METRIC PROPERTIES OF ENGEL SERIES
EXPANSIONS OF LAURENT SERIES

Peter J. Grabner and Arnold Knopfmacher

Abstract

We derive metric properties of the polynomial digits occuring in certain series expansions
for Laurent series, analogous to the Engel series representation for real numbers. In
particular, we obtain limiting distributions for the degrees of the digit polynomials and

the order of approximation by the partial sums of the series.
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1. Introduction

Recently A. Knopfmacher and J. Knopfmacher [8] introduced and studied some
properties of various unique expansions of formal Laurent series over a field F', as the
sums of reciprocals of polynomials, involving “digits” a1, as, ... lying in a polynomial ring
F[X] over F. In particular, one of these expansions (described below) was constructed to
be analogous to the so-called Engel expansion of a real number, discussed in Perron [15]
Chapter 4.

Previously, Artin [1] and Magnus [11,12] had studied a Laurent series analogue of simple
continued fractions of real numbers, involving “digits” 1, z9, ... in a polynomial ring F[X].
In addition to sketching elementary properties of an n-dimensional “Jacobi-Perron” variant
of this, Paysant-Leroux and Dubois [13,14] also briefly outlined certain “metric” theorems
analogous to some of Khintchine [7] for real continued fractions, in the case when F' is a
finite field. The main aim of this paper is to derive similar metric results for the Laurent
series Engel-type expansion referred to above. (For analogous results concerning Engel
expansions of real numbers, see Erdds, Renyi, Sziisz [2] and Renyi [16], and Galambos [5].)

In the corresponding case of Liiroth type expansions for Laurent series ergodic and other
metric properties have recently been investigated by J. Knopfmacher [10] and extended
by A. and J. Knopfmacher in [9]. For both the continued fraction and Liiroth expansions
of Laurent series, ergodicity of the corresponding transformations were used to derive
the results. However, in the case of Engel expansions the underlying transformation is
not ergodic. The growth conditions satisfied by the polynomial digits suggest that an
approach via Markov chains could be used. For the corresponding ideas in the case of
Engel, Liiroth and more generally Oppenheim expansions for real numbers we refer to
Galambos’ book [5].

In order to explain the conclusions, we first fix some notation and describe the inverse-

polynomial Engel-type representation to be considered:
Let £ = F((z‘l)) denote the field of all formal Laurent series A = Z cpz” " in an

n=v
indeterminate z, with coefficients ¢, all lying in a given field F. (We consider F((z7'))
rather than F((z)) as in [8,9] since it turns out to be more convenient for stating our

results.)

We also consider the ring F[z] of polynomials in z, and the field F(z) of rational
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functions in z, with coefficients in F'.

If ¢, # 0 we call v = v(A) the order of A above, and define the norm (or valuation) of
A to be ||A|| = ¢, where initially ¢ > 1 may be an arbitrary constant, but later will
be chosen as q¢ = card(F), if F is finite. Letting v(0) = 400, |[|0]| = 0, one then has (cf.
Jones and Thron [6] Chapter 5):

||A|| 20 with ||A]| = 0if A=0,
IAB|| = [|A]| - |B]|, and

||aA + BB|| =max(||A[|, || B]|) for non-zero «, 8 € F,
with equality when ||A|| # || B]| .

(1.1)

By (1.1), the norm || || is non-Archimedean, and it is well known that £ forms the
completion of F(z) at infinity in the same way that IR is the completion at infinity of the
rational numbers @ .

We shall make frequent use of the polynomial [A] = Z cn2" € Flz], and refer to
0<n<wv
[A] as the integral part of A € L. Then v = —v(A) is the degree deg[A] of [A] relative to

z, and the same function [.] was used by Artin [1] and Magnus [11,12] for their continued
fractions.

Given A € L, now note that [A] = ag € F[z] iff v(A41) > 1 where A1 = A—ap. Asin [§],
if A,, # 0(n > 0) is already defined, we then let a,, = [A%L] and put A,+1 = (a4, — 1).
If some A,, = 0 or a,, = 0, this recursive process stops. It was shown in [8] that this

algorithm leads to a finite or convergent (relative to p) Engel-type series expansion
1 1
A=agt -3 (1.2
ay . ai - QAp

where a, € F[z], ap = [A], and deg(a,4+1) > deg(a,) + 1 for » > 1. Furthermore this
expansion is unique for A subject to the preceding conditions on the “digits” a,. For

notational convenience we set
n
Dn 1
—:a0+g ——, where g¢q,=a;1...a, .
dn r—1 ay -Gy

From now on we assume that F' = IF', is a finite field with exactly ¢ elements. Let I
denote the valuation ideal z=*F [[z~!]] in the ring of formal power series F'[[z7']] and let

IP denote probability with respect to the Haar measure on £ normalised by IP(I) = 1. The
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Haar measure on [ is the product measure on H IF , defined by ]P({x}) = g~ ! for each

n=1
factor and any element x € IF .

We now state our main results

Theorem 1.

dega, — 5
(i) limP|zel: 1

i1

n 1 t 2
<t]| =— e "/ 2dy .
) V 27T /;oo

(ii)  For almost all x € I,

deg an, — degay,
lim sup €8 an+1(2) eg an(7) =1,
n—00 logq n

and

liminfdeg a,4+1(x) — dega,(z) =1.

n—oo

(iii) For almost all x € I,

n il ey n? 140(1) )
ool (R 0] o
More precisely
v (x - p—”) g (n+1)(n+2) . .
Iim IP|xe1: an ! 2 <t :—/ e_“2/2du.
e \/Var (deg gn+1) V2T ) s

where Var (deg qn41) = (n+1)(”22)(2”+3) ( 4 )

(g—1)?
In particular we see from (i) that for almost all € I, ||a,||/™ — ¢9/971, as n — .

Regarding (i) and (iii) above we note the similar but weaker results shown in [8] holding

for all z in I,

deg(an) > n
and
n —(n+1)(n+2)
Hm—— <gq 2 , n=123,....
dn
Furthermore, we consider the random variables (12*7(19&;6) ‘ =g, r =1,2,3,....

These are independent and identically distributed with infinite expectation. However, the

following result holds.



Theorem 2. For any fized € > 0,

. ar—‘,—l _
nh_)rrolOIP{xEI nlog, Zl an —(¢g—1) >5}—0,
i.e. m Sy a;jiéx) — q — 1 in probability over I.

Remark. Since a theorem in Galambos [5, p.46], implies that either

1 || a,
lim sup E @r41(7) ’ = 00 a.e.
n—oo  nlog,n — a(x)
or
1
lim inf M =0a.e.,
n—oo nlog,n ar(x)

the conclusion of Theorem 2 does not carry over to validity with probability one.

The paper is organized into sections, which split the proofs of the theorems. Section 2
gives some elementary probabilities, which will be used in the proofs, Section 3 gives the
proof of Theorem 1 and Section 4 gives the proof of Theorem 2.

2. Basic Probabilities

We begin by deriving some basic probabilistic results concerning the digits in Engel

expansions of Laurent series.

Lemma 1.

The digits a,, € F[z] from a Markov chain with initial probabilities

P(degar = j) = (¢ —1)g 77 . (2.1)
and transition probabilities
~ D¢ % k>j
IP(degant1 = k‘ dega, =j) = (4=1)g / (2.2)
0 else .

Proof: Firstly by the Engel algorithm A; = x € I. Then using the definition of Haar
measure IP(v(A;) < —j) = IP(degay > j) = ¢~ 7. Thus IP(dega; = j) = P(degay >
j—1) —P(degar > j) = (¢ —1)g 7.



Next, the coefficients of Ay are obtained from those of A; by a system of linear equations
arising from the relation As = a1A; — 1. From this it follows that Ay is uniformly
distributed in 2771 where j = dega;. Inductively if dega, = j then A, is uniformly

distributed in 2771 for all n > 1. Since the event dega, 1 > k under the condition that

deg a,, = j is described by k — j linear equations arising from equating coefficients of z=™
in a, A, equal to zero we conclude that

IP(deg a1 > k| degay, = j) = ¢/
and (2.2) follows immediately. O

Remark. Since the probability in (2.2) depends only on the difference k — j this implies
that the random variables deg a,,+1 — dega,, are independent and identically distributed.

Thus for

n<ng<---<n; and k>1,1=12...7,
IP(degan,+1 = degan,, + kj, degay,, ,+1 =degan; , +kj_1,...
deg an,+1 = degan, + ki) = (q— 1)/~ F1H+k); (2.3)

Corollary 1. Let A,, = A, (z) denote the random variable dega,+1 — dega,,, with
Ag = degay. Then

IP(#{I <l<nA@) =1} = k;) - (Z) <1 - 1)kq’f—”.

q

Thus the number of times that degrees of consecutive digits increase by 1 has a binomial

.. . . . -1
distribution with mean value n (1 — é) and variance n qq2

In particular the lim inf result of part (ii) of Theorem 1 follows immediately.

Corollary 2. The random variables A,, have mean value and variance

and



Proof: By Lemma 1

E(A ZZIPdeganH dega, =0)=(q—1) Zﬁq =
(=1

Similarly

BE(AY) =(q-1)> 2gt=-2 4o 1
EAREEDY -

from which the formula for Var(A,) is immediate.

Lemma 2.

(i) P(degan =) = (9= 1)"q~* (17} (2.4)
and therefore
P(3n:dega, =t)=1— é : (2.5)

(i) P(degan m = )| degan = 5) = (¢~ 1)™g"" (1,25} .

Proof:

(i) Since the sequence of degrees of the digits aj, asg, ... is strictly increasing we have by
Lemma 1,

IP(dega, =t) = Z IP(dega, = t} degan_1 = jn_1)X

1<j1<jo < <gn—1<t
IP(degan_l = jn—l’ degan_g = jn—l) < -IP(degag = jQ’ dega1 = jl)IP(degal = ]1)

E —t ji1—J2 ,—J1
q_l q]'nl ]nZ]n 1‘.‘q]1 ]q] ,
1<51<je < <Jn-1<t

—(q-D"g "), 1

1<j1<ja < <Jn-1<t

= (¢g-1)"¢" <;;:11) -

Thus
=(¢—1)q 5(1—1)5(171):1_%



P(deganim = t’ dega, = s) = Z P(deganim = t’ deg aptm—1 = Jjm—1)
§<j1<g2 < <jm—1<t

- IP(deg ayy2 = jg} degan+1 = j1)IP(degant1 = jl} dega,, = s)

:(q_1>mqs—t Z 1

5<j1<jo2 <+ <Jm-1<t

t—s—1
=(¢g—1)"¢"" . O
(¢—1)"q (m—l)

Remark. From the proof of (i) we can also deduce the joint probability distribution

P(degay = j1,...,dega, = jn) = (¢ — 1)”q_j” )

3. Proof of Theorem 1.

Since we can write dega,, as the sum of independent random variables

n—1

deg a,, = Z(deg a;+1 —dega;) + degay = Z JAVIR

i=1
it follows from Corollary 2 that dega,, has mean and variance

q
qg—1

E(dega,) = n.

and
q

Var(dega,) =n ,
(degan) (g —1)?

respectively.

Hence by the central limit theorem (see e.g. Feller [4, p.253]) part (i) of Theorem 1
follows.
(ii) The events deg a1 — dega,, > k(n) are independent with probabilities

IP(A,, > k(n)) = ¢ *™. The Borel-Cantelli lemmas then yield

IP(A,, > k(n) for infinitely many n)

o0
0, Z ¢ ¥ converges

n=1
oo

1 Z ¢ ™ diverges.

n=1
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(iii)

By choosing k(n) = clog,n we see that with probability 1 the events (degany1 —
deg an)/logqn > ¢ occur infinitely often if ¢ < 1 and only finitely often if ¢ > 1.
The lim sup result then follows. The corresponding lim inf result was already shown in
Section 2.

We first compute the mean and variance of ||z — 2= . In [8] it is shown that

HA__ :q—degqnﬂ.
qn
Now .
n+
g (m+1)(n+2)
E(degq, E(dega,) = .
(deg gnt1) Z egan) = 5

To compute the variance we make use of the fact that

n+1 n+lr—1
deg gn+1 = E a, = E E A
r=1 r=1 =0

= ZAl(n-i-l —1).
1=0

We now remark that the last sum has the same distribution as the sum

n

> (+1)A;

=0

Thus we have for the variance

- 9 (n+1)(n+2)(2n + 3) q
Var (deg gn+1) = Z(l + 1)“Var A; = 6 <(q — 1)2) .

=0

Now we check that the random variables (I + 1)A; satisfy Lindeberg’s condition (cf.
[4, p.256]): since s2 = Var (deggn+1) is of order of magnitude n3, we have to compute
the integrals

/ Y2 dFy,(y) = (k+1)2/ L, B2 dF(z) < (k+1)2/ 22 dF (z),
o> 3 o] >4/

ly|>tn3/2

where FJ, is the distribution function of (k + 1)(Ay — -%3) and F' = Fy. Thus the last

integral is equal to the sum

SN PRI

kzq 1+;\/ﬁ



for n sufficiently large, and we have

1 _om
522/ 2dF(y) = O<Eq 2W)%o

n
F=0y>ts,,

for any ¢t > 0. Thus

deg Gni1 q (n—|—1)2(n—|—2)

\/ Var ( deg Gn+1)
has asymptotically normal distribution and the proof is completed. O

4. Proof of Theorem 2.

Cb»~+1(30) | = A

We first notice that by Lemma 1 the random variables || == " are independent

and identically distributed with infinite expectation. We erte s =log,y iff y = ¢° and
use the truncation method of Feller [3], Chapter 10, §2, applied to the random variables
U, V,.(r <n) defined by

Ur(x) = Harﬂ/ar(x)H, Vi(z) = if HCLT+1/CLT($)H <log,n
UT(x) =0 ) ‘/r(x = }CLT+1/CLT<$)H if Har—i-l/ar(x)H > 1qun

Then
P I:
{xe nlogqn 7~Z1 8}
§1P{x: ’U1+---+Un—(q—1)nlogqn’ >5nlogqn}—|—
+P{z:Vi+--+V, #0},

ar—‘,—l

—(g—=1)| >

’I’

and using Lemma 1,

IP{x:V1+~-~+Vn7éO}§nIP{ Zig; >nlogqn}
=n Y (a0t < = o),

qk>nlogq n

Now note that
E’(U'1 + -+ Un) = ’)’LE(Ul), Var (Ul + -+ Un) - ’I’LV&I‘(Ul) )

where

E(U)=_  ¢PAI=k= Y q¢*q-1D

I ag(x)
a(z)

= (¢ —1)log,([nlog, n]) ,

10
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and

Var (U;) < E(U?) = Z (g —1)¢" < qn log, n .

gk<nlog,n

Chebyshev’s inequality then yields

Ip{g; UL+ 4 U, — nE(U)] > 5nE(U1)}

n Var (Uy) - gn®log, n
- (5nE(U1))2 (5((]— 1)nlog([nlogq n])>2

=o0(1).

Since E(U;) ~ (¢ —1)log,n as n — oo, Theorem 2 follows. 0O
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