DE GRUYTER
OPEN

uniform
distribution
theory

DOI: -
Unif. Distrib. Theory 000 (XXXX), no.0, 000-000

SPATIAL EQUIDISTRIBUTION OF BINOMIAL
COEFFICIENTS MODULO PRIME POWERS

GUY BARAT — PETER J. GRABNER'

Dedicated to the memory of Pierre Liardet

1. Introduction and Results

Binomial coefficients and their number theoretic properties are the subject of a vast num-
ber of investigations. For instance, divisibility properties have been studied by D. Singmas-
ter [11], who proved that for any integer m almost all binomial coefficients are divisible by

m in the following sense
2 n
i _— 0< k< =
]}%ON(N+1)#{k,n70_k_n<N/\m\(k)} 1.

After this it is natural to ask what happens for the remaining set of density 0, or how the
binomial coefficients behave after dividing out the highest possible power of m. For prime
p, the first question has been answered independently in [2] and [5], namely the binomial
coefficients not divisible by p are evenly distributed in the prime residue classes modulo p
kE,n;0<k<n<NA()=a (mod 1

lim #1 —— (Z) ( P} = for (a,p) = 1.

Nooo #{k,n; 0<k<n<NA(})#0 (modp)} p-—1
The methods used in these two papers are rather different: in [2] multiplicative characters
are used, whereas in [5] polynomial congruences over finite fields are applied. Both methods
are based on E. Lucas’ [10] congruence

(0)= () ) (i) oot

where n = Zf:o nep’ and k = Zf:o kep® are the respective p-adic digital expansions of n
and k (with possible leading zeroes in the expansion of k). The result was extended to
prime powers in [I] using a generalisation of Lucas’ congruence due to A. Granville [7], see
Theorem [3l The second question was addressed in the same paper, where it was shown
that the p-free parts of the binomial coefficients are uniformly distributed in Z; (p-adic
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integers). Notice that the p-free part of an integer n is given by ng) = np~ ™ where Up
denotes the p-adic valuation. The result reads as

(1)
2

n 1 1
lim ——# k,n;0§k§n<N/\<)Ea mod p*) p = =
NN 1) { k) et = g T -

for all s € N and all a not divisible by p; ¢ denotes Euler’s totient as usual.

Furthermore, the number of binomial coefficients up to row N which have p-adic valu-
ation j, has been studied by L. Carlitz [3]. This is based on E. E. Kummer’s result [9],
which states that the p-valuation of (Z) equals the number of carries in the subtraction
n — k performed in base p. In [I] Carlitz’ result could be refined to a precise asymptotic
formula; recently L. Spiegelhofer and M. Wallner [12] found expressions for

fomozszunn((1)-)

in terms of the numbers of certain blocks occurring in the digital expansion of n.

Also recently, F. Greinecker [8] could prove that binomial coefficients, Stirling numbers,
and more generally number schemes satisfying generalisations of Lucas’ congruence are
spatially uniformly distributed modulo p in a sense that we will make precise below.

The present paper exhibits detailed properties of the distribution of binomial coefficients
in residue classes modulo prime powers in the respects introduced above.

The first theorem states that p-free parts of (Z) are uniformly distributed in residue
classes modulo p® and simultaneously spatially with respect to two-dimensional Lebesgue
measure Ay (restricted to the triangle {(z,y) € R?; 0 < x <y < 1} and normalised).

THEOREM 1. Let p be a prime, s > 1, and (a,p) = 1. Then for any A\y-continuity set A

we have
2
(2) lim —————#<kn; 0<k<n<p™A (n) =a(mod p°) A (k,n)p ™ € A
mso0 P (p™ + 1) k) )
_ M(4)
o (p*)
O, p(p+1) . . . . . . .
Let p be the : glog; -dimensional Hausdorff measure restricted to the “p-adic Sierpinski

gasket” — the attractor of an iterated function system given in [13] and described below.
The second theorem states that for given j the binomial coefficients with prescribed p-
valuation equal to j exhibit a similar behaviour as well; their p-free parts are uniformly
distributed modulo p*, whereas they are spatially uniformly distributed with respect to u.

THEOREM 2. Let p be a prime, s,j > 1, and (a,p) = 1. Then for any pu-continuity set A
we have

(3)
i #Akni0sksn<p" APIIG) Ap() =a (mod p*) A(kn)p™™ € A} p(A)

m00 #l0<k<n<pm;p|(1)} o(p*)
2
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REMARK 1. Notice that Theorem [ implies (Il) choosing A = {(z,y);0 < z < y <
Np~Uex N1 Similarly, Theorem 2 implies [I, Theorem 6] (except for the error term) with
the same choice of A.

2. Proofs

The proofs will make use of exponential sums involving additive characters on R? and
multiplicative characters on Z/p°Z. As usual in this context, we write e(t) = e*™.

In the sequel we will use the notation (n!), for the product of all integers less than or
equal to n, which are not divisible by p. Since the subscript p will only occur with factorials
this should not cause any confusion. With the help of this notation we can formulate the

following theorem due to A. Granville [7]. For an earlier version of this congruence we refer
to [4].

THEOREM 3. Suppose that a prime power p° and positive integers n = m + r are given.
Write n = ng + nip + -+ + ngp® in base p, and let N; be the least positive residue of
[n/p’] mod p* for each j >0 (so that N; = nj+mn;ap+ - +njs—1p°"'); also make the
corresponding definitions for m;, M;,r;, R;. Let e; be the number of ‘carries’, when adding
m and r in base p, on or beyond the j-th digit. In particular, we have pe°||( ) Then

n
m.

0 () =60 (e, i, ) (i, ) =0

where (£1) is (—1) except if p =2 and s > 3.

Preliminary results

We will make use of two technical Lemmas.
The first Lemma is [6, Lemma 5] (with 2 replaced by p).

LEMMA 1. Let B(t) be a matriz function mapping vectors t € R? to square matrices
satisfying

(5) |1B(t) — B|| < C[t]| for ||t]| < T,
(6) [B(t)]i;| < [Blij for alli,j
for some C, T > 0, some non-negative matriz B, and the matriz norm || - || induced by the

mazimum norm on the vector space. Assume that B has 1 as simple dominating eigenvalue.
Then the sequence of matrices

P (t) = B(p~"t)B(p~""Vt) .- B(p~'t)
converges to a limit P(t) for all t; P(t) is continuous at t = 0.

In the sequel || - || will always denote the matrix norm induced by the maximum norm.

3
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REMARK 2. It is not stated in [0, Lemma 5] but immediately follows from the proof that
if B(t) depends continuously on t, then the convergence to P(t) as stated in the Lemma
is uniform in t on compact subsets of R? and P(t) is continuous on R?. Furthermore, the
relation P(t) = P(0)P(t) holds. Since the matrix P(0) has rank 1 by the Perron-Frobenius
theorem, this implies that the matrix P(t) has rank at most 1.

The second lemma is a generalisation of Lemma, [Il

LEMMA 2. Let A(t) and B(t) be matriz functions mapping vectors t € R? continuously to
square matrices satisfying

(7) |1B(t) = BO)|| < C[[t]| for [t <T
(8) [A(t) — AQO)|| < C[t]| for [t]| <T
9) [[B(t)]i;| < [B(0)];; for alli,j and all t
(10) I[A(t)]i;] < [A(0)];; for alli,j and all t

for some C,T > 0. Furthermore, assume that B = B(0) has 1 as simple dominating

<
<

<
<

eigenvalue and set A = A(0). Define P[((j) inductively by setting
P(8) = B " 6)B(p~ " t) - B(p't)

POty =1
and
(11) P(t) = i P (") A"t P ().
Then -
(12) PO(t) = lim % = (P(0)A)'P(t),

where P(t) is the limit given in Lemmalll. The convergence is uniform on compact subsets
of R,

REMARK 3. Notice that P[(g)(t) is the sum of all products of matrices A(:) and B(-)
containing exactly 7 matrices A(:). In our application, this will reflect the combinatorial
structure of j carries.

Proof. We proceed by induction on j to prove

From Lemma [I] and Remark [ we have that (Pk(t))x converges uniformly to P(t) on
compact subsets of R?, which is the case j = 0.

4
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For the step j—1 — j we use the recursion formula (I1). We split the range of summation
intom < vK, VK <m< K—-—+vK andm > K —+K and estimate the first and the last

suin

Yo P A ORI )| =0 | YD mIT | = Ok
7n<vq? 7n<vﬁ?

Yo P AR )R ()] = O(KITIVE) = O(KTY),
K—VK<m<K
For the middle sum, we write Px_,,(p~™"t) = P(0) + o(1), A(p™™t) = A+ o(1), and
PYD(t) = ("]7__11) PU=D(t) + o(m?~") (which hold uniformly on compact subsets of R?)
and insert these to obtain

> BLTOAp )R (1)

VE<m<K—-VK
_ m =1\ -1 i (K (G-1) j
= > P4l )P ®) Fo(K7) = (7 ) (P(0)A)PUTV(E) + oK),
VR<m<K—VE J J
Putting everything together, we obtain ([I2]). O

Proof of Theorem [1]

We study the following exponential sum

(13) Sil)(m,tl,h) = Z X ((Z)( )) e ((kty +nt2)p™™),

0<k<n<pm

where y denotes a Dirichlet character modulo p°. In order to compute this sum, we
construct a finite automaton, which computes (Z) modulo p® with the help of (3]).

Let A ={0,1,...,p—1}? be the alphabet. The set of states is given by S = {0,...,p* ! —
1}% x {0,1}. The transitions are defined by

]
]

where kmod p denotes the non-negative remainder in the Euclidean division x/p. The
states (+,-,0) represent the situation that no carry occurred in the subtraction of the least
significant digits, whereas (-, -, 1) encode the situation that a carry occurred. A similar
automaton was used in [I3}[14] in the study of the p-adic Sierpinski gasket.

For a given pair of integers (n, k) we start at the state (n mod p*~1, k mod p*~1); tech-
nically, we would have to add extra states, which emulate reading the first s — 1 digits.

+ep* 2 2] +0p*2,0) if (k mod p)+n < v modp
(14) (£,9): (v, m,m) = J ) ( )

DI BIR

J+ep”? 5] +6p°72, 1) if (k mod p) +n > v mod p,
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For t = (t1,t3) € R? we define the marked transition matrix M, (t) of the automaton
defined above by

rX ((:I:l)nl m) 6(€t1 + 6t2) ifn—Fk— m = 0

and vp = 2| 4 ep*?

and rp = [ 5] + op*~2

and [(k; mod p)+m > (1 mod p)] = n.
(M (6)] w1 1) (v mame) = 4 X ((ﬂzl)’71 (k,)p((ps,ﬁ’ﬁk_k_m),)p> e(ct +ts) ifn—k—m <0

and v, =[] + ep*2

and rp = [51] + op*~2

and [(k; mod p) +m > (1 mod p)] = n.
0 otherwise,

\

where we denote n = vy +ep*~! and k = k; + dp*~! for short. The value (£1) is chosen
according to Theorem [Bl Here and later on we use Iverson’s notation [A], which is 1, if A
is true, and 0 otherwise.

Then we have
(15) SPm,t) = v(p~"™t) M (p~ ") My (p~ " 08) - M (p ) w,
where w denotes the column vector with all entries (1 — n). The vector v(t) is given by

V(E)] ey = e((Vt1 + Kita)).

We write 1 for the vector with all entries 1 and observe that v(0) = 1.

We notice that the automaton defined by the transition function (I4]) has exactly p?
transitions emanating from each state. The marked transition matrix M,,(0) (xo being
the principal character) marks each of these transitions by 1; thus this matrix has exactly
p? entries 1 per line and is a Perron-Frobenius matrix with dominating eigenvalue p?. From
(@) the sum S\ (m, t) has 22D summands. Thus we divide (I5) by w and let

2
m tend to infinity. For the principal character this results in

m—00 2

(16) At) = nm,(Bfgfiill)_lsm@nAg::1Tpagw,

where

m—00 2

L VA s s )
P(t) = lim (¥) My (50" 6) M, (=8 -« M, (p6)

is a convergent infinite matrix product applying Lemma [l with B(t) = Z%MXO (t).
The limit S\(t) is the Fourier transform of the two-dimensional Lebesgue measure re-
stricted to the triangle {(z,y) € R*; 0 < z <y < 1}, normalised to total measure 1.

6
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For non-principal characters y, at least one non-zero entry of M, (0) differs from 1,
because (le) » = ") implies that the character is evaluated at all prime residue classes

(mod p®); thus we have
1M (0)]] < p*.

From this we conclude, using the continuity of M, (t) at t = 0,

lim (M)l Sy(m, t)

m—o0 2

m—00 2

: "™+ 1 ! —(m—s —(m—s— —
=17 lim (M) M, (p~ ™ 9t) M, (p~¢ V) M, (p~'t)w = 0.

Summing up, we have

P (W
_ ! 3" X(@) lim (w)_ls;”(m,t): ~At),

a (mod ps)ﬂ e((nty + kt2)p™)

2

which finishes the proof of Theorem [Il by Levy’s continuity theorem.
Proof of Theorem

In order to obtain the desired result, we study the exponential sum

an s = X () x (7 (3)) e (s nem).

0<k<n<p™

The underlying automaton is the same as in the proof of Theorem [I, but we have to take
into account the number of carries in the subtraction. This is done by a new marking of
the transitions using the following two matrices

—2 s [ M, (t)]
X (v1,61,m),(v2,K2,m2)
[B(t)](V17H1,771),(V27H2,772) = {g(pH) ’ v if =1,

[M (t>] v1,k1,m),(v2,k2, 1f7]1:1
[A(t)](,,l k1), (e K me) = {0 X0 (vi,61,m),(v2,k2,m2) 0,

The matrix B(t) encodes all transitions without carry, whereas A(t) encodes a carry in
the subtraction of the least significant digit. Notice that we normalise B(t) to satisfy the
assumption of Lemma

We obtain

min(j,s—1)
(p+1)) 4

(13) Salmoit) = (23 ) P (),

=0
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where the vectors v, encode starting blocks of s — 1 digits containing ¢ carries in the
subtraction:

e(vty + kta) if n = [v < k]and there are exactly ¢ carries
Vi) k) = in the subtraction np® +v — K
0 otherwise.

Applying Lemma [2 yields
. Syo(m, j,t)
(19) J e ™
(7) ()

We now observe that vo(0) is a vector with non-negative entries and (P(0)A) is a matrix
with non-negative entries. Thus vo(0)T(P(0)A) is a vector with non-negative entries.
Using the relation P(t) = P(0)P(t), we can rewrite the limit (I9)) as

vo(0)" (P(0)A)’ P(0)P(t)w:

= v(0)"(P(0)AY P(t)w.

the vector v (0)”(P(0)A)7 P(0) is now proportional to the left Perron-Frobenius eigenvalue
of B, because P(0) is a matrix of rank 1 with this eigenvector. Thus the limit (1)) is
proportional to v’ P(t)w for any non-negative vector v.
We set
Sy (m,0,t)
i(t) = lim 2 o)
'u( ) ml—rgo (;n(p—i—l))

2

Then by the above argument, we have

From [I3] we infer that the sets

Qm = {(n,k)p_m; 0<k<n<p™andp )((Z)}
tend to the attractor () of the iterated function system defined by

r4+a y+0b
Fa,b(zay):< D >y7)>

where 0 < b < a < p (the “p-adic Sierpiniski triangle”). Furthermore, the measures

1
m= T ~m Ox
H (;n(p+1)) Z
2

XEQm

log 22+1) . .
—-— restricted to () and normalised
ogp

to total mass 1. This implies that fi(t) is the Fourier transform of this measure.

tend to the Hausdorfl measure of dimension s =

8
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In order to sieve out the binomial coefficients with p=7 (Z) = a (mod p*) we consider the

sum
1

o(°) XX: x(a)Sy(m, j,t)

and observe, using the same arguments as in the proof of Theorem [ that S, (m,j,t)
(for x # xo) is of smaller order of magnitude than S,,(m, j,t). This finishes the proof of
Theorem 2
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