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Abstract

In this paper, we consider the Online Target Date Assignment Problem (ONLINETDAP)
with deferral time one and unsplittable requests for general downstream problems, where the
downstream cost are nonnegative, additive and satisfy the triangle inequality.

We show that the lower bound on the competitive ratio of any online algorithm for this
problem is greater than 3/2 — . The first online algorithm analyzed is SMART, which was
introduced by Angelelli et al. [3]. We prove that its competitive ratio is at most 2/2 — 1 ~
1.8284 for this setting. This result answers the question posed in Angelelli et al. [4], if SMART
has a competitive ratio strictly less than 2 for the Dynamic Multi-Period Routing Problem
(DMPRP) with customers located on the Euclidean plane, provided splitting of request sets is
prohibited.

Finally, we present the online algorithm CLEVER and show that this strategy is asymptot-
ically optimal with a competitive ratio of 3/2.

1 Introduction

Online optimization problems have seen an increasing attention over the last years, since the issue
of planning with incomplete knowledge and making decisions without detailed knowledge about
the future grows permanently. A detailed description of the state of the art and an extensive
bibliography can be found in [1, 2, 5, 6]. A general framework for online problems with a two
stage decision process structure is the Online Target Date Assignment Problem. It was introduced
by Heinz et al. [7]. Requests are released at certain dates. In the first stage an online algorithm has
to assign a target date for the request at which the request will be processed. This decision must
be made immediately upon release and is irrevocable. In the second stage an offline optimization
problem for all requests assigned to a certain target date is solved. This offline problem is called the
downstream problem. We assume that the downstream problem can be solved to optimality and
the cost at a target date are the optimal cost (downstream cost) of the downstream problem solved
for all requests assigned to this date. The downstream problem can be any classical optimization
problem like, e.g., a routing, bin packing or machine scheduling problem.

An instance of this online problem consists of a sequence of requests o = (rg,71,72,...,7m)
and a downstream problem II, which is an offline optimization problem having arbitrary subsets
of o as feasible inputs. The planning horizon is divided into m + 1 time periods tg, t1, ..., t, with
t; # t; for all ¢ # j. At the beginning of each period t; (¢ = 0,...,m) a request r; is released.
The decision maker must immediately and irrevocably assign the request to a target date in time
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period t;, ..., t;15(r,), Where 0 (r;) is the allowed deferral time of request r;. In the general setting
of an Online Target Date Assignment Problem the allowed deferral time becomes known at the
request’s release. In a feasible solution with respect to a downstream problem II each request is
allocated a feasible target date and for each target date, the instance of the corresponding offline
problem IT is feasible as well. For a detailed description of the Online Target Date Assignment
Problem and competitive online algorithms we refer the reader to [7].

Angelelli et al. [3, 4] introduce the Dynamic Multi-Period Routing Problem (DMPRP), where
at the beginning of each time period a set of customers located on the Euclidean plane becomes
known. The customers have to be served either in the current or in the next time period. The
DMPRP is a special case of the Online Target Date Assignment Problem, where the underlying
downstream problem is a traveling salesman problem and a request r; is a set of customers. For a
detailed description of the problem, lower bounds and online strategies we refer to [3, 4].

We investigate a special case of the Online Target Date Assignment Problem, where at the
beginning of each time period one request is released that can either be served immediately or
postponed to the next time period, that means requests are allowed to be delayed for at most one
period, i.e., d (r;) = 1 for all i = 0,...,m. Note that in this model at most two requests are served
in one time period. Moreover, in the model considered in this paper it is not possible to split a
request. For example, if in the DMPRP a request r; contains several customers, all of them have
to be served in the time period ¢; or all of them are postponed.

The analysis is not only valid for a special downstream problem, but for a wide class of
optimization problems with a natural structure. Let us denote by L; the downstream cost if
request r; is served on its own either in time period ¢; or ¢;4; and by L; ;1 the minimum cost of
serving both requests r; and 7,41 in period ¢;4;. Then, we only require that

L; >0, (nonnegativity) (1)
Liiy1 < Li+ Liqa, (triangle inequality) (2)
Li S Li,i-‘,—l and Li+1 S Li,i—i—l (mOHOtODiCity). (3)

The objective is to minimize the total sum of the downstream cost. From now on, we denote
the Online Target Date Assignment Problem with deferral time one, unsplittable requests and
downstream problems, where the downstream cost satisfy Conditions (1)—(3) by ONLINETDAP.

An instance of ONLINETDAP counsists of a finite sequence o = (g, r1,72,...,Tm) of requests
and a solution of ONLINETDARP is given by a sequence X (o) = (Xo, X1,...,Xm), where X; is
either D or I (ie., X; € {D,I}). If X; = D request r; is delayed to time period ¢;,1 and if
X; = I it is processed immediately in period ¢;. Throughout the paper, the (offline) optimal
objective value of an instance o is denoted by OPT(c). Let ALG be an (online) algorithm for
this problem and XA'(g) = (X9, X9 .. XA19) the obtained solution for instance o with
objective function value z(ALG(0)). Then, the competitive ratio of an online algorithm ALG is
given by

o z(ALG(0))
r(ALa) = sup orT(0) (4)

It is known that the competitive ratio of any algorithm for the Online Target Date Assignment
Problem where splitting is allowed is at least 3/2 (see [3]). Our contribution is to show that if
splitting is not allowed in an optimal solution the competitive ratio has the same lower bound for
any online algorithm for ONLINETDAP.

Moreover, we study two online algorithms and analyze their competitive ratios. The first online
algorithm is called SMART and was suggested for the DMPRP in [3]. Therein, it was shown that this
algorithm is optimal for two time periods and the question was posed if SMART has a competitive
ratio strictly less than two for arbitrary time horizons. We answer this question and prove that
r(SMART) < 2 provided requests are unsplittable.

The second analyzed online algorithm is called CLEVER and is introduced for the first time
in this paper. We prove that the competitive ratio of CLEVER applied to instances of the



ONLINETDAP is 3/2. Thus, this algorithm is optimal.

2 A lower bound on the competitive ratio

In this section, it is shown that there cannot exist an online algorithm ALG for ONLINETDAP
with a competitive ratio strictly better than 3/2. Note that this bound also holds for the DMPRP
where it is allowed to split requests (see [3]).

Theorem 2.1. Let ALG be any online algorithm for ONLINETDAP. Then, for all € > 0 there
exists an m(e) such that

r(ALG) > g —e.

Proof. We consider an instance of the ONLINETDAP with an input sequence o = (9,71, ..,7m);
where m = 2n+1 is an odd integer. The corresponding downstream problem is a routing problem
on the real line, that means at each target date a server located in the origin is required to visit all
requests assigned to this target and return to the origin afterwards. The distance traveled thereby
comply with the downstream cost. The objective is to minimize the sum of the downstream cost,
i.e., the distance traveled over all target dates. In this instance, we assume that a request consists
of a single customer. Thus, it suffices to give a real number for each request representing the
coordinate of the corresponding customer.

The first request is released at distance ag from the origin, i.e., g = ag and the second one
at distance a; > ag. The online algorithm has two choices: it can serve r; either immediately
together with ry in time period t; or delay it to the next time period. First consider an algorithm
ALG' that decides to serve r, immediately. Then, the adversary issues another request with the
same distance and stops afterwards, i.e., 7o = a7 and all forthcoming requests will be released at
the origin. In this case, the cost of ALG’ are 4a;, whereas the optimal cost are 2ag 4 2a; yielding

2@1

r(ALg’) > :
ao + ay

If we denote by ALG” an algorithm that decides to delay 7, the adversary issues request ro
at distance a2 > a; from the origin and the algorithm has again to decide if ry is processed
immediately with 71 or delayed to time period t3. If ALG” serves 15 in time period ¢, then assume
that r3 = r3 and the remaining requests ry4, ..., r,, are again located at the origin. Thus, the cost
obtained by ALG” are 2ag + 4as whereas the optimal cost are given by 2as + 2a; and

2&2 —|— ap

r(ALc”) >
as + ay

can be concluded. This process continues till either the online algorithm ALG chooses to serve
a request r; for some 1 < ¢ < m — 1 immediately or the time period m is reached. In the
first case, r;41 is set to r; and r;42 = ... = r,;, = 0 and we obtain the answer set XALG(O') =
{D,D,D,...,D,I,D} with cost

i—2
z(ALG(0)) = 4a; + 2 Z a;.
§=0

If ¢ = 2k — 1 then the optimal solution is X*(¢) = {D,D,I,D,...,I,D,I} and if i = 2k then
X*(o) ={D,I,D,1,...,D,1,D,I} with

2anp—1 + 2252 + 23y az; ifi=2k—1

Opr(0) = _
(o) {2(1% + 2a9,—1 + 2 25211 azj—1 if i = 2k.



In the latter, the end of the time horizon is reached and the online algorithm has always de-
layed, i.e., X2%(0) = {D, D,...,D}. Then r,, is set to 0 and the optimal strategy is X*(o) =
{D,D,I,D,...,D,I}. In this situation the cost sum up to

z(ALG(o —22(1] and OPT(o —22(12]

Combining all these results implies that

{ a9k + E; 0 a] 2a9k-1 + Z?kBS aj Z?ZO aj } (5)

n
agk + agg— 1+Z] 1a2J 1 a2k 1+ agg— 2+E] 0a2J ijoa%

r(ALG) > min
1<k<n

holds for any online algorithm ALG. If we choose the numbers by the following recursion
ag:=1 an :=2an_1+F, VYn>1,

where
FO = O, Fl =1 Fn+2 = FnJrl + Fn vn Z 2

is the Fibonacci-sequence, then the first two terms in (5) are equal to 3/2 for all 1 < k < n and
2n
E] 0%j 3

lim ——— = —.
n—oo Z] Oa’2] 2

O
3 Instance Splitting
To find the competitive ratio r(ALG) of an algorithm ALG it is necessary to give an instance o
that maximizes the ratio Z(O%G(w)) Along the lines of the ideas in [4], we may restrict ourselves

to instances with a very special structure. It is sufficient to consider unsplittable instances of the
following two types:

e Type 1: X2(¢) = (D,D,1,D,I,...) and X*(¢) = (D,I,D,I,D,...)
e Type 2: XA(¢) = (D,I,D,I,D,...) and X*(¢) = (D,D,I,D,1,...).

Let
S(i,m) ={o | o is of Type i, with m + 1 requests}

denote the set of all sequences that are of Type 1 or 2 and have m + 1 requests. For a given online
algorithm ALG we write

_ g 2ALGO)
Alm =  ~or(o)
B(m)= sup z(ALG(0))

ceS(2,m) OPT(U)
The following lemma gives some monotonicity properties about A(j) and B(j).

Lemma 3.1. For all n € N the following inequalities are satisfied:

A(2n) < A(2n —1) and B(2n+ 1) < B(2n).



Proof. We only show that A(2n) < A(2n — 1), because the other case can be done in an analogous
way. Let o € S(1,2n) then deleting the last request of o leads to a new instance ¢’ € S(1,2n —1)
such that
z(ALG(0)) < z(ALG(0"))
Opt(c) — OpT(d’)

Using these results the following statement follows easily.

Corollary 3.2. Let o be an instance with m+ 1 requests. Then, the competitive ratio of an online
algorithm ALG is given by

v =maca (2| 552 +1) 8 (2 2] )51}

4 Analysis of the online algorithm SMART

In this section, we discuss the online algorithm SMART(q) which depends on a parameter g > 0.
Formally, this algorithm can be described as follows:

Algorithm SMART(q)

At the beginning of each time period ¢;(i = 0...,m), do the following: If
request ;1 was postponed to period ¢; and L;_1 ; < gL;—1, then process the
requests ;1 and r; together, otherwise postpone 7;.

Note that it has already been shown in [3] that if ¢ < 1, i.e., the requests are always postponed,
the competitive ratio of SMART(q) is 2. Thus, we restrict our analysis to the case where ¢ > 1.
The aim of this section is to give the competitive ratio of SMART(q) for any ¢ > 1. This enables
us to compute an optimal value for g, i.e., the value which minimizes the competitive ratio. Using
this value it can be shown that SMART has a better competitive ratio than 2. In fact, we prove
the following theorem for ONLINETDAP.

Theorem 4.1. Let m € N and o = (r9,71,72,...,7m) an instance of the ONLINETDAP. Then,

?—q+2-2q(q—1) L=

LDJ+1 Zfl<q<27
r(SMART(q)) = g—q(g—1)L 2
3+4L7n;1J ) - 2
2422 o=z
Moreover,
r(SMART(V2)) < 2v2 -1 <2 and lim r(SMART(V2)) = 2v2 —1
holds.

4.1 A lower bound on the competitive ratio of SMART

We consider an instance of the ONLINETDAP with an input sequence o = (rg,7r1,...,7m). The
corresponding downstream problem is a routing problem on the real line as in the proof of Theo-
rem 2.1. Let us consider the following instance where m is odd and € > 0 (see Figure 1):

ro=1—¢, 1 =¢q and rop =ropsr1 = (—1)kq(q — 1)]“ fork=1,..., {%J ) (6)



72,73 Te,T7 T4,T5 To 1

—q(g—1) —q(q—1)° 0 (g — 1) 1—¢ q

Figure 1: Request locations for the example using SMART(q)

Observe that 2q = Lo1 > qLo = 2¢(1 —¢) and therefore r; is delayed by SMART(q). In general,

_ _ m
Lok—126 = Log—1 + Lox = 2q(q — )" ' +2q(¢ — )" =2¢*(¢ — 1)* ' fork=1,..., LEJ

holds. Thus, the solution obtained by SMART(q) is X*¥**"(9)(¢) = (D,D,I,D,I,...) and the
corresponding cost are
Z(SMART((])(O’)) = Lo+ L172 + L374 + ...+ Lm72,m71 + L,
[ (2mar @ — 2T ) e i1<qq2,
6+8|2t] -2 if ¢ =2.

On the other hand, an offline optimal solution will accept r; immediately and perform rq; and

ropy1 for k = 1,..., L%J together, which leads to X*(¢) = (D,I,D,1,...) and the optimal

objective function value is given by
Opr(0) = Loy + Loz + ...+ Lyp—1,m
m—1 .
:{f—z(l—w—nwﬂ) 1< 0%

444 [m] if g = 2.
Thus,
(et 200017 1) —eqe
Opt(0) s
iy if g =2
2422 ] ==
In a similar way it is also possible to construct an instance o = (rg,r1,...,7,,) where m is

even which leads to the ratio given on the right hand side of equation (7). Using ¢ — 0

"2“22"(‘”)L1?1J“ if1<qq#2
SMART > q—q(g—1) R
rART) 2 0 sty

if g =2,

follows. It will be shown later (see inequality (16)) that the right hand side of this inequality is
exactly the competitive ratio of SMART(g). Since the lower bound is monotonically increasing for
all ¢ > 2, the analysis is restricted to the case 1 < ¢ < 2.

4.2 Competitive analysis

In this subsection, we determine the competitve ratio of the algorithm sMART(q) for 1 < ¢ < 2.
According to Corollary 3.2 it suffices to bound A(2n + 1) and B(2n).

Case 1: A(2n+1)



Assume that we are given an unsplittable sequence o of Type 1 with m = 2n + 1, i.e.,

2(XSMAD (0)) = Lo+ L1o+ Laa ...+ Lon—1.20 + Lony1
OPT(U) =Lo1+Las+ ...+ Loy onti-

Since SMART (¢) produces XsV45(9) (o) we know that request 7 is delayed because

LO,l > qLQ (8)
and requests rg;_; and rp; for j =1,...,n are performed together because
L2j71,2j S qL2j71 Vj = 1, ceey N (9)

At the beginning the special case where n = 0 is investigated. Straightforward calculations
lead to ) .
Lo+ 11 _ Loy +1n - 7Loa+Lox 1

A(l) < < = -+ 1.
L Lo Lo Lo q

1 : a°—q+2-2q(q—1)*
Observe that ;T 1 is equal to —a(a=DT

Theorem 4.1 for the special case of m =1 (and therefore n = 0).

and hence corresponds to the bound stated in

In a next step, we consider sequences of arbitrary length m = 2n + 1 for n > 1. In order to
find a bound on 7(SMART (q)) we consider a sequence o € S(1,2n+ 1) and bound z(X V¥ (9 (¢)).
Using (8) and (9) yields several different bounds on z(X*¥4%7(@)(g)): For k = 1,...,n we have

Z(XSMART(q) (0))=Lo+Li2+Lsa...+ Lon—1,9n+ Lont1 <

IN

k n
1
—Lo1 + ZLQj—1,2j + Z Loj_1,25 + Lopt1
1 Jj=1 j=k+1
1 k n
aLo,l +qlL1+ Z qLaj—1 + Z (L2j—1 + Laj) + Lon+t1
=2 =kt 1

IN

n—1

k
1
ELO,l +qLo1+¢q E Loj 1+ Logy1 + E (L2j + Laj11) + Lan + Lonta
j=2 Jj=k+1

IN

k n
1
(q + a) Lo+ (JZ Loj 2951+ Lok ok+1 + 2 Z Lojojt1

j=2 j=k+1
1 k—1 n
<q + a) Lo1+ QZL23‘,2J‘+1 + Log,2k+1 + 2 Z Loj 2j41 =:fr(0).
i=1 =kt

For the special case of kK = 0 we have

1 n
Lo+ Lio+Lsa...+ Lop—120 + Lont1 < ELO,l + Z(LQj—l + Laj) + Lopt1 <
=1
1 - 1 - -
ELO,I + Lo + 22 Lojojy1 = (1 + 5) Lo + 2ZL2j,2j+1 =: fo(o)
=1 j=1
Let us define B B
fr(o) fr(o) 2(Xrr(a) (o))

fe(o) == OPr(o] — S > OPT(0) (10)




SMART(q)
for k = 0,...,n. Observe that we are given n + 1 different bounds on Z(XoT(;)(U)). For every

unsplittable sequence we consider its best bound, i.e., we get subsets of sequences of the form
Se(1,2n+1)={oceS1,2n+1)| fx(o) < fi(0),i=0,...,n}.
Then it follows that

A2n+1)<  sup min  fi(0) = max sup fi(o).
ceS(1,2n+1) k=0,1,...,n k=0,...,n cE€SK(1,2n+1)

The main idea is to fix k and find a worst instance o € Si(1,2n 4+ 1). In order to simplify the
notation we will write fi instead of fi(co). Now consider a fixed k € {0,...,n} and assume that

fe<fiforalli=0,1,...,k—1landi=k+1,k+2,...,n. Using the definition of f; in equation
(10) this is equivalent to

k1
Log2k+1 > (g — 1) Loi2iy1 + (¢ — 2) Z Layjoj41 1=0,1,...,k—1, (11)
j=it1
i—1
(¢ — 1) Lok2k+1 > (2 —q) Z Lojojt1 + Loigit1 t=k+1E+2... n (12)
j=k+1

Finding a worst sequence in Si(1,2n + 1) is equivalent to determine an upper bound on

(q + %) Lo + qZ?;ll Loj 241+ Log,2k+1 + 2 Z?:kﬂ Lojojt1
Lot + 320 Laj2jt

fe=
while (11) and (12) are satisfied. Cumbersome and tedious calculations lead to

f(0) < {‘12‘”“‘1(‘1””“ if1<qg<2
k\0) >

sup q—q(g—1)"T1

€S, (1,2n+1) % if q= 2
for k =0,...,n and therefore
?=q+2-2¢(¢- D" ey 2
A(2n+1) < max sup fr(o) < 4‘1_‘1(‘1_1)"“ Hlsass (13)
k=0,..., " oeS,(1,2n+1) —3122 if q= 2.
Case 2: B(2n)
Assume that we are given an unsplittable sequence o of Type 2 with m = 2n, i.e.,
Z(XSMART(q) (6)) =Lo1+Los~+Las...+ Lon—29n—1+ Loy
OPT(O’) =Lo+Lio+...+ Lop_12n.
Since X*M457(9) () is the result of SMART (¢) we know that
Lajoj+1 < qLa; (14)

forall j=0,...,n—1.
First we are interested in the case where n = 1. Let o € S§(2,2) then the corresponding

competitive ratio is equal to
Z(XSMART(q) (0,)) B LOJ +L2
Ort(0) Lo+ Lio

However, the result of SMART (¢) can be bounded in two ways:

Lo1+ Lo < Lo+ L+ Ly < Log+2L;1p
Loi+ Lo <qLo+ Ly <qLo+ L1



Therefore, the competitive ratio is equal to

Z(XSMART(Q)(U)) m {LO +2L1o qLo+ L1 } (q—l)L:():Ll,g 1

, 2
OrT(0) Lo+ Lio Lo+ L2 q

Now consider an unsplittable sequence of S (2, m) with m = 2n and n > 2. Then the objective
value of SMART (¢q) can be bounded as follows:

2(X5MA9D (6)) = Lo 1+ Log+Lag ...+ Lon—22n-1+Lon < Lo+Li+Log+- -+ Loy—290—1-+Laon.
Assume that o € §(2,2n), then we have

Z(XSMART(Q) (U)) B Lo1+Los+Lss...+ Lop—22n—1+ Loy
Opt(0) N Lo+Lia+...+ Loy 190
< Lo+ Li+Log+ -+ Lap_22n—1+ Loy
- Lo+ Lig+ ...+ Lon—12n
Li+Lag+ -+ Lap_22n—1+ Loy
Lis+...+ Lop—12n '

Consider a new sequence ¢ which results from o by deleting the first request rg. Due to the
optimality of OPT(c) we know that

OpPr(6) =L12+ Laa+ ...+ Lon—1,2n-
On the other hand, if L; 3 > gL then
XSMARND (5) = Ly + Log + -+ Lon-—2.9n-1 + Lon

holds. However, if L; 2 < ¢L; then no information on X SMART(g) (7) is available. Therefore, we
distinguish two cases:

o If L1)2 > qu then

SMART(q) . SMART =
2(X (0)) < LitLosg+ -+ Lonoon1+lon X (q_) (o) < A@2n—1)
OPT(O’) L172 + ...+ L2n71,2n OPT(O’)

holds because & € S(2,2n — 1).
o If L1 5 <qL; then Ly < Ly 5 < gL implies
Lip=1Lio— Lo+ Loy >Lia—qli+ Ly > (1—q)L1+ La.
Hence, we get

2( XA () Li+Lys+--+4 Lop_22n—1+ Lon
Ort(0) ~ (I4qLi+Lo+L3a+...4+ Lopn—12n
Los+---+Lop_292n-1+ Loy
< max , < max
1+q L2+L374+...+L2n,172n

Lq,B(zn—Q)}.

The last inequality holds, since the sequence ¢ obtained from & by deleting r; is an element
of §(2,2n — 2). This procedure can be repeated and we get

Z(XSMART(q) (U))

OP1 (o) SmaX{A@n— 1),A(2n—3),...,A(3), ——

_ max{A(Qn— 1), A2n - 3),..., A(3), ﬁ,z_ %}



forn=1

1
= {maxq{A(3),A(5), LA —1),2— %} for n > 2. (15)

Putting all together:

The available bounds on A(2n + 1) and B(2n) are now used to get a bound on r(SMART (gq)).
Consider the following observations:

e The bound on A(2n 4 1) is monotonically increasing in n.

°2— é < min {1 + %, %} holds for all 1 < ¢ < 2, i.e., the bound on B(2) is dominated by the
bound on A(1) for 1 < ¢ < 2.

These two observations immediately imply the following result:

T(SMART(q))ZmaX{A (2 {%J +1) ,B<2 EJ) |j= 1,...,m}

m—1
a®—q+2—2q(q— )L A
- NI ifl<g<?2
< q—q(q—1) (16)
73’“4{51} ifq=2
212] s

This shows the correctness of Theorem 4.1.

The optimal choice of ¢ depends on m. The following table contains an optimal value of ¢ for
me{1,...,8}:

m ratio for ¢ = 2 | ratio for g < 2 optimal ¢* | optimal ratio
1,2} 1.5 1+ 2 =2 =15
{3,4} 1.75 2+ 5 —1 q =2 =1.75
(5,6} | ~1.83333 o202 | 015652 |~ 1.8084
(7,8} 1.875 Lot 201 | e n 14694 |~ 18219

Unfortunately, an optimal ¢ is hard to find because one has to determine the roots of poly-
nomials of high degree. Nevertheless, a good choice is to take ¢* = /2 since v/2 is optimal for
m — oo. Simple calculations yield

r(SMART(V2)) < 2v2 -1 < 2.

5 Analysis of the online algorithm CLEVER

In this section, we present and analyze the online algorithm CLEVER. The idea of this algorithm
is that two requests are processed together in one time period if combined service is preferable to
serving each request on its own. We will show that the competitive ratio of CLEVER is 3/2. Due
to Theorem 2.1 this algorithm is optimal.

Algorithm CLEVER

At the beginning of each time period ¢;(i = 0...,m), do the following: If
request r;,_1 was postponed to period t; and L;—1,; < %(Li—l + L;), then
process the requests ;1 and r; together, otherwise postpone r;.

10



Theorem 5.1. Let m be an integer and o = (g, 71,72, ...,Tm) an instance of the ONLINETDAP.
Then,

3
r(CLEVER) = 3

Proof. To compute the competitve ratio, we need to analyze A (2n + 1) and B (2n).

We start by analyzing short sequences with two requests ro and r; (n = 0), where the online
algorithm has to decide whether to process the requests separately or together. It is easy to see
that serving both requests in time period ¢; is optimal, since we assumed Condition (2) to hold
(triangle inequality). However, if Lo > % (Lo + L1), then applying CLEVER requests ro and rq
will be served separately yielding a competitive ratio of

Lo+ 11 3L071 73

oy 3L "%
Case 1: A(2n+1)

Now assume an unsplittable sequence o of Type 1 consisting of an even number of requests.
Then the optimal strategy is of the form X*(¢) = {D,I,D,...,D, I} with optimal value

Opt(0) = Lo1 + Loz + -+ Lan—29n-1 + Lon 2n+1,

whereas CLEVER produces the answer set X“*VE:(g) = {D, D I,... I, D} with value
z (CLEVER(0)) = Lo+ L12+ -+ + Lapn—1,2n + Lont1.

Therefore the competitive ratio is

z(CLEVER(0)) = Lo+ Lig+- -+ Lan—1,2n + Lont1
OrT(0) Loi+ Los+ -+ Lop—22n—1+ Lon2ni1

A@2n+1) =

Augmenting the nominator yields

Lo—Log+Lio—Las~+ -+ —Lop_292n-1+ Lon_1,2n
Loi+ Los~+ -+ Lopn—22n-1+ Lop2n+1
Loi+ Los+ -+ Lop—29n-1+ Lopt1
Loi+ Las+ -+ Lon—22n-1+ Lonont1

A@2n+1) =

Since the second ratio is less than or equal to 1 (Condition (3): Loy+1 < Loy, 2n+1), it remains to
be shown that the first one is at most 1/2. Let us define

n

n—1
Lo+ > Loi—1,2i — >, Loj2ig1
j i=0

f(n):= = (17)
> Loj2it1
i=0
n—1 n—2
Lo + 21 Loj—1,2i + Lon—1,2n — 'Zo Lo 2i+1 — Lon—22n-1
n—1

> Laigit1 + Lon,2nt1
i=0

We know that Loy—1.2, < 2/3Lap_1 + 2/3La,, since requests ra,—1 and rg, are served together.

Additionally, we know from Condition (3) that Loy ant+1 > Lon and Lop_2.2n,—1 > Lon—1. Using
this information we get

n—1 n—2
Lo+ > Loi—1.2i— Y, Laigit1 +2/3Lap—1+2/3L2p — Lop—1
i=1 i=0
f(n) < — : (18)
> Loioiy1 + Lon
i=0
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Moreover, we know that
Loy < Lop_1,2n <2/3Lap_1+ 2/3Lay,.

The first inequality follows from Condition (3) and the second one, because requests 79,1 and
ron are served in the same time period, resulting in Lo, < 2L5,_1. Observe that the right hand
side of inequality (18) is monotonically increasing in Lo, and hence

n—1 n—2
1 4
Lo+ >0 Loi—12i — Y Lai2iv1 — 5Lan—1+ 5L2n1
i=1 i=0

f(n) < —
> Laigit1 + 2L2,—1
i=0
n—1 n—2 n—1 n—2
Lo+ Z Loj_1,2i — Z Loj2i41 + Lon—1 Lo+ Z Loj_1,2; — Z Lo 2i41 1
— =1 — 1=0 S max 1=1 — 1=0 , 5
> Loi2it1 +2Lop—1 > Lo 2it1
i=0 i=0
(19)
Comparing inequality (17) with (19), we observe that
1
p <max{fn -1, 5}.
Hence, we have to prove that the statement is true for n = 1, ie., f(1) < % Since L1 o <
2/3 (Ll + LQ) and L273 Z LQ we get
Lo+Lis—L Lo—Lo1+ 2Ly + 2L
F(1) = o+ L1 0.1 0 0,1 m3L1 T3 2' (20)

Lot + Loz — Loy + Lo
We know that Lo < 2L, and (20) is monotonically increasing in Lo. Thus,

Lo—Lo1+ 2L+ 3L, _ Lo—Lo1+2Ly

1) < =
f) < Lo+ 2L, Lo+ 2Ly

Because requests rp and r; are not served in one time period
2 2 3
L071 > gLO + §L1 and Lo < §L071 — L.

Therefore,

SLop—Li—Loi+2L1  3Lop+Li 1

1) < = = —.
F) = Loy +2L Loy +2L 2

Summarizing the calculations for the competitive ratio in case of an unsplittable sequence of
Type 1 we get

A(2n+1)Sf(n)—i—lSmax{%,...,%}—i—lg?)/z

Case 2: B (2n) In an analogue way we get

11 1 3
< — .., = < —.
B(2n)_max{3,2, ,2}+1_2

Therefore, the competitive ratio of the online algorithm CLEVER is

r (CLEVER) < %]?UR)(U)) —max{A <2 V%IJ +1> ,B<2 EJ) |j—1,...,m}

4 3 3 3
<maxq -, =,...,= ¢ < —.
32 2 2

This proves the desired result. O
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