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Dedicated to the memory of Pdl Erdds

ABSTRACT. We extend a result of J. Alexander and D. Zagier on the Garsia entropy of the
Erdés measure. Our investigation heavily relies on methods from combinatorics on words.
Furthermore, we introduce a new singular measure related to the Farey tree.

1. INTRODUCTION

This paper is devoted to the investigation of multiplicities of representations and related
combinatorial and probabilistic questions for a special class of linear numeration systems.
Non-uniqueness of radix expansions was extensively studied by Pal Erdos and his coauthors,
see for instance [14].

We will study numeration systems given by a linear recurring base sequence

(1.1) Gpim = Guima+--+G, forn>0
(1.2) Gr, = Gp1+-+Gy+1 for0<k<m.

Any positive integer n can be represented in a digital expansion

(1.3) n=> &(n)Gy

with digits 9,{0,1} for 0 < ¢ < L, where the digits are computed by the greedy algorithm:
there is a unique integer L such that G, < n < Gpy;. Then n can be written as n =
0rGr + ng with 0 < n; < Gy and by iterating this procedure with n; the expansion (1.3)
is obtained. An extensive description of digital expansions with respect to linear recurring
base sequences is given in [15, 19, 20, 21]. In [19], especially dynamical properties of such
expansions are investigated. The corresponding shift transformation is the classical §-shift
investigated by A. Rényi and W. Parry [33, 35].

Recurrence (1.1) has the property that its dominating characteristic root § > 1 satisfying

fr=p""t e+ B4l m > 2
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is a PV-number, i. e. [ is an algebraic integer all of whose conjugates lie inside the unit
circle. This is a particular case of a classical result of A. Brauer [3] on polynomials with
decreasing coefficients.
In the present paper we will deal with questions related to the investigation of the distri-

bution pgp of sums of the form

oo

> 6.8

n=1

where §,, are independent identically b-distributed random variables taking values in the set
{0,1,...,[8] — 1}. Certainly, this distribution is obtained as an infinite convolution of the
measures b(5"dx), where b is a probability measure on the set of digits. For instance § = 2
and b({0}) = b({1}) = 3 yields the Lebesgue measure, and 3 = 3 and b({0}) = b({2}) = 3
describes the classical Cantor measure. By a theorem of Jessen and Wintner [24] ugy is
either atomic, or purely singular, or absolutely continuous. P. Erdés [12] proved that for
g = 1*—2\/5, the golden ratio, and b({0}) = b({1}) = 3, the uniform distribution, pz, is purely
singular. A year later [13] he proved that there is a v > 1 such that for almost all § < v the
measure figp, for b the uniform distribution, is absolutely continuous; B. Solomyak [40] has
proved that one can take v = 2, which is clearly best possible. We refer to the survey [34]
for further details and more recent developments. In [6] functional equations satisfied by the
density function are investigated. In a recent paper Lalley [28] considered digit distributions
b with b({0}) = p and b({1}) =1 —p (0 < p < 1). In this case he proved for 1 < g <2 a
PV-number that pg; is again purely singular.

In our instance b is the equidistribution on the digit set {0, 1}; we denote the corresponding
measure by pg. From the classical proof of Erdés [12] it follows that us is purely singular
whenever 5 is a PV-number [37]. Garsia [17] introduced a new concept in the study of g,
which is now called Garsia entropy. He considered the finite convolutions b(3dx) * b(5%dx) *
% b(BNdx). Let Gﬁ, be the support of this atomic measure which assigns weight p(z) to
a point x, and define the Garsia entropy by

(1.4) H(GY) = — 3 pla)log, p().
mGG%
Then set
. H(G%)
1. Hs =1 — N/
(1.5) L e Nlog, 3

Garsia proved that Hg < 1 implies that pg is purely singular (for f < 2). Furthermore,
he observed that Hg < 1 for any PV-number ; however, his arguments do not yield the
numerical value of Hpg.

Alexander and Zagier [1] found a constructive approach in the case of the golden ratio
b = 1+2\/57 which leads to sharp bounds for Hz in that case. In their proof they make
use of a graph-theoretic encoding of the different representations of a given number. The
corresponding graph is called the Fibonacci graph. We remark here that Garsia’s entropy
is the entropy of the random walk on this graph in the sense of Avez [2], Kaimanovich

and Vershik [25]. By the procedure studied in [1] this graph can be reduced in a well
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defined manner to the so called Euclidean tree. This is the complete binary tree with each
node associated a pair (a,b) of labels in the following way: the root is labelled (2,1) and,
inductively, given a node at level n labelled with (a,b) its two successors at level n + 1 are
labelled (a + b, a) resp. (a + b,b). Thus this tree corresponds to the subtractive Euclidean
algorithm.

In Section 2 of the present paper we extend this constructive approach to the dominating
characteristic root 5 = 3, € (1,2) of the so-called m-bonacci recurrence (1.1) satisfying

(L.6) B B B

The associated m-bonacci graph is a planar graph whose combinatorial structure turns
out to be considerably more complicated than in the special instance m = 2 discussed above.
Therefore our discussion will avoid this graph theoretic description and will mainly use the
language of 0,1-sequences. We make use of well-suited generating functions and the method
of Guibas and Odlyzko for counting 0,1-strings with forbidden subwords (cf. [22]).

Our main result is the following theorem, which will be proved in Section 2.

Theorem 1. Let e(k,i) denote the number of steps in the subtractive Euclidean algorithm
applied to the pair (k,i) (i. e. e(i,i) =0 and e(k +i,i) = e(k,1) + 1). Let furthermore

(1.7) ko= klogyk

0<i<k

ged(k,i)=1

e(k,i)=n
and

1/1-32\"
(1.8) ir(x):1—§(1_$) > rn.

If B = By, is the PV-number fulfilling f™ = 8™ ' + .-+ B+ 1, then the constant Hpg,, in
the asymptotic leading term of the Garsia entropy (cf. (1.5)) is given by

1

(19) Hﬁm 10g2 Bm

In Section 3 a measure related to Minkowski’s singular function is defined. This measure
is used later to derive precise error bounds for the numerical values of the entropy.

In Section 4 estimates for the numerical values of Hpg,, are deduced from this theorem.

Section 5 is devoted to the discussion of connections between the Euclidean tree and the
Farey tree and related singular measures, see also [27]. This gives interesting connections
to Minkowski’s 7(x)-function. We furthermore refer to other arithmetically defined singular
functions, such as Takagi’s function, which can be used for describing digital sum problems
such as (5.1).

T(27™).

2. PROOF OF THE THEOREM

We start with the remark that because of (1.6) and the fundamental observations of
A. Rényi and W. Parry [33, 35] in general a given real number will have several radix
expansions in base f = [3,,, which are encoded by 0,1-sequences. In the following we call
two finite 0,1-sequences of equal length N > 0 equivalent, if they represent the same number
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in base 8. The size of the corresponding equivalence classes will be called frequency in this
paper. We will use the notation ¢(w) for the frequency of an equivalence class represented
by a word w € {0,1}*. Let Fx(k) denote the number of classes of 0,1-sequences of length
N with frequency k. Since the weights in the definition of H(G%) (cf. (1.4)) are 2=~ times
the frequencies, we have

o B k‘ o B
(2.1) H(GR) == kFy(k)2 " log, ox =N - > kFy(k)27Vlog, k.
k=1

k=1

For convenience we introduce the generating functions of the multiplicities Fy (k)

filz) =) Fn(k)z",
(2.2) M=o
O(x,s) = Y K fulx).

We observe that

1 —22’

(2.3) 9% "
9L 5) | _ N p (k) (log k)2

0s -1 =

N>1

Therefore the generating function of the quantities (2.1) is given by

1 0%(z/2)s)
(1—x)2 log2 Os

(2.4) H(z) =Y H(GR)x" =

N=0 s=1

In order to analyze the functions f(z) we investigate the structure of the equivalence
classes of 0,1-words in detail. Observe that two strings are equivalent, if they can be trans-
formed into each other by a finite number of replacements of the subblock 01(™ by 10(™)
and vice versa. We call these blocks the characteristic blocks. The class of a 0,1-string,
which ends with either of these two blocks, is called relational.

Remark 1. Note that (61 ...0,-10,) = @(01...0n-1), &; € {0,1}, if and only if 6. .. 6,10,
is not in a relational class. Furthermore, for a relational class w with representatives w0
and wyl the frequency satisfies p(w) = p(w1) + ©(ws).

We denote all (possibly empty) sequences, which do not contain the subblocks 0™ resp.
10m) m-free. Note that all classes of 0,1-strings of frequency > 2 can be generated from the
relational classes by appending an m-free 0,1-string. Furthermore, the classes of frequency
1 are generated by appending an m-free string to any of the sequences from (0(™)* =
{e,00m) 0@m) 1 resp. (10™)* (where ¢ denotes the empty string).
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The generating function of m-free strings can be computed immediately by the method

of Guibas and Odlyzko (cf. [22, 30]) to be

1—a™m

2.5 =—
(2.5) S(@) =51 am
With this notation we have (by the preceding paragraph)

1+ 2™ 1+a™
2. = R —
and
(2.7) fu(@) = S(@)ri(z), k=2,

where r(x) denotes the generating function of all strings in relational classes of frequency
k.

We proceed by analyzing the relational classes in further detail. For each relational class
there is a unique “shortest relational prefix”, i. e. a relational class whose representatives
are prefixes of elements of the given class and whose length is minimal with respect to this
property. These are exactly the relational classes of frequency 2.

In the following we will make use of a simple observation:

Remark 2. Every relational class has a representative of the form 0...00™ or 1... 10"
except for the class of strings equivalent to 01 and 100 . Similarly, it has a representative
of the form 1...00™ or0... 10,

The generating function of all shortest relational prefixes can be determined as follows:
each of these classes has a representative of the form 0*w, with w = 01...00™ or 1*w with
w=10...1™ where w does not contain the subblocks 0™ and 1™ (except for the end);
furthermore, 01™ is a shortest relational prefix. But we have to take care of the fact that
among those strings there are also strings that do not correspond to a shortest relational
prefix, namely the strings of the form 0*w, with w = 01...0m=D100™  and the strings
I*w with w = 10...1m=Y010™ The latter strings are in bijective correspondence with
the strings 01...00"1(™ and 10...100™) by using the replacement rule 10™ — 01™).
In order to count all words as described above, we introduce the generating function of all
m-free strings, which begin and end with the same digit, S.(z); similarly, we define Sy(x)
as the generating function of m-free strings with different digits at the beginning and the
end. Then we have

1+ So(x) + Sy(z) = S(x) and Sy(z) = S.(s)(x + 2> + -+ 2™
and by inserting the second equation into the first one
1 —am
1—x

All strings of the form 01...00™ and 10...1™ can be obtained by adding one digit at the
beginning and m digits at the end of a string counted by S,(z). Furthermore, by the above
mentioned bijection, removing all strings of the form 01...0™~Y100™ and 10...1m=D010?)

(2.8) S.(z) + 1= S(x).



6 P. J. GRABNER, P. KIRSCHENHOFER, AND R. F. TICHY

amounts a factor of (1 —z™) in the generating function, and adding 0* or 1* in the beginning

a further ---factor. Thus by (2.8)

1 — om
:cm“il LS. (z) + 2™ = 2™ S(z)
—x

m+1

is the generating function of all shortest relational prefixes, where the +x™* -term corre-

sponds to the string 01(™),
Observe that the deletion of the shortest relational prefix is an invariant (shift) operation
on the set of strings. Thus we have

(2.9) fulx) = S(@)ri(x) = S(2)*l(w),
where [;(x) is the generating function of all relational classes of frequency k having a repre-

sentative of the form w = 100™w’. In the following we will give a more detailed description
of these words.

Remark 3. For every such relational class we can find a representative of the form
10(m)€121€222 ... Rg—1€g

where e, € {0, 10} and z, is a word starting with 0 and ending with 100™) but not with
0"=D10) resp. a word starting with 1 and ending with 01™ but not with 1m=H010™
resp. the word 10U (and m-free except for the explicitly mentioned occurrences).

Now we have to take care of the frequency of a word w = 100 e 21€52, . .. e,. For this
purpose we write 2, = zjv, with v, € {100,010} so that

(2.10) w = (10"ey) 2 (v1e5) 2y ... 2 (vs_1e5).

Observe that the intermediate subblocks z! cannot be altered by the replacement rule
017 ¢« 100" and are therefore unique. Thus the representatives for the classes of the
subblocks 10(™e; can be chosen independently. Altogether we have (vy = 10(™))

(2.11) (10" ey) 2t (vie2)2h . .. 2t (vs_1e,)) = H o(ve_1€0).
=1

In order to compute the frequencies ¢(v,_ie;) for e, € {00 1M} we write e, =
MmNz ... Mn, Where n; € {00™ 1M1 We introduce two auxiliary functions ¢, and ¢, de-
fined by

er(omme .. Mn) = ©1(VN1 - 1) + @2(VN1 - 1),
(2.12) YoV ... My) = PrVM M) HOT oy 10n
©a(vny .. Mp—1)  for mu—y = Ny,
@1(”) =1, 902(7)) =1
for v € {010™ 100}, Then
(2.13) e(ummne...mn) = er(vmna ... 0n) + 2(vmnz ... 7).

This follows from the fact that for a given representative of a relational class w there exist
two words wy, we € {0, 1}* such that w;0 and w91 are equivalent to w. The frequency p(w)
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is clearly given by the sum of the frequencies of the words w; and ws by Remark 1. In
order to compute these frequencies, we have to find w; and ws: without loss of generality
let us consider a word w = 100, ...n, with n; € {00 1™} and 5, = 0. Assume
furthermore that 7, r 1 # Y-t = Y_ks1 = -+ = Ny. Then w; and w, are given by
wy =100 0,10 and wy = 1001, .. np_p_o(1m=D0)FHD10m=D 'where w, can be
found by repeated application of the replacement rule 10(™ — 01(™ (because of symmetry
for n, = 10 the same transformations can be made with interchanging 0 and 1). The
frequency of wy is equal to the frequency of 100, ... n,_1 and the frequency of w, is equal
to the frequency of 100™n; .. .79, k_o, since by Remark 1 we have

©(10M™ o (1 DO)E=2D 1Dy — (100, g o (107 D0)R3) 1 m=1)y —
= 90(10(m)771 . -Un—kle(mfl)) = QO(lO(m)m e Mn—k—2)-

By the definition of ¢ (2.12) ¢1(w) = ¢(wq). Furthermore, for £ = 0 in the above argument
we have p(ws) = @(10n; ... 1n,_2) = 1 (100, .. .n,_1). If k > 0, which is 1,_, = 1,,, we
have p(wy) = @(100™n; .. .9, _r_2); since by Remark 1 this implies that none of the words
M .. Npotv—o for £ =0,..., k is relational, we have

90(7112) = 90(10(m)771 . -77n7k72) = 901(10(m)771 .. -nnfk‘fl) =
Pa(10ny gy g) = - = o (10T o).

By the above construction a labelled complete binary tree can be defined as follows:
every node at level £ > 0 can be represented by a string of length ¢: n;...n,, and the two
successors are given by n;...7,0) and 7, ...7,1™ . Every node e is labelled by the pair
(p1(ve), pa(ve)). By the rules given in (2.12) the two successors of a node labelled with a
pair (a, b) has successors labelled with (a+b,a) and (a+b,b). From this rule it is clear that
the labels satisfy ged(a,b) = 1. Thus, starting with root labelled (1,1) at level 0, the labels
of the nodes in the ¢-th level of this tree are all pairs (a,b) with ged(a,b) = 1 which need ¢
steps of the subtractive Euclidean algorithm to compute the ged. In this way we define for
any coprime a and b a function by setting e(a,b) = £. This tree is called Euclidean tree.

Now we encode the above combinatorial descriptions in generating functions. Let ay(z)
denote the generating functions of all strings vd; . . . d,, corresponding to nodes with frequency
k > 2 in the Euclidean tree (obviously, n has to be a multiple of m). This function is given
by

(214) Oék(l’) — gl Z xme(kfi,i) _ Z lerme(k:,i)’ k> 2,
0<i<k/2 0<i<k
ged(k,i)=1 ged(k,i)=1

where the factor 2™*! corresponds to the prefix v above.

The generating function g(z) for the words z, can be determined as follows: first observe
that 2™ 1g(z) is the generating function of the words z;. The z; are formed from all m-free
strings which begin and end with the same digit ¢ by adding between 1 and m—1 digits 1 —¢
in the beginning and m digits 1 — ¢ in the end. This gives the generating function (z+---+
2™ 1S, (z)2™. Then we have to remove all strings ending with 0(»~110(™ or 1(m=110m);
furthermore, we have to add the string 100 and subtract the strings 0™~1Y10(™ and
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1m=1010™  which are produced additionally by the above procedure. This gives for the
generating function

xm+1g(x) — (l‘+ . +l‘m_1)se(l‘)l‘m +l,m+1 o 2:L‘2m
and using (2.8)

1—2xm 1 4 gm
2.15 =
(2.15) gla) =

=(1—2™HS(x) —a™ "
By (2.11) the generating function [;(z) satisfies the recurrence relation

m@w:EZaam%@mmrwmmx k>2
(2.16) difk

We introduce the following Dirichlet generating functions

Az, s) = Z ko (x)g(z)
(2.17) h=2

L(z,s) =1+ Z k'l (x)g(z).

Because of (2.16) we have

1

(2.18) L(x,s) = T A

Alternatively, the last relation can be obtained by observing that £ is the generating function
of the “sequence construction” (cf. [38]) applied to the set {10(™ez’'} where e and z are as
in (2.10).

In order to evaluate H(z) in (2.4) we need 2. By (2.9), (2.17), and (2.18) we have

(2.19) :igiu—jiamygﬂﬂw
::‘Z%Zgia(x,1)2§;§(x,1)
Now we use (2.3):
L o) = o) + 28 o1y - )
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Inserting for S(z), g(z) and fi(x) we obtain

S(a)8(e, 1) = G5 = S @) + 5(a)

1 —3z™
(1—am)(1—2z)

(2.20)

Using (2.20) we obtain from (2.19)

8_(13(]; 1) = (1 —3z™)? 1 0A
ds 7 (1 —am)2(1 — 2x)2 g(x) Os
(1 — 3z™)?

= T — 2

(z, 1)

where (by (2.14))

a(r) = Z ek og, k = Z kL
N=1

0<i<k
ged(k,i)=1

Inserting the last result in (2.4) yields the theorem.

3. A SINGULAR MEASURE RELATED TO MINKOWSKI’S FUNCTION

In order to give precise estimates for the k,’s we study the sequence v, = k1 = 2,
Vy = ko —6k1 = 6logy 3—12, V10 = 9Kk, —6Kpy1 + Kpnpo for n > 1, which are the coefficients
of the function (1 — 3z)?> 7 | k,2™. For the computation of the v, we look at the local
structure of the Euclidean tree:

e(ab)
/-/( a-b,b)\ n-l
/(a b)\ /(a,a—b)\ n
(atba) (atb)b) (2a-h,a) (2a-b,a-b) n+l

(2at+b,at+b) (2a+b,a) (a+2b,ath) (a+2bb) (3a-b,2a-b) (3a-b,a) (3a-2ba-h)  (3a-2b2a-b) n+2
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We collect the “boxed” terms in the above picture to obtain

b
Un+t2 = E af (a)
0<b<a
e(a,b)=n

ged(a,b)=1

with
B (2 —2)%(2+ x)(1 + 22)? (3 —22)%(3 — x)3(2 + 2)*(1 + 22)
flr) = xlog, <<3 TG o +x>6> *log, < @ 0)2(1 1) ) '

Thus v, can be written as an integral with respect to a linear combination of point measures:

Vs = 3" / f(z) dF,(2),

where

F,()=3" )
0<b<a
e(a,b)=n
ged(a,b)=1
bt
The normalizing factor 37" is chosen in order to obtain weak convergence of F),. For the
proof of this fact we need an auxiliary sequence of distribution functions

Gu(t)=3" > b
0<b<a
e(a,b)=n
ged(a,b)=1
Lt

Now it is easy to see that

R Y R N
Gna1(t) an (:)

and

52 Fn+1(t)=2—%(Fn (%tﬂ)) + Gh (%+O)) .

2 fort>

0 fort<
Go(t) = { _

0 fort<
Fo(t) = { _

N = N

1 fort>

N= N~
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1/1 1 1/1 1
MA:§(0 1) MB:§<1 0)’

writing F,(t) = (F,(t), Gu(t))T and @ = (2,1)T this can be rewritten as

Using the matrices

N[ o=

- MyF, (%) for t <
3.3 F,i1(t) = 1=t
(33) +1(t) {J—MBFH(%+O) for ¢ >

Notice that this recurrence is rather similar to the functional equation of Minkowski’s ?(z)-
function:

) = {%7 (%)  forz<

—%? (1_79”) for x >

N = N

Now similar arguments as those used in [36] to obtain an exact formula for 7(x) in terms
of the continued fraction expansion of x can be used to obtain an expression for ﬁn(t) Let
0 <t < 1 be given by its continued fraction expansion t = [ay,aq,...] and let k& and ¢ be
given by aj + - -+ + ag + £ = n with 0 < ¢ < ag4,. Then F,(t) can be computed from (3.3)

k
Fu(lay, a,.. ]) = Y (=)™ " MG MM " Mp - -- M4~
m=1

+ (—].)kMZl_lMB tee MgkilMBMﬁﬁo([a,k_i_l - E, Ap+2, - - ])

(3.4)

We note now that the matrix product can be given in terms of the convergents of ¢:

MjlflMBszflMB . Mjm—l — 37(a1+---+am71) (gm—l im - Zm—l) )
m—1 m — Mm—1

Furthermore, the last summand is non-zero only if ax,1 — ¢ = 1. Thus we obtain

WE

Fn([ala ag, . . ]) = (_1>m7137(a1+---+am71)(qm + Qm71>
m=1
+ (—DFg et tan g+ Qk)0tap 11
k
Gu(lar,az,...]) = Z(—1)’”*13’(“1*"'*“’"*1)(pm + Dm-1)
m=1
+ (—DF3 et (g, + Pr)0aps —1-

Now we define

F(lai,ay,...]) = Z(—l)k_13_(al+“'+a’“_l)(Qk +qr-1) Q=1
k

Il
—

(3.5)
(_1)k—13—(a1+"'+ak—1) (pk; +pk_1) Do = O,

WK

G([a,l,a,g, .. ]) =

b
Il

1
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these series are easily seen to converge, since py, g, < 9T 1% (¥ = 1+2\/5’ cf. [36]). Fur-

thermore, these functions are continuous, which can be proved along the same lines as the
continuity of ?(z). Finally, dG(z) = xdF(x) by definition.

In [1], formula (3.4), the following rigorous bounds for the p, = $(kn41 — 3k,) are
established
3 L 2
(36) 10g2 5 < F < g

The integral

(3.7) / f(x) dF (x)

has to be 0, since otherwise 37 "v,, would have a nonzero limit, which would imply that «,
would be of order of magnitude n*3"; this contradicts (3.6).
Using the fact that the integral (3.7) vanishes we derive

(3.8) 5w = [ F@)dF@) = [ (F@) = F) dfa).

From the rate of convergence of the series (3.5) it is clear that

F(@) - Fu(a)] = O ((1 *f) ) ;

in the following we will work out a much better bound which also answers a question posed
in [1] p. 133: “There is no reason to expect them (the coefficients) to be positive and
decreasing to zero, although the table indicates that they are. We can prove only that A,
(the Taylor coefficients of 7 (z) in (1.8)) is O((3)2)).”

We study the centralized moments of the distributions F},:

[ (Y e £ (Y

0<b<a

(a,b)=1

e(a,b)=n
it is clear from our previous knowledge on the functions F;, that m = 2, mP = 0 for
all n > 0, and m(()zk) =0 for £ > 1. Thus it suffices to study the even moments.

In order to get precise information on the rate of convergence of the mZs for n — oo

we derive a recurrence formula for these moments. Since a pair (a,b) at level n produces
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two pairs (a + b,a) and (a + b,b) at level n + 1, we have the following recursion

a 1\ b 1\
mi =3 Y (”b)((am_i) +(a+b_§) )

0<b<a
(a,b)=1
e(a,b)=n

3 b1 a 1\ b 1\
:37n71 e - - = = )
o;aa<2+<“ 2)) ((a—i—b 2) +(a+b 2)

(a,b)=1
e(a,b)=n

(3.10)

Now we expand the summand into its Taylor series around % to obtain (for k£ > 1)

(3.11) ml =2.67% + Z b
with
20 2k
(2k) o [ 2 2k\ (20+7 =2\ _,
12 — 972 (2
612 i = (5) L () (557
(2k)

Now the computation of the moments m,, ' can be viewed as an iteration of a linear map
with positive coefficients. In order to make this sensible we have to introduce the space on
which the iteration has to be performed:

(>~ = {(x(Q),x(A‘) )| sup |2(R) |22k < oo}

(3.13)
1(z®, 2, )| = sup [+129)]2%,
k
A simple computation shows that
22k Z b (2k) 2 2t _ 3—2]9’

which implies that the norm of the linear operator defined by b( M s L, Furthermore, by

3
positivity of this operator, the sequences m are monotonically increasing to the moments
of dF which we denote by m®*). Using the error estimate in Banach’s fixed point theorem

we obtain
We use the Taylor expansion of f(z) around z = 3:

409600000 8 1\? & N>
f(x) =log — (x - 5) +kz:; for (x — 5) with for > 0 for k > 2.

% 387420489 5log 2
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Putting everything together 37"v,, can be bounded:

—0.00151...- 3" =

409600000
=] 0 — 9= 2k3 n—1
82337190480 | Hlog2 )+ Z Jai ( )

< /0 1 f(z) dF,(x)

409600000 8 2
<1 SYIPRPMY (0) 2 _ — (2k) -n
= 982387420489 5log2 < 3 i Z foym! = Tlog2”

Therefore we have

(3.14) —-0.00151...- <y, < =0.192359... forn > 3.

15log 2

4. BOUNDS FOR THE ENTROPY

The function T(z) introduced in (1.8) was extensively studied in section 4 of [1]. In
particular it follows from these studies that the constant Hg, may be expressed as

1/1-3-27"\*& _ .

(4.1) Hp,, 1ogy fm = 1—3 (W) ; Kin2
1-3.27" &

4.2 = 1-—"_ n27mn

(4.2) FECEDEPS f

(4.3) 1 ! i 9=

. = T Aa_oNo Vn )

<1 o 27m>2 n=1

where p,, = %(/{n — 3Kn_1)-
If (4.3) is truncated after N terms, the error Ey ,, can bounded using (3.14)

—m(N+1) 1 2—m(N+1)

< Enyn < .
(1—2-m)3 = 7™ = 1510g2 (1 — 2-m)3

—0.00151 -

By computing 26 coefficients x,, the following table of numerical values for Hg,, (2 < m < 13)
can be established.



COMBINATORIAL AND ARITHMETICAL PROPERTIES ... 15

Hg,,

0.995713126685555
0.980409319534731
0.986926474333300
0.992585300274171
0.996032591584967
0.997937445507094
0.998944915449832
0.999465363055570
10 | 0.999730606878347
11 | 0.999864704467762
12 0.999932181983893
13 ] 0.999966043207405
14 | 0.999983008336978
15 | 0.999991500510328

It is clear from (4.1) and the fact that
Bm=2—m2""4+ 02

that Hg,, — 1 (exponentially) for m — oo. This reflects the observation that the dependence
between digits becomes weaker for larger values of m.

@OO\]@CY‘H;OJ[\DB

5. CONCLUDING REMARKS

In this section we want to indicate some further problems of arithmetical and dynamical
nature concerning linear numeration systems. The first kind of such problems is related
to the asymptotic behaviour of digital sums. The summatory function of the sum-of-digits
function and even more generally completely G-additive functions are studied in a series
of papers (cf. [20, 21, 9, 10, 11, 7, 8]). Note that a G-additive function is an arithmetic
function satisfying the equation

f (Z (wk) = (5 Gh),

whereas an arithmetic function is called completely G-additive, if it satisfies

f <Z @Gk) = f ().

For instance, numeration systems generated by substitutions over finite alphabets are
studied in [10]. Tt is shown there that for a given completely G-additive function f the
following asymptotic formula holds

k
(5.1) > f)F =CN(log N)* + > N(log N)*“Fyi(log N) + o(N),

n<N (=1
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where Fj; denote continuous periodic functions. For the special case of the summatory
function of the sum-of-digits with respect to the Fibonacci expansion (i.e. G120 = Gi1+Gy,
Go = 1, G; = 2) such a result is due to Coquet and van den Bosch [5]. More general
expansions in connection with formal languages and substitutions were investigated in [16,
29, 23|.

In the case of binary and more generally ¢-adic radix expansions the moments of the
sum-of-digits function were studied in [4]. However, the continuity of the corresponding
fluctuation functions Fyj in (5.1) remained an open problem for £ > 3 until it could be
proved in the special case k = 3 in [18] and in general in [31, 32]. The proof of continuity
in the general case is based on a new approach using Takagi’s singular function related to
the so-called binomial measure (cf. [41]).

A singular function corresponding to the subtractive Euclidean algorithm is the Minkowski
?(x)-function. This function is defined by an invariant measure related to the map

T 1

1 1
Ttz f0r§<x§1

We note here that based on (3.5) a general class of related functions can be introduced. An
important tool for the study of these functions is the Farey-tree which is a graph of the
same structure as the Euclidean tree; the only difference being that the nodes of a fixed
level are permuted. For detailed information we refer to [27, 42, 43]. In particular, various
dynamical properties of the above shift map are investigated. For classical papers in this
direction we refer to [26, 36].

In a remarkable recent paper N. Sidorov and A. Vershik [39] studied the Erdés measure
with the help of a dynamic approach including the investigation of various properties of the
so called golden shift related to the Fibonacci number system (5 = 1+—2*/5) They consider
¥ = {0, 1} (equipped with the infinite product )’ of the uniform distribution on the factors)
and independent random variables Fj : ¥ — {0,1}, the k-th projections. They define a
map L' : 3 — [0, 1] given by

L'(ey,69,...) = Z exB7F L
k=1

Let X C ¥ denote the shift-invariant subspace

X = {(517 €, .. ) | \V/k? Z 1(€k7€k+17 cee 7€k+m—1) <lex (a07 cee 7a'm—1)}

with respect to the one-sided shift 7(eq,¢€9,...) = (£2,€3,...). Furthermore, they consider
the map L : X — [0,1] defined by L(ey,ea,...) =Y po, xS " and set T = LTL™!. It is easy
to see that T'(x) = {fz}, and this transformation on [0, 1] is known as the §-shift, cf. [33].
Parry has found the unique 7T-invariant measure 7 which is equivalent to Lebesgue measure.
Observe that X is 7-invariant on ¥ and L~!(r) is 7-invariant on X. In these terms the
Erdés measure pp can be written as L'(\'). Now using the normalization mapping ¥ — X,
which identifies distinct digital representations of one number, an application of the ergodic
theorem proves that the Erdos measure is singular with respect to Lebesgue measure. For
more details in the we refer to [39]. It would be very interesting to extend this approach to
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more general linear numeration systems. However, it seems that specific properties of the
golden ratio influence the method significantly.

Acknowledgement. We are indebted to two anonymous referees for many valuable
remarks concerning the presentation of the paper.
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