic w.r.t. . then
there exist integer points zi,...,Z, € V such that Z;.Lzl z; = X and 2?21 z; 1s purely periodic
(w.r.t. ) for all k € {1,...,n}.
Proof. Let y be an arbitrary purely periodic point with respect to 7 having period [. For proving
the lemma it suffices to show that we can find wy,...,w,, € V such that y = Z;ﬂzl w; and
Z;’;l w; is purely periodic.

By Definition 6.1 y can be represented as

with wi,...,w/ € V. Let ¢ € N. Then ¢ applications of 7! yield
m—1

y)=y=n"| Y wi| +wy,
j=1

with w! € V by the construction of the set of witnesses. Since r € Dy we can choose ¢ such that

Tl (Z;:ll w;) is a purely periodic point of 7. On the other hand, again by the construction of

the set of witnesses, we have

m—1 m—1
w(Fw) 5w
j=1 j=1
for some wY, ..., wy,_; € V. Setting w; := w’ for all j € {0,...,m} shows the claim. O

We first show how Lemma 6.6 can be used to check whether a given point r € &; is contained
in Dép ) or not. After that we will generalize this to sets Q@ C &;.

Theorem 6.7. Letp € N, r € &; and V a finite set of witnesses of r. If there exists a set W C Z4
with

e 0,

e V+ZCW,
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where Z consists of all purely periodic points (w.r.t 1) contained in W, such that for each cycle
B generated by elements of W we have S,(B) =0, thenr € Dgp).

Proof. The theorem is a direct consequence of Lemma 6.6. O

Note that by [1, Theorem 5.1] there always exists a finite set of witnesses whenever r € &;.

Theorem 6.7 provides an algorithm for verifying whether r € Dgp ) or not. We can now construct
a set W that satisfies the conditions of Theorem 6.7 as follows. Set Wy := V. Now, for every

k =0,1,2,... define Wy, recursively as follows: let II; be the set of all cycles contained in Wy
without the trivial one (0). If IT = () then we can stop and conclude that r € D((ip ). If there exists

a cycle B € I}, with S,(B) # 0 then we can stop, too, and we obviously have r ¢ Dgp). If Ty, £ 0
and S, (B) = 0 for all B € II;, then denote by Z;, C Z? all purely periodic points induced by the
cycles in IT; and let
Wit :=V + Z;.

It can be shown easily by induction on k that, whenever Wy, contains a purely periodic point,
Wi1 contains all purely periodic points of the corresponding cycle. We also see by Lemma 6.6
that this procedure terminates at some stage k = ko since C(r) is finite for r € £;. This leads to
a set W := Wy, satisfying the conditions of Theorem 6.7 in the relevant case.

Finally we are going to generalize the results from above in order to characterize @ N Dép ) for
some ) C &4 using Theorem 6.5.
Theorem 6.8. Let p € N, Q C & closed and V a finite set of witnesses of Q. Denote by W C Z4
a finite set with

e 0V,
e V+ZCW,

where Z consists of all purely periodic points w.r.t. 7+ for some r € QQ contained in W. Then
enof =@\ U  PuB)
BEIL, S, (B)#0

where 11 consists of the graph-cycles of G(W, Q) except (0).

Proof. The theorem is a direct consequence of Lemma 6.6. (]

By [1, Theorem 5.2] (see also [19, Lemma 2.2]) there exists a finite set of witnesses of closed
Q C &, provided that @ is sufficiently small. To construct W again set Wy := V. Now, for every
k=0,1,2,..., let I} the set of all graph-cycles of G(W}, Q) (without the trivial one (0)) that are
cycles for some r € Q. If

(6.2) {B eIl \_1]S,(B) =0} =10
we stop and have
eno’ =\ U rus).
BeTly,, S, (5)#0
If (6.2) does not hold let Z;, C Z? all purely periodic points induced by the cycles of IIj, and let
Wiy1 =V + Zy.

Again this process terminates at some level k = kq. Setting W := Wy, yields a set W satisfying
the conditions of the theorem.

6.2. The behavior of 7, on the boundary of £. We now apply the algorithms of the last
subsection in order to describe Dép) for p € {1,2} and Dgp) for p € {3,4,6}. Together with the
results of Section 5 this will give us a characterization of the parameters r € 93 for which 7 has
only periodic orbits, i.e., a characterization of the set Dy \ £;. As one can easily derive from the
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FIGURE 3. The triangles Eéfl) (left hand side) and Eél) (right hand side). The
dark grey regions correspond to parameters r for which 7, is ultimately periodic
for each starting value z € Z3. For the parameters r in the black regions there
exists at least one starting value z € Z? such that the orbit (7(z))ren becomes
unbounded. The light grey regions are not yet characterized.

FIGURE 4. The boundary of D3. On the left hand side we see a view of D3

where the surface E:E’C) is transparent. Some lines of it can be characterized with

help of Propositions 5.4 to 5.6. On the right hand side another view of Dj is
presented. Here we see the two triangles Eé_l) and Eél). The colors have the
following meaning. Black: there exist unbounded orbits; dark grey: all orbits are
ultimately periodic; light grey: not yet characterized.

results in Section 3, 0€3 = JD3 consists of the two triangles Eé_l) and Eél) and of the surface
Egc). In particular, from (2.4) we easily see that
Eg(,l) = {(s,s+t+st,st+t+1)] —1<s,t<1} and
ESY = {(s,s—t—stst+t—1)] —1<s,t<1}.

The periodic parameters in Eg(fl) (i.e., the parameters r for which 7,(z) is ultimately periodic
for each starting value z € Z?) can be described via the set Dél) by Proposition 5.2. According
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to Lemma 4.2, Dél) is equal to Déo) apart from few exceptional points on the boundary. Thus we

can use the description of the set Déo) which has been studied extensively (cf. e.g. [4]) in order to

get the periodic parameters of large parts of E:g_l).

The periodic parameters in Eél) can be described via the set Df) by Proposition 5.3. Since
large parts of DéQ) can be characterized with help of the algorithms presented in the last subsection

we obtain a description of the periodic parameters of large parts of Eél).

Finally, small parts of Egc) can be characterized by using Propositions 5.4 to 5.6. Indeed they

yield straight lines on the surface Egc) which belong to Ds.

The results of the algorithmic description of the periodic orbits of €3 are visualized in Figures 3
and 4. The pictures suggest that the set of parameters r € 0, that give rise to periodic orbits of
7+ has a very complicated structure.
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