On the class of limits of lacunary trigonometric
series
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Abstract

Let (ng)r>1 be a lacunary sequence of positive integers, i.e. a sequence satisfying
ngt1/nk > g > 1, k> 1, and let f be a “nice” 1-periodic function with fol f(z) dz = 0.
Then the probabilistic behavior of the system (f(ngz))k>1 is very similar to the behavior
of sequences of i.i.d. random variables. For example, Erdés and Gal proved in 1955 the
following law of the iterated logarithm (LIL) for f(x) = cos 27z and lacunary (ng)g>1:

N

lim sup(2N loglog N)~1/2 Zf(nkx) =|Ifll2 (1)
N—o0 1

1/2
for almost all z € (0,1), where ||f|]2 = (fol f(x)? dx) is the standard deviation of

the random variables f(ngz). If (ng)r>1 has certain number-theoretic properties (e.g.
Ngt1/nk — 00), a similar LIL holds for a large class of functions f, and the constant on
the right-hand side is always || f||2. For general lacunary (nj)r>1 this is not necessarily
true: Erdds and Fortet constructed an example of a trigonometric polynomial f and a
lacunary sequence (n)g>1, such that the limsup in the LIL (1) is not equal to || f||2 and
not even a constant a.e. In this paper show that the class of possible functions on the
right-hand side of (1) can be very large: we give an example of a trigonometric polynomial
f, such that for any function g(x) with sufficiently small Fourier coefficients there exists

a lacunary sequence (ny)g>1 such that (1) holds with /|| f||3 + g(z) instead of || f]|2 on
the right-hand side.

1 Introduction

An increasing sequence of positive integers is called a lacunary sequence if it satisfies the

Hadamard gap condition
N+1

ng

>q>1, k>1.

By a classical heuristics, systems of the form (cos2mngz)g>1 or (f(ngz))r>1, where (ng)r>1
is a lacunary sequence and f is a “nice” 1-periodic function, replicate many properties of
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systems of i.i.d. random variables. For example,

N t
lim A {x €(0,1): Zcos 2mngx < t\/N/Q} = (277)_1/2/ 2 g
k=1

N—o00 — 00

(Salem and Zygmund [20]) and

‘Zi\;l cos 27rnkm‘ 1
lim s -
o ANToglog N 2

(Erdés and Gal [11]), which is in perfect accordance with the central limit theorem (CLT)
and the law of the iterated logarithm (LIL) for systems of i.i.d. random variables (here, and
in the sequel, A will stand for the Lebesgue measure on (0,1), and “a.e.” will always refer to
this measure). However, the analogy is not perfect. If f is a more general function satisfying

a.e. (2)

1
| f@de=0.  fasD =), Ve s < Q
0
e.g. f is a trigonometric polynomial, the limiting distribution of

22\721 f(ngx)
VN

may be non-Gaussian and the value of

[ s )
ljrglj;lop V2N loglog N )

1/2
does not always have to be || f||2 = <f01 f(x)? dw) a.e. and not even have to be a constant
a.e. Erdés and Fortet (cf. [17, p. 646]) showed that for

f(x) = cos 2wz + cos 4z and np=2F-1, k>1

we have

N 1 pt/2|cosms|
lim A {x €(0,1): Zf(nkx) < t\/ﬁ} = 71_1/2/ / e du ds
0 J—oo

N—oo
k=1

and
S F )
lim sup ——or—-==
N—ooo V2N loglog N

Gaposhkin [16] observed that there is an intimate connection between the validity of the CLT
for (f(ngx))r>1 and the number of solutions (k1, k2) of Diophantine equations of the type

= V2| cos x| a.e. (5)

ung, +ong, = w, u,v,w € Z, (6)

and in terms of the number of solutions of such equations Aistleitner and Berkes [5] gave a
full characterization of those lacunary sequences (nj)r>1 for which (f(ngx))r>1 satisfies the



CLT.

The situation is somehow similar in the case of the LIL, since here it is also possible to find
sufficient conditions on the number of solutions of the Diophantine equations in (6) that
guarantee the validity of the exact LIL

s f(e)
lim sup —————r—=
Nooo V2N loglog N

for (f(ngx))k>1 for f satisfying (3) (cf. Aistleitner [4]; the problem to find a sufficient and
necessary condition, like in the case of the CLT, is still open). If the number of the solutions
of some Diophantine equations of type (6) is “too large”, the value of the limsup in (4) does
not have to be equal to || f||2 a.e. - this is what we can observe in the example (5) of Erdds
and Fortet, where e.g. the Diophantine equation nyg, — 2ng, = 1 has “many” solutions (cf.
also Fukuyama [13] and Aistleitner [2],[3]; a similar phenomenon can also be observed in the
case of sub-lacunary growing (ny)r>1, see e.g. Aistleitner [1], Berkes [7], Berkes, Philipp and
Tichy [9], [10], Fukuyama [12] and Fukuyama and Nakata [14]). A special case of sequences
with “few” solutions of Diophantine equations of the form (6) are sequences satisfying the
large gap condition

= £z ae. (7)

Nk41
N
Nk

for which Takahashi [23] proved already in 1963

00, k — oo,

=)
lim sup

N—oo V2Nloglog N

For general (ny);>1 and f satisfying (3) the best possible result is

—fls ae. s)

N
S )|
lim sup <Cpq ae.,

Nooo V2Nloglog N —

where C 4 is some number depending on f and ¢ (Takahashi [22], Philipp [19]).

2 Statement of results and open problems

The example of Erdés and Fortet shows that functions different from the constant function
IIfll2 (a.e.) are possible values of the limsup in (4). Naturally the question arises which
functions are possible values of this limsup for appropriate f and (ng)r>1. We show, that
even if f is a trigonometric polynomial the class of possible values of the limsup in (4) for
different sequences (ny)r>1 can be very large. More precisely, we will prove the following
theorem:

Theorem 1 Let
f(z) = cos 2wz 4 cos 4w — cos 6wz + sin 107z 9)

Then for any function g(x) satisfying

(10)

DO | —

lglla <



there exists a lacunary sequence (ny)g>1 of positive integers such that

S )|
limsup ———= =/|fI3 +g(z) ae. (11)

Neooo V2NloglogN

In the statement of this theorem, ||g||4 is defined as

lglla = laol + > (las| + [b5),

J=1

where a; and b; are the coefficients from the Fourier series expansion of g in the form

0.]
g(x) ~ap+ Z aj cos 2mjx + b; sin 2mjx.
j=1

Informally speaking, Theorem 1 says that for the function f in (9) and general lacunary
(ng)k>1 the value of the limsup in (4) can be the square root of any function that has a Fourier
series expansion which is “not too different” from the Fourier series expansion of the constant
function ||f||3. It is not surprising that there has to be a connection between the (Fourier
coefficients of the) function f and the possible limsup’s: if f = 2?21 a; cos 2mjx + bj sin 2w jx
denotes some trigonometric polynomial, then necessarily for any lacunary (ng)g>1

|z )
lim sup

—_ 12
Nooo V2N loglog N (12)

d ‘Z]kvz1 Ccos 27Tnk$‘ d ‘Zszl sin 2mngx
< Z|aj|1imsup —|—Z|bj|limsup
= N—oo V2Nloglog N = N—ooo V2Nloglog N
d
< Zj:l |aj| + |b;]
N V2
/1A

a.e.,
V2

where the last inequality follows from (2) (and the corresponding result for sin instead of cos).
Several interesting questions remain unsolved. We mention three open problems:

Open problem 1: The function f in Theorem 1 is a trigonometric polynomial which consists
of 4 terms. In view of (2) it is clear that for a simple trigonometric function (cos 2wz or
sin 2mz) a result like Theorem 1 is not possible, since the value of the limsup equals 1/v/2
a.e. for any lacunary (nj)g>1. Find a trigonometric polynomial which consists of only 3 (or
even only 2) terms, such that a result like Theorem 1 holds, i.e. find a three-term (or even
two-term) trigonometric polynomial f such that there exists a positive ¢ such that for any ¢
with ||g|la < e there is a lacunary sequence (ny)g>1 such that (11) holds (or prove that such
a trigonometric polynomial does not exist).



Open problem 2: In our example, we require that ||g||4 < 1/2, and since the function f in our
example has || f||2 = v/2 and || f|| 4 = 4, this means that ||g|]|a < || f]|4/2—|f||3—11/2. On the
other hand, the considerations in (12) show that necessarily for any trigonometric polynomial
f always g < [|[f|4/2 — If||3 a.e., or, in other words, that there does not exist any trigono-
metric polynomial f and lacunary (ng)r>1 such that (11) holds with a function g which is
larger than || f||%/2— || f||3 on a set of positive measure. In fact, there is reason to believe that
even |lglla > || fI4/2— |/ f]13 is impossible (which is a stronger assertion, since trivially always
g < |lglla)- The bound ||glla = ||f]4/2 — || f]|3 is reached for some functions f and certain
sequences (ny)r>1, €.g. in the example of Erdds and Fortet, but we have not been able to
find a function f such that a general result like Theorem 1 holds with ||g||la < ||fI|%/2 — || f]13
instead of (10). Find an example of such a function f or prove that it does not exist, or, more
generally, find the best possible upper bound for ||g||4 in a result like Theorem 1 (in terms of

1113 and [1£1%)-

Open problem 3: We have mentioned above that if the number of solutions of Diophantine
equations of the form (6) is “small” then (f(ngz))r>1 satisfies the LIL with the same constant
as in the case of i.i.d. random variables and (7) holds. On the other hand, Theorem 1 shows
that without any Diophantine conditions the class of possible values of the limsup in (4) is
“large”. Find a similar result for the central limit theorem, i.e. describe functions f such that
the class of possible limiting distributions (possibly along subsequences) of S0, f(npz)/vVN
(for lacunary sequences (ny)g>1) is “large”.

In this context we mention a recent result of Fukuyama and Takahashi [15] on sums of the
form Zivzl ay cos 2mk(z + o). They showed that for any variance mixture @ of Gaussian
distributions there exist sequences (ax)i>1 and (og)g>1 such that the aforementioned sum,
multiplied with an appropriate norming factor, converges to Q.

3 Idea of the proof

In this section we present the main ideas of the proof of Theorem 1, in order to enhance the
comprehensibility of our presentation.

Let a function g(x) be given, and assume the Fourier coefficients of ¢ are sufficiently small.
We construct a lacunary sequence (ny)g>1 for which the numbers

SN,jl,jg,c = # {1 < /{?1,]{2 < N : jlnkl — jgnk2 = C}, jl,jg c {1,2,3,5}, (13)

counting the solutions of certain Diophantine equations (for indices ki, ks up to N), are of
appropriate size. Then we show that there exist a Wiener process £ and a sequence (Tn)n>1
of random variables such that the sums n_, f(ngz) can be approximated by &(Ty). To
estimate T we calculate

N 2 N 2
<Z f(n;ﬁ)) = (Z (cos 2mnyx + cos dmngx — cos 6mngx + sin 107T7”Lk$)> . (14)
k=1

k=1

Since f is a trigonometric polynomial (with frequencies 1, 2, 3, 5) the function in (14) is also
a trigonometric polynomial, and we show that T}y is essentially of the same size as the sum of



those trigonometric functions in (14) that have “small” frequencies. The well-known formulas

1

coszCosy = o (cos(x 4+ y) + cos(x —y)),
1

sinzsiny = 3 (—cos(z +y) + cos(x —y)),
1

sinzcosy = 5 (sin(z +y) + sin(z — y))

show that there is a direct connection between the number of summands in (14) that have
the same “small” frequency c¢ and the numbers Sj, ;, . in (13). Note that in particular (14)
contains the constant function ||f||3N. This means we have

Ty ~ ||fII3N + Z (¢j cos2mjz + dj sin2mjz) , (15)
J

where the coefficients ¢;, d; are in direct connection with the numbers Sy j, j, . in (13), and
if these numbers we appropriately chosen, then the function of the right-hand side of (15) is
close to N (|| f]|3+ g(z)). Using the law of the iterated logarithm for £(T) and

N
lim sup Zk:l flnz) ~ lim sup §Tn)

N—oo V 2TN log log TN N—oo V 2TN IOg log Tn

we get the desired result.

=1 a.e.

4 Preliminaries

Assume that ¢ is fixed, and that ||g||a < 1/2. If ||g]la = 0, i.e. g =0, we can choose a se-
quence (ny),>1 satisfying the “large gap condition” njy41/ny — oo and get (11) as mentioned
in (8). Thus in the sequel we will restrict ourselves to the case ||g||4 # 0.

Write

o
g(z) =ap+ Z (a; cos 2mjz + bj sin 2mjx)
j=1

for the Fourier series of g.

We divide the set of positive integers into blocks A1, Ao, As, ..., A, ... of lengths 2,8,18,...,2:%, ..
i.e.

*

Aiz{kEZ"': 2(2—1);(22—1) <k§2z(z+125(22+1)}, P>

We construct a sequence (nj)r>1 that has the following properties (throughout the rest of
this paper, logy should be read as max{1,logy}):

e (P1) % > max{7, k*}, kE>1, if kiseven
k
n P
e {5 B 18850 16 380 (38,31 k= if ks odd



o (P2) for any ¢ > 1 and any j satisfying 0 < j < [loglogi| the number of solutions
(k1,k2), k1,ko € A; of the Diophantine equation

Nk, — 2nk2 :j
is |max{2a;, 0}i*].

e (P3) for any ¢ > 1 and any j satisfying 0 < j < [loglogi| the number of solutions
(k1,ke), k1,ks € A; of the Diophantine equation

Ny — Mgy = J
is |max{—2a;,0}:*|.
o (P4) for any ¢ > 1 and any j satisfying 1 < j < [loglogi| the number of solutions
(k1,ke), k1,ks € A; of the Diophantine equation
ng, — dng, = —sgn(b;)j
is [2]b;]%] and the number of solutions of ng, — 5nk, = sgn(b;)j is 0.

e (P5) for any ¢« > 1, any ki,ky € A; and any u,v € {1,2,3,5}, u < v, (u,v) &
{(1,1),(1,2),(1,3),(1,5),(2,2), (3,3),(5,5)} we have

min{nkl s nk2}

0 (16)

lung, —vng,| >

If (u,v) € {(1,1),(2,2),(3,3),(5,5)} we have

min{ng,, ", }

|unk1 - U’I’Lk2| > 10 )

except in the trivial case k; = kg, when ung, —vng, = 0.
If (u,v) € {(1,2),(1,3)}, we have either (16)

UNg, — UMy = for some 0 <j < [loglogi].
If (u,v) = (1,5) we have either (16) or
ung, — vng, = —sgn(b;)j for some 1<j<[loglogi].
A sequence having properties (P1)-(P5) can be constructed recursively in the following way:
assume that the values of ng for k € A U...... A;_1 are fixed. For the smallest integer k
in A;, choose an arbitrary, but sufficiently large value for nj such that (P1) is satisfied. In
case i = 1 we choose n; = 10 ([loglog 1]). Similarly, we choose all the values for ny, where

k € A; and k is odd, arbitrarily, but sufficiently large, such that (P1) holds. It remains to fix
the values of n;, for k € A, where k is even. For the first

| max{2ay, 0}i*| (17)

even integers k in A;, we set
ng = 2nk_1



(the expression in (17) may also be zero, which is no problem - in this case we do not fix any
values ny). For the following
| max{2a;, 0}i*|

even integers we set
nE = 2ng_1 + 1.

Repeating this scheme, we onwardly fix always the following
| max{2aj;, O}iZJ
values of ny for the even integers in A; by setting them
ng = 2ng_1+ J,

until we reach j = [loglogi]|. In total, we have now fixed all values of ng, k € A; for odd k,

and in total
[loglogi]

Z | max{2a;,0}:?|

j=0
values for even k.

Now we fix the first
| max{—2ag, 0}4*|

values of ny for the remaining even values k € A; by setting them
N = 3Nk—1,

then the next
| max{—2ay, O}i2J

values of ny for the remaining even values k € A; by setting them
nE = 3ng_1 + 1,

and again, onwardly, we always fix the next
| max{—2a;, 0}:*|

values of ny by setting them
ng = 3nk-1+J,

where again j runs up to [loglogi|. This means, in total we have fixed all the values of
ng, k € A; for odd k and the first

[loglogi] [loglogi] [loglog ]
> |max{2a;,0}%| + Y [max{-2a;,0}’| = > |2la;|i*]
=0 =0 =0

values for even k. Now we fix the values of nj, for the next

[2[61127]



even integers in A; but setting them
ng = dng—1 — sgn(by)1,
then the values of nj for the next
216/

even integers by setting them
ng = dng_1 — sgn(be)2,

and so on, always fixing the values of nj for the following

|21b;1:]
even integers by setting
ny = dSny_1 — sgn(b;)7,

where we let j run up to [loglogi]. Now we have fixed the values of ny for all odd k € A;
(which are exactly 2 indices), and for the first

[loglog 7] [loglog 7]
> |2laylé] + Z 2,12
=0

even indices k € A;. Observe that by (10)

[loglogi] [log log 7]
i+ Z 2layli® |+ > [ 20bli?]
j=1
[loglogi]
< P42 D0 agl+ byl
j=1
< 2% = |A

(here and in the sequel, we write |A;| for the number of elements of A;). Thus we are still
within A;. It is possible (or even likely) that for some even indices &k in A; no value has been
assigned to ny so far. For these remaining indices k& we set

ng = 7nk,1.

Thus all values of nj, where k € A;, are fixed, and we can continue and fix the values of n;
for k € Ajy1, ete.

Now we want to show that the sequence (ny)r>1 constructed in this way really satisfies (P1)-
(P5). The first part of (P1), concerning even k is trivial by construction. The second part of
(P1) is also an easy consequence of our construction. We have

ng =wuni +j

for some u € {2,3,5,7} and j € [—[loglog 1], [loglog 1]]. Thus, since we set ny = 10([loglog 1])
we have
—ut e L
- TRV

9



Similarly, for ¢ > 2 and odd k € A; we have
Ng41 = Ung +J
for some u € {2,3,5,7} and |j| < [loglogi], and again this implies

1
Nk+1 :u+ie |:’U,—1—0,’U,+—:|
k

ng n

Here j/ny € [-1/10,1/10] is clear since ny grows much faster than the range [—[log log 1], [log logi]]
of possible values of j. Thus (nj)x>1 has property (P1), and in particular (ny)x>1 is a lacunary
sequence, since
et 5 19y
ng 10’ -

Next we show (P5). Let k1, ko € A, and let u,v € {1,2,3,5}, u < wv. If u = v, then we either
have the trivial case k1 = ko, or k1 # ko and

19 .
lung, —vng,| > [nk, — niy| > <E — 1> min{ng, , g, }

and (16) holds. It remains to consider the case u < v. First assume that ks > k. Then

19 9
UNgy — VN, < Ny — Mgy < (1 - E) U250 < —1—07’Lk;1,

and (16) holds. Now assume that k1 > ko. If k1 > ko — 2, then

and
7-19 83
lung, —vng,| > ST 5| ng, > 1—0nk2

and (16) holds. Thus the only remaining case is when ks < k; < ko + 1. Then by (P1)

m [y, [19 21] [29 81) 749 51 ni, _ 69 a8)
— —, — —, — —, — or — > —.
Ty 110710’ |10°10] |10 10 ng, — 10

Assume that u > 2. If e.g. (u,v) = (2,3), then

Mg, 3 ng, 30
and

8
’unkl - Unk‘z’ > %nk‘z

and (16) holds. Similar arguments show that (16) holds for (u,v) = (2,5) and (u,v) = (3,5).
It remains to consider the case u =1, u < v. Let e.g. u =1, v =2. By (18)

ey [[1] 19 21 niy o 29
Ty 27120720 Ny 207

10



and
T |19 21
TNy 207 20
if and only if ko = k1 + 1 for a pair (kq, ko) for which
Nk, = anQ +j

for some j € {0,..., [loglogi|}. In all other cases (16) holds. This also shows, that the only
solutions (k1, k2) of the Diophantine equation

nkl - 2nk;2 = .]

are the [max{2a;,0}| or [max{—2a;,0}| pairs which are explicitely mentioned in the con-
struction of (ng)r>1, and therefore (ng),>; really has property (P2). Similar arguments solve
the remaining cases (u,v) = (1,3) and (u,v) = (1,5), which proves (P5), and as side results
we get that (ny)r>1 also satisfies (P3) and (P4).

5 Proof of Theorem 1

The proof of Theorem 1 uses standard tools from the theory of lacunary series, that have
been developed by Philipp [19], Berkes and Philipp [8], Fukuyama [13], Aistleitner [4] and
others. The main ingredient is an a.s. invariance principle of Strassen [21], that contains the
following result:

Lemma 1 ([21], Corollary 4.5) Let (Y;, Fi,i > 1) be a martingale difference sequence with
finite fourth moments, let Vs = Zf\il E(Y?|F;—1) and assume Vi = EY? > 0 and Vs — oo.
Assume additionally

v
lim inf ~2£ >1 a.s.
M—oo Tpf

with some sequence of positive real numbers ry; — oo such that

o0
1 10
3 (logar) Og’;M) EY < +oo.
,
M=1 M

Then

: Y14+ Y
lim sup =
M—oo V2Varloglog Vi
(to see how this lemma follows from Strassens Corollary 4.5 see [2], Lemma 11 and Corollary
3).
We will also use the following 2 lemmas:
Lemma 2 ([2], Lemma 1) For any real numbers s <t and A > 0,
2 2
<z, <z
A A

t t
/ cos(2mA\x) dx / sin(2rA\z) dx

11



Lemma 3 ([8], Lemma 2.2) For any Ny > Nj and the function f and the sequence (ng)i>1

from Theorem 1

4
Na

/01 Z f(ngx) dx < ¢(Ng — ]\71)2

k=N

for some constant c.

Proof of Theorem 1: For any i > 1, write m(i) for the largest integer in A;, and F; for the
o-field generated by the intervals

[TQ—“O& nm(i) | = [logz m()] (r+ 1)2—(10& T (i) | = [logs M(iﬂ) ’
where r runs from 0 to [logy )| + [logam(i)] — 1 (and, for notational convenience, we

write [y for the trivial o-field that contains only the empty set and the unit interval). For
any ¢ > 1 and k € A; set

or() = E (f () |F) — B (f (ngx)|Fi-1) -

Then trivially ¢y, is F;-measurable and E(pg|F;_1) = 0. Since the fluctuation of f(nyz), k €
A; on any atom of F; is at most

max f'(nz)| 27082 nm@ 1=Mog2mG) < (1 4 2 4 3 4 5) 27rn, 27 Mos2 ] —[log2 k1

z€0,1]
< .22
Nk
< 280kt (19)

and (since f is continuous) we have
E (f (ng2)[Fs) — f(nga)| < k1

(here and in the sequel, the implied constant in expressions < must not depend on k,i, N
etc.) On the other hand, for k € A;, by (P1) and Lemma 2 (and since every block A; starts
with an odd integer)

IE (f(npx)|Fict)|] < 2 <1 + % + 1 + 1) 1 911085 1 (i—1) | —[logy m(i—1)]

3 95/ ng
< Mm(z_l)
ng
< (mli—1))7?
< k2 (20)

Combining (19) and (20) gives

o) — flnga)| < k71,

and hence, since
N N

N
D en@) =D )| <) kT <log N

k=1 k=1 k=1

12



it is sufficient to prove

S #k(@)
limsupM— 112+ g(z) ae. (21)

Nooo V2Nloglog N

instead of (11).

Set

Y = Z or(x), 1>1.

keA;

Then (Y;,F;,7 > 1) is a martingale difference sequence, since Y; is F;-measurable (it is a sum
of F;-measurable functions)

E(YiIFi) =E [ Y ¢lFic1 | = > E(orlFiy) =0,
keA; keA;

and clearly the fourth moments of Y; are bounded (since Y; is a finite sum of bounded func-
tions). Define, like in Lemma 1,

M
Vir =Y E(Y?[Fiq), M>1.
=1

To calculate the value of Vs we consider E(Y?|F;_1) for some fixed i > 1. By Minkowski’s
inequality

2 1/2
1/2
(EQAF))"? - |E > flua) | [Fica
kelA;
2 1/2
< B DD en@) = flma) | [Fia
kelA;
< > k!
keA;
< A3
< i
and therefore
2
M
=1 keA;
2 1/2

M
< SEEEF))? - E( | Y foun)

=1 keA;

Fi_1

13



We have

2 1/2

EQPF-) "+ [E[ | D flwa) | |Fia
keA;
M
< Yitt?< M.
=1

Z (cos 2mnpx + cos dmngx — cos 6mngx + sin 10mngx)
ke,

E < COS 27N, T + COS 2N, T + 2 COS 2Ny, & - oS 4TNg, T
k1,k2€A;
—2cos 2mng, T - cos 6mnyg, + 2 cos 2mny, x - sin 10w,

+ cos 4mng, - cos dmng,r — 2 cos 4mng, T - cos 67N, T

+2cosdmny, x - sin 10mng,x + cos 6mng, x - cos 6mng,x

—2cos 6mny, x - sin 10mng,x + sin 10mny, x - sin 107T7”Lk2£l?>

1
Z Z 3 <cos 21 (ung, + vng,)x

ki,ke€l; (u,w)€{(1,1),(2,2),(3,3)}

+ cos 27 (ung, — vnk2)x>

+ Z Z (—1)A@=3)) <cos 21 (ung, + vng,)

kika€Ai (u,0)€{(1,2),(1,3),(2,3)}

+ cos 2w (ung, — vnk2)x>

+ Z Z (—1)(H@=3)) (Sin 27 (ung, + vng,)x

ki,ke€l; (u,w)€{(1,5),(2,5),(3,5)}

— sin 27 (ung, — vnk2)x)

DO | —

DD

( — cos 27 (ung, + vng,)x
k1,k2€A; (uw)e{(5,5)}

+ cos 27 (ung, — vnk2)x>

Z Z % (cos 2m(ung, + vng,)z)

k1,ka€; (u,U)E{(171)7(272)7(3,3)}

14
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+ Z Z (=1)A@=3)) (cos 2 (uny, + vng, )z) (24)

k1ke€A; (uw)e{(1,2),(1,3),(2,3)}

+ Z Z (—1)(1(“:3)) (sin 27 (ung, + vng,)x) (25)
k1,k2€A; (uw)e{(1,5),(2,5),(3,5)}
1
+ Z Z 3 (— cos 27 (ung, + vng,)x) (26)
k1,ka€; (u,v)E{(5,5)}
1
+ Z Z 5 (cos 27 (ung, — vng,)x) (27)
Ei,k2€A; (uw)€{(1,1),(2,2),(3,3)}
+ Z Z (—1)(1(”:3)) (cos 2m(ung, — vng,)x) (28)
ki,ke€l; (u,w)€{(1,2),(1,3),(2,3))}
i Z (_1)(ﬂ(u=3)) (_ sin 27T(U'I’L,I<;1 — U”k2)$) (29)
k1,k2€A; (u,w)e{(1,5),(2,5),(3,5)}
1
+ Z Z 5 (cos 2w (ung, — vng,)) (30)
ki,k2€; (u,w)e{(5,5)}
= Ui(z) + Wi(x),

where U; is the sum of all the trigonometric functions with frequencies at least mingea, ny/10,
and W; is the sum of all trigonometric functions with frequencies smaller than mingea, /10
(in the above forumlas, 1(-) stands for the indicator function, i.e. (—1)1(“=3) gives -1 if u = 3
and 1 if u # 3). In particular, U; contains all the trigonometric functions in (23), (24), (25)
and (26). A trigonometric function from (27), (28), (29) or (30) is contained in W; (i.e. it
has a frequency less than mingea, n;/10) if and only if the corresponding values of (k1, k2)
and (u,v) satisfy
MINgeA; N
10 '
The solutions of (31) for different values of (u,v) values is described in (P5), and the only
solutions are those, which are also mentioned in (P2), (P3) and (P4), resp. Thus, writing W;
in the form

(31)

lung, —vng,| <

o
Wi=co+ Z (cjcos2mjx + djsin 2mjx) ,

j=1
we have
G = % #{(klka) € A x Ay, (u,v) S {(171)7 (272)7 (373)7 (575)} : ’unkl - Unk‘z’ = ]}
# (k1 k) € Ay x Ay, (u,v) € {(1,2)} + Jung, — vng,| = j}
_# {(kl?k2) € Al X Ai? (u?v) € {(153)5 (253)} : |U’I’Lk1 - U’I’Lk2| = j}a ] > 0’
and

di = #{(k1,k2) € Ay x Ay, (u,v) € {(1,
+#{(k1,k2) € Ay x Ay, (u,v) € {(3,5
—#{(k1,k2) € A; x Ay, (u,v) € {(1,5
—#{(k1,k2) € Ay x Ay, (u,v) € {(3,5

5),(2,5)} : ung, —vng, = —j}
)} ung, —vng, = j}
),(2,5)} = ung, —vng, = j}
)} ung, —ong, =j}, j>1,

)

15



and, more precisely, in view of (P2), (P3), (P4) and (P5),

Gj
Co
d;
Cj
d;
Thus
where

20, 0)7) — |max{ 2,0}
sen(a;) 24,1},

41|

T—{—sgn

2i? + sgn(ag) L2|a0|i2J ,

#{(k’l,]@) €A x Ay Mgy, — 9Ny = _J'}

sgn(b;) [[2b51i%], 1< j < [loglogi],

0,
0,

|S;i| < |ao| + Z 2 < loglog i.

j > [loglogi],
j > [loglogi].

2i? + sgn(ag) L2|a0|z’2J

[loglog 1]

+ Z sgn(a;) L|2aj|i2J cos 2mjx
j=1

[loglogi]

+ Z sgn(b;) |[2b;]i| sin 27 jx
j=1

2% + 2q i°
[loglogi]

+ Z 2a; i2008277j3:
j=1

[loglogi]

+ > 2b; i sin2mja
j=1

+5i

[loglog 1]

J=1

1< j < [loglogil,

(ao) | 2laoli*]

U; is a sum of at most < |A;|? trigonometric functions with frequencies at least mingea, ny/10,
and thus by Lemma 2 and property (P1)

E(Ui[Fi1) < ‘A"’zn% 9 (1085 M (1—1) ]~ [logy m(i—1)]

<

-4

7

a0

16
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On the other hand,
E(W;|Fi—1) = W; + Ry,

where by Lemma 2
|R;| = [E(W;i|Fi1) — Wi| < |Ai|(log log i)2~ 1082 ey [=Toga m()] =4 (33)

Thus for M > 1 by (22)

2
M
e = S (3 s | [r
i=1 keA;
2
M
+ | Vi — ZE Z flngz) | |Fiq
i=1 kEA;
2
M M
= ZE(UZ + Wi’Fi—l) + | Vi — ZE Z f(nkx) Fi—l
M ~
= Z Wz + Rza
=1
where
2
_ M
R =E(UilFic) + Ri+ [V =D E[ | Y flea) | |Fis
i=1 kEA,
and by (22), (32), (33)
‘R} < M.
For arbitrary M > 1,
M
>_(Wi=S)
i=1
M [loglogi]
= Z 2i% + 2aq % + Z (2aj i% cos 2mjx + 2b; i% sin 27Tj3:)
i=1 j=1
M
= (2i® + 2ag *)
i=1

[loglog M]—1

+ > > (245 i cos2mjz + 2b; i° sin 2mjiz)
i>1: [loglogi]>[loglog M|—1 j=1

[loglog ]
+ Z Z (2a; i* cos 2mjz + 2b; i* sin 27jz) (34)
i>1: [loglogi]<[loglog M]—1 j=1
+ Z <2a(ﬂog log M) i% cos 2mjx (35)

i>1: [loglogi]=[loglog M|—1

17



+2b([1og log A1) 1 S0 27rjx> ,
(here a(fiog10g a7) 18 the coefficient a; for index j = [loglog M]) where (34) is at most

[loglogi]

S > (2058 +2b; %) = o(MP)

i<M/e =1
and the sum in (35), (36) is o(M?) since a; — 0, b; — 0 as j — oo. Define

P(loglog M1-1) (.%')
[loglog M|—1

= ap+ Z Z (a; cos2mjz + bjsin2mjx) .
i>1: [loglogi]>[loglog M|—1 j=1

Then

Vi =

iM=
/N /N

=

+

sk
N—

Il
,Ms

-
I
_.

(Wi — Si) + S + Ei)

I
RN

i(W, — S,)) + o0 (M?’)

i=1

(26 + 2P (froglog ar1-1) (@) + 0 (M?)

I
,ME

.
I
A

and
Vi
>, 247

=2 +p([loglogM"|fl)(x)'
By Carleson’s theorem (cf. e.g. Arias de Reyna [6] or Mozzochi [18])

P(Mloglog M1—-1) — 9 a.e. as M — oo,

and therefore

VM
3oi 24

By Minkowski’s inequality, Holder’s inequality and Lemma 3

— 24 g(x) a.e.

4\ 1/4

EYH = [E] Y el

keA;
4\ 1/4

< 2(E| Y foua) < |AV? <
keA;

18



We apply Strassen’s Lemma 1 with rj; = e M3 for some sufficiently small ¢ > 0, such that

..V
lim inf 3
M—oo €

>1 a.e.

(such an € > 0 exists because of (37)), and since

> (log 77)*° >
N M Ry < (log M)OMOM? < oo
M=1 s M=1

we get

M
| DRI
lim sup =1 a.e. (38)

M—oo V2Virloglog Vi N

Since by the Carleson-Hunt inequality (cf. again [6],[18]) and Lemma 3

max Z ()

N>1

< ||max Z flngz)||| + |Ap| M3

N>1
keAyr, k<N 4

~—

< |0 fuw)|| + M7

keAn 4
< M,

the Borel-Cantelli lemma and the Markov inequality imply

maxpy>1 ‘ZkeAM,kSN (pk(w)‘

lim sup =0 a.e.,
M—o00 V2N loglog N
which together with (37) and (38) implies
N
> ]
lim sup =v2+g(z) ae.

Nooo V2NloglogN

Thus we have shown (21), which is sufficient to prove Theorem 1.
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