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DISTRIBUTION OF BINOMIAL COEFFICIENTS
AND DIGITAL FUNCTIONS

GUY BARAT AND PETER J. GRABNER

ABSTRACT. The distribution of binomial coefficients in residue classes modulo prime pow-
ers and with respect to the p-adic valuation is studied. For this purpose general asymptotic
results for arithmetic functions depending on blocks of digits with respect to g-ary expan-
sions are established.

1. INTRODUCTION

The main purpose of this paper is the study of the asymptotic distribution of binomial
coefficients modulo prime powers. D. Singmaster [36] has proved that “any integer divides
almost all binomial coefficients” in the following sense: for any integer m > 2 we have

lim ﬁ#{(/ﬂ,n):0gk§n<Nandm)((Z)}:0.

N—oo N

For prime m this result could be refined in [3, 17]. There a precise asymptotic formula for
the quantity above was given, furthermore it was established that the distribution in the
non-zero residue classes is asymptotically uniform.

Already in [3] it turned out that the key point to describe this behaviour was a result
of [19] on so-called g-multiplicative functions, that is arithmetical functions defined by
the digital expansion in base ¢. Digital functions, first of all the sum-of-digits function,
have been studied from various points of view since the 1940’s. Following [4, 11, 18, 19,
34, 42] the emphasis in this paper will be on the asymptotic behaviour of the summatory
functions of such arithmetic functions, and especially on periodicity phenomena which occur
in this context. We also note that distribution properties of digital functions have been
studied intensively, cf. [10, 13, 15]. We will introduce and study various kinds of arithmetic
functions which depend on blocks of digits.

In Section 2 we give asymptotic expansions for the summatory functions of “block-multi-
plicative” and mixed “block-multiplicative” and “block-additive” functions.

It has been recognized in the nineteenth century that the p-adic expansions of n and k
yield information on the p-valuation of binomial coefficient (Z) and on its value modulo p.

In [28] (among many other things) E. E. Kummer expressed the p-valuation of (Z) in

terms of the p-adic digits of n and k. This result has been rediscovered several times and
also generalized to multinomial coefficients (cf. [27, 37]). It is the main combinatorial
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tool for the study of the number of binomial coefficients in a given row of Pascal’s triangle
divisible by a given power of a prime. Partial results and exact formulee in this direction
have been obtained in [6, 25, 26].

The second historic ingredient that we use is E. Lucas’ congruence for binomial coeffi-
cients modulo primes. This congruence has been generalized in various ways since then,
for instance by H. Anton, L. Stickelberger, and K. Hensel (for a detailed history we refer
to Dickson’s book [12]). The last achievement, which gives a congruence similar to Lu-
cas’ modulo prime powers, is independently due to K. S. Davis and W. Webb [8] and to
A. Granville [21].

In Section 3 we use the asymptotic techniques introduced in Section 2 to describe the
asymptotic behaviour of the number of such binomial coefficients up to a given row. For
this purpose we recall the notation p?||M to express that p’ is the highest power of p that
divides M (or equivalently that the p-adic valuation of M is 7). We define

(1.1) ﬁj(n):#{k‘:()gkgnandpjﬂ(:)}

and prove an asymptotic formula which has

—1
5( (—) (log, N Yo(n
as a consequence. The main step in the proof is getting an expression of ¥; as a polynomial
in block digital functions of the type studied in Section 2.
In Section 4 we use Granville’s congruence, Dirichlet characters and bivariate block mul-
tiplicative functions to derive a distribution result for binomial coefficients with given valu-
ation modulo prime powers:

#{(k:,n):o <k<n<N, pj||(Z), and p_j(Z) zamodpf} ~ <b<;’f) Y 0,(n).

n<N

Furthermore, we show that the p-free parts of the binomial coefficients are uniformly dis-
tributed in Z. (We recall that the p-free part of a non-zero integer m is p~/m where p’||m.)
We also show that the distribution of their p-valuations in residue classes is uniform and
independent of the distribution of the p-free parts.

In Section 5 we give indications how to generalize our ideas to multinomial coefficients.
Special formulee for the distribution of binomial coefficients in residue classes modulo primes
and prime powers have been given in [24, 43]. Related studies can also be found in [5].
Furthermore, there exists a vast literature on special congruences involving binomial coeffi-
cients; for this we refer to Granville’s survey [21].

Finally, we mention several papers that deal with properties of binomial coefficients mod-
ulo primes or prime powers from the point of view of the theory of cellular automata
[2, 20, 29, 44]. A notion of complexity of Pascal’s triangle modulo any integer is studied
in [1].
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2. BLOCK-MULTIPLICATIVE FUNCTIONS

We consider digital expansions of the positive integers with respect to a base ¢ > 1. For a
positive integer ¢, an arithmetic function f : N — C* is called ¢-block-multiplicative, if there
exists a function g : {0,...,¢ — 1}* — C* with ¢(0,0,...,0) = 1 such that

K K
(2.1) f (Z&cdg) = Hg<€k75k+la---75k+€fl)a
k=0 k=0

with ¢, =0 for £ > K.

Remark 1. Additive functions with respect to ¢-adic digital expansions can also be viewed
in the context of probabilistic number theory (cf. for instance [10, 13]). For the introduction
of the according Kubilius models we refer to [33]. These models make use of the fact that
the g-adic digits of integers behave asymptotically like independent random variables. We
remark here that probabilistic methods would only yield the main terms in the asymptotic
expansions given later, but would not reveal the periodic oscillations.

Remark 2. The functions satisfying (2.1) are the multiplicative analogue of digital functions
(“fonctions digitales”) studied by E. Cateland [7], namely

K K
(2.2) f (Z squ> - Zh(ek,ekﬂ, . Ekse—1) with h(0,0,...,0) =0.
k=0 k=0

We will call these functions ¢-block-additive. For instance, 1-block-multiplicative functions
are completely g-multiplicative functions in the sense studied in [19].

Remark 3. We will allow ourselves to change freely between a number n = ZkK:o erq”,
its corresponding finite sequence of g-ary digits (g¢,¢€1,...,6x) and the infinite sequence
(€0,€1,--,€K,0,0,...). Therefore we write the digits from left to right.

The study of g-additive and ¢-multiplicative functions f is based on finding recurrence
relations for » |, _ .« f(n) and then ) _ f(n) for arbitrary N. In the case of block-additive
and block-multiplicative functions these recurrences get more complicated and can be writ-
ten as matrix relations. For a similar approach we refer to [13].

In the following B, will denote the set of all digital blocks of length s. For B € B, an
expression “Bn” will indicate the concatenation of the block B with the digits of n (or the
corresponding positive integer). This convention will also give us the possibility to write
B < r for a block B and a positive integer r, if the number corresponding to B is smaller
than 7. This also gives a natural ordering on Bs. Furthermore, we denote by |B| the length
of the block B.

For a given ¢-block-multiplicative function f we define the summatory function

F(N)=_ f(n).

n<N
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For fixed s we introduce the functions
f(n) = (f(Bn))ges,,
F(N)=>_ f(Bn)

F(N) = (Fp(N))pes,

Lemma 1. Let f be an (-block-multiplicative function. For fired s > max(1,¢ — 1) and
every non-negative integer r the following equations hold

(2.3)  f(B)f(ABC) =f(AB)f(BC) for B € Bs, and A,C blocks of arbitrary length,

(2.4) F(BN)=Y_ Fo(N)+ > f(CN)
CeBs C<B
(2.5) F(¢"™) =UF(q"),

where the matrix U 1is given by

upe = {f}fé? for J(C) # 0

0 otherwise,

F(BoB\B,...By,) =U"Up £(0) + U*'Ug,_ £(By) + U"2Up, ,f(By_1By) + - -
(26) —|—UUBlf(BQBk)—|—UBOf<BlBk), BiEBs fOT’i:O,l,...,k

where Up = (up ¢) is a matriz given by

D _{f(BC) for C < Dand f(C)#0
Upc =

f(©)
0 otherwise.

Proof. Equations (2.3) and (2.4) are clear. For (2.5) we observe that f(BCn) = 0if f(C) =0
and write

Fp(q™*) =Y _ > f(BCn)

CeBs n<q”
"X 2 e N 2 e e
£(0)70

For equation (2.6) we first derive a recursion formula for F(BN) for B € B; and N € N.
Indeed,

Fo(BN) = = 3 fieon) + Y epN) = S0 HER m + 35 L o),

DeBs n<N D<B DeBs D<B f

where " indicates that terms with f(D) = 0 are omitted. Writing this equation in matrix
form we obtain

F(BN) = UF(N) + Upf(N).
In particular, inserting N = 0 gives F(B) = Ugf(0). Then (2.6) follows by induction. [
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Before deriving an asymptotic formula for F'(N) we fix some terminology and notations:
e For g:{0,...,q— 1} — C we define ||g||o = glaBX|g(B)|.
€b,

o If (ay,...,a;) € C', M = diag(ay,...,a;) denotes the diagonal matrix with m; =
a;. More generally, if Aj,..., A; are square matrices, diag(Ay, ..., A;) is the block-
diagonal matrix with diagonal blocks Ay, ..., A;.

e For A € C and an integer k£ > 1 we introduce the nilpotent k& X k-matrix

o1 0 --- 0
o o 1 --- 0
Ep=1: + .
O ... -« 0 1
0 -+ -~ 0 0
and the Jordan matrix Ji(A) = A\ + E). Furthermore, real powers of Ji(\) can be
defined as
k—1
(2.7) = Z ( )Ax TR
j=
These matrices satisfy [Ji(A)]* - [Je(N)]Y = [Jk(N)]*TV.

e For any square matrix U we denote by spec(U) the set of its eigenvalues.

e For any vector x € C, x| denotes its maximum norm. For ¢-dimensional square
matrices U, ||U|| denotes the corresponding operator norm. Thus we have | M N|| <
|M]| - ||N||. Furthermore,

(2.8) (VA € spec(U) : |\ <v) = ||[U"|| = o(v") for n — oc.
Moreover, for B € B; we have
(2.9) I£(B)I| < llglls*.

Theorem 1. Let f be an (-block-multiplicative function associated to a function g as in
(2.1) and assume that there exists an s > max(1,{—1) such that the corresponding matriz U
defined in (2.5) satisfies the following condition: there exists a unique dominating eigenvalue
A of U with [\ > ||g]|2,-

Then there exist continuous periodic functions 1y (k=0,..., K — 1) of period s such that

K-1

(2.10) > f(n) = Noeeloa N Z (log, N) ¢ (log, N) + o(N*)

n<N

1
for any p > max <logq 191l o0, B log, Vesprercl(ag\“} | |, where 6 = Llog, |\, a = Larg A, and

K is the dimension of the largest Jordan-block associated to \.

Proof. First we transform the matrix U into its Jordan normal form

U = Tdiag(Ji,(\), ..., Ji,(A), A1, ..., A)) T,
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where the A;’s are Jordan blocks with eigenvalues strictly smaller in modulus than |A|. Note

that A # 0 and define
V =Tdiag(J,', ..., J,;pl,o, 0T

For convenience we set the unusual convention V® = T'diag(1,...,1,0,...,0)T" with x =
N——

ky+ -+ K,
We now introduce the function

(2.11) p(0.c182...) = p(0.BoBy...) = Y _ V*Ugf (Biy... By),
k=0

where the By’s are blocks of length s and B = (b,,...,b;) denotes the reversion of B =

(b1,...,bs). We choose a real number ¢ such that max ([|g[|5,, max |v]) <& < |A. We
vespec(U)\{\}

first note that the series (2.11) converges normally, since (2.8) and (2.9) yield
IV Uz £ (Bier - Bo) || < V|- Uz || - £ (Be-r - - Bo) |

(2.12) e lgll5
< o] - Ialle ot = o (120).
Thus ¢ can be seen as a continuous function on the product space {0, ...,q— 1}Y. We now

have to prove that ¢ descends to a well-defined function on [0, 1]. For this purpose it has
to be verified that

©(0.61...6,0%°) = p(0.61...601(er, — 1)(g — 1)) (for any k > 1, g, # 0).
We rewrite the above strings in terms of blocks of l~ength s: €169...6,0%° = BBy ... B, (0°%)>
and €1...65-1(cx — 1)(¢ — 1)® = ByBy ... Br_1By(¢° — 1)*°, where B, is the successor of
B, in the natural ordering on B,. Then we have by (2.11)

h—1
0 (0.ByBy ... By(0°)°) = > VU5 £(By_1...By) + V"Up £(Bi_1 ... By).

On the other hand we have

o (0.3031 . BuaBulg® — 1)°°> =N VM URE(Bir .. Bo) + VU5 (Bir .. Bo)+
k=0
> VMUe—nf((¢° = 1) "' BBy ... Bo)
k=h-+1
Thus we have to prove
VU £(Byr... Bo) = V'Uz £(Byri ... By Z VEU (¢ = 1) BBy ... By).

k=h+1

We introduce the matrices Xp = Upy1 —Up for B # (¢°—1) and X(4s_1) = U —U(gs_1), which
by the definition of Up only have one non-zero column. Then, using that V*U = V*~1 and
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Xpf(-) = f(B-) (which follows from the definition of Xp and (2.3)), we rewrite the right-
hand side as

VIU£ (B ... Bo)+ Y VEU = Xge-))E((¢° = 1) "' ByByy ... By)
k=h+1

= V' £(Bur ... Bo)+ Y VIUH((¢* = 1) " BuBuy . Bo)-
k=h+1

> V(¢ = 1)""ByBy-1 ... By)

k=h+1

= V"Us £(By-i .- .Bo)+V"(ByBu_: ... By).

The last expression equals

VU A(Byi1 ... Bo) + V" X5 £(Byi1 ... Bo) = V'Ug £(By-1 ... By)

and the assertion on ¢ is proved. Thus ¢ is a continuous function on [0, 1].
We now derive the asymptotic formula for F(N). Set N = ByB; ... By (with By, # 0 and
A = pe?. Denote as usual |z] (respectively {x}) the integral (respectively the fractional)
part of the real number z. Then k = E log, NJ and 0.By ... By = Nq’(stélogq N]+s) . We
now write U~ = UFV" + W+ for k > r, with U = T diag(Jy,,(\), . . ., Ji,(A),0,...,0) T 1,
W = U —U and, by convention again, W° = T diag(0,...,0,1,...,1)T " and U =1—-wo.
——

K

We now insert this into (2.6) to obtain

(2.13) F(By...By) = U*0(0.By,...By) + R(By ... By),

where

R(By...By) = WrU, £(0) + W*Up,_ £(By) + W*2Up, ,f(By_1By) + - -
+ WU, f(By...By) +W°Up (B ...B).

By our choice of ¢ and the assumptions on the eigenvalues of U there exists a constant C'
such that

(2.14)

k
IR(Bo . Bl < max U S W5 [6(Berr . B

r=0

(2.15) )
< max [|Ug|| ZO CEg|lms = O(EF) = o(N*)

where again we have used (2.8) and (2.9). Furthermore, (2.13) and VU* = U*~! (for k > 1)
gives

F(B;...By) —VF(By...By) =

(2.16) U1 (9(0.Bg...B1) — 9(0.By...By)) + R(By ... By) = VR(By ... By).
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Then the definition of ¢ (2.11) yields
(2.17) ©(0.By ... By) —¢(0.By...By) = V*UR,f(By ... By).
Putting (2.16) and (2.17) together and using (2.8), (2.12), and (2.15) yields
|F(By...Br) = VF(ByBi ... Bi)| <
(2.18) IVUpE(By ... Bp)|| + | R(By... B)ll + [[VR(Bo ... Bi)|| =
O(llgll%) + O(E") + O(€¥) = O(&") = o(N").

We now define (here we use the definition of real powers of a matrix via the real powers of
its Jordan decomposition as in (2.7))

W(log, N) = Vs (g (eLies V)49))

and note that ¥ can be extended to a continuous periodic function with period s on R\ sZ
by the above discussion on the continuity of ¢. The continuity of this extension in the points
sZ follows from the observation that ¢(¢=°) = Vip(1).

By (2.13) and (2.15) we can write
(2.19) F(N) = U:5N ¥ (log, N) + o(N*).

By (2.4) we have F(By...By) = Y ces, Fo(Bi ... By) + Ypp, f(CBy ... By) with

(2.20) Z f(CBy...By)| < ¢*llg]| &tV = o(¢F) = o(N*) and by (2.18)
C<By
> Fo(Bi...By)=(1,....1)F(Bi...By) = (1,..., h)VF(N) + o(N").
CeBs

According to (2.19) and the definition of U= '8N (2.7) all the entries of F(N) are of the
form

K—1
NOogiologg N Z(logq N)’ x periodic function of log, N.
=0
Thus (2.10) is proved. O
Corollary 2. Under the assumptions of Theorem 1 but allowing several dominating eigen-
values N\, = [N, r=1,...,Q, we obtain (with obvious notations)
Q K.—1
Z f(n) = N° Z Z o8N (log N )b, (log, N) + o( N*).
n<N r=1 j=0

Proof. This is an immediate but notationally inconvenient generalization of the proof of
Theorem 1. 0J

Corollary 3. Under the assumptions of Theorem 1 and for positive-valued function f we
have

Y f(n) = N°y(log, N) + o(N*),

n<N
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where Y is a periodic function of period 1.

Proof. At first we notice that by for any s > max(1,¢ — 1) by Perron-Frobenius’ theorem
U has a unique dominating eigenvalue that is positive and of multiplicity 1. We now apply
Theorem 1 to two coprime values of s to obtain 1-periodicity of . U

We will now use Theorem 1 to describe the asymptotic behaviour of summatory functions
of products of a block multiplicative function with a number of block additive functions.
Such sums will occur in Section 3.

Proposition 4. Let ¥ be a positive-valued block-multiplicative function satisfying the as-
sumptions of Theorem 1 and fi,..., fm arbitrary real-valued block-additive functions. Then
the summatory function F' of ¥(n)fi(n)--- fm(n) satisfies

m

(2.21) F(N) = 9(n)fi(n)--- fm(n) = N _(log, N)'v;(log, N) + o( N*),

n<N 7=0

where the functions 1; are continuous and periodic with period 1; p and § are given by ¥ as
in Theorem 1.

Proof. Let t = (t1,...,tn) € R™. We define the function

h(n;t) = Y¥(n)exp (Z tjfj(n)> )

We note that n +— h(n;t) is ¢-block-multiplicative, where ¢ is the maximum of the block-
lengths corresponding to ¥ and the f;’s. Then clearly h satisfies the hypotheses of Corollary 3
for t in some neighbourhood of 0. Thus we have

H(Nit)= > h(nit) = N°OU(log, N;t) + R(N:t).

n<N

Defining § and p to be the exponents associated to ¥ by Theorem 1, we have §(0) = §
and R(N;t) = o(N*) for t in some neighbourhood of 0. The dominating eigenvalue of
the corresponding matrix has multiplicity 1 and is therefore an analytic function of t in a
neighbourhood of 0.

Then differentiating at t = 0 and disregarding the error term for a moment gives

om

2.22 — 2 HWNt)| =Y o f(n) =

(222) G V| = 32 ) for)
JE1 T tem gm—(e1+-+em)

- — U(log, N;t) + remainder.
o Ot Othen ! t=0

— NO®)
Z 875?1 .. .@t%n

(e1,-.,em)€{0,1}™
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Writing N°®) = N?exp[(6(t) — ) log N] and expanding the exponential into its power series
gives

8€1+"'+€m logN 8€1+---+€m

2 () — S5(t) — 6 k
atil .. .8t%n t—0 Z k! 8t§1 . -atfﬁ” ( ( ) ) o
" (log N)k  gert—tem i
(2.23) = kz TR T, (6(t) — ) o

Inserting (2.23) into (2.22) and collecting terms of like powers of log N gives (2.21) except
for the error term.

It remains to give an argument that the error term can be pulled through differentiation.
For this purpose we refer to the proof of Theorem 1, where the error term is made up of
three parts: (2.14), (2.18), and (2.20), namely

(224) R(N)= > h(CBy...Byit)+(L,...,1)ViRe(By... By)+

(1,...,1) (Fy(B, ... By) — ViFy(By...By)).

We first study the first term: since this is a finite sum, it suffices to treat the single term

h(CBl .. Bk,t) = ’19(031 ce Bk) exXp <i f](CBl .. .Bk)tj> .

j=1
Using (2.9) and since the block-additive functions satisfy f;(n) = O(logn) differentiation
with respect to the variables t1,...,t,, yields only a contribution of

(CBy ...By) Hfj(CBl ... By) = O(E™||g|IF) = o (N").

For the second term in (2.24) the matrix W occurring in (2.14) is again analytic in a
neighbourhood of t = 0; the same is true for the matrices Up, and f. Thus Ry(By ... By)
can be differentiated and the resulting sum can be estimated by

k
O (kmz [we=]) - IIQIIZS"“)) = o(N*).
r=0

For the last term in (2.24) observe that (2.6) gives
UF(B;,...By) —F(By...By) = —=Up,f(By ... By).
Thus it can be treated similarly to the two other terms in (2.24). O
Remark 4. The leading term in the asymptotic formula (2.21) is
0
5

Jj=

- N°(log N)™(log, N),

t=0
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where ¢(-) = U(-,0) is the periodic function given by

> " 9(n) = N'(log, N) + o(N").

n<N
Furthermore, we have for j =1,...,m
0
> ) f(n) = 5.0t)] - N(log N) - ¢h(log, N) + O(N?).
J t=0

n<N

Thus the constant in the leading term of > _J(n)fi(n)--- fm(n) is the product of the
constants in the leading terms of ) _\ 9¥(n)f;(n).

Remark 5. Proposition 4 can be used to compute the moments and correlations of block-
additive functions by using ¥J(n) = 1. Notice that in the case that ¥(n) = 1 the main term
in the asymptotic expansion does not have a periodic factor.

3. p-VALUATION OF BINOMIAL COEFFICIENTS

We consider the number of binomial coefficients (Z) whose p-adic valuation equals j: By
a result of E. Kummer [28] the p-adic valuation of (Z) equals the number of carries in the
addition of k and n — k (or equivalently, in the subtraction of k£ from n) in base p. In

particular we have
K

K
Yo(n) = H(l +eg) forn= Zekpk.
k=0 k=0
The quantities ¥;(n) and their summatory functions S;(N) = > _\ ¥;(n) have been studied
by L. Carlitz [6], who gave a formula for ¥ (n), a recursion for ¥,(n), and computed S;(p").
Further special values of 9;(n) (for “lacunary” n) have been given by F. T. Howard [26].
Let us introduce the functions

ge) = (p—co—1)(p—e1)--(p—eo1)ee
| ITj—o(1+¢)

According to Kummer’s result the numerator of these functions counts the number of
k< m = ey +pe + -+ pey, such that there are ¢ consecutive carries starting at the
least significant digit in the subtraction of £ from m. Splitting the j carries into s sets of
consecutive ones gives

(3.1)

J
19](”) = 190(”) Z Z Qy, (gklu s 7€k1+51)a52 (gkzu s 78k2+52) 7 (8k57 s 78ks+fs)'

s=1 Lli4--+Ls=j
Vi, ki+£;<kit1

for ¢ > 1.

as(eo, - - -

For j = 1 we retrieve Carlitz’ formula (cf. [6])

’191(71) = ’190(71) al(sk, Ek—i—l) = 190(71)

k=0 k=0

(p — & — 1)5k+1
(L4 ex)(1 + epp)
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Theorem 5. Let p be a prime. Then for j > 0 there exist continuous periodic functions of
period 1, @Z)ﬁj), r=20,...,7, such that

(3.2) # {(k‘,n) :0<k<n<Nand p| (Z)} = N“leﬁj)(logp]\f)(logp N)" 4 o(N?)

2j

Jor a =log, p(p—;l) and any € > 0. Furthermore, @Z)](.]) = % (‘]Z;Ti) éo).
Proof. We first note that the case j = 0 has been established in [3, 14]; the error term
vanishes in this case. We assume in the sequel that 7 > 1. The main idea of the proof is
to make a recurrence on the number s of different “connected” digital functions involved in
(3.1). In that context, the difficulty is to formalize this notion of connectedness in a suitable
way, which respects in particular the symmetry of (3.1). This is done by introducing an
action of the symmetric group on sub-sums of (3.1) and by associating a graph to the set
of the different digital functions occurring in the sum.

In order to recognize 9J;(n)dy(n)~" as a linear combination of products of block-additive
functions (as studied in Proposition 4), we introduce a further set of digital functions. For
s-tuples T = (ty,...,ts) and L = ({4,...,{,) satisfying

ty =0, t.>20, (>0 forr=1,...,s

we define a graph on the pairs (¢,.,¢,.) by connecting (¢1,t,) and (l2,t5), if the intervals
{t1,...,ti+ 01} and {ta, ..., ta + ls} intersect. We call pairs (L, T) connected if they corre-
spond to connected graphs. For these we define the functions

(3.3)  bi(c0s--sEmmm) = H ap, (€4,, -+ &t,10,) with m(L, T) = max(t, + ¢,) and
r=1

K

K
(34)  hf(n) =) bl (ek . hemmm) forn=>Y eph.
k=0 k=0

Notice that for s = 1, h)(n) is the (¢+1)-block-additive function defined by a,. Furthermore,
the set of functions bi is stable under multiplication in the following sense: for given con-
nected tuples (L, Ty),..., (Ls,Ts) and (7q,...,7s) € N°, 73 = 0, there exists a connected
pair (L', T) such that
(3.5) [T n - ensmuer) = b0 (20, - Emry)
r=1

provided that the pair ((m(Ly, Ty),...,m(Ls, Ts)), (11,...,7s)) is itself connected. If the
pair ((m(Ly, Ty),...,m(Ls, Ts)), (71,...,7s)) is not connected, the product (3.5) can be
written in a minimal way by collecting the factors a, according to the connected components
of the corresponding graph.

We want to express the sum (3.1) as a linear combination of products of functions hi (n).
It suffices to prove this for the inner sum for a fixed value of s. This we do by induction on
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s. For s = 1 we get the block-additive function h?(n) and the assertion is clear. Assume

that s > 1 and fix ¢4, ..., ;. Then the symmetric group &, acts on the set of sums
S = § g, (51917 s 75191-1—41)@42 (51927 s 75192-1—42) Crr Qg (Eks7 SRR Eks-i-fs)
ki4-4i<kit1
by
o-5= E aﬁg(l)(ekm"'7€k1+40(1))a40(2)(5k27"'7€/€2+€U(2))"'afa(s)(gksw"7€ks+40(s))'

kitlosy<kiti

Observe that if a sum S occurs in (3.1) then also 0-S occurs and that the graph corresponding
to ((Lo(1), - - - lo(s)), (k1 - .., ks)) is totally disconnected by the condition on the summation
indices. We split the inner sum in (3.1) into the orbits of s-tuples (¢4, ...,¢s) and define

Sgl,___,gs = Z g - S

0665

Then we have
hgl (n) e h?s (n) = Sgh--wgs + Z’

where ) is a sum over the same summands as ) _ ¢-S but with at least one of the conditions
ki 4+ ls@) < kipq violated. For given (ki, ..., k) this means that the graph corresponding to
((1,...,05), (k1,...,ks)) has at least one non-trivial component. We now split ) into sub-
sums: For k’s corresponding to one component we fix the according differences, for k’s in
different components we impose conditions such that the component structure is preserved.
For every summand each component C' of the graph yields a function bfg in the following
way:

_ 10.ka—kc,....kr—kc ~
aél (8k17 e 78]?14’51) T a’zr (8197‘7 st 7€kr+zr> - bfl,...,fr ' <€kc7 e 78kc+m(Lc,Tc))7
where we assume that k; = min(ky, . . ., k) and set ko = k; (otherwise reorder); furthermore,
t¢ =0,t5 = ky — ke, ..., t¢ = k, — ko. Thus for every component C' we introduce a new
variable ko and variables t¢, ... t<, and split summation over ki, ..., k, into summation
C 1> dle]l P ) s us

over k¢ (inner sum) and the corresponding t“’s. Therefore the inner sum involves less than
s variables and by induction we have expressed 9,9, I as a sum of products of block-additive
functions.

Finally, we have to consider the matrix U corresponding to the function vy; since this

function is multiplicative, we have % = 1Yo(B), and therefore

11 ... 1
2 2 ... 2

U =
p ... D

Then the dominating eigenvalue of U is w and all the other eigenvalues are 0. Application

of Proposition 4 and noting that ||¢||s = p finishes the proof of (3.2).
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: 2j
It remains to prove that w]@ = % (%) éo). It is clear that the two functions are
proportional by Proposition 4. Thus it suffices to compare the two functions at one point.

We choose N = p" and use a formula given in [6] ((7.14), p. 319):

w5060

1 (p—1\* (p+1\", (p+1\",
~ ~ 27(0).
j!<p+1) <2 ' 2 )0
Using @Z)éo)(()) =1 (cf. [40]) we get the proportionality factor. O

Remark 6. For j = 1,2, 3 we have computed the formulee for ¥; in terms of the functions
hi:

D1(n) =do(n)hi(n)

0a(o) =dutm) (A8 + AS(o) — i) = 0 )

mm%ﬂam(gwmwﬂwﬁmwm%Jﬂmﬁﬂm—%W@W%@%ﬁ&ﬁmw

1
hiyi(n) + Ry () + ShYT () = By (n) — 3 (n) = hyi(n) = hys(n) + h%(n))

Remark 7. Several papers have been devoted to the detailed study of the function 1/1(()0). For
instance it is the quotient of an increasing function and a differentiable function and therefore
is itself differentiable almost everywhere; for p = 2 the points of non-differentiability have
been characterized in [30]. The minimum has been studied for p = 2 in [23, 30, 38, 39,
40, 41] and for general p in [16] (for an extensive bibliography for the work before 1977
from the point of view of digital functions we refer to [41]). In particular, it is bounded
away from 0. Therefore the first term in (3.2) is an asymptotic leading term.

4. DISTRIBUTION OF BINOMIAL COEFFICIENTS MODULO PRIME POWERS

In this section we will generalize results of R. Garfield and H. Wilf [17] and D. Barbolosi
and the second author [3] concerning the distribution of binomial coefficients in the residue
classes modulo primes to prime powers. It is clear from results of D. Singmaster [36] and
also from section 3 that “almost all” (in the sense of density) binomial coefficients lie in the
0 residue class modulo p’.

In the sequel we will use the notation mg,) to denote the p-free part of m; this is m,) =
mp~ (™. Furthermore, as in [21] we will use the notation (n!), for the product of all
integers less than or equal to n, which are not divisible by p. Since the subscript p will only
occur with factorials this should not cause any confusion.
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4.1. Binomial coefficients with given p-valuation. A famous formula due to E. Lucas
[32] expresses the binomial coefficient (Z) modulo a prime p in terms of the p-adic digits of
n and k. Recently this congruence was generalized by K. S. Davis and W. A. Webb [8] and

A. Granville [21] to prime powers in the following sense (we give Granville’s formulation):

Lemma 2. Suppose that a prime power p' and positive integers n = m+r are given. Write
n=mng+np+---+ngp® in base p, and let N; be the least positive residue of [n/p’] mod p*
for each j >0 (so that N; = n; +njp+ -+ nje1p""): also make the corresponding
definitions for m;, M;,r;, R;. Let e; be the number of ‘carries’, when adding m and r in
base p, on or beyond the j-th digit. In particular, we have p60||( ) Then

n
m/) -

s (o) =0 (i, (o, i, ) (o, ) o

where (£1) is (—1) except if p=2 and ¢ > 3.

Remark 8. Special cases of this congruence were known earlier; for a more precise history
we refer to [21] and Dickson’s book [12].

In order to apply the ideas of section 2 to the distribution of binomial coefficients we have
to define bivariate block-multiplicative functions: for given ¢ : {0,...,q — 1}* — C with
9(0,...,0;0,...,0) =1 let

f(nym) = f (Z &;¢; Z5jqj> = Hg(5j>5j+1> oy €150, 0415+ -5 Oje1) -
=0 =0 j=0

As for simple block-multiplicative functions we set

Similarly to Lemma 1 we have
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Lemma 3. For s > max(1,¢ — 1) and arbitrary s’ > 1 the following equations hold
(4.2) f(B;B")f(ABC; A'B'C") = f(AB; A'B") f(BC; B'C")

for B,B' € By, |A| = |A'], and |C| = ||

(4.3) F(BN)= Y Foo(N)+> > 3 f(Cn;C'N)+

C,C"eBs n<N CeB, C'<B

>N > FCN:C'm)+ Y F(CN;C'N)

m<N C'eB, C<B C,C'<B
(4.4) F(qr+s) = UF(qr), where U = (U(B,B/),(C,C’))(B,B’),(C,C’)EBE

LBEBC)  for f(C5C") #0
4.5 with w g g N =< G ’
(45) (B,5,(G:0") {O otherwise
(46)  Foe(BN)= > Y f(CDmC'D'm)+Y_ Y > f(CDn;C'D'N)+
D,D'eB, n<<J]VV n<N DeB, D'<B

> 3N > HCDN;C'D'm)+ Y f(CDN;C'D'N) for |C| =|C'| = s and |B| = 5.
m<N D'eB, D<B D,D'<B
The following three lemmas will be used in the proofs of Theorems 6 and 7.
Lemma 4. Let A be an mxm matriz and B the matriz given by b;; = |a;;|. Suppose further
that B is primitive (i.e. there is a power of B with all entries strictly positive, cf. [35/). Let
) be the entries of the matriz A™ and b ™) be the entries of the matrix B™. If |a | < bgb)
holds for one pair (i,7) and one n, then

max |p| < max |\l
peEspec A A€spec B

Proof. 1t is clear that |a”’| < b{". Assume now that |a}’| < b{)) and b}") # 0 for all pairs
(,7). Then we have for all (= 1

M) N+M
b <oy

Y

m
(N+M)
‘ ‘ o Z ‘alj

J=1

since b‘(fy) # 0. Applying the same argument to the multiplication of AM - AN*M vields that

(N+2M)

y < bngLZM) for all pairs (4, 7).

Thus there is an « < 1 and some K such that

) <ab( foralli,j =1,...,m,

from which we conclude that
QE?K) < O‘nbg’ﬂ() foralli,j =1,...,m, and all n > 1.

This yields the following inequality for the norms of the matrices
|4} < o™ [ B]
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and by taking nK-th roots and letting n tend to infinity we obtain that

max |u|<oﬂ< max_|A|.
uEspec A A€spec B

O

Lemma 5. Let p be a prime and n € Z. Then the following congruence holds for all ¢ > 0:

01 ¢
pn\__ (pn 0+1
(4.7) <p€+1 ) = <p€> mod p~ .

Proof. We use the following observation stated in [8]:

() (e

—1 k=1 pk—j

Inserting N = p‘n and K = p’ into this equation and observing that the denominators in
the product are never divisible by p we obtain the congruence

(41 p—lp (k VA Co\ PZL P ¢
(pz 1n) (pn)HHp + p'n — p') ]E(P?) p Jz(p?) mod 1.
Pt pk—j D pk—j D

j=1k=1 j=1k=1

~

Remark 9. This lemma would be a special case of Theorem 3 in [9], but is excluded in the
statement there.

Lemma 6. If n ranges over the numbers 0,1,...,p" — 1 then (p;f) ranges over all residue

classes modulo p°.
Proof. We proceed by induction on ¢. For ¢ = 1 the assertion is clear by the fact that
(pp") = n mod p. Assume now that the assertion is true for ¢ and that

/41

0+1
pin pm
(4.8) <p£+1) = (le ) mod p“*!.

Then we have
¢ ¢
(ppzl ) - (ppT) mod p"

as a consequence of (4.7) and by the induction hypothesis we get m = n mod p’. Inserting
n =n'+ep’ and m = n' + Jp’ into (4.8) we obtain

Z+171 pZ‘Flfl
= (n'+0p")

r=1

P
(n/4-ep?) H
r=1

pé—l—l—vp(r) (n/ + 8p€> — ()
pZJrlfvp(r) — T(p)

pﬁ-l—l—vp(r) (nl 4 5p€> — ()

(+1
pZJrlfvp(r) — T(p) mod P

It is immediate that the factors in the product do not depend on e and 4§, from which we
deduce that e = § mod p and therefore n = m mod p**!. U
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Theorem 6. Let p be prime, j > 0, £ > 1, and a € Z, (a,p) = 1. Then there exists
p < a=log, p(p—;l) such that

#{(k,n) 0<k<n<N\, p’H(Z), and p](?;) Eamodpz} —
1

(4.9) )

#{(k,n):0§k§n<Nand p?'H(Z)}+o(Nﬁ):

%N@ Z ¥ (log, N)(log, N)" + O (N?),
o(") =

where wﬁj ) are continuous periodic functions defined in Theorem 5 and ¢ is Fuler’s function.

Proof. We begin with the case 7 = 0 and fix ¢ > 2 for technical reasons (the case ¢ = 1
follows by summation from ¢ = 2). Let y be a Dirichlet character modulo p‘. We introduce
the notation m <, n to indicate that the k-th p-adic digit of m is less than or equal to the
k-th digit of n for all k. For integers 0 < m,n < p’ we define the function

(), itm<,n
(4.10) gu(nim) =~ <(m!)p((n—m)!)p> s

0 otherwise.

Let f, be the corresponding bivariate block-multiplicative function. We note that f, (n;m) =
x (()) by (4.1) and furthermore that

(4.11)
#{(k,n) :0<k<n< N and (Z) = amodpé} = gb(;f) Zw Z fy(n;m)
for (a,p) = 1.

The term corresponding to the principal character e in the right hand side of (4.11) is
exactly the number of binomial coefficients not divisible by p. In the sequel we will use
matrices U as in Lemma 3 for s = ¢. The matrix U, corresponding to f. has only entries 0
and 1. The matrices U, for non-principal x have 0 entries exactly in the same places as Uk,.
The other entries of U, are complex numbers of modulus 1. Since wg g c,cr) # 0, if and
only if B’ <, B and C' <, C, a suitable ordering of B, x B, gives a matrix U, of the form

. 1 ....1.0 ... 0
(p(erl)) . . .
2 .
1 10 0
0 00 0]’
O ... 00 ... 0

which shows immediately that U. has rank 1 and that its only non-zero eigenvalue is

¢ ¢
(@) . It is sufficient to deal with the sub-matrix of size (’@) containing the non-

zero entries. For convenience, we denote this matrix also by U,. By Lemma 4 it suffices to
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¢
find one entry in Ui which has smaller modulus than (@) (the corresponding entry in

U?). For this purpose we observe that by (4.2) and (4.5)

A
X X _ pn
U0,0),(n,1)%(n,1),00,0) = X <( P )) :

Thus as a consequence of Lemma 6 we have
X X _
2 800, (ny % 00 = O

where the summation is extended over all n = 1,...,p" — 1, which are not divisible by p.

l
05,00y Of U is strictly less than (Mp—gl)

To conclude with the case j = 0, we first note that by (4.2) the first sum in (4.6) is

Therefore, the entry u

Z we,cn), (0,0 Fp,p (N).

D,D/EBS/

Thus, since ||gy|lc = 1, there exists a constant ¢ > 0 (independent of B, N, and x) such
that

(4.12) [Fy(BN) — Uy Fy (N)|| < eN.

For x # ¢ iterating this inequality, using (2.8) and the estimate for A, yields (for any n > 0)
Lo

(4.13) [P (V)] = O (max(A] +n,p7)F %) = O(NP)

for some S < a.

We now consider arbitrary j > 1 for N = By ... By with By, ..., By, € By,. In order to
handle the carries, which occur in this case, we denote by C(n,m) the set of indices, where
a carry occurs in the subtraction of m from n. For a given set of carries A and a positive
integer t we denote A —t ={k—t:k—t >0,k € A}. For fixed A, x a fixed non-trivial
character, and N < pX*+! we introduce

FAOMN)= Y X (%) X (%) ’

n<N
m<N
C(n,m)=A

and as before we use Fg‘)/(N ) and FW(N) (for readability we omit the dependence on y
in the notation).

We now proceed by induction on the size of A and claim that there exist C' = C(#A) > 0
and 8 < « such that for all NV

|[FO(N)|| < C(#A)N”.
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This is true for #A4 = j = 0 by (4.13). Until meeting the first carry we get similarly to
(4.12)

|FA"(B,Bryy ... By) = Uy - FA (B L By <
(4.14) < ¢ X (Bygy...By) < cNp bt
min AJ
~1

forTSTO:L

(note that #(A — (r + 1)¢) = #A). For r = ry + 1 we encounter the first carry. We form a
block of length ¢ > ¢ which contains at least this carry, ends with ¢ — 1 digits without carry,
and such that the ¢ — 1 digits after this block have no carries. We choose ¢ minimal with
respect to these properties; it is clear that ¢t < 2 j(f —1). Then we define two matrices V
and W of respective dimensions p* x p* and p? x p* (using the notation of (4.1), which
explains the meaning of R and R):

( t+0—1 ((BC)Z')p
11 « <<<Bf0f>@-!>p<<R>@-!>p)

i=0 if subtrziuction }c;f C’ fro&n C has carries

— ¢

V(BB (C.CT) = H . (C))), exactly 1n the according positions
im0 \((C)i1)p((R)ib)p

L0 otherwise,

and

(t-iﬁlx ( CB) ) )
|
B, (B)ih)y if subtraction of C’ from C has carries
B):!) ) exactly in the according positions
p

we,cn,(B,B") = il
HX A P .|
o \((B )i-)p((R)i-)p
L0 otherwise
for |B| = |B'| ={ and |C| = |C'| =1t.
We now rewrite By 11...By = CBj...B}, (by adding leading 0’s if necessary) with
|C| =t and |B}| = ¢. Similarly to (4.14) we have
|[FA-Cot (B, . By) — VWEW o250 (Bl 1 B <
(4.15) <cy X (B}...By)+ |Vlew x (By...By) < ¢ Np~ o+t
where the last inequality makes use of the fact that there are only finitely many matrices
V and W, since t < 2j(¢ — 1). By construction we have #(A — (1o + 2)¢ —t) < #A. By
putting together (4.14) and (4.15) we obtain

|[FWY(By ... By) — U VWEFW- o250 (B0 Bl|| < CNZ<

Using the induction hypothesis and proceeding as in (4.13) we get
lF || = ¢
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Summing up over the O((log N)?) possible choices of A and taking into account that the fac-
tor (—1)%-1in (4.1) depends only on A yield that the sum over the non-principal characters
is O(NP*2) (for any € > 0). As for j = 0 the theorem follows. O

4.2. p-free part of binomial coefficients. A further natural question concerns the distri-
bution of the p-free part of binomial coefficients in the p-adic integers. Since in Theorem 6
the valuation (or equivalently, the number of carries) was fixed, and the error depended on
this, the following theorem is not a consequence of Theorem 6. Conversely, such a p-adic re-
sult could not imply Theorem 6 because the set of binomial coefficients with given valuation
has zero density.

Theorem 7. Let p be a prime. Then for any a € Z;, any £ > 1, and any (m,r) € N* x N
we have

2 n
th NQ#{(n,k).O E<n<N, v, ((k)) = r mod m,

n 1
and =amod p'Z, p = .
<k)(p) p} me(p")

Before giving a proof we state two immediate corollaries.

(4.16)

Corollary 8. For any a € Z; and any { > 1 we have

(4.17) lim i#{(n,k;):ogk;gn<Nand (Z)

N—oo N2

1
= amod p‘Z, p = ;
®) p} ¢(p€>

in words: the p-free parts of the binomial coefficients are uniformly distributed in Z,.

By a classical result of Legendre [31] a positive integer n can be represented as a sum
of three squares, if and only if it is not of the form n = 22*(8m + 7). This fact was used
in [22] to prove that the set of integers n, for which (2:) can be represented as a sum of
three squares, has asymptotic density % in the set of all natural numbers. The following
corollary will prove that this is true for all binomial coefficients. We remark here that the
set of positive integers not representable as a sum of three squares has density %.

Corollary 9. The asymptotic density of binomial coefficients representable as a sum of

three squares is %:

2
(4.18)  lim m#{(n,k;);0§/<;§n<Nand (n

' f th T
et ]{; 1S a sum o ree squares p — 8

Proof of Theorem 7. The proof will follow similar lines as in the proof of Theorem 6. The
main difference will be that we will have to incorporate the effects of the carries into the
definition of the matrices. We make use of the fact that Q) ~ Z x Z;. Therefore the

characters in Q5 can be written as

(4.19) Xe(@) = ¢ [(2)p) mod p']
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where y is a Dirichlet character modulo p’ for some ¢ > 1 and ( is a complex number of
modulus 1. We write Gy for the Dirichlet characters modulo p® on Z,. For our purpose it
suffices to use characters x with ¢ an m-th root of unity. Using the above notation we have

#{(n,k):O <k<n<N, v, ((Z)) = r mod m, and (Z) EamodpEZp}
(p)

- XY 3 X<<<Z>)'
o

xX€G, 0<k<n<N

It now remains to show that

) 2 n
R (W) R
0<k<n<N

for all non-trivial characters of the type introduced above.
We fix £ > 1 and a non-principal character .. Using the notation of Lemma 2 we define
the matrix U = Uy, of dimension p** with A, B,C, A", B',C" € B, by

(4.20) U(A,B,C),(A",B',C") =
B TT (AN \Tp= (A,
(= T x Q(BB/)»»((CC/)A»)EX (@)

if either BB’ +CC’ = AA' mod p* or BB’ +CC’'+1 = AA’ mod p**, where e¢(A, B, A', B')
denotes the number of carries in the subtraction (AA"),—1 — (BB'),—1. Otherwise we set
U(A,B,C),(A’,B/,C’) = 0. We define

(421) f<AOA1 At,BoBlBt,Coclct) =
U(Ag,Bo,Co),(A1,B1,C1)W(A1,B1,C1),(A2,B2,C2) * * * U(Ay_1,B1—1,C¢—1),(A+,Bt,Ct)

and

Fupc(N) = Z f(An; Bk; Cr).

An,Bk,Cr<N

Notice first that by definition of f only arguments (n; k;r) with k& +r = n yield a non-zero
value of f. Moreover, the two products in (4.20) yield the product in Granville’s formula
(4.1); similarly to Lemmas 1 and 3 the considerations of couples of blocks permits to take
into account the effect of the carries between two consecutive blocks. In (4.21) the exponent
e(A, B, A’, B') gives 22;10 e(Ag, By, Ag11, Brr1) = €1 with the notation of (4.1). For the
contribution of ¢ we will have to take care of the carries within the first /—1 digits separately.
For this purpose we define h(B,C) to be the number of carries in the addition of B and C.
Then by Granville’s congruence (4.1) and (4.21) we have for N > p*

F(N)= Y A B O PO Fype(N) = > Xc((Z))

A,B,CeBy 0<k<n<N
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where §(A, B,C) = 1, if B+ C = Amod p* and (4, B,C) = 0 otherwise. Since f as
defined above is a “trivariate block-multiplicative function” we have similarly to Lemma 3
(we omit all sums, which are obviously zero)

Fapc(DN)= > Y f(AAn;BB'k;CC'r)+ Y Y f(AAN;BB'k;CC'r)

A',B".C'eBy n,k,r<N A<D kor<N
B',C'eB,
(4.22) + > > f(AAN;BB'N;CC'r)+ > > f(AAN;BB'k;CC'N)
A’ ,B'<D r<N A", C'<D k<N
C'eB, B’eB,
+ Y f(AAN;BB'N;CC'N).
A',B",C'<D

Since only arguments (n;k;r) give non-zero value, if k 4+ r = n the second sum is O(N);
the third to fifth sums are trivially O(N). Thus we only have to treat the first sum. As in
the proof of Theorem 6 we have to show that the dominating eigenvalue of U, is strictly
smaller in modulus than the dominating eigenvalue of U, (¢ being the trivial character).
By reordering the entries of the matrix U. we can reach the following form, where 0 and 1
denote blocks of 0’s and 1’s of the size indicated

B+C=A { [ Laxa) Laxt) Oaxt) Oaxa) O
B+C=A+p" {| Opxa) Owxt) Lioxt) Llixa) O

B+C+1=A {| 1oxa) Loxt) Opxt)y Opxay O |,
B+C+1=C +p£ { O(axa) O(axb) ]—(a><b) 1(a><a) 0
0 0 0 0 0

where a = M and b = @. We note that the sub-matrix of the first 2p* lines and
columns is primitive, since its square has only non-zero entries.

As in the proof of Theorem 6 we use

4
X X pn
u((](,0,0),(n,nfl,l)u(é,nfl,l),(0,0,0) - XC ((pZ )) :

In the case that x # ¢ we take summation over all prime residue classes modulo p* and use
Lemma 6 to prove that this entry in Uié is less than the corresponding entry in U.. In the
case that y = ¢ and ¢ # 1 we sum the entries for n = 1 and n = p. Then an application of
Lemma 4 finishes the proof. 0

Remark 10. It follows from Corollary 3 and the above proof that we can bound the

implicit error term in Theorem 7 by o <N 7 log, )‘_2) for any A larger than the moduli of all
the eigenvalues of the matrices U,,.

5. EXTENSION TO MULTINOMIAL COEFFICIENTS

The two main tools in Sections 3 and 4 are Kummer’s formula for the valuation of binomial
coefficients and Granville’s extension of Lucas’ congruence. For multinomial coefficients
there exists a formula generalizing Kummer’s result [27, 37]: the p-valuation of (hl’h;___,ht)
is the number of carries (counted with multiplicity) in the addition h; + - -+ + h; in base p.
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Similarly, Granville’s congruence (4.1) can be generalized to multinomial coefficients by
replacing m and r by hq, ..., h;.

The main ingredient for the proof of Theorem 5 was the stability of the set of functions
bi generated by the functions a,. The combinatorics behind the carries in the addition
hi+-- -4 hy is more complicated but again gives rise to a finite set of functions generalizing
the a,’s; after this the same procedure can be applied to derive a result similar to Theorem 5,

where « has to be replaced by log, (p+§_1). The case 7 = 0 has been treated in [3].

Generalizations of Theorem 7 and the case j = 0 Theorem 6 are quite immediate adap-
tations of the proofs above. For general j in Theorem 6 we expect that it could be done
along the same lines with some more efforts.

Acknowledgment. We are indebted to an anonymous referee for having drawn our
attention to the paper [22], which led us to a more general formulation of Theorem 7 and to
Corollary 9. Furthermore, we are grateful for helpful remarks concerning the presentation
of the paper.
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