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ABSTRACT. Given a > b, let Go =1,G; =a+ 1, and G, 42 = aG,41 + bG,, for n > 0. For
each choice of a and b, we have a linear recurrence that defines a numeration system. Every
positive integer n may be written as the sum of the G,, with alphabet A = {0,1,...a},
in one or more different ways. Let R, (n) be the function that counts the number of
distinct representations of an integer as a sum of the G,,. We extend results of J. Berstel,
P. Kocdbova, Z. Masakova, and E. Pelantovd, and M. Edson and L. Q. Zamboni and give
two distinct methods for calculating R, (n). One formula involves products of 2 x 2
matrices and the other sums of binomial coefficients modulo 2. For the main result, we
consider the limiting measure g of a convergent infinite convolution of measures (Bernoulli
convolutions), where 8 is the dominating root of the characteristic equation of the recurrence
above. We study the Garsia entropy of these measures and calculate explicitly the limiting
entropy associated with pg. This result extends those of J. Alexander and D. Zagier, and
P. J. Grabner, P. Kirschenhofer, and R. F. Tichy. We then see that all these results can be
generalized further to confluent numeration systems.

1. INTRODUCTION AND PRELIMINARIES

In this paper, we study the sequence-based numeration systems given by the linear recur-
rence

1 Gpio = aGpiq + bG, for n > 0,
(1.1) Go=1,Gy =a+ 1 where a,b € N,a > b.

The most well known of these is the Fibonacci numeration system, obtained when a = b = 1.

Each positive integer n may be expressed as a sum of the following form,
k
(12) n=>Y dG,
i=0

where d; € {0,1,...,a}, for 0 <i <k and dj, > 0. We call the associated word dydy_1 .. .dp
a representation of n over the alphabet A = {0,1,...a}. We may obtain a unique rep-
resentation for each n via the greedy algorithm. Let k& be the unique integer such that
Gr <n < Ggyy1. Then n = diGy + ng, where 0 < ng < Gg. Generally, let n;,y = d;G; + ny,
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where G; < n;11 < G and 0 < n; < G;. Iterating this process for 0 < i < k, we may
obtain a unique expression of the form (1.2). We call the representation obtained by the
greedy algorithm, the greedy representation. While this particular representation is unique
for all n, not all positive integers have only one representation in the Gy-based numeration
system. However, the greedy representation has the property that it is the largest with re-
spect to the lexicographic order. General information about representations in various bases
is given in [8] and [17] while results about Fibonacci representations and representations in
more generalized settings can be found, for example, in [2,5,6,11,14].

Define the sets S = {00,01,...,0(a — b)} and T" = {aa,a(a — 1),...,ab}, and suppose
that a word w is the representation of an integer n in base Gy. If w avoids elements of T,
then w is the greedy representation of n. In order to see how to get one representation from
another, let s € S, and x be such that 1 < z < a. Then any occurrence of a subword of the
form s in w may be replaced by the word (z — 1)t, for some ¢t € T', to obtain an equivalent
representation of n, and vice versa. If two words w and v are representations of the same
positive integer n, we write w = v. Words avoiding elements of the sets S and T have exactly
one representation, and we call these words ST -free.

Example 1. Let a = 5,b = 2. Then Gy = 1,G; = 6,Gy = 32,G3 = 172,G4 = 924, G5 =
4964, G¢ = 26,668.... The set S = {00,01,02,03} and the set T = {55,54,53,52}. The
integer 5481 = 4964 + 3(172) + 1 leading to the greedy representation 103001. Using the
replacement rule above, xs = (x — 1)t, we obtain the following four representations for 5481.

103001
102521
055001
054521

Consider the sequence R(a,b)(n) that counts the number of distinct partitions of n in the
G, base. Denote by A* the set of all words over A, including the empty word, and set

k
Qap(n) = {w =wows ... w, € A" 1wy >0 and n = Zwin_i}.
=0

Then R(op)(n) = #(n). Further, consider the natural decomposition of 2,4 (n) given
as follows. Let G be the largest term in the sequence {Gy} less or equal to n, and let
m be the largest integer such that mG remains less or equal to n. Let Q*(n) be the set
of representations of n involving mG and €27 (n) the set of representations that do not.
Then set Rab)(n) = #Q0%(n) and R, (n) = #Q7(n). Clearly, R (n) = Rab)(n) +
Ry (ay(n). For simplicity, when no ambiguity exists, we simply write R*(n) and R~ (n).
Using the previous example, we see that €(52)(5481) = {103001, 102521,055001, 054521}
so that Rsz)(5481) = 4, O, (5481) = {103001,102521} so that R, (5481) = 2, and
Q5)(5481) = {055001, 054521} so that R, (5481) = 2 Note that with a slight abuse of
notation, we will sometimes write R4 (w) instead of R p)(n) for w € (n). Furthermore,
we will simply write R(n) instead of R4 (n) when there is no possible ambiguity.
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The function that counts the number of representations in a given base has been studied
by many authors; some references include [2,4,5,6,14]. In section 2, we will give two formulas
for the number of representations in these Gp-based numeration systems. These results make
use of formulas previously established in [2,6].

Recurrence (1.1) is such that the dominating root [, of its characteristic equation
satisfying

Blapy = @Bap) + b
is a Pisot number. This follows directly from a result of A. Brauer in [3] asa > b > 1. We
simply write § in place of 3,5 unless there is a chance for ambiguity.

N
We consider sums of the form Zanﬁ_” where a, € A =1{0,1,...,[f] —1}. Let Ay =

n=1

N

{z|x = Zanﬁ’"}, and define a measure puy = (a + 1)V Z r(z)d,, where r(z) is the
n=1 T€EAN

number of representations of x of length N in base # and ¢, denotes the unit point mass at

x. Then these measures converge weakly to a measure pg. Jessen and Wintner [13] show

that any convergent infinite convolution is either purely singular or absolutely continuous. In

particular, we have that the measures piz are either purely singular or absolutely continuous.

In [7], Erdds proved that for f = 1+2\/g’ g is purely singular. For further results, we refer
to [15,18,19]. Garsia in [10], in order to study the measures ug further, introduced the idea

of the Garsia entropy which is defined as

H(A) = - ple) np(x)

.'L'EAn
where p(z) = (;ﬁ))n is the weight assigned to x by pu,. Then set
. H(Aw)
Hy= o s

Garsia proved for general § (not just § satisfying recurrence (1.1)) that if Hg < 1, then pug
is purely singular. Additionally, he showed that Hz < 1 for any Pisot number 8. Though

Garsia proved significant results involving Hsz and pg, he did not give numerical values for
Hg.

Alexander and Zagier in [1] consider the case a = b = 1, so that § = %5 Usually the
problem of computing entropies is quite difficult but through a graph-theoretical argument,
Alexander and Zagier give an explicit value for Hg, where § = %g They make use of the
Fibonacci graph, which can be built from the Euclidean tree. The Euclidean tree begins with
one node at level 0 labeled with the pair (1,1) and one node at level 1 labeled with the pair
(2,1). Then the nodes at level n are defined inductively as follows. Given a node at level n
labeled (a,b), there are two edges (left and right) to nodes at level n 4 1 labeled (a + b, a)
and (a + b,b), respectively. Therefore this tree corresponds to the subtractive FEuclidean
algorithm, the Euclidean algorithm without division.
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For any pair of relatively prime integers (k, ), we define the length e(k, i) of the pair (k,1)
to be the number of steps in the subtractive Euclidean algorithm applied to the pair k£ and
i. In other words, e(i,7) = 0 and e(i + k,i) = e(i + k, k) = e(i, k) + 1.

Grabner, Kirschenhofer, and Tichy [11] give an explicit value for Hp in the case f is the
dominating characteristic root of the m-bonacci recurrence which satisfies

ﬁm:ﬁmfl_k__._i_ﬁ_i_l’

extending the results given in [1]. The graph-theoretic approach taken by Alexander and
Zagier becomes significantly more complicated in this case. Therefore, they abandon this
approach in favor of one using generating functions and the method of Guibas and Odlyzko
for counting strings with forbidden subwords [12].

A generalization of the results of Grabner, Kirschenhofer, and Tichy [11] can be found in
the doctoral dissertation of M. Lamberger, see [16]. Here, the case that is treated is given
by the recurrence

Gpim = aGpim_1 + -+ aGpi1 + aG,, for n > 0,
Go=1,G;=(a+1), for 1 <i<m—1, where a € N.
Therefore, when we discuss the Garsia entropy, we assume that a > b. We note here that

the counting is necessarily more complicated in the case where a > b, due to the number of
forbidden subwords. In the case a = b, the sets S and T only contain one element each.

In the situation of the general a and b we discuss in this paper, a graph-theoretic approach
would lead to a non-planar graph. Therefore, we will abandon the more complicated graph-
theoretical setting in favor of arguments using combinatorics on words. This leads to the
use of generating functions and the method of Guibas and Odlyzko [12]. In Section 3, we
prove the main result, which is as follows.

Theorem 1. Let

Kn = Z klnk and a,(x) = Z 22,

0<i<k 0<i<n
ged(k,i)=1 ged(n,i)=1
e(k,i)=n

Furthermore, let

T(x)=In(a+1)— ]\/J\(x)z kN,

where
— = (a=b+1)(1—x)y(x)(1—32?)?
M@) = DA T2 = (3 1 20— )2
and

Y(z) = a+ 2ax — (2 + 3a + 2a* — 2b — 2ab)x® + (2 + 4a + 2a® — 6b — 6ab + 4b)x>.
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2. COUNTING REPRESENTATIONS

Suppose W is a greedy representation of a positive integer n. What follows is a factor-
ization of W, whereby we eliminate subwords of W that may not be replaced by equivalent
representations. We shall call it the principal factorization of W, as in [6]. We may write

W - %Ul‘/éUQ e VJUJZ

where

o Vi Vo, ..., Vy, Z are ST-free

o If V; ends in 0, then U; begins in a letter greater than a — b+ 1
e If V; ends in a, then U; begins in a letter less than b

e Fach U; is of the form

U; = r0x,0xp_1 ... 0x¢0y
with1 <r<a,0<y<a-—b,and x; € {0,1,...,a— b+ 1}.

Observe that the V; and Z do not contribute to the number of ways to rewrite W using
the replacement rule. Since the V; and Z are all ST-free, there are no replacements to be
made within these factors. Furthermore, with the restrictions placed on the ending of the
V;, we are guaranteed that no V; “moves” into the U; beside it. More precisely, if V; ends
in 0, then we may write V; = vx0 where x > 0, and concatenating V; and U;, we obtain
vae0r0xg0z_1 . ..0xo0y where r > a — b+ 1. But we may not employ the replacement rule
for the subword x0r, since r > a — b+ 1. A similar argument holds when V; ends in a. This
leads us to the following result.

Lemma 1. The number of representations of W is the product of the number of representa-
tions of the Uj.

J
Riaiy(W) = [ [ Rian (U3).
=1

Example 2. Let a = 5 and b = 2. We have that W = 4341002451110300112121212
is the greedy representation of some positive integer in the numeration system generated
by the pair (5,2). Note that W = (434)(100)(24511)(10300)(112121212) = ViU VLU Z.
We have that R(U;) = 2 since 100 = 052, and R(Us) = 4 from Example 1. Therefore,
R(W) = R(U;)R(Us) = 8.

The lemma that follows is essentially Lemma 2, in [6].
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Lemma 2. Let w be a greedy representation of an integer n, in base Gy, having a—b—+1 as
its first letter. Let 1 < ry,ry < a. Then

e (R )= (5 ) (b)) s
e (R =) (R0),
o ()= () ().

Proof. Consider equation (2.1). Since R~ (r;0%w) counts the number of representations of the
form (r; — 1)ab0* 2w, R~ (r10w) = R(b0*2w) = R(r,0°2w) = R~ (ry0°"2w) + R* (r,0°2w).
And, since R*(r;0w) and R*(r,0°%w) count the number of representations fixing r; and
19, respectively, RT(r10w) = R(w) = Rt (ry0°%w).

Similar arguments hold for the remaining equations. U

11 ([ d d
01 W11
([ d+1 d
- 1 1
we obtain that for any word of the form U = r0‘w, with w beginning in @ — b + 1,
R-(U)\ _( [51 L3 R™(w)
( R(U) ) = < T R(w) ) Tz

This gives the following result originally proven by Berstel in [2] for the case of Fibonacci.

Using the identities

Proposition 1. Let U = r0%2,0%x2, . . . 2,0% 1y, where z; € {0,a—b+1} and 0 <y < a—b.

Then k
RU) = (1 1><g([? 5 ))(?)

We consider now the more general case where for U = r0%z,0%z,...2,0% 1y, some
z; € {1,...,a — b}. Denote such x; as y1,9,...,y; with 1 < j <m, and rewrite

U = yj+1tiyitj—1yj-1 - Y1toYo
where y;,1t; is as in Proposition (1). We now “inflate” U with a second copy of the y; in
order to apply the formula. Let U = (rt;y;)(y;tj—1yj—1) - .- (yitoyo) = L;Lj_1...Ly. The

following lemma shows that the number of representations of U is equal to the number
of representations of the inflated copy of U since the L; are independent. Since we may
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apply Berstel’s formula to each factor L;, we may use it to calculate R(U) where U =
r0x;0xk_1...02¢0y with 1 < r < a,0 <y <a-—>b, and z; € {0,1,...,a — b+ 1}, as in
the principal factorization. Note that when a = b, Proposition (1) yields the number of
representations R(U), and the inflation rule is not defined in this case.

Lemma 3. Let [7 = (thyj)<yjtjflyjfl) Ce (’yltoyo) = Lij,1 ce L(). Then R(U) = R(U)

Proof. We begin with the observation that since each y, < (a —b) for 0 < k < j, each yy
can be used to write a new representation of U; by applying the exchange rule with y; in the
rightmost position. In other words, since y, is preceded by 0, and Oy, € S, we can obtain a
new representation in which Oy is exchanged with a(yx + b). Similarly, since y, > 1, each
yr can be used to write a new representation of u; by applying the exchange rule with y; in
the leftmost position. Furthermore, these two ways of creating a new representation of U;
involving vy, from the left or to the right, are independent of one another. So we may insert
the extra copy of y, without affecting the frequency. O

Berstel’s approach gives us one method to calculate the number of representations of an
integer in base Gy. We now discuss another approach considered in [6] for the m-bonacci
base.

Lemma 4. Let U = r0x;0x;_1 ... 0200y wherer = a—b+1,z; € {0,a—b+1} for0 <i <k,
and 0 <y <a—>b. Suppose that 1 < z < a. Then

RT(20r02,0x)_1 ... 0200y) = R(U) = R™(U) + R~ (U)
R™(20r0x0xy_1 ... 0xo0y) = R~ (U)
R* (200024021 . .. 02o0y) = RT(U)
R~ (200024021 ... 0200y) = R(U) = RY(U) + R~ (U)

Proof. Note that w € Q% (20U) if and only if w = 20w’ for some w’ € Q(U). Therefore,
R*(20U) = R(U). Next, we can see that w € Q(20U) if and only if w = (z — 1)aw’ for
some w' € Q (U). It follows that R~ (20U) = R~ (U). A similar argument holds for the
remaining identities. ([l

We may use Lemma (4) to compute the number of representations of an integer n whose
representation is of the form U = r0x;0x;_ ...0x¢0y where 1 < r < a,z; € {0,a — b+ 1}
for 0 < i <k,and 0 < y < a—b. We construct a tower of k + 2 levels Lo, L, -, Lpi1,
where each level L; consists of an ordered pair (a,b) of positive integers. We begin by
setting x; = 0 if ; = 0 and 2} = 1 if x; = a — b+ 1, and then fixing the positive integer
s=1-281 4 .28 4. .42 -2+ ). We start with level 0 by setting Lo = (1,1). Then L; 4
is obtained from L; according to the value of x;. Suppose that L; = (a,b). If x; = 0, then
Liyv1 = (a,a+0b) and if x; = a—b+1, then L;1; = (a+ b,b). It follows from the Lemma (4)
that Ly 1 = (RT(U), R~(U)). Hence R(U) is the sum of the entries of level Ly ;.

We note that, in the following proposition, each binomial coefficient is taken modulo 2 so
that the formula for R(U) simply is a sum of 0’s and 1’s. Because R(U) is the sum of the
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entries of level L, the proof of Proposition 2 is essentially identical to that of Corollary 1
in [6], with only minor changes necessary. Therefore, the proposition will be stated without
proof.

Proposition 2. Let U = r0x;0x;_1...0x00y where 1 < r < a,z; € {0,a — b+ 1} for
0<i<k, and0<y<a—b. Furtherlets=1- 214} .28 ... 2% .2+ ). Then

R(U) = ; Kzsj_j) (mod 2)}

Lemma 5. Suppose U = r0zxp0zg_1 ... 0200y where 1 <r < a,z; € {0,1,...a — b+ 1} for
0<i<k,and0 <y <a—b, andletU = LyLy_1 ... Ly be the inflated form of U, so that each
L; is of the form L; = ri0z;0z%_1,...0z0,0y;. If s; =1-2F1 4 Ty 2k 4.4 Ty, 2+ 1,

then
RU)=[[RL)=]]>_ K . ) (mod 2)} .
i=0 i=0 j=0 J
Proof. The proof follows directly from Proposition 2 and Lemma 1. 0

Given a positive integer n, with principal factorization W = ViU, VLU, ... V;U;Z, we may
calculate R(n) as follows. Let U; = Li;L;,_, ... L be the inflated version of U;. Tt follows
from Lemma 1 and Lemma 5 that

#09) = 10 = [T ) - TS [(50) ]
/=1

{=1M=0 {=1M=0N=0

i]'_1

As with Proposition (1), if a = b, Lemma (5) yields R(U) and the inflated version of U is
undefined.

3. THE GARSIA ENTROPY

Denote by A* the set of all words over A, including the empty word and define an equiv-
alence class of words on A* as follows. We say two finite words v and w are equivalent if
they are of the same length and represent the same number. We write v ~ w. Note that we
allow leading zeros here. For a given word w, we define the frequency of the class represented
by w as the size of the equivalence class of w. For example, for the word w = 103001, the
frequency of the class of length six represented by w is 4. However, the frequency of the class
represented by 55001 is 2, though the words 55001 and 103001 are representations of the
same integer n = 5481. We set ¢(w) to be the frequency of the equivalence class represented
by w. Then, we have that ¢(103001) =4 and ¢(55001) = 2.

In Section 2, we consider the function that counts the size of the equivalence class of a
word w obtained by the equivalence relation =,,. Now if w is the greedy representation of n,
we have that R(n) is the size of the equivalence class of w obtained via =,,. Note that p(w)
is the size of the equivalence class of w obtained via ~,,. Since leading zeros are allowed in
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our discussion of the Garsia entropy, we have that R(n) and ¢(w) are not equal unless w has
length greater or equal to the length of the greedy representation of w. So for each positive
integer n, there is a positive integer m so that if w is a representation of n with |w| > m,

then ¢(w) = R(n).

We now make use of generating functions to obtain results for the Garsia entropy. Let
F N(k) denote the number of classes of words in A* of length N having frequency k. Then

ZkFN = (a+ 1)V, and

N kEy(k)(a+1) VI (ﬁ) = Nln(a+1)=Y kFy(k)(a+ 1)~ n(k).

k=1
Set
fr(x ZFN 2V and ®(z, s) Zl{:sfk

N=0

Then we have,

(3.1) ®r,1) =) kfile)=) (a+ 1" ﬁ
k=1 N=0

and

00 (x, s)
kEn(k
Os _ ;
N>1

Therefore the generating function for the quantities H(Ay) is given as

(3.2) H(z) =Y H(Ay)z" = fcg <_ax+)21> _ aq><x/<§: 1), 5)

s=1

The generating function G(x) of all ST-free words (including the empty word) is straight-
forward to obtain using the method of Guibas and Odlyzko (see [12]). It is given by

r+1

Glr) = l—ar+(a—2b+1)x?

Furthermore, the classes of frequency 1 can be generated by appending an ST-free string to
any word in {0}* U {a}*, so that we obtain the generating function

T _1+:c
C1l—z

G(x).
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We call the class of a word relational, as in [11], if it has a representative ending in xs,
for 1 <o < aand s € S. So all relational word classes have frequency greater than 1.
Consider all relational classes of frequency 2. We call these classes relational prefiz classes.
A relational prefix class has a representative of the form vzzOy where vz is ST-free (so
possibly empty), 1 < z < a, and 0 < y < a — b, but we must exclude those classes vzx0y
with zx € S,z € T, and zx = 0(a — b+ 1).

We denote by G, the generating function for all ST-free strings ending in d for d € {0, a}.

Again using the method of Guibas and Odlyzko, we have that
xG(x)
G = ——".
() r+1

Let P(z) be the generating function of all relational prefix classes. To compute P(x), we
begin with all classes having a representative of the form vzx0y where vz is ST-free and take
away those that we excluded in the preceding paragraph. To account for the prefixes from
the set {0}* U {a}*, we must multiply by a factor of 2. Note that we add back the words
Ozoy and axoy which are members of relational prefix classes. Therefore, we have that

Pe) = 12 [Ge)atata — b+ 1) 20— b+ 1(Gola) + Cula)) 4 22D
23(a— b+ 1)y(2)
— T G(x).

Denote by ri(x) the generating function of all strings in relational classes of frequency
k. Since we may append an ST-free string to the end of a relational class representative
without affecting frequency, we have that

fulx) = G(2)ri(z), k = 2.
We now look further at the generating function r(z).

Suppose that w is the greedy representative (lexicographically largest) of a relational
word class such that ¢(w) = k. We consider a factorization of w that will enable us to
write an expression for the frequency of the class of w related to the subtractive Euclidean
algorithm. This factorization is essentially the same as the principal factorization of w, with
the exception of v;. It is written differently to facilitate the use of generating functions and
for reference purposes, we call it the secondary factorization of w. Factor w as

W = V1€1U1V2€2U2 . . . VjEJU T,

where
e cach v; is ST-free (1 <i < J),
e cach ¢; is of the form 70z where r € {1,...,a},z € {0,...,a — b+ 1},
o v;r is ST-free and does not end in 0(a — b+ 1),
e vy is of the form zg, where z € {0}* U {a}* and g is an ST-free word,
e and e;u; is of the form r0z,,0x,, 1 ...0x00y where r € {1,...,a}, z, € {0,...,a —

b+ 1} for0 <l <m,and 0 <y < (a—0).
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Considering this factorization, a similar argument as is used for Lemma (1) will show that
p(w) is simply the product of the frequencies of the factors e;u; as the v; contribute nothing
to the frequency of [w].
So, if we set U; = e;u;, we have that
w = U1U1U2U2 .. UJUJ

and

(3.3) p(w) = H o(U)).

We now focus on the frequency ¢(U;) where the word U; = r0x,,02,,_1 ...0x¢0y is the
greedy representation of some positive integer in the numeration system generated by the
pair (a,b). Note that we are able to find a representative in [U;] of the form

UNy ... Nms+1 Where g, € SUT,

and v = r0z,, if ,, <a—0band v = r0(x,, — 1) if x,, = a — b+ 1. We use the exchange
rule s = (x — 1)t for s € S and ¢ € T to achieve this. Next, define two functions on this
representative of [U;] as follows.

1M - M) = e1(vn1 - 0m) F 2(vn 0w,

| @o(vmy ... ny) if both 0y, Y1 € T OF Ny N1 €S
(3.4) P2V M) = { ©1(vm . .. My) otherwise,

p1(v) =1 =¢s(v)
where v € {rs: s € S}.

Lemma 6. Suppose U = r0x,,0x,,_1 ...0xq0y such that U ~ us ~ ust,s € S,t € T'. Then,
e(U) = o(u10) + ¢(uza).

Proof. We simply note that ¢(u;) counts the number of representatives in [U] having length
|U| with a suffix belonging to the set S, and that ¢(us) counts the number of representatives
in [U] having length |U| with a suffix belonging to the set 7' O

Lemma 7. Let U = r0x,,0xp,—1 ... 020y ~ vny ... Nypa1, where each xy € {0,a — b+ 1} for
0e€{0,...,m}, and v € {r00,70(a — b)}. Then o(U) = ¢1(U) + ¢2(U).

Proof. We proceed by induction on m. When m =1, U ~ vn;. If 91 € S, then U ~ v0y
with 0 <y <a—band v € {r00,70(a — b)}. If v ~ 700, then we have that

U ~ 1000y ~ (r — 1)abOy ~ (r — 1)a(b — 1)a(y + b).
If v ~r0(a — b), then
U ~1r0(a—b)0y ~ (r—1)aaly ~ (r — 1)a(a — 1)a(y + b).
Therefore, p(vn;) = 3, and similarly if 7, € T. From the definitions in (3.4), ¢1(vm) = 2
and py(vm) = 1 so that p(vm) = @1(vm) + @2(vm).
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Now suppose that U ~ vny ... 10,11 with 9,1 € S, and further that 9, x11, Dm—k12, - - - s Y1
are all contained in the set S, and 7,,_, € T. We define
wy = 1y .. N0 and wy = vamy . o—p—1[a(b — 1)]*a,
so that uy = v1m1 ... 9ms ~ U and ug = von ... Nyy_g_1[a(b — 1)]**t ~ U for the appropriate
choice of s € S and t € T. Note that we can find such a word us by the exchange rule.

Using the inductive hypothesis and definitions in (3.4), we have
p(w1) = @(vmny . .. 7m0)
=o(vmng ... Mm)
=o1(vmne .. Om) + @2(vmne ... Nm)
=pi(vmn . Nmi1)
= 1(U)
and

o(ws) = @(vm ... Mm—r-1[a(b — 1)]*'a)
(

=N .. m—k—1)

= o1(vm - Mm—k-1) + 201+ N—g—1)
=o1(vm - k)

= oV - Mm—kt1)

=2V - Mn—k2)

= ©2(VN1 - - Mhnt1)

Therefore, by Lemma (6), we have that o(U) = ¢1(U) + p2(U). If 5,11 € T, define words
wy = 1N ... Nma and wy = vony ... Nm_x_1[0(a — b + 1)]¥t10. Then, an analogous proof
holds. [

We must consider now the case where for U; = r0x,,0x,,_1 ...0x¢0y, there are some
z; € {1,...,a — b}. Denote such z; as y1,%a,...,y;, where 1 < j < m and rewrite U; =
rt;yiti—1Yi—1 - - - Yitoyo. We now “inflate” U; with a second copy of the y;, in order to calculate
the frequency.

Proposition 3. Let U; = r0x,,0x,,_1...0x00y and U, = L;L;_...Loy, as in Lemma (3).
The frequency (U;) is given by

J

H 90([4)7

1=0
where @(L¢) = p1(Le) + w2(Ly).

Proof. This follows directly from the preceding lemmas. 0
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Let e(k, i) denote the number of steps in the subtractive Euclidean algorithm applied to
the pair (k, i), so that e(i,i) = 0 and e(k + ¢,i) = e(k, i) + 1. We define a labeled complete
binary tree (as in [1,11]) as follows. Following the rules given in (3.4), we start with the
root labeled (1,1) at level 0, and for each node labeled (a,b), we label its left successor
by (a + b,a) and its right successor by (a + b,b). For level 1, we have one node labeled
(2,1). Then at level k, each node is labeled with a pair (¢1(vny...7%), w2(vni ... 7). To
arrive at the node corresponding to the frequency of p(nvy ... 7k11), to move from level k
to level k + 1, we choose the left node if 7, and n;,1 are not both in S or both in 7', and
we choose the right node if 7, and 7., are in the same set S or T. We note that by
Lemma (7), the frequency of a word U is accurately obtained via a path on this tree when
U = r0x,0xm;,_1...0x00y ~ vny...0ny1, where each z, € {0,a — b+ 1}, and v = 70z,
if ,, < a—>borr0(x, —1)if z,, = a — b+ 1. Therefore, the classes of words having a
representative of this form have a generating function given by the expression

ala —b+1)z? Z 22k — g(a — b+ 1) Z glt2e(kd),

0<i<k 0<i<k
ged(k,i)=1 ged(k,i)=1

j

Let o, = {(no,...,n;) : Hng =k,7 >0,n, > 1}, and set ag(x) to be the generating
=0

function of all words of frequency £k having the form U = r0x,,0x,,_1 ...0z¢0y where r €

{1,...;a},2,€{0,...,a—=b+1} for 0 < ¢ <m,and 0 <y < (a—b). Now we have in mind

U=L,;Lij_y...Lp, the “inflated” version of U as in Proposition (3), so that p(U) = ¢(U).

j
If p(U) = k, then ng(Lg) = k, and we can associate to U an element of &/ so that

-----

tuple (ng,...,n;) € &. Then by Proposition (3), we have that

1 . . )
Q... nj)(x) - Zax1+26(nj,z) Z (CL o b)l’1+26(nj_1’2) o Z (CL . b) (CL — b+ 1)x1+26(n0,1)

xJ
0<i<n]- 0<i<n]-_1 0<i<ﬂ0
ged(nj,i)=1 ged(nj—1,i)=1 ged(no,i)=1
J
=ala—b+1)(a— b)JxH E g2e(ned)
(=0 0<i<ng
ged(ng,i)=1

Thus

{j:(no,....,nj )€} (=0 0<i<ng
ng(TLg,’L’):l

= Z a(a—b+1)(a—b)j$H5§n£($)7

{7:(no,....,nj )€} £=0
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if we define a,(z) = ZzQe("’i).
0<i<n
ged(n,i)=1
We now discuss the generating functions for the v; in the factorization
w = (vieg)ui(vaen)us . .. (vyes)uyz.

First, we observe that if e; ends in @ — b + 1, then we may rewrite e;u; ~ eiu} so that €
ends in a—band u, = .. My, , With e € SUT for 1 < £ < k;. Consequently, we have an
equivalent factorization of w given by w ~ (vi€))u](veeh)uy ... (vye))u’;z where e, = e;u;
if e; ends in a letter less than a — b+ 1 and is as just described if e; ends in a — b+ 1.

Now observe that the subwords v;e; are representatives of relational prefix classes. This
leads us to the generating functions for the v;. Since v; can be preceded by a string of 0’s or
a’s while the other v; can not, the generating function for vy is given by

P
@ 9@ g
ala—b+1)z3 a1l —2?)

while the generating function for v;,2 < i < N, is given by

1—x)P

A-0)P@) 5@ g0
+z)ala—b+1)a®  a(l+ x)?
Taking into account the generating function for vy, we obtain a refinement of the function
fr as

g(z) = i

fr(z) = a(lv(—_x)ﬁ)(?(az)%k(x), for k > 2

where (i (x) is the generating function for classes of words of the form w = UyvaUs ... v;U;
as in the secondary factorization.

By (3.3), ¢x(x) satisfies the recurrence

le(z) = ) aa(@)l(x)g(x) + an(z),k = 2

(3.5) di\ﬁk

As in [11], we introduce the following two Dirichlet generating functions

Az, s) = kar(x)g(x),
(3.6) e
L(z,s) =1+ kl(x)g(x).

Because of (3.5), we have

(3.7) L(x,s)
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So that we are able to evaluate H(z), we consider 2.
0P B v(z) oL
g(flﬁ, 1) = a(l—)g(x) ( )2g(l’,1)
v(z) 1 0A
(3.8) T u— xg)g(x)G(x)2 (1— Az, 1))? 25 @1
R —{—fl_—l—xa — 26)932@(95)25(@ 1)2%(% 0
Next, using (3.1), we have
1 oo
P(z,1) = (et filz) + ;kfk(x)
_ 1+ V()
=1 xG(x) + mG(f)Q(ﬁ(% 1) —1),
which gives that
Ga)L(x, 1) = Lo

(1+2)1—(a+1)x)

Inserting this expression into (3.8), we obtain

=
Now
Al s) = kf; Ko (2)g(x) = X0 Z i 1b)5’39($)§; (2 (a— b>nsazn(rc)>]
=ala—b+ 1)zg($)§: Ny () ’
N—2 1— ; (a — b)n°a, ()
s that
%(% )= __la=b+ Nag(@) Qi e

15
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N 222
From [11], we have that ; kay(z) = T—3.2 % that
0A (a—b+ 1)zy(x)(1 — 32%)?

s Y = T —ar+ (1t a—20)2?) (1= (34 2a = 26):(;2)2NZ:1 At

Let

M(z) = (a—b+1)(1 —a)y(z)(1 - 3332)2
(a + 1)(1 + 33)3(1 — (3 T 2q— 2b)$2)2'

H(‘”):a—x—x)? <1n(a+1)—1\7(af_1> i“N (ail)w)

B (l—xx)?T(aj-l)'

Since T (aiﬂ) has radius of convergence greater than 1, the Cauchy Integral Formula and

the Residue Theorem give us

HA) = L HE

271 J 1 zntl
|z|=5

1 H(z) H(z)
= — ——dz - R =1
2m~j|€:1+e o1 42 T e <2n+1 2
1 H(z) 1 1 1
= — d — ' .
27m'7|{,1+6z”+1 Z+”T<a—|—1) a—l—lT <a+1)

=nT (L> + O(1)

Then

a+1

Therefore,

. H(Apn) 1 1
Hy = 1 - .
8T NS NIn g lnﬁT(a—l—l)

This completes the proof of Theorem 1.

4. COMPUTATIONS AND BOUNDS

Though we now have a formula for computing Hg, the series Z kn(a+ 1)’2N converges

N=1
too slowly for efficient computation. We make note here that the definition of x, in this

paper differs slightly from the definitions in both [1] and [11] by a factor of In2, and so the
statements regarding the results from these papers have been adjusted accordingly. In [1],
Alexander and Zagier show that 2 -3V 1In(N + 1) < ky < 23V "IN 1In¢, where ¢ is the
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golden ratio. However, by rearranging the series, they put useful bounds on the terms of the
series. They show that for p, = %(l‘fn+1 — 3Kn),

3 L
11’15 < 3"_1

22
5

In [11], Grabner, Kirschenhofer, and Tichy give a different rearrangement that produces
sharper bounds. In this rearrangement, a factor of 3" is eliminated, producing a series
that converges much faster. We will use the arrangement of the series given by Grabmner,
Kirschenhofer, and Tichy to give more precise estimates for Hg, .

Let vy = k1 =2In2, vy = Ky —6Kk; = 6In3—121n2, and set v, 0 = 9k, — 6Ky 11 + Ko, for
n > 1. Then the terms of this sequence are the coefficients of the function (1 — Bx)zz Knx".

n=1

In [11], it is shown that the v, can be bounded by

2
(4.1) —~0.00104665 ... = (~0.00151.. )(In2) < v, < = =0.1333..., forn >3,

Using the rearrangement, we have that

—

Hﬂ<a,b) In By =In(a+1) — M ((a + 1)*1) rn(a+ 1)*2N

(4.2) =In(a+1) - M ((a+1)7")

M+ 717

vn(a+ 1)_2N,

2
[}

where

_ (a—b+1)(1 — z)y(z)
MO = @D+ 91— G+ 20— 27

If (4.2) is truncated after n terms, the error E,, can be bounded using (4.1). We have

M((a+1)"")(a+ 1)~20H) < B < 2 M((a+1)"")(at 1)

—0.00151(In2
(In2) l—(a+1)2 15 1—(a+1)2

By computing 21 values of the coefficients sy, the following numerical values for Hg = are
obtained. Since the error is controlled, the digits obtained are exact.
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alb ngb) alb Hﬁ(a,b)

21 11]0.907239671946427 || 7 | 1 | 0.985758606618629
31110.954793492781010 || 7 | 2 | 0.989976326292009
31210.997142593457004 || 7 | 3 | 0.993150242017613
4111]0.971203731303039 || 7 | 4 | 0.995514201769271
41210.990977711532539 || 7 | 5| 0.997251333028757
41310.990977711532539 || 7 | 6 | 0.998505846704918
51 11]0.978770306059569 || 8 | 1 | 0.987684168154986
51210.989445577788253 || 8 | 2 | 0.990626303869694
51310.995467621876660 || 8 | 3 | 0.993001403430024
514 10.998564900299892 || 8 | 4 | 0.994911765281798
6| 1]0.983023920211140 || 8 | 5| 0.996441971239801
6| 2]0.989461539079558 || 8 | 6 | 0.997662188044302
6| 31]0.993808941080083 || 8 | 7 | 0.998630796133262
6|4 |0.996661307600303

6|5 |0.998448622874396

5. A GENERALIZATION AND FINAL REMARKS

All results in this paper may be generalized in a straightforward way to confluent numer-
ation systems. Since the proofs and calculations are very similar to those given thus far in
the paper, only some key results and formulas will be given in this section. Introduced and
studied by Frougny in [9], she shows that confluent numeration systems are precisely those
with a sequence base given by the linear recurrence

Gnim = aGrim-1 + -+ aGpy1 + bGy, for n >0,

5.1 .
(5.1) Go=1,G;=(a+1)", for1 <i<m—1, where a,b € N;a > b.

It is clear that the dominant root of the characteristic polynomial, call it (,, .5, for this
recurrence is a Pisot number, see [3]. The sets S, and T,,, containing the forbidden sub-
words, are S, = {0™710,0™"11,...,0m (a—b)} and T, = {a™ 'a,a™ (a—1),...,a™ b}
As before, suppose a word w is the representation of an integer n in base Gy, defined by
recurrence (5.1). If we let s € S,,,, and = be such that 1 < x < a, then any occurrence of
a subword of the form zs in w may be replaced by the word (x — 1)¢, for some ¢ € T,,, to
obtain an equivalent representation of n, and vice versa.

In the principal factorization of a greedy representation W of a positive integer n, all
points remain the same except for the form of the U;. Each U; is of the form

Uy = 0™ e, 0m ey . 0™ trg0my

with1 <r<a,0<y<a-—b,and x; € {0,1,...,a — b+ 1}.
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The following is a restatement of Proposition 1 in this general setting. When a = b = 1,
Theorem 2.6 of Kocdbovd, Masdkova, and Pelantovd in [14] is recovered, where a formula
for the number of representations of an integer in the m-bonacci base is given.

Proposition 4. Let U = r0%2,0%z, . .. 2,0% 1y, where z; € {0,a—b+1} and 0 < y < a—b.

Then RU)=(1 1) (]i( [dﬂ%fl} [%} )) (?)

The next proposition is a generalization of Proposition 2. When a = b = 1, we recover
Corollary 1 in [6] where the numeration system is m-bonacci.

Proposition 5. Let U = r0™ 1x, 0™ 1oy ... 0™ zg0™ Ly where 1 < r < a,z; € {0,a —
b+ 1} for0<i<k, and 0 <y <a—"b. Further, let s = 1-2k+1+x§€~2k+~-+x’1-2—}—&:6.

Then
S 2 oz
R(U) = Z[( o J) (mod 2)}
— J
j
N
We now define the sets A,y = {z|z = Zanﬁ_n}, and the measures p, n = (a +
n=1
1)~V Z r(z)d,, where r(z) is the number of representations of z of length N in base
:EEAm,N

Bm.ap- For calculating the Garsia entropy in this generalized setting, the first key generating
function is Gy, (z), the generating function for the ST,,-free words. It is given by

™ —1
(@a—2b+1)amtt + (20 —2a — )z + (a+ 1)z — 1

Gm(x) =

Next, we give the generating function, P,,(x), of the analogous relational prefix classes. Here
it is assumed, as before, that a > b. Let

Ym(2) = a + (4 + 8a + 4a® — 8b — 8ab + 4b*)x*™ !
— (24 6a + 2a* — 2b — 2ab)a™ + (2 + 4a + 2a* — 2b — 2ab)a™ !
— (6 + 11a + 6a® — 14b — 14ab + 8b*)2*™ + (2 + 4a + 2a* — 6b — 6ab + 4b%)x* ™+,
Then

(@ —0b+1)x™ (1 + 2)vy,(2)
(1 —z)(1 —am)?

P, (z) = Gm(x).

Using P,,(x), we obtain a refinement of fi, which is defined in the same manner as before,
since the definition of Fy (k) does not depend on m. We have that

(1 + 2)ym(z) 2
fr(x) = a1 = )1 — 2m)? Gm(2)“ (), for k > 2.
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Additionally, we have from P,,(x) the function g,,(z) which is the generating function for
the v;, (i > 2) in the secondary factorization. We have that

Yo ()
() = 2" )
By similar methods to those used to find %—f(w, 1), we may obtain an analogous result for
9%m (2,1). Then

Os
o (1,1) = MY ™
where =1
_ (a—b+ Da(l —z)(1 = 32™) >y, (2)
Mo = (I+2)(1 = (a+1)x)2(1 —2m)2(1 — (34 2a — 2b)a™)?’
Let
Mm(x) _ (a—b+1)(1—2)(1 —32™)*y,.(x)

(a+1)(14+2)(1 —2™)2(1 — (3+ 2a — 2b)a™)?
Then the generating function

z) = Ni;oH(Am,N)xN — (1_1"—:0)2 (ln(cH— 1) — M(af—l) im (a_‘il)mN) .

N=1

Now, let
e’} mN
" (z) =1 1 :
Tm(z) =In(a+1) — (a“‘l)NZﬂKN( )
If we let
H(Amn) = — Z p(z) Inp(z),
xeAm n
where p(x) = (a’ﬁ) ~ is the weight assigned to x by i, and
H(Ay)
H,s;= lim —/———
o Nl_r)nooNlnﬁmab
then

1 1
Hyp = | — .
? In Bm,a,b T ((Z + 1)

Remark 1. A further generalization seems possible using a recurrence of the form
Gn+m - alGn—i-m—l + GQGn+m—2 + -+ am—lGn—f—l + amGn for n Z 07

(2
Gy = 1,Gi:ZakGi_k+1, for1<i<m—1, where a; > as > ...a,, > 1.
k=1
Since the combinatorics are different in the cases a = b and a > b, a natural concern in this
more general setting would be a combination of these cases, as in the example a; > ay =
az > ay. However, it seems quite possible that the equality as = a3 does not significantly
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change the counting, much the same as the counting in the generalization (5.1) is very similar
as in the case for (1.1).
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