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Abstract

Let (ng)r>1 be a lacunary sequence, i.e. a sequence of positive integers satisfying the
Hadamard gap condition ngi1/ng > g > 1, k > 1. By a classical result of Philipp
(1975), the discrepancy Dy of (nkx)r>1 mod 1 satisfies the law of the iterated logarithm,
i.e. we have 1/(4\/5) < limsupy_, oo NDn(niz)(2N loglogN)_l/2 < Cy for almost all
x € (0,1), where C, is a constant depending on ¢. Recently, Fukuyama computed the
exact value of the limsup for ny = 0¥, where # > 1, not necessarily an integer, and the
author showed that for a large class of lacunary sequences the value of the lim sup is the
same as in the case of i.i.d. random variables. In the sublacunary case, the situation is
much more complicated. Using methods of Berkes, Philipp and Tichy, we prove an exact
law of the iterated logarithm for a large class of sub-lacunary growing sequences (ng)r>1,
characterized in terms of the number of solutions of certain Diophantine equations, and
show that the value of the lim sup is the same as in the case of i.i.d. random variables.

1 Introduction and statement of results

Given a sequence (xy)g>1 of real numbers, we call the value

S Lo (k)
N

DN:DN('IIV'W‘TN): sup _(b_a’)

0<a<b<1

)

where 1, ) is the indicator function of the interval [a,b) and (-) denotes the fractional part,
the discrepancy of the first N elements of (zy)g>1, and we call the value

S L. ((zk)
N

Dy = Dy(x1,...,xN) = sup —a

0<a<l1

the star discrepancy of the first NV elements of this sequence. It is easy to see that always
Dy < Dy <2Dj.
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In 1975 Philipp [17] proved a law of the iterated logarithm (LIL) for the discrepancy
of lacunary sequences of integers, i.e. for sequences (nj)y>; satisfying the Hadamard gap
condition

nk+1/nk >qg>1, k>1. (1)

He showed that for such sequences we have

L < lim supM <C; ae, (2)

42 7 Nooo V2ZNloglog N
where Cj is a number depending on ¢. A comparison with the Chung-Smirnov law of the
iterated logarithm (cf. [18], p. 504) shows that under (1) ((ngz))r>1 behaves like a sequence
of independent, identically distributed (i.i.d.) random variables. However, the value L of the
limsup in (2) can be different from that for i.i.d. random variables and L remained unknown
until very recently, when Fukuyama [10] succeeded in calculating its value for ny = 6%, where
6 > 1, not necessarily an integer. In particular, he showed

NDy(2Fz) NDy(2%z) V42

lim sup ———== = limsup = .€.
Nooo V2N loglog N N—ooo V2N loglog N 9
and N N
NDn(6 ND3} (6 1
lim sup M = lim sup M = - a.e.,
Nooo V2N loglog N Nooo V2Nloglog N 2
if 6 is a real number such that 6" is irrational for r = 1,2, .... In [2] we showed that for general

lacunary (ny)r>1 the value of the limsup in (2) is intimately connected with the number of
solutions of Diophantine equations of the type

Jing, £ jang, =0, J1,J2.b € Z, (3)

subject to
1 <ki, ke <N.

If the number of solutions of this equation is “not too large”, we have

lim sup M = lim sup M = E a.e., (4)
N—oo \/W N—oo \/W 2

and the value 1/2 in (4) is the same as in the Chung-Smirnov LIL. In Aistleitner and Berkes
[3] a necessary and sufficient condition, also in terms of the Diophantine equation (3), was
given for the the validity of the central limit theorem for (f(ngz))g>1, where (ng)r>1 is lacu-
nary and f is a 1-periodic function of bounded variation. This result completes a long line of
investigations starting with the classical paper of Kac [12]. If the Diophantine equations in
(3) have “too many” solutions, the probabilistic behavior of (f(ngx))r>1 and (ngx)r>1 can
show considerable differences from the behavior of i.i.d. random variables. Fukuyama’s result
shows that in this case the value of the lim sup can be different from 1/2, and in [1] we showed
that the limsup in (4) does not even have to be constant almost everywhere.

In contrast to the Hadamard lacunary case, relatively little is known in the sub-lacunary
case. Berkes and Philipp [7] showed that for any sequence g \, 0 there exists a sequence
(ng)k>1 of positive integers satisfying

Ng1/nk > 1+¢ep, k>1,



such that ND
lim sup M =400 a.e.

Nooo V2N loglog N

This means that the LIL is generally false for the discrepancy of (ngz)g>1 for sub-lacunary
sequences (ny)r>1. However, Aistleitner and Berkes [4] showed that an LIL-type result
will hold for the discrepancy of (ngx)r>; for sub-lacunary (nj)g>1, if the norming function
(2N loglog N)'/2 in (2) is replaced by (2B loglog Bx)'/?, where (By)n>1 depends on the
“density” of the sequence (ny)x>1. Higher order Diophantine conditions for the CLT and LIL
for sublacunary sequences were given in Berkes, Philipp and Tichy [8].

The purpose of the present paper is to give simple and nearly optimal sufficient conditions
for the exact LIL (4) for the discrepancy of a class of sub-lacunary growing sequences of
integers. As we will see, in addition to a bound for the number of solutions of the Diophantine
equation (3), required already in the Hadamard lacunary case, for the LIL we need a bound
for the density of (ny)r>1 among the integers. It is easy to see that our density condition on
(ng)k>1 corresponds to a Kolmogorov type condition for the random variables

Xy = Z f(njz) kE=1,2,... (5)
2k<j<okt

and thus, as a comparison with the classical paper Kolmogorov [14] shows, the random vari-
ables X in (5) behave like independent random variables.

Let (ng)r>1 be an increasing sequence of positive integers. Letting
Aj=#1{k: 20 <ny <2H1}, j >0,
we say that (ng),>1 satisfies

e the density condition (K,), 0 < « < 1, if there exists a constant C, > 0 such that

«

Av<Col| Y 4], N=x>L
0<j<N

e the Diophantine condition (Ds), 0 < ¢ < 1, if there exists a constant Cjs such that
for every N > 1 and for fixed integers j; with 0 < [j;| < N2, i = 1,2, the number of
solutions (k1, k) of the Diophantine equation

jlnkl - j2nk2 = ba

subject to
1<k <N, i=1,2,

does not exceed C5N?, uniformly for all b € Z, b # 0.

e the Diophantine condition (Dg), 0 < v < 1, if there exists a constant C, such that
for every N > 1 and for fixed integers j; with 0 < |j;] < N2, i = 1,2, the number of
solutions (k1, k2) of the Diophantine equation

jlnkl _ankg == 07 (jlakl) 7& (j27k2)7



subject to

does not exceed CyN7.

Conditions (K, ) and (Ds) guarantee that the system (f(ngx))r>1 has almost i.i.d. prop-
erties, while condition (Dg) controls the value of the integral

1/ N 2
0 \k=1

Together they will imply (see Theorem 1) an exact LIL for the sequence (f(ngz))x>1 for fixed
[, but they are not sufficient to obtain the LIL (4) for the discrepancy of (ngz)r>1. Using
condition (DY), we can calculate the (asymptotic) value of the integral (6), and obtain an
exact LIL for the discrepancy of (nyx)r>1, where the value of the lim sup is exactly the same
as in the Chung-Smirnov LIL for i.i.d. random variables (Theorem 2).

We note that higher order Diophantine conditions were shown in Berkes, Philipp and
Tichy [8] to imply asymptotic results for the discrepancy of (ngz)g>1. The substantial im-
provement of the present paper is to use the two-term Diophantine conditions (Ds), (Dg)

and the density condition (K, ), which are essentially optimal for LIL type results.

We will prove the following results:

Theorem 1 Let f be a real function satisfying

1
fa+1) = f(a), /0 f(z) dz =0, feBV(0,1)), (7)

and assume there exists a positive constant Cy such that

1/ N 2
by = / <Z f(nkx)> dx > C1N, N > 1.
0 \k=1

Let (ng)r>1 a sequence of positive integers satisfying conditions (K, ) and (Ds), where
a+d <1 (8)

Let Sy = S0, f(npz). Then the sequence (Sy)n>1 can be redefined on a new probability
space (without changing its distribution) together with a Wiener process §(t) such that

Sy = £(by) + 0 <N1/2_A> as.,
where A > 0 depends on o and 0.

Corollary 1 Let f be a real function satisfying (7) and

1 1/2
T ( [ 1y dx) -0,

4



and let (ng)r>1 a sequence of positive integers satisfying conditions (K, ) and (D), where
a+6<1.

Assume that (ny)i>1 also satisfies condition (DY) for some v < 1. Then, letting Sy =

Zszl f(nkx), the sequence (Sy)n>1 can be redefined on a new probability space (without
changing its distribution) together with a Wiener process £(t) such that

Sy =€ (IFIBN) +o (N'27) s,
where A > 0 depends on o, and .

Corollary 2 Let f be a real function satisfying (7), and let (ng)i>1 a sequence of positive
integers satisfying conditions (K,,) and (Dg), where

a+d<1.
Then

N
Z flngz) =0 (Nl/Q(log log N)3/2) a.e.
k=1

Theorem 2 Let (ng)r>1 be an increasing sequence of positive integers satisfying conditions
(Ko) and (Ds)for o+ 6 < 1, and condition (DY) for v < 1. Then
ND ND3; 1
lim sup M = lim sup N—(nkx) = - a.e.
Nooo V2N loglog N Nooo V2Nloglog N 2

A simple example for a class of sequences satisfying conditions (K, ) and (Dy) is the class
of Hardy-Littlewood-Pdlya sequences (cf. Berkes, Philipp, Tichy [8] and Philipp [16]), i.e. the
class of sequences generated by a finite number of coprime integers, sorted in increasing order.
A Hardy-Littlewood-Pdlya sequence does not satisfy condition (Dg), since the equation

Jing, — Jang, =0

has “too many” solutions for certain values of j1,js, and we can not expect that a Hardy-
Littlewood-Pdlya sequence will satisfy the LIL for the discrepancy (4) with the value of the
lim sup equal to 1/2. In fact, recently Fukuyama and Nakata [11] have been able to calculate
the value of the limsup in the LIL for the discrepancy of (n;x)g>1, where (ng)i>1 is a Hardy-
Littlewood-Pdlya sequence, and in general the value is different from 1/2. On the other
hand, using a random construction, it is easy to give examples of sequences satisfying our
conditions (Kq), (Ds), (DY). In fact one can show that “almost all” sequences (with respect
to a certain “natural” measure) satisfying condition (K,) will also satisfy the Diophantine
conditions (Dj), (D9) (for such an argument see [8, p. 117]). It is not clear whether (8) is
really necessary, or it can be replaced by e.g.

a<l, §<1. 9)

There is some reason to believe that for slowly growing sequences (nj)r>1 the Diophantine
(or number-theoretic) structure has to be “stronger”, while for fast growing sequences the
Diophantine structure can be weaker. This is in accordance with our results for lacunary
sequences, which in some sense represent the case « = 0, § = 1. In particular, we do not
know if (8) can be improved, and it would be interesting to see if results similar to Theorem
1, Theorem 2 can be shown if (8) is replaced by (9).



2 Preliminaries

To prove our theorems we will need some auxiliary results. In the sequel we will always
assume that f satisfies (7), and, without loss of generality, that Vary ;) f < 2, i.e. the total
variation of f in the interval [0, 1] is at most 2. This implies that for the Fourier series of f,
ie.
o
[~ Z a; cos 2mjx + bjsin2mjx,
j=1

we have (see Zygmund [21, p. 48])
ol <570 bl<aT =L

Theorem 3 (Strassen [20]) Let (Y;, Fi,i > 1) be a martingale difference sequence with
finite fourth moments, let Viy = Zi‘il E(Y2|Fi—1) and suppose Vay ~ sy a.s. with some

positive sequence Sy; and
oo

EY:
Z 2y < +00 (10)
M= M

with 0 <9 < 1. Then Y1,Ys,... can be redefined on a new probability space without changing
its distribution together with a Wiener process £(t) such that

i+ +Yy=&Vy)+o <VA(/11+19)/4 log VM) a.s.

The Beppo Levi theorem and (10) imply the a.s. convergence of 325 _; sy 2 E(Y3 | Far—1)
and hence by Vis ~ syr the series 3200, Vi 2P E(Y,}|Far_1) is also a.s. convergent. Thus

00 1 o] 1 +00
2 4
> @/ﬂwﬂ 2 dP(Yy < 2|Fu-1) <) V—Azf/_oo a* dP(Yay < x| Far—1)
M=1 M M=1
=1
< > WE(YA‘;VM_Q < 400 as.
M=1 "M

Thus Theorem 3 follows from Theorem (4.4) of [20] (this argument is copied from [6, Theorem
B]).

Lemma 1 (Strassen [20]) Let ¢ > 0 be given. Then there ezists an ¥ > 0 such that
P{|£(Vn) —&(sp)| =0 <s%/2779> as n — oo for any sequences Vi, sy,
such that V;, — 00, 8, — 00, |V, — sp| =0 (s%fe) as n — oo} =1.
This is a special case of [20, Lemma 4.2].

Theorem 4 ([19, p. 299]) Let (U;,Fi,i > 1) be a supermartingale with EU; = 0. Put

Uy=0 and Y;=U;—-U,_1, i>1.



Suppose that
Y, <c as.

for some constant ¢ > 0 and for all i > 1. For A > 0 define

1 2 1 2
T;, = exp M%—§A<é+§MJE:M%LE4), n>1,

i<n
and Ty = 1 a.s. Then for each X\ with A\c <1 the sequence (T),,F,,n > 0) is a non-negative
supermartingale satisfying

P <suan > a) <1/a
n>0

for each a > 0.
Lemma 2 Assume that condition (K,) holds for the sequence (ny)g>1 for some o < 1, and
assume without loss of generality that Co, > 1. Then

Ng+3C2k
ng

>2 k>1.

Remark: Here and in the sequel, ng will stand for np if k is not an integer.

Proof: For given k, there exists an j such that nj, € [27,2/7!), and by condition (K,) there
are at most (Cok® — 1) other indices k' for which n lies in this interval. Accordingly, the
number of indices &” for which ng» € [2/71,2/%2) is bounded by

Co (k + Cak®)™ < Co (ka v cakW)) <202k,

This implies
"
N (Cako—1)+2C2ko+1 € (2772, 00)

and
Nk 4+302 k> > Nt (Cok>—1)4+202 k> +1

> 2. U
ng ng

Lemma 3 Assume that condition (K) holds for the sequence (ny)g>1 for some a < 1, and
assume without loss of generality that C, > 1. Then for any integer m > 1

N (143C2ka—1)m
N

>9m k> 1.

Proof: We use induction on m. The case m = 1 was shown in Lemma 2. For m > 1 we
have

N (143C2ka—1)m+1 > N (143C2k>=1)m (14302 (k(14+3C2ka—1)ym)a—1)  T(143C2ka—1)m

g Mg (14302 ka—1)m Nk
> 2.2m = omtl 0O

Lemma 4 Assume that condition (K) holds for the sequence (ny)g>1 for some a < 1, and
assume without loss of generality that C,, > 1. Then there exists a number ¢ > 0, depending
only on a and C,, such that

N28C2 (log k) ke
Nk

>ckS, k> 1. (11)



Proof: For sufficiently large k,

(1 + 3C2ko—1)1oek

<14 28C2%(log k)k L.
Thus for such k

N428C2 (log k) ke S M(14+3C2 ka—1)(9log k)
ng - Nk

> 2910gk; > k910g2 Zk—ﬁ

by Lemma 3. By choosing ¢ sufficiently small (11) holds for all £ > 1. O

Lemma 5 For any function f satisfying (7), we have

b 2 1 2)
[ 10wy do| < 5 [is@) do < S0

for any real numbers a < b and any A > 0. In particular,

<

> o

b
/ cos(2m\x) dx

Proof. The lemma follows from

/abf(m) da = %/:bf(x) do. O

3 Proof of Theorem 1

Assume the conditions of Theorem 1 are satisfied. We put

(67

= 1l -« v
for a v > 0 such that a + 0 + v(1 — @)d < 1 (since by assumption a 4+ § < 1 it is possible to

choose such a v). Then

(?7+1)5=<11 +u> =———> <1 (12)

We choose an 1’ such that
/ / «Q
n<n and 7 >-—— +va,
l-«

and observe that

(n+1a = <L + u> a<1. (13)

l—«
We have

i
i < ZU"J <t
=1



(Remark: Throughout this section ¢ will denote appropriate positive numbers, not always the
same, that may only depend on the constants «, 9, C,,Cs,C7 in the statement of Theorem 1
and on 7,7, but not on f, N, k,i, M, p, ¢ or anything else. ¢ will denote appropriate, “small”
positive number, that may only depend on « and §.)

We divide the set of positive integers into consecutive blocks
A AL A AL A AL
of lengths [i7] and [i"'], respectively. Let (i — 1)T denote the largest integer in A;. Then
™ < (-1 <™ i>2 (14)
Therefore by (13) for sufficiently large 4
(5 = 1)* + 28C2(log (6 — 1)) (i — 1)*)* < (= 1)* + e(log )iV < (i — 1) +i7 <™,

where i~ denotes the smallest integer in the block A;. Thus by condition (K,), Lemma 4
and (14) for sufficiently large i
n(i— _ .
S ce(G- ) e () (15)
n;—
and by changing c this is valid for ¢ > 2.

For simplicity of writing without loss of generality we assume that f is an even function,
i.e. the Fourier series of f is of the form

o
flz) ~ Zaj cos 2mjx.
j=1
The proof in the general case is exactly the same. We approximate f by trigonometric
polynomials
k2
pr(z) = Zaj cos2mjx, k> 1.
j=1
Then
. 1/2 - 1/2
F-mb<| S @) <[> 2] <#
j=k2+1 Jj=k2+1

For every k € ;> A, we set
m(k) = [logy ny + 4log, k|

and approximate pg(niz) by a discrete function ¢y (x) such that the following properties are
satisfied:

(P1) @g(z) is constant for sy Sz < 22%1)

(P2)  |op(x) — pr(npz)| < k™2, z€ [0,1’)
(P3)  E(pw(x)|Fic1) =0

v=0,1,...,2mk) _1




Here F; denotes the o-field generated by the intervals

v v+1 (i)
[WW> 0o <™.
We have
k2
|pk (nkx) — pr(nez)| < Z |aj|2ﬂ-jnk27m(k) < k2

j=1
1

for 21:5(16) <z,z< ;n—;k), 0 < v < 2mk)

Thus it is possible to approximate pg(ngz) by discrete functions @(z) that satisfy (P1)
and (P2) only. For k € A; and any interval I of the form [2m(<£1)+), 2m(7<’:[11)+)) ,0< v <
2m((=1)7) etting |I| denote the length of I,

1 1 1
— 5 dr| < — d — [ ck2d
7] /I(Pk(x) T = 7] /ka(nkx) 4 +|I| IC x
L Jay)
m((i—1)*") 19510 <
< 2 Zjnr—i_k‘Q
7j=1
_ c(i”+1)4n(i_1)+ c
< - + 13
< k72,

by (15) and Lemma 5. Every x € [0,1) is contained in one interval of the form I (for some
v), so we put @i(z) = @(x) — [I|7 [; Gr(t)dt for x € I and get functions that satisfy (P1),
(P2) and (P3).

We put Yy =0, and, for ¢ > 1, M > 1, we define

Y, = Yix)= ) enlx),

kel;
T, = Ti(z)= Zpk(nkx),
keA;
T, = T/@) = pr(n),
ke
M
Vi = Y E(Y?|Fi),
i=1

and

2

1 M
o} = /0 Z pr(niz) | dx, Sy o= Zaf.
i=1

keA;

10



We want to estimate ||V — sasll2. We have

Ti(z)? - of
2 2
1
= Z p(ngx) dz —/ Z pr(ngx)
ke, 0 \kea,
1 ‘ s
= Z 5 jaj cos 2r(jng — j'nir)x

koK' € A1 <5 <k?1<j< (k)2
0 < |jnk — j'npr| < mg_qy+

+Wi()
= U;(z) + Wi(z). (16)
Note that the trigonometric functions in Tf with frequency zero cancel out with 022. Wi(z)

is a sum of trigonometric functions with frequencies at least n;_;)+, and the sum of the
coefficients of these trigonometric functions is at most

2

k‘2
c Z Z la;j| | < c(logi)?i®

keA; j=1

Thus we can write
Wi(x) = Z Cy COS 2Tu,

U2N(;_1y+

where

S Jeul < cllogi)?i®, (17)

U2N(;_1y+

and by condition (Dy)
leul < e (1)’ (18)

By (16), Minkowski’s inequality and

2 =T < 1Y Tilloo 1Y+ Tilloo
< oA i Y 7 Ipilloc
keA;
< c¢(logi)i™? (19)
we get
1Var = sull
M M
< Z (E(I}2|fi,1) — af) + Z c(logi)i~?
=1 2 i=1
M M
< ZE(UH}LQ + ZE(WZ-IEA) + c. (20)
i=1 2 =1 2

11



To estimate szj‘il E(Wz’fz—l)‘ )

, we observe

M 2
(ZWW\E—H) <2 Y B(WilFi)E(Wi|Fyy).
=1

1<i<i! <M

By (17), (18) and the Jensen inequality

M
E (Z (E(Wz‘|fz‘1))2>

i=1

EW?

(2

M=

-
I
_.

c(log )i (i1t1) ’

M-

@
Il
—_

<

< c(log M)2M2’7+1+(’7+1)5.
For i < ¢/, since E(W;|F;_1) is F;_1-measurable,

E(EWiF)EWalFo)|Fir )| = [EOIFi ) EW | Fi)]
[Willoo E(Wir|Fi-1)]
c(log i)2i%" [E(Wy | Fia)]

Using (17) and Lemma 5, we get

intin

E(Wy|Fi_1)| < c(logd)?(i)>" (i—1)+

M-yt
(log iI)Q (Z'/)2172'417+4
C -

= i 1617+6
[limia 5"

which finally yields

M
> E(WilFi1)
=1

2

1<i<i’'<M IT; jon+6
< c(log M)V M2n+1+(n+1)5

j=i+1J
Next we estimate Hzlj\il E(Ui]}"i_l)Hz. Writing

-1+
U, = E Cy, COS 2TTU,

u=1

wee see that the fluctuation of U; on any atom of F;_1 is at most

Pi—1)+ Pi—1)+
— i—1)t _ - 1\t
5 om0 < eSS g
u=1 u=1
< i 4 (logi)%i* < c(logi)?iT4,

12

1/2

(21)



Therefore
M

M
SCEUIF)| <D U +e (22)
=1 2 =1 2
Writing
M Nar—1)+
Z U, = Cy, COS 2TTUX,
i=1 u=1
we have
Nmr—1)+ M
> el £ c(log)?i® < c(log M) M,
u=1 i=1
and, by condition (Dy),
‘Cu’ SC(M”+1)67 1S’LL§TL(M_1)+.
This, together with (22), yields
M -1+ 1/2
> E(Ui|Fia)|| < e +¢ < c(log M)V M2n+1+m+1)3, (23)
i=1 2 u=1

Combining (20), (21) and (23), we finally arrive at

IVar = sarlly < elog M)V M2H1IFEDS < eprti=e,

since by (12) we have (n+1)§ < 1.

By assumption

‘We observe that

1 [ M M
/0 Z Z pr(ngzx) | dx — Z Z pr(ngx) | dx

1 keA;

[
B /0 > pr(ng) (Z pr(nwz) | de

1<i<i/<M \keA;

< ¢ Y #{keA K en 1< <EA1<F < (K): jng — j'nw =0}
1<i<i/ <M
< ¢

since for k € A;, k' € Ay, where i’ > i, we have

’ M(;n\— T(; -

ng N+ M+

13



and thus the equation in (25) has only finitely many solutions. Letting r(z) = f(z) —

pr(z), k> 1, Minkowski’s inequality yields

Vaar = Vo

2 1/2 9 1/2
1 [ M 1 [ Mt
<o nen) a] ([ (X om0 @
0 \i=1 ken, 0 \k=1
1/2
e 2 / ) 9
< / Zrk(nkx) dx + / Z pr(ngz)
k=t O \igk<mr+ kU, A,
M+ (M+)2 1
< (Sl )+ X ([ ) cos 2 jny
k=t s=1 O Nkt hgUl, Ak>vi
Mt (M+)? M
< DDk T+ D a | Do IAl +e
k=1 j=1 i=1

< ¢ ((logM) + (log M)\/W) < (M2,
It is easy to see that
sy < c(log M)2MT, b+ < c(log M)>MT,
and thus

|spr — b+ | < ‘\/SM — b+

Therefore by (24)

sy > M
for sufficiently large M, which implies, together with (26), that

bM+

SM
Choose ¢ “large” (the exact value will be determined later), and define

N; =4 =1

We have
Nj 1 ?
SN; — SN, = Z/ pr(ngzx) | dx
i=N;_1 70 \kea,
Nj
< c(logj)® Y "
i:Nj_l
n+1 n+1
< ¢(logj)’ <J’“’> (J—l)z> >
< cflog j)*j D!
2 L(n+1)—1
< c¢1(logj)*(sn,_,) “@FD

14

(Vanr + Voure ) < e(arh)e.

— 1 and |5M—bM+|§(9((bM+)1_€) as M — oo.

+c
1/2
dz +c
2 1/2
dzx +c



for some positive number c¢;, which does not depend on j. Since sp; and Vj; are both
increasing in M

9 L(n+1)—1
P U {|VM — sm| > 2¢ci(log j)"(sp) “r¥D }
Nj_1<M§Nj
9 £(n+1)—1
< P4 |Va,_y —sn,| = 2e1(log j)* (sw,_,) “0FD
9 L(n+1)—1
+P |VNJ- — SNJ._l‘ > 2¢1(log j) (ij_l) 2(n+1)
N2 L(n+1)—1
< P{IVN_y = s, | = ci(log ) (sn,_,) 0D
o L(n+1)—1
+P (< [V, — sn,| = c1(log j)* (sn,_,) “rD
< c(ij)_Q v (Nj)z(nﬂ—g)
- )-1)
< ¢ ((Nj)"ﬂ)% (N2 0rtt=e)
—2(¢(n+1)-1) _
< ¢ <jz(n+1)) 1) <jg>2(”+1 €)
< o2t =) 1—)
< o2

for sufficiently large ¢ (depending only on ¢). Therefore by the Borel-Cantelli lemma

L(n+1)—1
P{x €0,1): z € {\VM — sar| > 2¢1(log M)*(sar) £t D } for finitely many M} =1,
or, in other words,
Ve — spl = o ((sM)lfe) a.e. (28)

Next we estimate ||Yas|l4. We have

Yarlls < || Y pelmz)|| + D ok — #ll
k€A 4 keAm
Mt
< Z -~ Z cos 2mngz|| | 4 M (M)
jzlj k€A, E>VT 4
1/4
< c(log M) <M2"M(’7+1>5)/
< c(M2"+1‘5)1/4, (29)

15



since

4
Z COS 2N yx (30)
keA 4
S #{(k17k27k37k4)7ki S AM,Z - 1,273,4 LNy inkg +nk3 ink4 = O}
< Z (#{(k1,k2), ki € Apryi=1,2: ngy £, = b})2
beZ
< (#{(kr, k) ki € Appi=1,2: ny, — nyg, = 0})?
1w (ks ko) s € Anyi = 1,25 g, £ g, =0}
< AP F|AMPCs (M)
< cM 2t (m+1)8

(here ng, + ng, = b means that either ng, + ng, = b or ng, —ng, = b). Now we can apply
Theorem 3: by (28) we have Vi ~ spr a.e., and by (29) we have

o0 o0 o0
EY;, M2ntl-e M (+De1
<c — < —_— < +OO
E : e = E : e = E :
M=1 ]\461 M=1 (Mn+1) e M=1 M1+€

for a sufficiently small 1 > 0 (depending on the value of ¢ in (29)). This implies that there
exists a Wiener process £ such that

i+ +Yu=&VMm) +o (Vz\lf_E) a.e.

Since by (27) and (28)
Var = bage]| = 0 ((bar+)' %) ae,
by Lemma 1 and since |Y; — T;| < ¢|A;i 2172 < ¢i~2
Ti4 4Ty = E(by+) + 0 <b}\//[%r—5) a.e.

To prove Theorem 1 it remains to replace the functions py by f, add the remaining function
values in 7/ and break into the blocks of integers A; and A. First we observe that

- <
max > flumz) —pe(m)|| < D Al
T |ke(AUAL), k<N 5 ke(A;UAY)
< (A + Ay
< ci~t.

On the other hand, using the Carleson-Hunt inequality (for a survey see e.g. [5] or [15])

Gk

1
551%)1( Z pr(ngx) < c Z; rj{flg)l( Z cos 2minT
kE(AUAY), k<N 4 j=1 ke(A;UAL), k<N 4
< ¢(logi) Z COS 2N x
ke(A;UAY) 4
1/4 .
< c(logi) <i2’7¢("+1>5> < citi, (31)

16



where the last inequality follows from an argument similar to the one in (30). Thus for a
sufficiently small e > 0 (depending on the value of € in (31))

P¢xe(0,1): max Z f(ngz)| > irHD/2=e2
T |k€(AUA)), kSN
,L'277+1*€
Cane—ie;
< eilEl

By the Borel-Cantelli lemma
N
> Flnia) = Ebar ) + 0 ((bare () /277)  ae,
k=1

where M (N) denotes the value of M, where M is defined by N € Ay UA',. Since
by < cN(log N)?
and
|bart vy = bv| = 0 ((bn)'7)
by Lemma 1 we finally arrive at

N

> Fma) = &(bw) +o (N27) e,

k=1

which is Theorem 1.

4 Proof of Corollary 1 and Corollary 2

Corollary 2 is a consequence of the proof of Theorem 1 and the fact that for a function
of bounded variation g(z), satisfying (7), and any increasing sequence (nj)r>1 of positive
integers,

1 /N 2
/0 <Z g(n;ﬂ)) dz < ¢N(loglog N)? (32)
k=1

(the proof of (32) is due to Koksma [13], who used a deep result of G4l [9]). In fact, let
a function of bounded variation f, satisfying (7), be given. Then, again without loss of
generality assuming Varjg ) f < 2 and [ is even,

o
fx) ~ Z a;j cos 2mjngx,
j=1

where
lajl <5 j>1 (33)

17



We can decompose

oo
f=fi+ fo, where fi(x ZmaX{O aj;}cos2mjngx, fo~ Zmin{(),aj}cos 2ingx,
j=1 j=1

i.e. the Fourier coefficients of f; are all greater or equal zero, those of fy are all less or equal
zero. Thus it is clear that

1 N 2 1 N 2
/ (Z fl(nkx)> dx > cN, / (Z f2(nk95)> dx > cN,
0 \k=1 0 \k=1

except for the trivial case ||fi]]2 = 0 and || fa]|2 = 0, respectively. In the proof of Theorem 1
we did not need the fact that f is of bounded variation, but only the estimate (33) for the
Fourier coefficients of f. Of course, (33) holds for the Fourier coefficients of f; and f; as well.
Thus we can apply Theorem 1 and get, using (32),

N

> flng)| <

N

+ 1Y fao(npa)

k=1

§(’)(N1/2(loglogN)3/2) a.e. O

Corollary 1 is a direct consequence of Theorem 1 and the fact that under condition (Dg)7

again writing
1/ N 2
bN:/ <Zf(nkx)) dr, N> 1,
0 \k=1

the value of by is almost || f||3N. More precisely we have to show that under condition (D9)
lox — | fI5N] = o (N'7°) as N — o0 (34)
for a small € > 0 (depending only on «, d,v). In fact, for given N > 1, writing

N2

p(x) = Z ¢j cos 2mjx
j=1

for the N2-th partial sum of the Fourier series of f (again assuming without loss of generality
that f is even), we get, using Holder’s inequality,

(bw — 1£13N) / (Zp nk> de — [pI3N

1 N
< o (;pmm) da| + NOIFIZ — I3
N N
< S0 - sma)| | St ma) +pman)| +8 Y i
k=1 9 llk=1 j=N241

< ¢N N7 Y(log N)VN +¢N N72 < ¢vV/NlogN.

18



Additionally, we have

9 2
1 N
| ptua) | o ol
0 \k=1

N2

1 . )
S (& g f#{(k17k2)7 1 S k17k2 S N7 kl 7& kQ : ]1nk1 _]2nk2 - O}
jrga=1 7172
< c(log N)>N'™

by condition (DY), which implies (34). O

5 The LIL for the discrepancy

For 7 >0, N > 1 and (21,...,zy5) € RY we define

DET( ) 1 Lo ()
o T1,...,TN) = sup _—
N 0<a<b<l, b—a<2—T N
and
-r Zé;v— I[a 27".a 2_7")(1.]?)
DG Nz, ... - SEaULAL
N (x1,...,2N) g MAX I ,
s S X gy ()
DA Ny, ay) = max | S [X}l )

Here and in the sequel I, ;) denotes the indicator function of the interval [a,b), extended with
period 1 and centered at expectation zero, i.e.

I[a,b)(x) = ]l[a,b)(<x>) - (b - CL), r €R.

It is easy to see that always

D <Dy <D 42D (35)
and - - .
D5 < Dy < D) 42DE), (36)

The idea to split the discrepancies Dy and D3 into a discrepancy D](VZTT) for finitely many

“large” intervals, and a discrepancy D](VSTT) for “small” intervals to obtain an exact LIL is
due to Fukuyama [10]. This method is also used in [1], [2].

Lemma 6 Let (ng)r>1 be a sequence of positive integers satisfying conditions (K ), (Ds) and
(DY), where v <1 and a4+ < 1. Then

ND(SQ_T) K
lim sup N () < —
Nooo V2N loglog N r

where K is a positive number that may only depend on «, 6,7, Cy,Cs, C,.

a.e.,
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Lemma 7 Let (ng)r>1 be a sequence of positive integers satisfying conditions (K,), (Ds) and
(Dg), where v <1 and a+ 6 < 1. Then

NpE2) ND* (2277)
lim sup N (nx2) = lim sup N (n:7) = 1 a.e.

Nooo V2NToglogN  N—oo +2Nloglog N 2

Lemma 7 is a direct consequence of Corollary 2, which implies that under the assumptions of

Lemma 7 N
Zk:l I[a,b)(nkx)

= ||I a.e.,
/2N log log N H [a,b) HQ
and the fact that for » > 1
I _ ! I 1
0<a San<ar 110127 7,a227 ) [l = o 0<a 2o IH0@27 ) ll2 = 5

It is easy to see that Theorem 2 follows from Lemma 6, Lemma 7, (35) and (36).
It remains to prove Lemma 6. The proof of this lemma is similar to the proof of Theo-
rem 1. The main difference is that we now have to consider a class of functions instead of one

single function. The notation in this section will be the same as in Section 3.

Throughout this section we will assume that » > 1 is fixed. We define 1 and 7’ like in
Section 3, and again we divide the set of positive integers into consecutive blocks

A, AL A AL AL AL
of lengths |i"| and [i"], respectively.
Assume that M > 1 is given. We put
H = [((n+1)/2) log, M (37)
and define a class of functions
Fa = {I[mﬂv(mmﬂ)(x), 1<h<HO0<m< zh}
For all functions f € Fj; we have

1
flz+1) = f(), /0 f(x) de =0, Varg f<2, |[fle<1.

For every f € Fy; and every k,1 < k < M+ we write
k2
pr(f,x) = aj(f) cos2mja
j=1

for the k2-th partial sum of the Fourier series of the even part

oo
Z a;(f)cos2mjx
j=1

20



of f (without loss of generality we consider only the even parts; the proof in the general
case is exactly the same), and approximate py(f,niz) by discrete functions ¢ (f, =) having
properties (P1)-(P3). Note, that all the functions Y; = Y;(f,x), 1 < i < M are F;-measurable,
if the o-fields (F;)i>0 are defined like in Section 3. Similar to (30) we get

k2
}g%x Z Zaj(f)COSQﬂ'jnk.%'
L Py A
(i*)?

1
< - g COSs 2T jngx
7j=1 J keA;

< c(logi) <i2"+(”+1)5)

~

4
1/4

(Remark: In this section, the numbers ¢ and € may depend on Cy,«, Cs,d,1,1 , and addi-
tionally on C, and 7). We put

v Mn+l
A; = Vi) > ——— %, 1<i<M
Z {}2%‘ () (logy M)* ==

log, 7 is meant as the maximum of logy ¢ and 1) and get
2 2

P(A;) < ci?t 0D (log, )OM 2172 < e, 1<i< M,
and

M
D P(A) <eME
=1

We define Zy = 0 and Z; = Y7, which yields EZ; = 0. Each set A;,7 > 1 can be written
as a union of intervals of the form

(0270, (0 4 1)270D) 0 < v < 2707, (38)

For 1 <4 < M we define

(logg M)7

Then the Z;’s are also F;-measurable, 1 < < M. We put

0 if n=0
Xo(f) =14 Xisi Zi(f), f1<n<M
SM O Zi(f), iftn>M
Then (X, F,,n > 1) is a supermartingale such that

v M+l
X, —Xn1=2,<

— 1<n<M
= (o i)t ST

and trivially X,, — X,,_1 = 0 for n > M. That means the system (X, F,,n > 1) satisfies the
conditions of Theorem 4.
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All functions f € Fy; are indicator functions of certain intervals, centered at expectation.
Let |I(f)| denote the length of the interval f corresponds to. For all f € Fj; we put L(f) =
—logy [I(f)|. Note that L(f) always is a positive integer, and by (37) L(f) < H < (n +
1)/2 (logy M). Now we want to calculate

M

P U {Saoing > war |
feEFN =1

We define T; = T;(f, x), Vi (f, z) and sps(f) like in Section 3, and, using the abbreviations

cos T (x) = cos 27 (jing, + jonk,) T, €08 () = cos 2T (j1ng, — Jonk,) T,

we get

M

2
M k2 2
= }rel%x ZE Z Zaj(f) cos2mjngx | | Fi—1 —sM
M\ =1 keA; j=1 9
2
M ki k3
< ofme SEl| > 0y el | s
febm i=1 ki,ko€A; j1=1 jo=1
J1Tkq 2Ny 2
2
M ki kS
£ P ST B Sl 9b i AR ) RS
el Fu h2€d; j1=1ja=1 ,
2
(M*)2 1 M
< ¥ Lls > @] A
J1.g2=1 i=1 ki,ka € Ay, jika # joke
ICIZ\/.]TJ'CQZ\/J‘*2 2
2
M+)?
(M| M .
D 5| LE > cos”(z) | | Fi
J1,52=1 i=1 k1,ka € Ay
ki > Vi, k2 > Vi 2

Splitting into sums of trigonometric functions with “small” and “large” frequencies, respec-
tively, and using the same methods as in Section 3 it is no problem to show

M
E (T?|Fi_1) | — < cMMHTE
| (320 o =
1=1 2
which in view of (19), (26) and (34) yields
max |Vys — HfH%Mﬂ < eMmTHTE
fe€FM 9
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This implies

M

STEM(H)?Fi) — I FIBM

i=1

P { max > L(f)_5M"+1} < ceM™E,
ferm

and, since Z2 < Y2 and || f||3 < cL(f)75,

PU{

feFy

M
> E(Zi(f)*|Fia)

> cL( f)5M"+1} <cM™E. (39)
=1

Now we use Theorem 4. The supermartingale (X, (f), Fn,n > 1) satisfies all conditions
of the theorem. We know that

v Mnt+1
Xn —Xn-1 < ———, L,
(logy M)
SO we put
5\ = L(f)3v/loglog M
Y/ VT
and get )\(lo‘ é\;[ E; < 1 (without loss of generality we assume that M is large enough). Thus
1 1 1 1. VM
N> (142> 22 [ 1+ 00— |,
2 2 2 2" (log, M)*
and
M
—2 2
P {f‘”iw Xn(f) > 2L(f) "2/ M+ loglog M + A ZlE (2; ml)}
< —)\2 2| T
P{lg%d <>\Xn(f) A EE(ZZ |f“)> > 2L(f)loglogM}
1 1 VMt \ <
< P{sup exp [ A X, (f) = =N [ 1+ A———— E (Z2|Fi_1) | > (log M)*L()
1
(log M)ZED)’

where the last inequality follows from Theorem 4.
In Fys there are two functions that correspond to intervals of length 1/2; for these functions

L(f) = 1. There are four functions that correspond to intervals of length 1/4; for these
functions L(f) = 2. There are 8 functions with L(f) = 3, etc., and 2/ functions with
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L(f) = H. Thus by (39)

P U { max Xn(f)>cL(f)_2\/MW+1loglogM}

1<n<M
feFM

M
< > P{ max X, (f) > 2L(f) "2/ M+ loglogMHZE(Zi(f)le)}

1<n<M .
feFy =1

M
+P U {ZE (Zi(f)2’~7:i—1) > cL(f)5Mn+1}

feFy \i=1
H h
2 1
< —_— M < c——.
: (; <1ogM>2h>“ = “llog M)

We know that X, (f,z) = > " Zi(f,z) = > i, Yi(f,z) for all z and all functions f € Fiy,
M
except for those z in (J;—; A;. Now

o = prlloo < k™

implies

P U max Z pi(fynpx) > cL(f)~2y/ M+ log log M

fEFNM 1§n§Mk€An
M
<rl U {123XMXn(f)>cL(f)2\/M”+110g10gM} + D P(4))
fefFn ~ 7 7 i=1
1
“Nog M)?

In a similar way we get a corresponding result for > —pg(f, ngz), so overall we have a
result for | > pr(f, nxx)|:

1
“(log M2

P —2 +1
U  max > pelfine)| > eL(f) 72/ M+ loglog M 5 | <
fEFN - keA;

Now, like in Section 3, we break into the blocks A;, add the remainder terms r; = f — p,
and add the remaining values ng, k € AL, 1 < i < M. Similar to (31), the Carleson-Hunt
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theorem yields

}2%@ max Z Z a;(f)cos2mjn,x

kEAUALESN j=1

it)?
l max COs 2T jngx
ZJ APy

keAUALESN

4

IN

4

IN

c(log 1) Z COS 2N
kel;

1/4
c(log i) (1'2?7-1-(774—1)5) ,

4

IN

and so

P -2 n+1
U max > m(fomz)| > L(f) 73/ Mt loglog M
fEFM kEAUAL KN
(log M )8;2n+1=¢
= € M277+2

Thus

max
1<N<M+
feFy

< P ( max Z Z pi(fynpz)| > eL(f) "2/ M+ loglog M
i—1 keA,

1<n<M | &=

N
k=1

> c¢L(f)"2/Mn+1loglog M} (40)

M
+ P U qmax) Y melfima)| > L() 72V M T loglog M

1=1 feFy T |keAUALESN
1 % (log M)PiPr+i=e 1
Cr—— 9 C———5.
(log M)? M?2n+2 ~  (log M)?

Now we need an estimate for the remainder terms r(f, npz) = f(ngx) — pp(f, npzr). We have

max| > nlfm)l] Se Yo e <a
ke AUAL ESN 5 keA;UA!
and so
N M+
—1
1;}}12@]&_F Zrk(f, nex)l|| < Zcz < clog M
k=1 2 i=1
and
al c(log M)S (log M)®
+1
Pl U {1;1{/1?;% D> melfimea)| > L) VMY } = Z M —C\/W'
fEF]M k=1 feFJV[
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Combining this with (40) we get

P U max
1I<N<M+

feFM

N

> fngx)

Gearp @D

> cL(f)" 2/ M+l loglogM} <c

Now we apply an argument similar to the one in [17, Section 3]. First we observe, that for
any sequence (z)g>1 of reals

N
DET () <2 | (R
N (k) < 0208, SUp. m2-r m2-7+a) (Tk)

k=1

Since there are only finitely many possible values of m, it suffices to prove

N
i Zk:l I[m2*77m2*7+a) (nkgﬂ) K
imsup sup < — a.e.
N—ooo a<2-r V2N loglog N r

for all possible values of m. We give a detailed proof for m = 0, all other cases can be treated
similarly. Let a > 0 be given, and write (.ajagas ... )s for the dyadic expansion of a. We put
a® =0 and, forn>1, o™ = (.a1az...a,000...)s, i.e. we cut off the dyadic expansion of a
after the first n digits. Since a < 277, the first r digits of the binary representation of a are
zero (We assume without loss of generality that M is large enough such that H > r). Thus

Tjo,0) (%) = Zl[a<m,a<r+1>)($)7 z € (0,1),
h=r

and

T

-1

(

Tjo,0)

$

We note that by (37)

I[a(h),a(hJﬁl))(,I)) — <a _ CL(H)>
(z)
1

I[a(h),a(h+l))($)> + I[a(H),a(H)+2—H)($) + (a(H) + 2(*H) _ a) .

A
S o>

T

IN

T

1
Vs

1
a—a(H)§2_H<c

— \/m’

<a(H) 4 2(-H) _ a) <c
All the indicators

Lyw qniny, m<h<H -1, and I q-1)49-n)
are contained in Fjy. Thus, for those z € (0, 1), which are not contained in the set

U { max
1<N<M+

feFn

N

> flux)

> cL(f)" 2/ Mn+! loglogM} , (42)
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we have

IN
|

=

o

w

H-1

—2
e/ M+ log log M (Z L (I[a(h) a(h+1))) >

-2
+C\/Mn+1 loglogM L (1 [a(H) q(H) 42~ H))
+evVMT

o
< /M1 loglog M ((Z h_2> +cH 2 +¢ (loglog M+)1/2>
h=r

< er~ty/Mntlloglog M.

IN

Note that this holds for any a € (0,27"), and all z € (0,1) which are not contained in the
sets in (42).

We write M) M®@)| .. for the values of M+ for M = 2,22, ..., Since M*D /M® < ¢
for all N between M@ and ME+D

Z I[O a) ’I’LkCC)

k=1

IN

&\ /M6 oglog M+
.

sup
a<2-T

IN

& . .
—1/ M@ loglog M(#)
T\/ oglog
< & /Nloglog N

.

for all = € (0,1), except for those x which are contained in the set in (42). By (41) the sum
of the measures of the exceptional sets converges, since

[e.e]

=1
Z log2l Z:_Q o

Therefore the Borel-Cantelli lemma implies

> i1 Lo (n)
V2N loglog N

Repeating the same argument for the other possible values of m proves Lemma 6.

limsup sup
N—oo aq<2—T
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