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ABSTRACT. We characterize statistical independence of sequences by the LP-discre-
pancy and the Wiener LP-discrepancy. Furthermore, we find asymptotic information
on the distribution of the L?-discrepancy of sequences.

1. INTRODUCTION

Let z,, and y, be two infinite sequences in the unit interval [0,1). The pair of
sequences (T, yn) is called statistically independent if

for all continuous real functions f, g defined on [0,1], cf. [11]. In other words,
the double sequence (x,,, y,) is called statistically independent if it has statistically
independent coordinate sequences z,, and y,,.

For (z,,y,) and any p > 0 we define the LP statistical independence discrep-

ancy SD%)), the Wiener LP statistical independence discrepancy SW](\}D ), and the

statistical independence star discrepancy gD7 by the following: denote

1
Fi(,9) = 5 D X(0.5) (n)X(0.5) (),

n=1
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where xo,.)(t) is the characteristic function of the interval [0,x). Then

1 1
sDY ::/ / |F(a,y) = Fa(a,1)Fy (1,y)|" dz dy,
0 0

1 N
SW](VP)::/CO/CONZ gyn—NQfon Zgyn

n=1

SD}kV ‘= Sup ‘FN(mvy)_FN(x71)FN(]—7y) ’
z,y€[0,1]

dfdg, (1.1)

where df is the Wiener measure on the set Cy of all continuous functions defined
on [0, 1] satisfying f(0) = 0. Furthermore, we write SD(p) D(p) (zn,yn) and
similarly for SW](\f ) and sDy.

These definitions of discrepancy originate from the theory of uniform distribu-

tion of sequences, where the star discrepancy, the LP-discrepancy and the Wiener
discrepancy are given by

Dy (zy) = sup |Fn(x)—z|,

z€[0,1]
D%)) —/ |Fn(z) — z|" dz, (1.2)
1 ! ’
(») _ - .
Wi = N;f(m | aas| af.
where Fn(z) = + Zivzl X[0,z)(Zn). Again, a sequence x, is called uniformly

distributed, if D% (x,) tends to 0 for N — oo. This is equivalent to limy_, Dg\};) =
0 and im0 W& =0 (cf. [9)).

The following explicit formulee for statistical independence discrepancies are
known. In [5] the following formula is given:

0o N 2

1 al ‘
SDE\?) _ = kZZ k2l2 Z 2mi(kzn+Hlyn) ﬁ Z Z 82ﬂz(kmn—|—lym)

d=— n=1m=1

k,15£0

(1.3)
Furthermore, in [13] an alternative expression is presented:
T
SDE\?) - Z (1 — max(xm,xn)) (1 — max(Ym, yn))
1 | N
+ N1 Z (1 — max (T, xk)) (1 — max(yp, yl))
m,n,k,l=1
9 N
o Z (1 — max(zm, zx)) (1 — max(ym, ur))- (1.4)

m,k,l=1
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For the Wiener L? statistical independence discrepancy in [13] we have

2 1 al min(,,, T,,) min(Ym, Yn) 1 al min(z,,, £,) min(yg, y;)
2) 4 msyn msy Yn L ms4n ks Yl
sWy ~ N2 Z 2 2 T N4 Z 2 2

m,n m,n,k,l=1

2 i min(wm,xk)miﬂ(ym,yl)

- = 1.5
N3 2 2 (15)

m,k,l=1

These are extensions of classical formulee, which can be found in [9]. The notion of
Wiener discrepancy was introduced in [13].
In [5] it is proved that limy_,o sD% = 0 does not characterize the statistical

independence of (x,,y,). On the other hand, limy_, SD%?) =0forp=2isa
characterization and it has been conjectured that the same is true also for any p > 0.
In Section 2 we will prove this conjecture and we will also prove the same for the
Wiener discrepancy SWJ(\}D ). Moreover, we will see that the statistical independence
is fully described by the set of distribution functions of a given sequence (x,, Yy )-

In [13] it is proved that SW](VQ) = %SD%?), but a similar relation for SW](\}D), p>0
is not valid, which we will demonstrate in Section 4.

In Section 3 of this paper we will discuss the asymptotical distribution of L2-
discrepancy. This continues investigations of the star discrepancy due to Kol-
mogorov [8]. It is now well-known that

o0

Nli_r)n@lP’(\/ND}kV(xn) <t> = 3 (~nke (1.6)
k=—oc0

We will make use of a heuristic approach to this result due to Doob [4], which has
been justified by Donsker [3]. The heuristic states that the discrepancy function
Fn(x)—x behaves like a trajectory of the Wiener process. Especially this behaviour
holds for continuous functionals of the discrepancy function, as the supremum or
the LP-norm.

2. STATISTICAL INDEPENDENCE

As we have mentioned in the introduction, the equivalence

(Tn,Yn) is statistically independent <= lim SDE\?) =0
N—o00

was proved in [5]. We shall extend this characterization of statistical independence
to any p > 0. To do this we need the following notation:

For a given infinite sequence (z,,y,) in [0,1)?, let G(x,,y,) be the set of all
distribution functions of (x,,, yn).

Here g : [0,1]> — [0,1] is a distribution function of (x,,y,) if there exists an
increasing sequence of indices N1 < Ny < ... such that lim;_,o Fiv, (2,y) = g(x,y)
for every point (z,y) € [0,1]%. Following [9, p. 54] two distribution functions g;
and gy are considered to be equivalent, if g1(x,y) = ga2(x,y) a.e. on [0,1] or
equivalently, g1 (z,y) = g2(z,y) for every (z,y) € [0,1]?> where both g; and go are
continuous.



4 P. GRABNER, O. STRAUCH & R. TICHY
Theorem 1. For any sequence (x,,,y,) in [0,1)? and any p > 0 we have

(TnyYn) is statistically independent <= lim SD%)) =0.
N— o0

Proof. By the well known first Helly lemma and the Lebesgue theorem of dominated
convergence we have

1,1
lim / / }FN(x,y)—FN(x,l)FN(l,y)‘pdxdy:O<:)
o Jo

N—o0

1,1
¥(9 € Glonmn) [ [ latw) — gl Vgl )P dedy =0,
o Jo
The right hand side is true for all p > 0, and for p = 2, the left hand side charac-
terizes the statistical independence. Thus the proof is complete. [J
The following is an immediate consequence of the above proof:

Theorem 2. For every (z,,y,) € [0,1)?,

(Tn,yn) is statistically independent <=
¥(g € Gln,yn)) 9, 9) = 9z, Vg (1, ) ae. on [0, 1)%

Using the proof of Theorem 1 with Remark 1 in [13] and observing that any
neighbourhood in the supremum topology in Cy has a positive Wiener’s measure,
we have a condition for statistical independence in terms of the Wiener statistical
independence discrepancy.

Theorem 3. For any p > 0 the sequence (x,,y,) is statistically independent, if
and only if

: (p) _
s =0
Using Theorem 2 we can describe the case when the star discrepancy D73 tends

to 0.

Theorem 4. If G(x,,y,) contain only continuous distribution functions, then

(Tn,yn) is statistically independent <= ngnoo sDxN = 0.

Proof. The case <= follows immediately. The implication = follows from Theo-
rem 2 and the fact that, for continuous g € G(z,,y,), the convergence

Jim F, (z,y) = g(z,y)

— 00

is uniform in [0,1]2. Hence we have limg_ o0 sDy, = 0 and this leads to
limy o0 sD% = 0. O

In [14] it is shown that one can use the Wiener-Schoenberg theorem for the proof
of continuity of g € G(x,,) (cf. the monograph of L. Kuipers and H. Niederreiter
[9, Th. 7.5, p. 55]). The same method can be used for G(z, yn).
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3 UNIFORM DISTRIBUTION

In order to describe the asymptotic distribution function of the L2-discrepancy,
we use a theorem due to Donsker [3] and the well-known Feynman-Kac formula (cf.
[7]). Donsker’s theorem states that for a functional F', which is continuous in the
uniform topology on the space of sample paths of the Wiener process, the following
limit relation holds:

lim P (F <\/N(FN(x) - x)) < a) —P(F(2(.) < ), (3.1)

N—o0

where z(t) is a trajectory of the Wiener process with z(0) = z(1) = 0.

The Feynman-Kac formula relates the Laplace transform of the distribution func-
tion of the integral fg V(z(7))dr (V is a positive function) to the solutions of the
eigenvalue problem

S¥ () — V@)p(a) = ~Xb(z), b € *(~00,00). (32)

The relation is given by the formula

E (exp (- /O Vi) dT)

where \,, are the eigenvalues and 1,, are the corresponding normalized eigenfunc-
tions of (3.2).

In order to get information on the distribution function of L2?-discrepancy we
have to study equation (3.2) for V(z) = x2. Clearly, this procedure could also be
applied for V(z) = |z|P to study the distribution of LP-discrepancy, but it is not
enough known to get as precise information as in the L?-case. We will write

x(t) = o) =V2mt Yy e M, (0)?, (3.3)

o(T) = Jim P(VNDY <T) (3.4)

N—oo

for the limit distribution of the L2-discrepancy.
First, we notice that by the rescaling property of the Wiener process we have

e (o (- [ ey’ ar) oty =0) =& (exp (-1 (r)? ar)

For the case studied here equation (3.2) has the form

2(1) = 0) .
(3.5)

Lo (@) — 229 (a) =~ (o),

2
which is the differential equation for the Hermite functions (cf. [10,p.253]). Thus
we have \,, = 27\%1 and

2 e,
() = 7;%@7@' A, (Var).



6 P. GRABNER, O. STRAUCH & R. TICHY

where H,, are the Hermite polynomials as defined in [10,p.249]. Hence we derive

E <exp <— /Otl’(T)QdT) z(t) = 0) — M;exp (_4n\/g 1t) 4% (2:) _

V2t
sinh /2t .

Using (3.5) we obtain
E (exp (—s /le(T)ZdT) z(1) = 0) = %

for the Laplace transform of the distribution function of the limit distribution of

N (Dg\?)) Notice that this function is holomorphic in the region Rs > —Z-. Fur-
thermore, it has a branch cut of the square-root type at the point s = —7. Thus

using the Laplace inversion theorem and asymptotic techniques for the Laplace
transform (cf. [2]) we obtain

(T)=1- 5T 40 (Fe—gT) : (3.6)

We remark here that for the case of LP-discrepancy the whole procedure also
works. Again the Laplace transform of the distribution function is holomorphic in
a region Rs > —e for some € > 0, but this is a consequence of (1.6). We could
not derive this analytic information from the knowledge of the asymptotics of the
eigenvalues and eigenfunctions (cf. [15], [12]), nor could we find the location of the
singularity of the largest real part, whose type would yield asymptotic information
on the limiting distribution of the LP-discrepancy.

4. RELATION BETWEEN WIENER’S AND CLASSICAL L2 DISCREPANCY

We start with the Paley-Wiener formula (cf. [1]):

L[ srama]ar= Gz [ roan = [Cutim

where F'(u) is a (real or complex-valued) measurable function defined on (—oo, 00)
such that e‘“QF(bu) is of class Ly and m(1) = 0. Thus, putting F(u) = |u|P’ and
m(x) = Fy(x) — x, in the classical case we have

1 p—l—l 2 £
Wj(f)—\/_l“< . )(Dﬁv)) .

Assuming m(z,y) = my(z)ma(y) on [0,1]? and m;(1) = ma(1) = 0, the Paley-
Wiener formula can also be used for computing the two dimensional integral

[ e[ [ ] aras
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For any x1, 2 and y1, y2 in [0, 1), there exist my(x) and ma(y), m1(1) = ma(1) =0,
such that Fy(z,y) — Fo(z, 1) Fa(1,y) = my(x)ma(y) (z,y € [0,1]). Hence

1 +1 ]
sWiP) = ;FQ <p_2 ) (SD§2)> i

The proof of SW](VQ) = ing\?) in [13] is also extremely simple: Using (1.3) we
have

for every p > 0.

S’Dg\?)(xnayr) - SDg\?)(l — Tn, 1-— yn)

and using 1 — max(z.,, x,) = min(l — z,,, 1 — z,,) and (1.5) we have the result.
These results give rise to the question whether there is a relation of the type

WP =, (SDE?) : (4.1)

between the different notions of statistical independence discrepancy. In the fol-
lowing we give explicit formulae for these discrepancies which lead to the negative
answer.

The Paley-Wiener formula is equivalent to

k

/CO (/01 f(z) dm(@)% df = w (/01 dt </01X[t71](x) dm(m))2> ,

where £ = 1,2,..., 2k — 1)!! = (2k — 1)(2k — 3)---3 - 1 and for the exponent
2k + 1 the left hand integral is zero. (For this formula the assumption m(1) =0 is
superfluous.) The formal two-dimensional analogue is the relation A = ¢B, where

2k

/co /c </ / f(@)g(y) dm(z, y>) df dg,
. </01 /o1 </o1 /01 X111 () X[ta,1] dm(fﬁ,y))2 dt; dt2>k

and c¢ is independent of m(z,y). These integrals can be expressed as

[ [t st ar) ([ ato)--gtem )

dm(ul, U1> oo dm(UQk, ng>,

= / . / (min(uy, ug) ... min(ugg_1, usk)) (min(vy, ve) . .. min(veg_1, var))
dm(uy,v1) ... dm(ugk, vag).

Furthermore, by the well known formula (which can also be proved by applying the
above Paley-Wiener formula)

(2k —1)!

. fluy) ... fuog)df SRR me U (1), Ur(2)) - - - IN(Ur (2—1) U (2k) )
0
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where the summation ) | ranges over all permutations 7 of (1, ..., 2k). For the odd
case 2k + 1 the integral vanishes. Next we choose m(z,y) such that dm(a;, b;) = z;
fori=1,...2k, and dm(z,y) = 0 otherwise. Here we shall view z; as independent
variables. Assuming A = ¢B and comparing the coefficients at z; ... 221, we have
C = ¢ D, where

C =) (min(ar(1), tr(2) - - Min(@r(2e-1), Gr(2r))) X

x> (min(br(r), baz)) - - - min(br(ar—1), br(ar))) -

D= Z (min(%(l)v Ur(2)) - - - MiN(Ar(2-1), aﬂ-(Qk))) X

T

X (min(bﬂ(l), bﬂ(g)) Ce min(bﬂ(gk_l), bﬂ(gk)» .

Putting a; = b;, 2 = 1,...,2k, we have

2
<Z (min(ar(1y; Gr(2)) - - - min(ar2p—1), aw(%))))

. . 2
= Z (min(ar (1), @r(2)) - - - Min(@r(2k-1)s Gr(2k))) s

which is impossible, for £ > 1 and general a;.
The proof of impossibility of (4.1) is more difficult. First, we have mentioned
that for

m(x,y) = FN(x7y) _FN(x71)FN(17y)

we have A = SW](V%) and B = (SDE\?))’“. Moreover, dm(z,y) # 0 only for z =
Ty and y = y,, where 1 < m,n < N. Precisely, assuming that xq,...,zxy and
Y1i,--.,YN are one-to-one we have

dm(zm, yn) =
(Zrm, Yn) —-L_in other cases.

{%—ﬁifm:n,
N

For brevity, we shall use the following notation:

m:= (mq,..., M),
71'(1’1’1) = (mﬂ'(l)7 s 7m7r(2k:)>7
Xm = (Timyy - s Timoy )s

1<m<N<=1<m <NA---Al<mg <N,
[(m,n) = #{1 <i<2k;m; = n;},
k

M(Xm) = H min<xm2if1 ) wmzi)'
1=1
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Computing the integrals A and B for such m(z,y) we can find

ory 1 1\?
SW](V):W (Wk') Z (X ) p(Yn) X

1<m<N
1<n<N

X S (N = )lmm) ) ()2t ). ma),

2\ * 1
(SDEV)> ~ N E 1(Xm ) p1(yn) X
1<m<N
1<n<N

> (N - 1)l(m,n) . (_1)2k—l(m,n).

We can regard x1,...,zxy and y1, ..., yy as independent variables. Then we see that
k

SW](V%) and (SDE\?)) are homogeneous polynomials of the degree k in x1,..., 2N

and y1,...,yN, respectively.

In the following denote

T — IMax T;, Tp = max X = Imnax ; d — max ;
¢ <i<n Y 1<i<N,i#a ' Ye 1gz’gNy“ y 1§¢§N,z’;écy“

and let a # ¢ and b = d. Next we shall find coefficients of ¥~ 1zy*~ 1y, in SW](V%)

)" :
and (SDN ) , respectively.

k—1

o~ xy only for

First, p(xm) =

{ (a,...,a,b,a,...,a) (type I),

m =

(a,...,a,b,b,a,...,a) (type II),

where the couple (b, ) lies at the place with indices (2i —1,2i). We have 2k vectors
of type I and k(2k — 1) vectors of type II. If m is of type I and 7 ranges over all

permutations of (1,...,2k), then all vectors of type I occur in 7w(m) (2k —1)! times.
If m is of type II, then all vectors of the form

(a,...,a,b,a,...,a,b,a,...,a) (type IT)

occur in w(m) with multiplicity 2.(2k — 2)!. For (m,n) of type (I,I) we have
[(m,n) = 1 in 2k cases and I(m,n) = 0 in (2k)? — k cases. For (m,n) of type (I,II)
we have [(m,n) = 1 in 2k cases and [(m,n) = 0 in 2k? — 2k cases. For (m,n) of
type (ILII) we have only I(m,n) = 2 in k cases and [(m,n) = 0 in k% — k cases.
Similarly, for type (I,II’) we have

1 in 2k(2k — 1) cases,

l(m,n) = { 0 in k(2k — 1)(2k — 2) cases,

and for (II',II") we have

2 in k(2k — 1) cases,
I(m,n) = ¢ 1in 2k(2k — 1)(2k — 2) cases,
0 in k(2k — 1)(k — 1)(2k — 3) cases.
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Summing up all of the above we have

Z (N . 1)l(m n) | ( )Qk I(m,n)

1<m<N

1<n<N
u(xm)—x Ly
w(yn)=yl " 'ya

= k(N — 1) = 6k(N — 1) + 9k — Tk,

Z Z l(ﬂ'l(m),ﬂ'g(n)) ( 1>2k—l(7r1(m),7rg(n)):

1<m<N T1,72

1<n<N
w(xm)= a: Ly
1(¥n)=y5 " "ya

((2k)D)2 ((2k% — k) (N —1)* — (8k® — 4k + 2k)(N — 1) + (4k" — 4k® + 3k — k))
which is a contradiction to

k
SW](VQk) = Cok, (sDE\?)>

5. EXAMPLES AND FURTHER RESULTS ON STATISTICAL INDEPENDENCE
Using the expressions (1.3), (1.4) and (1.5) we immediately have:

Theorem 5.

(i) The sequences (Tn,Yn); (Yn, Tn), (1=Zn,yn), (1—2pn, 1—yn) and (t12,, tax,)
are simultaneously statistically independent. Here ty,ty € (0,1] and in the
case x,, = 0 we reduce 1 — x,, mod 1.

(ii) (c,yn) is statistically independent with any y,,c € [0,1), where ¢ is a con-
stant.

Using an example given in [5] we will generalize (ii) in the following way. Define,
for a € [0, 1], the one-jump distribution function ¢, (z) as

(2) 0, for0<zx<aq,
co(x) =
1, fora<z<1.

Theorem 6. Assume that the sequence x,, in [0,1) has the limit law c,, i.e.
limy_ 00 En(2) = co(x) a.e. Then for any sequence y, in [0,1) (xn,yn) is sta-
tistically independent.

Proof. For a continuous g : [0,1] — R we have

¥ 2 gt = 53 37 D gl

n=1

<2 sup ol |—Z|f:cn ]

z€[0

and for a continuous f : [0,1] — R we have

i 1)~ 5@ = [ 15 - f@ldeatw) =0.
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Theorem 7. For sequences T, Yn, =, and y,, in [0,1) we assume that

N

. 1

Jm > (an — | + |y — yll) = 0.
n=1

Then the sequences (zn,yn) and (xl,,y,) are simultaneously statistically indepen-

dent.

Proof. This follows from the expression (1.5) and from the fact that
Iz —yllu —v| = &' =[]/ =[] < Jo = 2| + |y =y + [u—v| + Jo =]

for x,y,u,v, 2’ y',u/,v" € 0,1]. O

Motivated by Theorem 2, a trivial example of statistical independence is given by
a sequence (x,,y,) which is uniformly distributed in the square. Another example
is any sequence (z,,y,) which has only one-jump distribution functions. A more
general example:

Let G; and G2 be any nonempty closed and connected sets of one-dimensional
distribution functions. Denote

G1- Gy = {g1(2)g92(y); 91 € G1,92 € Ga}.

Again G - G2 is nonempty closed and connected and thus by R. Winkler [16] there
exists a sequence (7,,¥,) in [0,1)? such that G(z,,y,) = G1 - Go. By Theorem 2,
this sequence is statistically independent.

Furthermore, Theorem 2 may be used for a generalization of the notion of sta-
tistical independence to the multidimensional sequence (%, Yn, 2n,-..) in [0,1)?
(precisely, the statistical independence of its coordinate sequences x,,, Yn, Zn, - - - )
as follows:

(Tn, Yns 2n, - - - ) 18 statistically independent if, for every distribution function g €
G(Tn, Yn, Zn, - - - ) we have

g(z,y,2z,...)=g(x,1,1,...)9(L,y,1,...)g(1,1,2,...) ...

a.e. on [0,1]°. As an example we give the following sequences described in [6]:
Let x,, be defined by

X, = <(_1)[[10g(j) n]/P1] log®) n]/Pr . (_1)[[log(” n]l/ps][log(j) n]l/ps> mod 1,

where log(j) n denotes the jth iterated logarithm log...logn, and p1,...,ps are
coprime positive integers. Then, for j > 1, the set of all distribution functions of
x,, coincides (under equivalence) with the set of all one-jump distribution functions
on [0,1]* and thus the sequence x,, is statistically independent.

REFERENCES

[1] CAMERON, R. H., MARTIN, W. T., Evaluation of various Wiener integrals by use of certain
Sturm-Liouville differential equations, Bull. Amer. Math. Soc. 51 (1945), 73-90.

[2] DOETSCH, G., Handbuch tber die Laplace Transformation, II, Birkhduser Verlag, Basel,
1955.



[16]

P. GRABNER, O. STRAUCH & R. TICHY
DONSKER, M.D., Justification and extension of Doob’s heuristic approach to the
Kolmogorov-Smirnov theorems, Ann. Math. Stat. 23 (1952), 277—281.
DOOB, J.L., Heuristic approach to the Kolmogorov-Smirnov theorems, Ann. Math. Stat. 20
(1949), 393—-403.
GRABNER, P. J., TICHY, R. F., Remarks on statistical independence of sequences, Math.
Slovaca 44 (1994), 91-94.
GRABNER, P. J.,, STRAUCH, O., TICHY, R. F., Maldistribution in higher dimensions (to
appear).
KAC, M., Probability and related topics in physical sciences, Lectures in Applied Math.,
Proceedings of a Summer Seminar in Boulder, Col. 1957, Interscience Publishers, London,
New York, 1959.
KOLMOGOROFF, A.; Sulla determinazione empirica di una legge di distribuzione, Giorn.
Ist. Ital. Attuari 4 (1933), 83-91.
KUIPERS, L., NIEDERREITER, H., Uniform Distribution of Sequences, John Wiley &
Sons, New York, 1974.
MAGNUS, W., OBERHETTINGER, F., SONI, R.P., Formulas and Theorems for the Special
Functions of Mathematical Physics, Springer, Berlin, Heidelberg, New York, 1966.
RAUZY, G., Propriétés statistiques de suites arithmétiques, Le Mathématicien, No. 15, Col-
lection SUP, Presses Universitaires de France, Paris, 1976.
RAY, D., On spectra of second-order differential operators, Trans. Amer. Math. Soc. 77
(1954), 299-321.
STRAUCH, O., L? discrepancy, Math. Slovaca 44 (1994), 601-632.
STRAUCH, O., On the set of all distribution functions of a given sequence (to appear).
TITCHMARSH, E.C., Eigenfunction Ezxpansions Associated with Second-Order Differential
Equations, Oxford University Press, 1946.
WINKLER, R., On the distribution behaviour of sequences, Math. Nachrichten (to appear).
P. GraBNER & R. TicHY O. STRAUCH
INSTITUT FUR MATHEMATIK A MATHEMATICAL INSTITUTE
TECHNISCHE UNIVERSITAT GRAZ SLOVAK ACADEMY OF SCIENCES
STEYRERGASSE 30 STEFANIKOVA 49
A-8010 GRAZ, AUSTRIA SK-814 73 BRATISLAVA, SLOVAKIA

e-mail addresses: grabnerQweyl.math.tu-graz.ac.at
strauch@savba.sk
tichy@weyl.math.tu-graz.ac.at



