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1. INTRODUCTION
Buchmann and Pethé [5] observed that following algebraic integer
10 + 9a + 802 + 7a® + 60 + 5a® + 4a8,

with a” = 3 is a unit. Since the coefficients form an arithmetic progressions they have found a
solution to the Diophantine equation

(1) Ng g(zo + oy + -+ z6ab) = 1,
such that (zo,...,7¢) € Z7 is an arithmetic progression.
Recently Bérczes and Pethd [3] considered the Diophantine equation
(2) Ng g(zo + oz —|—~~+xn,1a"*1) =m,
where « is an algebraic number of degree n, K = Q(a), m € Z and
(0, %1, ...,Zn—1) € Z"™ is nearly an arithmetic progression. The sequence (zg,...,T,—1) is said
to be nearly an arithmetic progression if there exists d € Z and 0 < § € R such that
(25 — 1) — d] < (max{|zo|, ..., |zn_1|})'77, (i=1,...,n—1).
They proved that equation (2) has only finitely many solutions provided 3 := a"no‘jl — %7 isan

algebraic number of degree at least 3. Moreover they showed that the solution found by Buchmann
and Pethé is the only solution to (1).

Bérczes and Pethé also considered arithmetic progressions arising from the norm equation (2),
where « is a root of X" — a, with n > 3 and 2 < a < 100 (see [2]).

Let f, € Z]X] be the Thomas polynomial

for=X3—(a—1)X?—(a+2)X — 1.
The aim of this paper is to prove the following theorem:

Theorem 1. Let o be a root of the polynomial f,, with a € Z. Then the only solutions to the
norm form inequality

(3) Nk /(@0 + 210+ 220°)| < [2a + 1

such that Ty < x1 < x2 is an arithmetic progression and (x1,x9,x3) is primitive are either
(z1,22,23) = (—2,—1,0),(—1,0,1) and (0,1,2), or they are sporadic solutions that are listed
in table 1.

In table 1 we only list solutions, where the parameter is non-negative. Furthermore m denotes
the value of the norm, i.e. Ng g(zo + 2100 + 220) = m. Lemma 1 will show that it suffices to
study the norm inequality (3) only for a > 0 € Z. Moreover, Lemma 1 gives a correspondence
between solutions for a and —a — 1.
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TABLE 1. Sporadic solutions to (3) with a > 0.

Lal m [ o [ @ [aa][a] m [[ 20 [ &1 [2]
1] 3 ] 7] 2[3]1] 3] 3] -1]1
T 3| 7] 8|12 5 ||-97]-35]27
2| 5 || —86| —13|10] 2] 5 | —27|-10] 7
2| 5 | -19] =7 | 5 | 2] =5 | 97| 362
2| =5 || -85 13| 9 | 2] =5 | —25] =9 | 7
5 5 | -14] 5 |4 ]|2] =5 || 5] 2|1
51 1 | —11] 4 |3 ||2| =1 || =8| =3 | 2
2 1| 3| 1|1 ]3] 1 || 5] =21
311 | 3| 1|14 9 | =7 ] 2|3
119 [[3 | -1 1[4 9] 7] =81
5 -1 4] 1|2 ]|7|-15]] 5] -1]3
16| 33| —28| —3 |22

2. NOTATIONS AND THUE EQUATIONS
Let us prove first that we may assume a > 0.
Lemma 1. Let a(a) denote a zero of f.(x) and put K(a) = Q(a(a)). Then
Nx(a)/0(w0 + z100(0) + zaa(a)?) =m
holds if and only if
Ng(—a—1)/0(—22 — r10(~a — 1) — zpa(—a — 1)?) = —m.

In particular each solution to (3) for a yields a solution for —a — 1.

Proof. Tt is easy to see that a(a) is a root of f,(x) if and only if ﬁ is a root of f_,_1(xz). As

Nk (a)/0(—a(a)) = —1 the assertion follows immediately. O

Next, we want to transform the norm form inequality (3) into a Thue inequality. Since zg, 21, 2
form an arithmetic progression we may write g = X —Y,z; = X and zo = X + Y. Using this
notation in (3) we obtain

Ng/o(X(1+a+a®) —Y(1-a?)| <|2a+1].

Expanding the norm on the left side to a polynomial in X and Y we obtain the Thue inequality
(4) |(@®+a+T7)X?—(a®>+a+T)XY? - (2a+1)Y?| < |20+ 1].
Since we have the restrictions zg < 1 < 2 and (zg, 21, x2) is primitive, we are only interested in
solutions with ¥ > 1 and (X,Y") is primitive.

For the rest of this paper we will use the following notations: We denote by f, € Z[X] the
Thomas polynomial, which is defined as follows:

fa(X):=X? —(a—1)X?—(a+2)X — 1.

Let a := a1 > a3 > asg be the three distinct real roots of f,. Furthermore we define v := 1+a+a?,
§:=1—a? and € := §/v and denote by 1 := 7,72,73, 01 := 0,02,03 and €1 := €, €2, €3 their
conjugates respectively. Moreover we define G, € Z[X,Y] and g, € Z[X] by
(5) Gu(X,Y) :=(a> +a+7X?— (> +a+T7)XY? — (2a +1)Y?3,
(6) 9a(X) =Go(X,1) = (a®>+a+T)X>—(* +a+T7)X — (2a + 1).
Let us remark that €1, €2 and €3 are exactly the roots of g,.

If (X,Y) is a solution to (4) then we define 8 := X — Y4 and we denote by 31 := 3, 52, 33 the
conjugates of 3. As one can easily see [3; is an element of the order Z[«;] for all i = 1,...,3. In
fact the orders Z[o;] are all the same (see [14, 16, 17] or Section 4).

There are a lot of well known facts about the number fields K := Q(«), which we will state in
Section 4.
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We will use the following variant of the usual O-notation: For two functions g(t) and h(t) and
a positive number tg we will write g(t) = Ly, (h(t)) if |g(¢)] < h(t) for all ¢ with absolute value at
least tg. We will use this notation in the middle of an expression in the same way as it is usually
done with the O-notation. Sometimes we omit the index tg. This will happen only in theoretical
results, and it means that there exists a (computable) ¢y, with the desired property.

This L-notation will help us to state asymptotic results in a comfortable way.

3. ASYMPTOTIC EXPANSIONS

From various papers ([16, 17, 11, 6]) we know that
oy~ a, ag ~ —1, ag ~ —1/a.

We apply Newton‘s method to the polynomial f, with starting points a, —1 and 0. After 4 steps
of Newton‘s method and an asymptotic expansion of the resulting expressions we get

ay —a—i-*—aj—ag—i—j—oél,
- 1 2 1
(7) Ggi=—1——+4——— ~a,
a a a

a  a® ' ad
We consider the quantities — f,(a; +e;/a’) fo(&; — e;/a®) with e; = 10, e = 8 and e3 = 18. These
quantities are all positive provided that a > 8,a > 7 and a > 10 respectively, hence

2 1 3 ) 10
M=t wtat\s)

a a®
1 2 1 8
(8) ag:_l_a+(zi”_(14+L7<a5>’
1 1 1 4 18
043:—54'?4-;—;“!‘[/10 5

Since a; + as + a3 = a — 1 is an integer we also obtain
1 . 1 . 1 4 ‘L 18

ag=——+ —+ — — — )
3 a a® a3 a* 8\ a5

In order to keep the error terms low from now on we assume that a > 1000. Using these asymptotic
expansions we obtain for the ‘s

3 3 36.037
gl _a2+a+5_a2_a3+L1000< s >,

1 1 2 3 26.021
9) 72=1+a+az—a3—a4+[/1000<a5>a
1 2 1 ) 28.044
73:1_a+¥—a*3—¥+[/1000 P )

2 2 6 31.027
(51:—a2—3+*+72_*3+[/1000 (4),
a a a

t
2 1 4 2 18.021
10 0o = — = — — L
(10) 2 a a2+a3+a4+ 1000( 25 )7
5 1 2 1 10 43.045
s=l-gtata g theo (=g )
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and for the €‘s

1 1 4 2 22 108.886
a=—1+-+—5—-———F+—=+Lwoo | —5— |+
a a at a a
2 1 5 8 67.81
(11) 62=—+2+a3—a4+L1000(a5 )»

1 2 1 36.385
es =1+ - — — — — + Ligoo — |-
a a? a a

We will also use the asymptotic expansions of the logarithms of the a‘s. Therefore we recall a
simple fact from analysis: If |t| > |r| then

N .

(—r/t) rN+1 1 t

log [t + 7| = log |t| — : L‘+ _
oglt+ | =logf ; i + t N+1 |t—r

We have omitted the index ?y since this index depends on the L-Term of the quantity r. Let us

write

=:r

-~ 2 1 3 5 10
Oé:/a\+***2*73+ +L1000(5).
a a

We can write similar expressions for ay and as, too. Usmg the above formula we get

_ 2 1 5 7 18.184
log\a1|floga—¥+$+¥—a—5+Lwoo el
1 1 5 11 11.035
12 1 I L
(12) og |az| a + 202 + 303 dgh + L1ooo < P ) 5

1 3 3.514
log\a3|=—10ga+a—@+lqooo PR

4. AUXILIARY RESULTS

Let us recall first some well known facts about the number field K = Q(«), where « is a root
of the Thomas polynomial f, (these results can be found in [14, 16, 17, 9]).

Lemma 2. Let « be a root of the polynomial f,. Then we have the following facts:

(1) The polynomials f, are irreducible for all a € Z. Moreover all roots of f, are real.

(2) The number fields K = Q(«) are cyclic Galois ewtensions of degree three of Q for all a € Z.

(3) The roots of f, are permuted by the map o — —1 — =

(4) Any two of ay, g, ag form a fundamental system of umts of the order Z]a], where a1, as, as
denote the conjugates of .

(5) Let a > 0. If [Ngo(v)| < 2a + 1 then vy is either associated to a rational integer or
associated to a conjugate of o — 1.

Proof. Proofs of these statements can be found in [14, 16, 17, 9] except statement (5) in the case
of a =0 and a = 1. The case a = 0 is trivial. So let us consider the case a = 1.

If v fulfills [Ng/g(y)| < 3 and if v is not a unit of Z[a] then (7)[(2) or (7)[(3). According to
[7, Chapter I, Proposition 25] we have (3) = p$ with p; = (a; — 1) + (3) = (a1 — 1) and (2) = pa,
where p; and py are prime ideals. Therefore v is a multiple of a; — 1 or 2. Computing the norms
yields that ~ is associated to a; — 1 or is 0. Therefore we have proved the statement for a = 1. O

Part (5) of Lemma 2 shows that we only have to consider algebraic integers, that are associated
to a rational integer or associated to a conjugate of a — 1. Let us exclude the case that v = ne
with n # +1 € Z and € € Z[a]* and v yields a solution to (3). Since v = zg + x1 + 2202 with
unique xo, 1,22 € Z, also € = 72 4 Ta + %az yields a solution to (3) . Therefore n|zg, z1, 2.
However, (xg,x1,x2) is primitive, thus v cannot be associated to a rational integer # =+1.

We have to solve the Diophantine inequality (4), therefore we start to exclude all small values
of Y.
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Lemma 3. Let (X,Y) be a solution to (4) such that Y = 1, then (X,Y) only yields solutions
stated in Theorem 1.
Proof. We insert Y =1 into (4) and obtain

(@ +a+7)(X?-1)X —(2a+1)| <2a+1.
If we assume X > 2, respectively X < —2, then
6(a>+a+7)—(2a+1)<|[(a®>+a+T7)(X*-1)X — (2a+ 1) <2a+1

yields a contradiction. Therefore |X| < 1 and we only obtain solutions stated in Theorem 1. O

Now we investigate approximation properties of solutions (X,Y’) to (4). We distinguish three
types of solutions. We say that (X,Y) is of type j, if

X | X
_zglgls y @

Yo
A specific case j will be called by its roman number. Let us assume that (X,Y") is a solution of
type j. Then we have (remember §; = X~; — Y§;)

2 b > b + Bil X —Ye|+ | X —Ye;| > |Y||e; — €.
Vi Vi i
Since |(15203] < 2a + 1 by the above inequality we obtain
2a+1 8a+4
18;1 < <
DT Mgy 18— WP T illes — el
or equivalently
i 8 4
(13) Bilo et — L
Y 12Nk [ Tis l€5 — €l Y]
and we also get
C1 X C1
sign(y)e; — w3 < 7 < sign(y)e; + 3
TOYE 7Y POy
hence
14 bil 1y L) =y L
(14) ¥_| llej — el + 7] =Y[|le —eal+ Yo

where Yj is some lower bound for |Y|. Because of Lemma 3 we may assume Yy > 2. Using the
asymptotic expansions (8), (9), (10) and (11) we find

e ¢; =2+ Liooo ( 0011) ifj=1

001=%+L1000( )lf]—2

e =y Lo (4088) i = 3,

Now we can prove a new lower bound Yy for |Y].

Lemma 4. Ifa > 1000 and (X,Y) is a primitive solution to (4) such thatY > 1 thenY > 3%5.

Proof. We have to distinguish between three cases j = 1,j = 2 and j = 3. We find from (13) and

(11):
X -V (=14 Lo 1002 < 4.0117
a Y?2a

2.002 .
‘X — Y Ligoo < 00 > < 5 0057
a

Y?2a

1.003 4.015
’X Y<1+L1000( )) < <55
a YZa
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Some straightforward calculations yield

4.011  Y1.002 1.51Y
+ <

X+Y|<
(X +Y]< Y2q a a
‘X| < 8.005 n Y 2.002 < 3.01Y
-~ Y2 a a
4.015 Y1.003 1.51Y
X-YI< .
| = Y2q + a < a

We conclude that X +Y =0, X =Y =00or X =0if Y < 3%7. Btif X +YV =0, X =Y =0or

X =0 we get a contradiction, hence Y > ﬁ. O

Let o be the automorphism of K = Q(«) that is induced by o — —1 — 1. Then we have

a; = 0'~la. From part (5) of Lemma 2 we know that 3 is either a unit, associated to a rational
integer or associated to a conjugate of a; — 1. By the discussion after Lemma 2 we know that 3
is not associated to a rational integer # 1. Furthermore o1 and oy form a fundamental system of
units of the relevant order Z[«a], hence the linear system

(15) log|Bi| = bilog o'~ an| + balog o' ag| +log o' | i #

with p associated to one of 1,1 — 1,02 — 1 or a3 — 1, has a unique integral solution (by, b3).
Solving (15) by Cramer‘s rule we find

max;; [log|Bi| —log |o" ! u|| max;—1 23 [log |a]]
Reg(al, Otg)

= max [log|5;| — log 0" | c;
i#]

B = max{|b1], |b2|} <2

<log|Y|ea | 1+

log ‘maXi¢j 7‘(,'112'#‘ <|ej — €| + %)‘
log Yo

:=log|Y]cs3

We will compute the quantity cs in Section 5, when we have a better lower bound Yy < Y.
Now we will investigate Siegel‘s identity. Therefore choose i,k € {1,2,3} such that i,j, k are
all pairwise distinct. We consider the quantity

&(GJ —€) + &(% —&)+ @(Gi —¢)=0.

i Vs V&

Taking into account (13) and (14) we find after some manipulations that

Bi Br
kTG | w &€
& € — Ej & Ej — €k
(17) i i
<O |6 1 €
TP Je—e ] Yilleg —al -5 VP

By the asymptotic expansions (8), (9), (10) and (11) together with the bounds for ¢; and Lemma
4, we see that for any choice of 7, j, k except (i,7,k) = (3,2,1) we have ¢4 < 4.035a provided that
a > 1000. In the exceptional case we get ¢y < 4.055a. Note that this exceptional case, will not
occur in this paper.
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5. A FIRST BOUND FOR THE PARAMETER

In this section we will derive a first upper bound for a such that (4) has no primitive solution
(X,Y) with Y > 1. First we consider

B € — €
Ao i=log | 3 =5 ‘
Gi €; — ey
Vi
. s k—1 k k—1
=log MR B} + by log g + by log 7a + log 71M .
Yk €5 — €k o' ota ot

From Siegel‘s identity (17) and the fact that log|z| < 2|1 — z| provided that |1 — x| < 1/3 we
obtain

B
e €5 — € 264
(18) |Asjk] <2 1—&'6__6 _W-
Vi J k
Let 0; ;5 := 7/7 . % We want to write A; j as a linear combination of the logarithms of
’ J
k—1

Gi,j’k‘;flﬁ, a1 and ag. Therefore we have to distinguish between several cases. In particular, we
consider the three linear forms:

o
(19) Ay =B log |a1| + Bslog | + log 934’2# (i,5,k) = (3,1,2),
a2 .
(20) A =B log|a1| + Bz log |as| + log 91}2737 (4,7, k) = (1,2,3),
(21) A3 =B log|ai| + By log |az| 4 log 91,3,2% (4,4, k) = (1,3,2),
where
Bl Z:bl — 2b2 BQ I:2b1 — bg in case of Al,
By = —2b; + by By :=—b; — by in case of A,
By :=b; + by By := — by + 2by in case of As.

Let us find relations between By and B. These will be used in view of (16). Below we will distin-
guish between the case of By = 0 and B; # 0. Let us consider case I: Since B = max{|b1], |b2|}
we have trivially |Bs| < 3B. If we assume By = 0 then we have by = 2by and therefore B = |by].
Inserting this relation in the equation for By we get By = %bh hence |Bsy| = %B. The two other
cases are similar and the relations are given in table 2.

TABLE 2. Relations between B and |Ba|.

’ H Case 1 ‘ Case 11 ‘ Case III ‘

By #£0 || |Ba| < 3B | |Ba| < 2B | |Ba| < 3B

We have to distinguish between 12 cases (three linear forms and for each linear form four
possible choices for ). Since all 12 cases can be treated similarly, we only consider the case of Ay
and p being associated to as — 1. We choose this case because it is representative for most of the
other cases. The computed quantities for the other cases are presented in tables. To say that u is
associated to some quantity a we use the notation u ~ a.
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From (18) we have

2 1 5 7 18.18370123
= (e 2 e 2o D ()

a

1 1 ) 11 11.035 o

Bo 24—+ 2 -4 log 05,1 021~

* 2< a+2a2+3a3 4a4jL ( a® )>+og Bh252),
Cq 220.1
*WS a?

From this inequality we see that Bs has to be large, except when a cancellation of the two quantities
Bilog|aq| and log |03 1 00u/0?u| arises. We want to choose u such that cancellation may only
occur if By = 0. Since 0372 = log2 + --- we have to choose p such that y ~ o —1 and
opu/o?u = O(1). With this constraints we choose u = (g — 1)a;. The other choices for p are
given in table 3.

TABLE 3. Choices for pu.

|

H,U,N].‘/J,Nalf].‘/LNOQ*].‘MNOég*l‘

et [ T ot [ la] =

Case 11 aq a(llgl (042;;)0‘1 (a3 — 1)

Case III ai (o1 — 1oy an—1 (os—Daz
i ag az

Now we distinguish between two further cases: B; = 0 and B; # 0. In the case of B; = 0 we
have

1 1 5 11 11.035
AM|=By|—~+-—+-——-——+1L
1Al 2( a+2a2+3a3 4a4+ ( ad >)+

2 162. .
2 +L< 62 83;11694) _ (2221) '
a a a

( 233.7804338 )

log27§f
a

Solving this equation for By, we obtain

log 2

(22) Bg:alog2+T—5+L

In the case of By # 0 we similarly determine the quantity

Ll (46.920379 . loga> .
a

a10g2+k)%2—5
B

B 1
=2 =aloga+ o84

(23) B, >

The results obtained in the other cases are listed in table 4.

Looking at table 4 we see that in the case of By = 0 two different phenomena occur. In the
cases I (u~ag—1), T (u~1), 11 (u~ac;—1), 11 (u~ay—1)and III (u ~ ay — 1) the quantity
Bs is of the form constant plus some error term, while in the other cases Bs is constant times log a
plus lower terms. We are interested in the former cases. In case I (u ~ ag — 1), I (u ~ ag — 1)
and IIT (@ ~ ag — 1) B cannot be an integer if a > 500. However, by definition Bs is an integer,
so we have a contradiction. In the cases of II (u ~ 1) respectively IT (g ~ a3 — 1) we have By = 1
respectively Bs = 5 provided a > 500. Therefore we have the following two linear systems:

—2b1 + by =0, —2b; + b3 =0,

by —by =1, and —by — by = 5.

Solving these systems we find by = —1/3,b3 = —2/3 and by = —5/3,b2 = —10/3. By definition b,
and by have to be integers, hence we have again a contradiction. Therefore we may exclude the
cases I (u~as—1), I (u~1), 11 (u~a;—1), 1T (g~ ay—1)and III (u ~ g — 1), if we assume
B; =0.
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TABLE 4. The quantities By and B/ Bj.

Case 1 p~1 32:a10g2+10ﬂ,1+[l(233~52ﬂ)
%:aloga+loga+%+L W)
1 1 a
e~ ap—1 Bgzalog4+log2—%+L(243-5;ﬂ)
%:aloga+loga+%+L w)
1 1
e~ ag—1 Bgzalog2—|—1°g2—5+L 1233278#)
e ‘
%:aloga+1oga+alog2+lz5+L(w>
i~ az—1 || By = — + L (ZE5000)
B 45.44346894-1,
B 2Bl+L(%)
CaseIl | p~1 32:5_~_L(225_52ﬂ)
52 —qloga+ %% + 2 +L(w)
e~ ap—1 B2:1+L(W)
a
%:aloga+lo%+3%+L(w>
e~ ag—1 BQ:QJFL(W)
%:aloga+loga+217§l+L w)
e~ ag—1 Bgzalog4+log2+%+L(W)
%:aloga+loga+%+L<W)
1 1 a
Case IIT | pp~ 1 By =alog2 + 62 4 4y [, (23T.8513108)
%zaloga_pk’%_&_’“og};%%_klj W)
1 1 a
p~ag —1 Bzzalog4—|—log2—|—%+L(244~3(;&)
%_aloga+loga+%+L(w)
we~ag—1 Bg_7+L(W) (
B2 —aloga+ 5% + 5L + L w)
w~asz—1 Bg=a10g2+@+8+[/(12‘122-?>w>
og
%_aloga+loga+%ﬂ+L<W)

loga
Bal = 5] (aoga + 5% ) + atog

By =alog2+— = ~5+

respectively. Let us estimate the quantity co. From (16) and (12) we find ¢z <
ready to estimate the quantity c3. Put

Next, we want to estimate the quantity cs and find a lower bound for logY. From (22) and
23) we find

log 2 233.781
o8 L( 33a78 ) > 0.6883a
log 2 46.921 -1
2 a
> 6.223a,

2.0006
log

il . c1
log maX;; [o?p |6J 61‘ + [Yo 3

log [Yp

Using Lemma 3 together with the asymptotic expansions from Section 3 we obtain

0.5826
loga

~0.8405 ( 52.376 >

aloga a®loga

Rt Now we are
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and from the bound for ¢y we find
o 2.006 = 1.1655 1.682 n ( 104.782 )
~ loga  (loga)? a(loga)? a(loga)?
Since we have lower bounds for Bs, hence also for B, and upper bounds for cs, using table 2 and
inequality (16) we find that:

2.169079894
loga

logY > 1.4612a if By =0,
logY > 6.6053a if By # 0.

Computing again c3 using this time instead of Lemma 3 the new bounds found for logY we get
“better” results. Iterating this procedure four times yields:

2.00148
c3 < Iog and logY > 1.5836a if B; =0, respectively
a
2.0008
c3 < and logY > 7.1609a if By #0.
loga

The bounds for c¢3 and log Y that are obtained in the other cases are listed in table 5 and table 6.

TABLE 5. Upper bounds for cs.

’03§ H w1 ‘uwal—l‘uwaz—l‘uwag—l‘
Case | B1 =0 2.001247;859 2.0011)035919 2.0011)47;1401 /
B ;é 0 2.000’;94053 2.0005;18748 24000'593370 2.002338185
1 loga loga log a lqg a
Case 11 Bl =0 / / / 2.001%220‘6921
B ;é 0 2.001760135 2.001759126 2.000705217 2.001§90017
1 loga log a log a loga
Case 111 B1 =0 2.011?)73;368 2.00&)47;020 / 2‘0115())61(11578
B ;é 0 2.002';28648 2.000518944 2.002339951 2002;30579
1 loga log a loga loga
TABLE 6. Lower bounds for log Y.
’logYZ H w~1 ‘uwal—l‘uwaz—l‘uwag—l‘
Case I B =0 || 1.5928a 3.1902a 1.5836a /
By #0 || 7.1563a 6.3575a 7.1609a 7.9477a
Case Il B; =0 / J/ / 1.6026a
By #0 || 11.915a 11.922a 13.112a 10.717a
Case III By =0 || 0.7949a 1.5959q / 0.8a
By #0 || 7.1436a 6.3564a 7.9431a 7.1390a

In the next step we use a powerful theorem on lower bounds for linear forms in two logarithms
due to Laurent, Mignotte, and Nesterenko [8].

Lemma 5. Let o; and as be two multiplicatively independent elements in a number field of degree
D over Q. Fori =1 and i = 2, let loga; be any determination of the logarithm of «;, and let
A; > 1 be a real number satisfying

log A; > max{h(«a;), |log a;|/D,1/D},
where h(oy;) denotes the absolute logarithmic Weil height of a;. Further, let by and by be two
positive integers. Define
b b
" DlogAs Dlog A,

1
b’ and logb:max{logb’,21/D,2}.

Then
|b2 log ag — by log | > exp (—30.9D4(log b)?log A, log Ag) .
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Before we apply this result we have to compute some heights:

Lemma 6. Let h denote the absolute logarithmic Weil height, then

loga
(26) () = h(as) = h(as) < ;f
and
ol 4loga log?2 1 3 190.047
(27) <93’1’202u)< st g tat 5 (az1000),

where p = (g — 1)ay. The estimations for H :== h <9i,j,k %) in the other cases are given in
table 7.

k—1
TABLE 7. Estimations for the absolute logarithmic Weil height H := h (9”1@%>
Casel |p~1 H < 1% +10§2+3a+3 2 + D0
pr~ag—1 | H<Hosa 4 188 _ +4a2 | E3.3557
Iloga | log2 190.0466
proes H§413g +134f§+ 35+%74
O, Og
proas — L[ HS ZE 4 B — g e b T
CaseIl | p~1 Hgloga+b%+%§73
51 log8 1 23 187.7049
pra L HS 2+ 7 = o + s

ITog
po~ag —1 HS%"‘%-F%)Q-F%#

— Sloga | logd | 1 | 37 _ 120.6103
pr~az—1 || H< 22924 =5 Ly 20 K

Case I | 1~ 1 H <loga+ £ + 1% + 221
pw~ap—1 Hg“’%_plo%s_f_'_mﬁ_'_weogz

5loga 17 101.7132
pog L[ HS 28 + & + gy + 000

~ . 5loga Iog 4 232.4536
1% Q3 1 Hgig + +3a+12a + a3

Proof. We start with the proof of (26). Since oy, as, a3 are conjugate, we only have to check the
last inequality.

h(ap) = 3 Z max(0,log |ay]) | =
i=1,2,3

1 1 3 8 2.27 loga
=~ (loga— = — > L <
3<°ga o 2a2 "33 <a4)> 3

therefore we obtain the first part of the lemma.
Since 63 1,2 and % are not integers in general we also have to compute their denominators,
which can be estimated by

Ag :=Ng/g (71(e2 —€1)) = a® +2a — 13 respectively,
A“ ZZNK/@(OLQ — 1) =2a+1.

With this preliminary result we obtain

1
h (9371,202“) < - [ log(ApA,) + max (0, log
g 3 1,2,3

Jj=12,

, o
o’ (93,1,25)‘) =
o2p

4loga log?2 1 3 190.047
——+—=+1L
3 3 3a + a? + ( )

a3

O



12 A. BERCZES, A. PETHO, AND V. ZIEGLER

Now we apply Lemma 5 to the linear form (19). We distinguish between the case of By = 0
and By # 0. In the case of By = 0 we can apply Lemma 5 at once. In the notation of Lemma 5

we have
1 L Bs
loga  4loga+log2 — % + a% + 757%3141
1 alog2 + log 2 _5 + 233.781
< + 2
“loga  4loga+log2 — —|—

0.16898

141
)+ 570

“loga
Inserting the various bounds we obtain
log |A1| > — 834.3(loga — logloga — 1.778)% log a
<4loga log2 1 3 190.047)

3 3 3a a2
On the other hand we have from (18)

2 < log(8.07a) — 0.99926

log2 5 233.781) log
2 a

log |A4] < log Y

X <alog2+

Comparing the upper and lower bound for log |A4] yields a contradiction for large a. In particular,
if @ > 2529022.366 we have a contradiction. Since a has to be an integer we know that we may
have solutions with |Y| > 2 only if a < ag := 2529022.

Now we investigate the case By # 0. In this case we do not have a linear form in two logarithms.

But we can study the linear form

A1 =log (al 0312 id >+Bgloga2
o2

Since h(zy) < h(z) + h(y) we have h (al 103,12 09 u) < |Bilh(a1) + h (9371720 u) and because of

Lemma 6 we choose

l:1 |B2|
loga |B1|10ga+4loga+log2_,+ +570141

1 |Ba|

“loga  |Bi|loga

1 loga + 1982 4 qlog2 4 1082 _ 5 4 4692Lloga
P : < < 1.10037a

“loga loga
By Lemma 5 we find

log |A1| > — 834.3(log a + 0.0957)* log a
Byl 41 log2 1 3 190.05
(| 1|oga+ oga+ og2 1 +)

3 3 3 3a a®
|B1|

> — 834.3(log a + 0.0957)2 log a| Ba| ‘=1

| Ba|

5loga log2 1 3  190.05
x et
3 3 3a a2 a3

(loga + 0.0957)? log a| Bs| ( loga + 10g2 L3 410 05)
loga
2

> —834.3

Tog 2 16.921.1
aloga + —alog2 — 25= 5 — ===—08¢
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On the other hand

B
log|A1| <log2cs —3logY < log8.07+ loga — 3B
C3
log8.07 +1loga 1
<|B,| (ng _ )
2 3

log 8.07 + log a loga
<| B ] Toga _ _log2 5 _ 469211oga 2 (00793370
aloga+ =% alog?2 == +5 a :

If we compare these bounds for log|A;| we see that |Bs| cancels, and we obtain an inequality
which cannot hold for a > 521855.0066. That is, if there is a solution not found yet for this case,
then a < ag := 521855.

In table 8 one finds the other upper bounds ag of the parameter a for the remaining cases.

TABLE 8. Upper bounds aq for the parameter a.

| [ u~t [ prar—l [ praz—l [ prag—1 |
Case I By =0 || ag = 2532736 | ag = 1226494 | ag = 2529022 /
B1 #0 || ao=521904 | a9 =579982 | ag = 521855 | ag = 487789
Case I B, =0 7 % / ao = 3259385
By #0 || ap=229399 | ag = 377086 | ap = 270366 | ao = 405414
Case III By =0 || ap = 4655030 | ag = 3059080 J/ ag = 8157825
By #0 || ap=397229 | ag=>579994 | ag = 590044 | ag = 651927

By table 8 we have:

Proposition 1. There are no other solutions to (3) than those listed in Theorem 1 if a > 8157825.

6. THE METHOD OF MIGNOTTE

In this section we want to eliminate the case of By = 0. We have already discussed the cases
IT(p~ras—1), T (p~1), 1T (p~ay—1), 1T (u~ag—1)and IIT (u ~ az —1). We know that Bs
has to be an integer therefore let us compute Bs to a higher asymptotic order (in the remaining
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cases):

2 —1 - .

0g2 54— 23log2 (9.4241
2 12a

case I (u~ 1)

1 —log4 135 —46log2 Ll (8.528 +8.075a e9'5706“>

By =alog2 — + 8.075a e4-7784“>

a?

By =alog4 —
2 =alog 2 24a a?

case I (p~a3 —1)

10 — log 2 _ 54 — 23log 2 ;) (11.4221
2 12a a?

case I (u ~ag —1)

11 + log 2 7 27 — 461og 2 ) (24.2511
2 24a a?

case IT (u ~ag —1)

8+1log2 54 —23log2 13.9461

- +L

2 12a < a?

case III (pu ~ 1)

1+ log4 B 135 — 461og 2 ;) (14.1731
2 24a a?

case ITI (u ~ ay — 1)

16 —log2 54 —23log?2 15.9481
2 - 12a R ( a?

case IIT (p ~ a3 — 1)

B, =alog2 — +8.075a 64-7508a>

By =alog2 +

+8.075a 64-8078“>

By =alog2 +

+8.075a 62v3847a>

By =alog4 +

+ 8.075a 64-7877a>

B, =alog2 + +8.075a e“a)

Since By has to be an integer, for each case we have a criteria wether there exists a solution
such that B; = 0 for one specific a. For example, the case I (u ~ ag — 1) yields following criteria:

Lemma 7. Let |- || denote the distance to the nearest integer. If (3) has a solution, which is not
found yet, that coresponds to the case I (i~ as — 1) such that By =0, then

10 — log 2 4 —23log2 11.4221
alog?2 — 0—log2 5 3log < + 8.075ae 7508
2 12a a?
The other cases yield similar criteria. Therefore, in the case of By = 0 and I (p ~ 1), I

(w~ag—1), T (p~ag—1), T (p~az—1), 1T (p~1), III (u~ay —1) or III (u ~ ag — 1) we
check for each 1000 < a < ag wether the corresponding criteria is fulfilled or not. A computation
in MAGMA (see Section 8) yields:

Proposition 2. If (X,Y) is a solution to (4) with Y > 1 which yields a solution to (3) that is not
listed in Theorem 1, then a < 651957. Moreover the solution (X,Y) yields By # 0 or a < 1000.

Remark 1. This method is called Mignotte‘s method, because Mignotte [11] used a similar trick
to solve the family of Thue equations
X3 —(n—-1DX?Y —(n+2)XY? -VY3=1

completely.

7. THE METHOD OF BAKER AND DAVENPORT

We cannot use the method described above to solve the case of By # 0, because we have found
an upper bound for the quantity g—f but not for Bs itself, which would be essential. So we are
forced to use another method. We choose the method of Baker and Davenport [1]. In particular
we adapt a lemma of Mignotte, Peth6 and Roth [12] to our needs.
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In order to use the method of Baker and Davenport, we have to find an absolute lower bound
for Bs. Therefore we have to revise the linear forms A1, As and A3. This time we do not consider
them as linear combinations of two logarithms but as three logarithms. So we cannot use the
theorem of Laurent, Mignotte and Nesterenko [8] and have to apply a result of Matveev [10]:

Lemma 8. Denote by «i,...,0, algebraic  numbers, not 0 or 1, by
logay,...,loga, determinations of their logarithms, by D the degree over Q of the number field
K = Q(a1,...,an), and by by,..., b, rational integers. Furthermore let k = 1 if K is real and
Kk = 2 otherwise. Define

log A; = max{Dh(«;),|loga;|} (1 <i<n),
where h(a) denotes the absolute logarithmic Weil height of o and
B = max{1, max{|b;|4;/An : 1 < j < n}}.
Assume that b, # 0 and logaq, . ..,log o, are linearly independent over Z; then
log |A| > —C(n)CoWyD?*Q,
with

Q2 =log(A;)---log(A,),
1 K
C(n) = C(n,k) = %e”@n + 1+ 2k)(n + 2)(4(n 4 1)) (;en) ,
Co = log (e**"*™n®*D?log(eD)), Wy = log(1.5eB*Dlog(eD)).

We already have computed all relevant heights in Lemma 6 respectively table 7. We combine
Siegel‘s identity (17) with Matveev‘s lower bound (Lemma 8) and obtain for our standard case I

(1~ oz —1):

|B2|log a
2.000793370

1.691497 - 10'* (log a)? (

(28) —10g8.07 —loga <

4loga
8%+
3 3
The only not straightforward step is to compute B*. Therefore let us rearrange the terms of A;
such that the term Hiyjykﬂ is the last one. Since in any case |Bz| > |Bi| and |Bz| > a > 1000

o1
we have B* = ‘BQ|% = \112\
i.e. |Bs| > ¢5, where ¢5 is some quantity depending on a. In view of an absolute lower bound for
|B2| the “worst” case occurs, if a is as large as possible. Therefore we insert ag instead of a into
the inequality above and by solving this inequality we obtain |Bs| > 8.93-10'. The lower bounds

for | Bs| in the other cases can be found in table 9.

log 2 1 3

1 190.047
3a a2 asd

) log(2.26688| Bs)).

. The inequality (28) yields a contradiction if |Ba| is large,

TABLE 9. Absolute lower bounds for |By|

[[Bz] > [ u~1 [p~rar—1]p~ag—1]p~az—1]
Case I 8.92-1015 [ 9.31-10™ [ 8.92-10™ | 8.95-10™
Case IT [ 3.88-10"° | 7.12-10™ | 5.22-10™ | 7.13-10%
Case III || 6.33-10™ [ 9.31-10™ | 1.12-10™ | 1.16-10™°

Now we find by the method of Baker and Davenport [1] criteria for which there are no solutions.

Lemma 9. Suppose 1000 < a < ag and put

k—1

o
0ij.k =y

log
01 :=

log |as|
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where i and k are chosen according to (19), (20) and (21). Further let 6, and 0y be rationals such
that

|51 — 51‘ < 10760 and |52 — (52| < 10760
and assume there exists a convergent p/q in the continued fraction expansion of 0, with ¢ < 10%°

and
Co

qllgd1]| > 1.0001 +

b

aloga

then there is mo solution for the case corresponding to j, u and By # 0. The quantities cg are
listed in table 10.

TABLE 10. Absolute lower bounds for |Bs|

’c6: H w1 \uwalfl \,uwagfl ‘,LLNOlgfl ‘
Case I 1.9831-10%6 | 2.329-10%® | 1.9818-10%6 | 1.7907 - 1016
Case IT || 7.7806-10™ | 1.425-10% | 9.5035-10™ | 1.5862 - 10™®
Case III || 1.4082-10% | 2.2395 - 106 | 2.2459 - 106 | 2.5916 - 1016

Proof. We give the details for our standard case I (i ~ ag — 1). The other cases are similar.
Assume that there is a solution corresponding to case I (u ~ as — 1) such that B; # 1. From
(18) we have

2 . 2
|(51 + B1do + BQ‘ < “ 8.075a < 1071000,

~ |Yo|3log|azs| T exp(21.4827a)

Multiplication by g yields
g01 + q(81 — 61) + B1(62q — p) + B1q(d2 — 83) + Bip + Bag| < 10797
and therefore
lgd1 || < 1077 + q107%° + | B1||d2q — p| + | B1]q10~.
By another multiplication with ¢ we get
qllgdi]| <107 + q*107%° + | By |q|d2g — p| + | B1|g*10~%°
<1+ 10799 4+ 2|B,|.
From table 4 and table 9 we obtain:

2| By

1.9818 - 1016
0.8989002219a log a ’

qllgd1 || < 1.0001 +
aloga

< 1.0001 +

Using Lemma 9 we find:
Proposition 3. There are no primitive solutions (X,Y) to (4) with Y > 1, provided a > 1000.

Proof. In each case and each p from table 3 we check by computer for each value of a in question
whether the criteria given in Lemma 9 is fulfilled or not. Combining the result of this computer
search with Proposition 2 we obtain the statement of the proposition. For more details on the
implementation see Section 8. O

By part (5) of Lemma 2 and Proposition 3 it is left to solve the Thue equations
X3a*+a+7) - XY?*(a®>+a+T7)—-Y32a+1) ==£1,
X3a*+a+7) - XY*a*+a+7) - Y32a+1) =+(2a+ 1),

for 0 < a < 999. Solving these 3996 Thue equations with PARI yields no further solution.
Therefore we have proved our main Theorem 1.
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8. COMPUTER SEARCH

The computations needed to prove Proposition 2 via Lemma 7 and to prove Proposition 3
via Lemma 9 were implemented in MAGMA. The running times on an Intel Xeon PIII 700MHz
processor are collected in table 11.

Finally, we have solved the corresponding equations in the case 0 < a < 999 both in MAGMA
and in PARI. For references concerning the computer algebra packages used in this work see [4],

[15] and [13].
TABLE 11. Running times in seconds.
| [p~tlp~ar—1[p~as—1]p~as—1]

Casel By =0| 4891 2363 4884 /

B; #0 || 5372 6020 5405 4879
Casell B;=0 / / / 6279

By #0 || 2276 3764 2793 4192
Case Il B; =0 || 8972 6097 J/ 15741

B #0 || 4889 6627 5908 6766
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