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generating functions of the form P(x)F(x), where P(x) is the generating function for the
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a quasi-automatic way from expansions of F(x) around x = 1, which parallels the classical
singularity analysis of Flajolet and Odlyzko in many ways. Numerous examples from the
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partition statistics.
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Figure 1. The Ferrers diagram of the partition 9+ 745+ 542+ 1+ 14 1 and some partition statistics.

1. Introduction

The aim of this paper is to provide a tool for studying statistical properties of random
integer partitions. Formally, a partition of a positive integer n is a representation as a sum
of positive integers, where the order of summands is not taken into account. This means
that one can assume, without loss of generality, that the summands are in decreasing
order:

n=citcette, azaz > (1.1)
The numbers ¢y, ¢y, ... are called the parts. For instance, the partitions of 5 are
5=44+1=34+2=34+14+1=2424+1=24+1414+1=14+1+1+1+1

Andrews’ classical book [1] provides an introduction to the rich subject of integer
partitions. Partitions are conveniently represented by means of Ferrers diagrams, such as
in Figure 1, which shows the partition 9 +7+ 54+ 542+ 14141 of 31: each summand
is represented by a row of dots. This figure also exhibits a couple of partition statistics,
which are the main subject of this paper. They capture different structural aspects of an
integer partition.

The study of statistics of random partitions has a long and rich history; the earliest
results actually appear in the physics literature [12], since partition statistics occur
naturally in statistical physics. In the following, we will discuss various different instances
of partition statistics that have been investigated in the literature. The first thing to look at
is usually the mean of a certain parameter, followed by the variance and higher moments,
and — if possible — the limiting distribution.

In the analysis of partition statistics, one often has to study generating functions of the
form P(x)F(x), where

o0
P(x) =[] —x)"

j=1
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is the generating function for the number of partitions. In this paper, we develop a general
asymptotic scheme that allows us to derive an asymptotic formula for the nth coefficient
of P(x)F(x) from the behaviour of F(x) as x — 1 in an almost automatic fashion. This
scheme is then applied to a variety of examples of partition statistics: we re-prove (and
extend) known results and also treat some new examples.

It is well known that p(n) = [x"]P(x) essentially behaves like

1
mexp(m/Znﬂ),

which is made much more precise by Rademacher’s celebrated formula

d smh( (n — i))
520 AL U

n—1/24
a sum formula that is both exact and asymptotic (in the sense that the asymptotic
order of the summands is decreasing). The coefficients Ay(n) can be expressed in terms
of Dedekind sums. See Rademacher’s original book [18] or Apostol’s book [2] for an

excellent exposition. This result depends heavily on a functional equation for P(x), a
special case of which is given by

—t t n? t —4n?/t
Pe™") = \/;exp(&—zél)P(e ). (1.3)

We will make frequent use of this functional equation throughout the paper. Let us now
consider a few examples that lead to generating functions of the form P(x)F(x).

(1.2)

1.1. The length of a partition
The length (number of parts) of a partition has bivariate generating function
0
[Tt —uxy™,
j=1
where the exponent of u marks the length [8, p. 171, Example I11.7]. Differentiating with
respect to u and setting u = 1, we obtain the generating function

H(l—x/ gl—xf

for the total length, summed over all partitions. The coefficient of x", divided by the
number p(n) of partitions of n, yields the average length of a random partition of n.
This was used by Husimi [12] and Kessler and Livingston [14] to obtain rather precise
asymptotics for the average length: it is given by

\é—f:n - (logn + 2y — log(n*/6)) + O(logn). (1.4)

Husimi actually gives two more terms, for an error term of O(n~'/?). In Section 4, we
will use our results to compute arbitrarily many terms of such an expansion. Higher
moments were studied by Richmond in [20]. The length asymptotically follows a Gumbel
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distribution, as was shown by Erdds and Lehner [5]. It is well known that the largest part
follows the same distribution (as can be seen by conjugation of the Ferrers diagram), and
so its mean is the same as well. These two parameters are asymptotically independent, as
shown by Szekeres [22].

1.2. Number of distinct parts

The number of distinct parts is known to follow a normal distribution in the limit, as
proved by Goh and Schmutz [9], with mean asymptotically equal to \/6n/zn. If we are
interested in an asymptotic expansion for the mean, we again have to consider a bivariate
generating function:

o0

H(1+ 1?;;)

Jj=1

(see [8, p. 169, Note II1.7]). Differentiating and setting u = 1 yields
Ty X
[[0 =" =
j=1

which is of the form P(x)F(x) as well. A generalization of this parameter, namely the
sum of the mth powers of all distinct parts, was studied by Hwang and Yeh [13]. The
associated generating function is

o0 0

[T =)t

Jj=1 j=1

which also belongs to our scheme.

1.3. Moments of a partition
For a partition (cy,ca,...,c,) of an integer n, consider the kth moment

The case k = 0 clearly corresponds to the length, while the above sum is always equal to
n for k = 1 by definition. As before, differentiating the bivariate generating function

(1 —u/ x/)!
1

o0

J

with respect to u and setting u = 1 yields

o0 -k

[T - f: 1J_x;,

j=1 Jj=1

see [11, Theorem 6.6]. [11, Corollary 6.5] gives an interesting connection to so-called hook
lengths; see also [24] for an occurrence of the special case k = 2 in graph theory.
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1.4. Number of parts of a given size
The bivariate generating function for the number of parts of size d (in terms of (1.1), the
number of parts ¢; that are equal to d) is given by

1—x! & L
T—uxd H(l =)
j=1
so we have to study
Xd =
I—xi H(l -
j=1

for the average number of occurrences of the number d among the parts of a random
partition of n. Note that in the case d = 1, this coincides with the aforementioned
generating function for the number of distinct parts, which is known as Stanley’s theorem
[21, p. 48, Exercise 1.26].

1.5. Number of parts with given multiplicity

The multiplicity of a positive integer d is the number of times it occurs as a summand c;
in a partition (cy,¢p,...) as in (1.1). If u marks all parts that occur with some prescribed
multiplicity d, we obtain the bivariate generating function

ﬁ(l—l J _1)de)

j=1
(see [4, Theorem 1]), so that the generating function for the total number of parts of
multiplicity d is given by

8

. (1 —x)x¢
H(l —x/)” Zxdk(l —xh = H(l — /)7 (1 — x4)(1 — x4+1y

j=1

The asymptotic behaviour of the mean was found by Corteel, Pittel, Savage and Wilf
[4]: the average number of parts of multiplicity d is asymptotically \/671/ (nd(d + 1)). The
limiting distribution is Gaussian for fixed d: see [19]. In Section 4, we will show how to
determine a further asymptotic expansion for the mean. It is also worth mentioning that
the number of parts of multiplicity d almost exactly follows the same distribution as the
number of d-successions (i.e., occurrences of two subsequent parts whose difference is d),
which can be seen by conjugation of the Ferrers diagram. Successions in partitions were
investigated in another recent paper [15]. Another related parameter that also falls under
our scheme is the number of ascents of size d or more, which was studied in [3]. A special
case is the number of gaps (ascents of size 2 or more); see [16].
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1.6. Largest repeated part
It was shown in [10, equation (6.4)] that the generating function for the sum of the largest
repeated part sizes over all partitions of n is given by

%) o0 2
Y AT I

o= =

j=1 j=1

and this can ecasily be generalized to yield the generating function for the sum of the
largest part sizes that are repeated at least d times (if no such part exists, it is defined to
be 0):

H(l _Xj)_ Z 1— xd}

j=1
Note that d = 1 corresponds to the maximum of the parts in a partition. Results on the

limiting distributions of the largest repeated part and related parameters can be found in
[26].

1.7. Longest run

The longest run (maximum multiplicity, i.e., the greatest number of times a part gets
repeated in a partition) was shown to follow a rather unusual limit law in [17]; see also
[25], where the mean of the longest run was found to be asymptotically equal to

(r-)

In Section 4 we will considerably improve on this. Since the generating function for the
number of partitions whose longest run is < k (k a positive integer) is easily found to be
[1, p. 3, Theorem 1.1]

we have to study the generating function

P(x)- Zk KT — PR ) =P Y (1= P
k=

or, more generally for the mth moment,

P(x)- Z(k’" ™(1—P)™.

A related question concerns the probability that a certain integer k is one of the parts of
largest multiplicity. The generating function for the number of partitions for which this
is the case is

® xk/(l_xk) x(+1j _p . * xk/(l_xk)
[ kD) H —w W ; (I — XKCF)P(x/F1)’

/=1
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which is once again of the form P(x)F(x). In a similar manner, we obtain the following
generating function for the number of partitions with the property that all parts have
strictly smaller multiplicity than k:

, 1—xke Ll ™ L (1 — xK)P(x’)
(=1 =1 /=1

There are two main approaches to determining the asymptotic behaviour of the
coefficients of generating functions of the form P(x)F(x). The first is to write

[X"IP(x)F(x) = _ p(k)[x"*]F(x)
k=0

and to use Rademacher’s formula (1.2) to approximate p(k) in this sum, so that it can
be determined by means of the Euler—Maclaurin formula or other techniques (see for
instance [3] or [4]). The second possibility is to work directly with the generating function
and to apply Cauchy’s integral formula (as for instance in [13] or [14]) in combination
with the saddle point method. We will adopt this approach here as well, but we also
add some other ingredients: in particular, the functional equation of P(x) allows us to
transform some of the arising integrals to Bessel functions in the (common) situation that
F(e™) has an asymptotic expansion into powers of ¢ as t — 0F. This has several benefits.

e The asymptotic behaviour of the coefficients of P(x)F(x) and even asymptotic
expansions can be determined completely automatically (to the extent that the method
can be implemented in a computer algebra system) from the behaviour of F(x)
around x = 1. Knowing further terms in an asymptotic expansion is often desirable,
since cancellations frequently occur in higher moments, in particular the variance.

e For certain statistics (for example the longest run, see Section 4), one can obtain the
asymptotic behaviour of all moments directly from our theorems and thus also the
limiting distribution.

e In some situations (see the discussion of moments of partitions and longest runs in
partitions in Section 4), very strong error estimates (superpolynomial decay) can be
obtained, which lead to excellent approximations of the exact quantities.

The following section gives a more detailed description of our results.

2. A general asymptotic scheme

Let us now develop the general scheme that allows us to obtain asymptotic expansions for
the coefficients of a generating function of the form P(x)F(x). It is based on the classical
saddle point method. The technical conditions we impose on F(x) for this purpose are
rather mild. First of all, we express the coefficient of x" by means of Cauchy’s integral
formula,

1

[XIPCOF(x) = o g

z " 1P(2)F(z)dz (2.1)

for a closed curve C around O inside the unit circle. If we take C to be the circle of
radius e around 0, where the choice of r will be specified later and is determined by the
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position of the saddle point, the change of variable z = e yields

1 Y A A
— ¢ 27" 'P(2)F(z)dz = —/ M P (e F (e ) du (2.2)
2ni Jo 2n J_,
As usual in applications of the saddle point method, only the central part of the integral
is relevant, while the rest only contributes a very small error term. Therefore, the main

asymptotic information can be determined from the behaviour as z goes to 1. Essentially,
1

o) [x"]1P (x)F(x)

is given by the value of F(z) at the saddle point z = ™™/ Vér: see Theorem 2.2 below. For
this purpose, it is necessary that F(z) does not grow too quickly as |z| — 1. Specifically,
we assume that

|F(z)| < /07" a5 |z| - 1 for some C >0 and 5 < 1. (2.3)

Remark 1. It will be convenient for us throughout this paper to use the Vinogradov
notation f(z) < g(z) interchangeably with f(z) = 0(g(z)).

A simple sufficient condition for (2.3) to hold (that will actually be satisfied in all our
examples) is that the coefficients of F(z) grow at most polynomially.

Our main results parallel the classical Flajolet-Odlyzko singularity analysis [7] in many
ways. We first prove a O-result (see [8, p. 390, Theorem VI1.3]), mostly as an auxiliary tool,
that reads as follows.

Theorem 2.1. Suppose that the function F(z) satisfies (2.3) and F(e™") = O(f(|t])) as t — 0,
Ret > 0. Then we have

L n _ _ o 1/2—€ (TE —1/2—e ))
=) [X"]P(x)F(x) O(exp( n'>=) + f N +0(n )

for any fixed 0 < e < (1—n)/2 as n > .

With just a little further technical assumption, we get an asymptotic formula with a
o(1) error term, which is useful if we are only interested in first-order asymptotics (for an
example, see the discussion of the position of the longest run at the end of this paper).

Theorem 2.2. Suppose that the function F(z) satisfies (2.3) and that
F(eftJriu)

F(e™)

if lu| < At'* for some A > 0 and for some € < (1 —n)/2, uniformly in u as t — 0%. Then
we have

ﬁ[xﬂ]P(x)F(x) = F(e—n/\@) (14 0(1)) + O (exp(—Bn'/>=))

as n — oo for some B > 0.
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Remark 2. The required technical condition on F avoids pathological examples (e.g.,

zeros of F(z) accumulating as z — 1). It is easy to check them for all the examples

described in the Introduction. A sufficient condition is that

t1+50 F/(efz)
F(e™)

remains bounded as t — 0 (Ret > 0) for some ¢p < e.

In many cases, however, much more is known than in those two theorems, i.e., we know
the asymptotic behaviour of the function F at z =1 very precisely. Indeed, as will be
shown in Section 4, we often have an asymptotic expansion for F(e™") into powers of ¢ (and
possibly logarithms) around ¢t = 0. In this case, we can be much more precise by relating
the central part of the saddle point integral (2.2) to classical integral representations of
Bessel functions. The final result is stated in the following theorem.

Theorem 2.3. Suppose that the function F(z) satisfies (2.3) and F(e™") = at® + O(f(|t|)) as
t - 0, Ret > 0, for real numbers a,b. Then we have
1
p(n)

2n >b I\b+3/2|( 5 (”—i))
J24n —1 13/2( (n_i))

+0 <exp(—n1/2f) +f <\/%n +0 (nl/“)))

as n— oo for any 0 <e < (1 —n)/2, where I, denotes a modified Bessel function of the
first kind. Similarly, if F(z) satisfies (2.3) and

[x"]P(x)F(x) = a(

Fle™") =at log% +O0(f(jt])) ast—0,

then

1, B 2 \" =T\ Disaa (Y5 (0= 5))
W[X ]P(X)F(X)_a<«/24n—l) (log( 2n > ]3/2( 2ﬂ2(n_2i4))
2K k

+Ziz(_1)j<l;>llb+]+3/2< x ("—214))>

k=1 j=0 13/2( 2r2 (}’l — i))

+0 (n(h+1(+1)/2 +f(\/7;> + 0(n1/26)>>
n

for any non-negative integer K.

Remark 3. Of course, this theorem generalizes to asymptotic expansions of the form

J
F(e™) = aj" + O(f(t])).
j=1

or even to mixed expansions involving logarithms.



10 P. J. Grabner, A. Knopfmacher and S. Wagner

The absolute value in the index of the Bessel function can actually be dropped, since the
difference I,(z) — I_,(z) decreases exponentially as z — co. Note further that the modified
Bessel function I}, 3,5 can be written in terms of elementary functions for integer values
of b (see [27, Section 6.22]). For non-negative integer h, we have

1 1\ (h+))!
b= =3 (5)

to the effect that the quotient simplifies, with h = |b + 3/2| — 1/2 and

_2n2 i
=3\ T s

1\b+3/2\( 5 ("_217‘» = _1 Z i <_1)j+0(82m)-

j1(h — 2
13/2( 22(n_;j)) Jih— ! m
For non-integer values of b, this is at least asymptotically correct, in the sense that
1\b+3/2\( % (n— ﬁ)) LoheNep 1y
13/2( - 21*4)) A
for any fixed J, with the same abbreviations as above. This also shows that in the sum

d (KN Lipyjy372/(m)
Y, j+3/2]
Se()

j=0

(€ —(=1)"e™),

to

the power m~ in the asymptotic expansion vanishes for ¢ < |(k —1)/2], since its

coefficient is a polynomial of order 2/, and the alternating sum above amounts to
taking kth differences. Therefore, this sum is of asymptotic order m~L¢+1/2],

Equipped with these theorems, one can now analyse the asymptotic behaviour of many
partition statistics following a fixed algorithm.

e Determine the generating function for the mean (higher moments, ... ) and write it in
the form P(x)F(x).

e Make sure that F(x) satisfies the technical conditions (trivial in most cases).

e Theorem 2.2 readily gives the main term, which may already be sufficient.

e If further terms are desired (e.g., because one would like to obtain higher accuracy
approximations, or because cancellations occur), determine an expansion of F(e™)
into powers of t (and possibly logarithmic terms) if possible.

e Apply Theorem 2.3. Use the asymptotic expansions of the Bessel functions to obtain
asymptotic formulae in terms of powers of n. Those last steps are fully automatic and
can be performed by a computer algebra system.

This process will be illustrated in Section 4 by means of various examples.
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3. Proofs of the main results
For the proofs we need the following technical lemma. Similar estimates are frequently

used in the theory of partitions; see for instance [17].

Lemma 3.1. Uniformly as |u| < &, we have

|P(efr+iu)| u2
Py P (‘r(uz ey om)

asr— 0%,
Proof. The proof essentially follows the ideas of [17]. First we get

) o o
exp (_ Z log(l —]r+l]u ) ’ = lexp (Z Z —]kr-‘rijku) ’
- i

[P(e7)] =

— P nen(- 23 e cos(jku)))

._.
-
Il
_

Jj=1
0

Z( e —jr e /(7+1u)_e Jji(r zu))>

1 1 1
———t + >

< P(e")exp (— e/ (1— COS(]“)))

er — 2(el+lu _ 1) z(er i __ 1)
r 1 —cosu
=P(e™" —coth|{ =z | ———
(e )exp( «© (2) 2(coshr — cos u))
after a few simplifications. Now, making use of the inequality 1 —cosu > 2(u/n)?, the

exponent can be estimated below by

coth ry 1 —cosu _
2) 2(coshr —cosu)

ry 1+coshr—1 -1

2 1—cosu
r coshr — 1\ !
hi=) (1422~
com(3) - (1+ 57 )
o)) -

u2

_ 2
o+ 712;'2/4)(1 +00)

u?

=g O

This completes the proof of our lemma. U]
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Proof of Theorem 2.1. We start with the integral representation (2.2), where we choose r
to be the saddle point r = n/,/6n. Now choose € < (1 —#)/2 and split the integral into a
central part for which |u| < 2r'*€ and the rest. For sufficiently large n and 2r'*¢ < |u| < =,
we have

2 1 1 3
u 2p2et,

= =
r(u? +n2r2/4)  r(1 +n2r?/(4u?)) = r(1 +w2r2€/16) ~ 2
and thus, by Lemma 3.1 and the assumptions on F,

i / ern—inuP(e—r+iu)F(e—r+iu) du
2n 2t ul<n

< sup ‘ern—inuP (e—rJriu)F(e—rJriu)l
2riteJu|<n

3
K "P(e™")exp (—2r2€_1 +C(1l—e")y T+ O(r))

2e—1

The functional equation (1.3) shows that

r

l’H‘P —r —
e"P(e™) o=

X r+7'52 r
KPS T 2

) P(e ¥y < n¥4p(n),

so that finally

1
2n

2e—1
< p(n)exp (—; (\%) + 0(n’7/2)>

< p(n)exp(—n'*7°).

/ ernfznuP (efr+m )F(€7r+m) du
2rite|ul<n

Hence it suffices to consider the remaining part of the integral. Since |r — iu| = r + O(r'+%)
for |u| < 2r'* by an easy calculation, we have

I

Jon

F(e )] < f(r — iul) = f (r + O(-'*)) = f ( + O(n_1/2_6)>

within this interval. Hence it suffices to show that
/ |ern—inup(e—r+iu)| du < p(n)
jul<2rte

To this end, note that by (1.3),

. 2 .
rn—inuP —r+iuy _ n \r—1u| R T _V—lu P —4n2 /(r—iu)
(e i) = o S exp( Re( gl = T ) PG )

n 7'52}’
Le \/;eXp m
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2 2l
= e reXP(6r 6}"(}’2 +u2))
2
<
s¢ \/;eXp(w 3Or3)

for |u| < 2r'te, so that

/ le P muP( —l+lu ) du K \ﬁexp(rn + 2) / exp <_7‘L72u2> du
Ju| L2r1te 6r |u|<2rl+e 3073
2 0 2 2
< n‘”“exp(m/ 3n> /mexp( 307 3> du
2 3013
=p /4 exp(n n) \/ ==
3 v
1 2n
Ln exp( = 3 < p(n),

which completes the proof. U]

Proof of Theorem 2.2. The proof proceeds in the same way as the previous one. We
split the integral (2.2) into the part for which |u| < Ar'*¢ and the remaining two intervals.
The latter only contribute an error term of the form O (exp(—Bn!/?>7¢)), and the remaining
part of the integral is given by

1

E 1 ern—inuP (e—r+iu)F(e—l‘+iu) du
|u| < Arlte

1 _ )
— F( ) / e;n—lnup(e—r+ltl) du
2n Ju| < Arlte

+o0 (|F(e—r) |ern—im¢P(e—r+iu)| du)
lu| < Ari+e
= F(e ")p(n)(1 +o(1)) + o(|F(e™")|p(n))
by the same estimates as before. U]

Proof of Theorem 2.3. Recall the integral representation

1
[X"]P(x)F(x) = 3 i 2" P(2)F(z)dz

where we take C to be the circle of radius e around 0. The change of variable z = ¢~

yields

r+in
[X"|P(x)F(x) = %/ e"P(e " )F(e ") dt

r—im
In view of Theorem 2.1 (and its proof), we may now restrict ourselves to the part of the
integral where |Im¢| < 2r!*¢, and replace F(e™) by at” there. We are left with an integral
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of the form

a r2irlte

— e"P(e )t dt.
27171 r—2irl+e

Now we make use of the functional equation (1.3) once again to obtain

a 1 r2ir e , 1 2 s
— b1/ — — Jt+ — )P /N ar.
Pr 2mi /,,21-,.1+€ xpl (=g )it g )PE@ )

Since P(z) =14 O(z) as z — 0, we can replace the factor P(e_‘”‘z/t) by 1 at the expense

of an error term of order
exp (—4n2/r + O(r_He)),

which is negligible. Hence we are left with an integral over an elementary function.
Depending on b, we have to distinguish three cases:

e If b < —3/2, then we complete the integral to obtain

1 r+ico pil 1 7'[2
/2
— t —— Jt+— | dt
27'Ci r—ioo P ( <n 24> * 6t ) ’

which, after the change of variables (n — 1/24)t = u, yields

1\ e n(n—1/24)
- . /2 S A
(n 24) i ), u exp <u+ on > u

for L =(n—1/24)r. This is a well-known integral representation for the modified
Bessel function I_;_3,, (see [27]), so we finally get

1 r—+ioo pit 1 7_[2

/2
— t —— |Jt+ — | dt
270 J—in exp ((n 24> 6t)

B 47'52 b/2+3/4[ 27'(2 1
“\2an—1 =32\\ 3 \" T4 ) )

It remains to show that the parts of the integral that were added only contribute to
the error term. Consider the integral

r—+ioo bi1)2 1 7.1:2 J
7= t — = |t + — | di,
/r+2ir1+f exp((n 24) * 6t>

which we estimate as follows:

r+ioo b2 1 7.1:2
7| < t — — |t + —
7 /r+2ir1+€ o < (n 24) " 6[>
= /r+iao t]P+ 2 exp( (n— L r+ Re ™ dt
- 2 61
<expl (n— L r /m uP*1 2 exp( Re L du
= 24 2plte 6(7‘ + iu)
1 b wr
= - Ty
exp((n 24>r> /21']+‘u exp 607 1) u

dt
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1 n’ Yy n’u?
- - — z LS
exP((" 24>r + 6r> /Z,HE u exP( 6r(r2 + u2)> u
1 7.c2 2n2r2+25 o0 b
< o - _o=-- +1/2 d
exp ( (" 24) e T3 4r2+26)> /Z,HE e

1 2 2l
mon((1- )+ - o0t st
< p(n)exp(—n'/>7),

completing the proof in this case.
For b = —3/2, we have to be slightly more careful in the estimation of the integral,
but otherwise the proof remains the same. We have to consider

r+ico 1 1 71.2
I= - — — |t+ — | dt
/r+2ir1+F t exp((n 24) - 6t> ’

which we split into two integrals Z; and Z,, corresponding to Im¢ < 1 and Im¢ > 1
respectively. For Z;, the same argument as above yields

1 n? 22212 b
7| < L L L ~d
il < exp ( (n 24) "t e or(r: + 4r2+2€)> /2r1+e e

< p(n)exp(—n'*7°),

while 7, can be estimated as follows:

T = /100(r+iu)_1 exp((n— 214)(r+m)+ 6(:;“)) du
=exp((n_ 214>r> /lm(r—f-iu)_lexp((n— 214)iu+ 6(r7im)) du
:exp<<n— 214>r> (/1w(iu)lexp<(n—214)iu> du+0(/lwu2du>>
=exp<(n— 214>r> -0(1)

n’n
L np(n)exp| — < /)

For b > —3/2, the same method would lead to non-convergent integrals, so we have
to use another change of variables first. In the integral

1 r+iR bi1)2 1 7'[2
— t — = |t+— | dt
2ni Jy ik exp((" 24) +6t> ’

where R = 2r!*¢, set n2/6t = w to get
n\"R s w*(n—1/24)
pai . —b=5/2 d
( 6 ) P (W R ) "
where
r n’R

S aerr M ST gerry
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Now we complete the integral as in the first two cases (note that the exponent —b — 5/2
is less than —1, so the same steps can be applied) to obtain

472:2 b/2+3/41 27'52 1
24n—1 p32\\[ 3 \" T 24

plus an error term of the desired order. Note in particular that we obtain the first term
of Rademacher’s series (1.2) in the special case b = 0. Dividing by p(n), we finally end
up with the stated formula.

The second part of the theorem can be reduced to the first part quite easily. We now
have to consider the integral

1 r42irlte , 1 1 7'[2
— P12 Jog ~ — — )t+ =) dr
20 e o P\ (Mg )it g

For our purposes, it is convenient to take r = 2n/./24n — 1 here rather than r = /./6n,
which is only a minor modification and does not alter the rest of the argument. Now
write

1 1 t 1 &1 £\
10g=log—10g<1— (1-)) =log+z<l—> + O (<)
t r r r k=1k r

QA g K\ t

—no 1 RV v e(L+1)

= log - +ZkZ( 1) (j)rj + 0Dy,
k=1 j=0

Noting that the error term can be made arbitrarily small by expanding sufficiently far,

we can now apply the first part of the theorem to each of the resulting summands, which

completes the proof. ]

4. Examples

To demonstrate the power of our results, we now look at different examples of interesting
partition statistics and apply our general scheme. The order differs slightly from the order
in the Introduction (where the simplest statistics from a combinatorial point of view came
first), since we start with the analytically simplest examples. Let us first consider some
instances in which the asymptotic expansion of F(e™") can be obtained directly.

4.1. Number of distinct parts
Of all the examples presented in the Introduction, this one is probably the simplest. We
obtain the following result.

Proposition 4.1. The average number of distinct parts (which equals the average number of
ones) in a random partition of n is

Jon  6—n* 2n*—3n2 4216 S4—n

+ + +
24713\/@

4
—3/2
- 52 4+ 0(n ).

12n4n
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Proof. As explained in the Introduction, the function F is in this case

e’ 1 1 1 t
NN = = __ —_— 3
He ) =i =a=1=7 2t tow)
By Theorem 2.3, this directly translates to the following formula for the average number
of distinct parts in a random partition of n:
2n2 1 2n2 1
=1 hp(VE (= 5)) 1,1 o« Isp (/5 (1= %)) o)
2 2 2 12 Jdn— )
g 13/2( % (n— 1)) 24n 113/2( = 1))

24 3 =2

i

Making use of the asymptotic expansions for Bessel functions mentioned in Remark 3,
this can be further simplified to

V4n—1 m 1 m m (1_r3n+n32>+0(n3/2)’

2n m—1 2+6/24n_1m—1

with

_ 1

Finally, one can turn this into an asymptotic expansion in powers of n (which is best done
by means of computer algebra) to obtain the final result. U

Remark 4. Of course, it is possible to determine arbitrarily many terms of the asymptotic
expansion in this and later examples.

4.2. Number of parts of a given size
This is only a slight generalization of the previous example. The expansion of F(e™)
around t = 0 is given by
e~ 1 1 1  dt
F(e™") = = =———+—+0(
=t a—1~—a 2t T

to the effect that we get the following result.

Proposition 4.2. The average number of parts of size d in a random partition of n is

Jon 6 —n?d  2n*d> — 374216 54— ntd?

32
nd + 2n2d + 2473d./6n + 1274dn +0().

4.3. Number of parts with given multiplicity

This is our last example in which the asymptotic expansion of F(e™') can be determined
in such a direct way, since F(x) is a simple rational function as shown in the Introduction.
As was also mentioned there, the main term of the mean has already been determined
in [4, 15]. For the sake of the example, we also include an asymptotic formula for the
variance, which shows the typical cancellation in the main term.
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Proposition 4.3. The average number of parts of multiplicity d in a random partition of n
is

Jon N 3 2n*d(d + 1) — 3n° + 216 54+n4d(d+1)+0(n,3/2)
nd(d+1) ~ m2d(d+1) 24m3d(d + 1)\/6n 12n%d(d + 1)n '

and the variance of this parameter is given by

(4n’d® + 5m°d® + n*d — 12d — 6)./6n
2r3d2(d 4+ 1)2(2d + 1)
3(4n’d® + 5n’d> + n’d — 24d — 12)
2r4d?(d + 1)2(2d + 1)

+ +0mn™?).

Proof. This is again based on Theorem 2.3, making use of the expansion

_ (1—e e 1 1 1 t 5
y — _ — - —
Flem = (1 —edn)(1 — e~y — edt — 1 oldth —1 — d(d+ 1)t 2 0.

The variance is treated by the same technique. L]

4.4. Largest part, largest repeated part
Quite frequently, the Mellin transform comes to our aid in the computation of asymptotic
expansions. As our first example, let us study the sum

o0 —j

Zl_e :Zejl

Jj=1

which is needed in the analysis of the statistics ‘largest part’ (equivalently also the
length) and ‘largest repeated part’; see the discussion of the generating functions in the
Introduction. The Mellin transform of this function is easily found to be {(s)*I'(s), which
has poles at 1, 0 and all negative odd integers. By means of a standard technique involving
the Mellin inversion formula (see [6] for details), the behaviour at these poles can be
translated to an asymptotic expansion around t = 0:

o0
L log(1/t)+y | 1
Yo g g o0
j=1
Now application of Theorem 2.3 immediately yields an asymptotic expansion for the
mean of the largest part that is repeated at least d times.

Proposition 4.4. The largest part in a random partition of n that is repeated at least d
times is on average equal to

\/6> n*d?
d logn + 2y —log .

1 1 + 2y — log(n2d? 1
logn+7+3( + 2y Og(nd/6))+0<°f”>.

3
+ 2n2d 4 2n2d
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The result of Husimi [12] and Kessler and Livingston [14] that was mentioned in the
Introduction is included as a special case (d = 1). For d = 2, the formula agrees with the
asymptotic expansion found in [10].

4.5. Moments of a partition

This example shows an interesting phenomenon: we obtain an asymptotic expansion of
F(e™") with a particularly strong error term, which in turn leads to strong asymptotic
estimates for the mean of the kth moment in the case that k is odd. Specifically, we
have the following result; note that the error term is much stronger than in all previous
examples.

Proposition 4.5. For any odd integer k > 1, the average kth moment of a random partition
of n is given by

(S P 2 (1 B
k!C(k—i—l)(\/mi_l) L 1/2( =(n 24)) (k) < Ofexpln”)
2n I w1 2
3/2( 3 (” 24))

for any € > 0.

Proof. First of all, we find easily that the Mellin transform of

jk
Fe)=>)_ "

j=1

is given by {(s){(s — k)I['(s). For even k, this yields poles at k + 1, 1 and all negative odd
integers, so that

kD) LU=k k=Dt {(—k—3)d
Fe™) = — T T o

If k is odd, however, the zeros of {(s){(s — k) cancel with the poles of I'(s) at the negative
integers, so that s = k + 1 and s = 0 are the only poles (if k > 1), and the Mellin transform
yields an error term whose order can be any power of ¢. In fact, one can employ a known
technique (see for instance [23]) to obtain a functional equation for f(t) = F(e™") as
follows. Shifting the path of integration in the Mellin inversion formula to the left, we
obtain

+....

k+2+ico
) = = /k L) (s — KT(s) ds

27 Jkor—ioo

_kike+1) (k) 1/—1+fffv

K+ 2 27 ) i

{(s)(s — k)T (s)t " ds.

Now we replace s by k + 1 — s to obtain

kKiC(k+1) (k) 1 k2o
(t) = k1 - D + % \/};

(k+1—s)(1 —s)D(k 4+ 1 —s)r* 1 ds.
+2—ico
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The functional equations of the {-function and the I'-function now yield
{(k+1—=s){(1—5)
ks s—k C :
= pHh=s k=5 o (”“2)) (s —k)(s —k) - 27275 cos (”;) L(s)(s)

— k=2 pk=2s iy (”2") sin (”25) cos (’T;) (s — k) (5)C (s — k)T(s)
= pIFk=2s k=25 gip (’;") sin(s)[(s — k)¢ (s)C (s — k)T(s)
_ olbke2s_k—2s o [ TR . . n . _
— k=25 s1n< 5 > sin(rs) S — )Tk £ 1—) {(s)l(s = Kk)(s)
_ k+1-2s o nk ; . 1 . _
= (2n)kt1=2 sm(2) sin(zs) -+ — ST T Ty L(s)C(s — k)I(s)
—z8 . 1 . J—
= (_1)(k+1)/2(27f)k+] . m {(s)C(s = k)I(s),

so that finally

. kW (k+1) {(—k) N <2m~>k+1 1 k2o

S T\ ) i s

KICKk+1)  (=k)  (2ri\"T" [4n?
- S. (32)° ()

2 2
() <o)

Theorem 2.3 now shows that the average kth moment (k odd, k > 1) of a random partition
of n is given by

k+1 [, 272 _ 1 _
k!z(k+1)<‘/24"_1) Rt (VB 0-4) CHER o fexp(nt )

o 13/2( %(”—i)) 2

for any € > 0, completing our proof. ]

(s —RT(s) (4”2 ) s

t

Since

4.6. Longest run

Our final example is also the most complicated one. As in the previous example, we
encounter the situation that the Mellin transform of F(e™') has only finitely many poles.
The technique to obtain a very precise asymptotic expansion is similar to the previous
example, but the details are somewhat more intricate. The final result is stated in the
following proposition; a weak version (first-order asymptotics only) was given in [25].

Proposition 4.6. The average length of the longest run in a random partition of n is

Q37 94— 1) _ 1 ¢ expcnlly), (41)

An24n—1—6) 2
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and the variance is given by

(24n — 1)¥2((1351 — 12/3n% — Tn3)24n — 1 + (1872 + 144 /31 — 972))

3n(n/24n — 1 — 6)2

+% + 0 (exp(—Cn'/*)) (4.2)

for some C > 0.

It is actually possible to determine the asymptotic behaviour of all moments and thus
to determine the limiting distribution (different approaches were used in [17] and [25]).

Proposition 4.7. Let R, denote the longest run of a random partition of n. The random
variable n='/?R,, converges weakly to a limiting distribution with distribution function

P(x) = H(1 — eI,
j=1

Proof of Proposition 4.6. Recall the generating function for the mth moment, given by
P(x)- Y (K" — (k= 1y")(1 = P(x*)™").
k=1
We are therefore interested in the behaviour of functions of the form
0
Zk/(l _ P(e—kt)—1>
k=1

as t — 0. In the following, it will be convenient to replace t by 2xnt, so we study the
function

G,(t)="> K H(kr),
k=1
where
Ht)=1—P ™)' =1-JJ(1—e?).
j=1

Let us first consider the Mellin transform H"(s) of H. By (1.3), H satisfies the functional

equation
1 T 1 1

Therefore, for Res > 0,

0 1 0
H*(s):/0 ts_lH(t)dt=/0 tHH(t)dtJr/1 U H(t) dt

=/ t“‘_1H<) dt+/ " H(t) dt
1 t 1
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:/mt—s—l [1—\ﬁexp(12 (l—t)>(l—H(t))} dt+/mzs‘1H(z)dt
1 1
=i—/lwt_s_l/zexp<1n2<1—t>>dt
+ /T [t“/z exp(lnz (1 — t)> + t“]H(t)dt.
1

Since H(t) decreases exponentially as t — oo, the integrals converge for any s € C, and so
this gives us a meromorphic continuation of H*(s) to C (with a simple pole at s = 0). We
may thus replace s by 1 — s to obtain

1 » 1
H*(l—s)=m—/1 ts_3/zexp<1n2< t))dt
P -3 m (1 —s
—i—/1 {t exp<12<t t >+t }H(t)dt

for Res > 1, which is exactly the Mellin transform K*(s) of

K(1) = \}Eexp<1”2 (1 - t)) (H(H)—1) = 1(1{(1) ) 111:[ o)

Returning to G,(¢), it is clear that the Mellin transform of this function is

Gi(s) = H'(s)(s — 1),

and thus

1 r+24i00
G/t = 5~ / H*(5)C(s — 1)t ds.

r+2—ioo

We shift the path of integration to the left, picking up residues at s =r + 1 and s = 0.
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o At s=r+ 1, the residue is

H*(r+1)
T
Since H(t) can also be written as

)
H(I) _ Z(_])m—l(e—m(3m—l)m + e—m(3m+1)nt)

m=1

by virtue of Euler’s pentagonal theorem, we also have

* I S —1)yn1 ! :
H'(s) = 7°T(s) ) (=) ((m(Sm—l))s+(m(3m+1))s)

m=1

and thus

1 1
Hr+1) = Z ((m Sm— Dy mGm+ Dy )

In particular,

. 237t —9 . 54 — 8. /3t — n?
H(1)=*fT and H(Z)zz—\{;

after a few manipulations.
e The residue of H*(s) at s = 0 is 1 by the above calculations, and therefore the residue
of H*(s){(s — )t at s =0 is {(—r).

Hence we have

* —1+4ic0
G.(t) = w +{(—r)+ %/71 - H*(s){(s —r)t*ds
* 1 1 2+4ic0 i
=%+C( r)—i—%/ziiv H'(1—s){(1—s—r)ds
H'(r+1)
= e
1 1 e (s +7) . 27\ °
+ (27-[)'41/‘.%/271‘00 2cos( 3 )F(s—i—r)é(s—{—r)K (S)<t> ds

by the functional equation of the zeta function and the equation for H*(1 — s) that was
deduced above. This can be written as
<2nk>
n(s+r)

H'(r+1)
O (s) = 2005<2>F(s + 1)K *(s).

—r

G, (1) = +{(=r)

t}+1

where @, is the function whose Mellin transform is
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Noting that I'(s + r) is the Mellin transform of "¢, while K*(s) is the Mellin transform
of

K (1) ——*H(l e 2,

we find that I'(s + r)K*(s) is the transform of the convolution

@ X = dx
L.(t) = — ro—x7 1— —2kmx/ty 4
== v [Ja—e=n S

k=1
1 0
— _,/ x e E (_l)m e—m(3m—1)nx/z dx
t 0 meZ
Uy i y_c
=—rlt
J— r+1 _ r12
L= (1+mG3m— Dn/ty+ = (t+m(G3m— )y +

making use of Euler’s pentagonal theorem again. This can be simplified further:

P dr ( 1)m ( t)r dl' ( 1)"’[
l r — D— == —_— L — - ...
(®) (=) der )ZnEZ t+m(3m—1)n 3 dt’ ZZ m?— 3+ L

me

- d (="
z_&i.dtrz(m_l 1 z)( 1 1 r)

EZ + 36 31

dr 1 1
=) > (- 1)’"( _ >
ﬁ,neZ m—%—i—\/ﬁ m—%— %_ﬁ
_(_t)r.£; T CSC n+n\/1_ﬁ — 1csc T T 1_&
N I 6 6 n 6 6 n

—(—t)’~£¥ csc E—}—E\/l—g —cse[ 2T 1—g
N dr [ 1 6 6 T 6 6 T

by virtue of the partial fraction decomposition of the cosecant. This function is mero-
morphic on the entire complex plane, in spite of the square root. Finally, since

n(s+r)
2 COS< 3

> — i*S*}‘ + (_i)fsfr’
we find that @;(s) is the Mellin transform of
®,(t) = i "L.(it) + (—i) " L.(—i).

To justify this formally, note that the function L, can be estimated by L,(z) <
exp(—C+/|z|) for some constant C inside the cone {z :|argz| < 3n/4}. The Mellin
transform of L,(it) is given by

0 ico iR
/ L) dt = i™° / UL (t)dt =i lim UL (¢) dt
0 0

R—o0 0
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Now replace the line segment from O to iR by a line segment from O to R and a
quarter-circle with parametrization t = Re”. Then we get

0 R n/2 )
/ 7L (it) dt =i lim ( / 7L (¢) dt +i'R® / elﬁ“Lr(Re’e)dH).
0 0 0

R—w0

The integral along the quarter-circle tends to zero as R — oo by the estimate given above.
Hence we end up with i—*L’(s), as claimed. The Mellin transform of L,(—it) is treated
analogously.

It is not difficult to show now that

@.(t)=0 (t(’_”/z exp (— 7r6t>)

as t — oo, so that we finally obtain
H(r+1 —r n?
G =0 i oremren(—[T)

as t —» 0. Now we can return to the study of the moments of the longest run in integer
partitions. As mentioned at the beginning, the generating function for the mth moment is
given by

- m m 1
P(x)- Y (k" —(k—1) )(1—P(xk))

k=1
m—1
_ . _1ym—r—1 m r _ 1
= P(x) ;( 1) (F>§1k (1 P(xk)>,

which is of the form P(x)F(x) with
= m t
F -ty — -1 m—r—1 v
@)=3 (M) (5)

—1 1y
(1! (’;’) (W + c(—r)>

273
—m/2 _
+0<t exp( 3 ))

Now we are able to apply Theorem 2.3 and obtain a very strong error term again, as in
the previous example. In particular, we find that the mean is given by

2Br—9)@4n—1) 1 T 0(exp(—Cnl/),

dn2n—1—6) 2

as stated. The same applies to the variance. U]

-

I
=

f=}

Proof of Proposition 4.7. Going on to higher moments, we also obtain an alternative
approach to the limiting distribution of the longest run that was determined in [17].
Considering only the most significant term, we see that the mth moment of our random
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Table 1. Numerical values of py.

k 1 2 3 4 5

Pk 0.51609432 0.21321189 0.10730957 0.05975045 0.03548875

k 6 7 8 9 10

Pk 0.02207159 0.01421668 0.00941619 0.00638121 0.00440862

variable R, is
E(RY) = mH" (m)(24n)"" + O(n"~2),
Therefore, the mth moment of the renormalized random variable n~!/?R, tends to
mH" (m)24™/2,

It is not difficult to show that these are exactly the moments associated with the distribution
function

o0

¥(x) = [J(1 —e™¥/V).

j=1
The moments grow sufficiently slowly for the distribution to be characterized by its
moments. Hence convergence of moments implies weak convergence of n~'/?R, to this
limiting distribution (see for example [8, p. 778, Theorem C.2]). L]

Let us finally consider the problem of determining the probability that k is one of the
parts of largest multiplicity. This problem leads to a discrete limiting distribution.

Proposition 4.8. The probability that no part in a random partition of n has greater or
equal multiplicity than k and the probability that no part has strictly greater multiplicity
than k both tend to

In particular, the probability that there are two or more longest runs tends to 0. Numerical
values of py are given in Table 1. Asymptotically, we have

Pk = n@e‘”ﬁ(l +0 <i)>

Remark 5. The probabilities p;y add up to 1. We have the rather curious identity

o0

© * kxck—1
1=;pk=;/ l_kaI—xJ dx—/ (Za(k k= 1)1_[(1—xf)dx,

k=1



A General Asymptotic Scheme for the Analysis of Partition Statistics 27

where o(k) denotes the sum of all divisors of k. This follows directly from the fact that

0

j=1 = j:l

as can be seen by logarithmic differentiation.

Proof. Recall the generating function for all partitions that have the first property, which
is given by

i X (1 — x*)
— xk(£+1) /41
£ (1 — XKAD)P(x/ 1)

We have to study the behaviour of the second factor as x — 1. Substitute x = e~
simplify to obtain

t and

efk/t(l _ 671“)
(1 _ efk(/+1)t)P(ef(f+1)t)

Il
NE

Fi(e™)

N
8
=

kt __ 1
(ek(/+1)t _ 1)p(e—(/+1)z)

N
Il

1
= (kt +0() > My(/1),
/=2

where
1

O = @ ey

The Mellin transform of M(t),

. o0 t571
Mis) = /0 @ —np@en

exists for all complex s, since P(e™") tends to oo faster than any power of t as t - 0
(by (1.3)) and to 1 as t — oco. Therefore, the Mellin transform of the sum

> M)
/=2

s ({(s) — 1)M;(s), which only has a simple pole at s =1 with residue 1. Applying the
inverse Mellin transform, we thus find that

/Z_:Mk(ﬁ) ~ M;t(l)

as t — 0, so that finally

. . k kexk=1
Fk(e_t)NkMk(l)ZA Wd[—‘/o aall k H(l—xj)dx
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Hence, by Theorem 2.2, the probability that no part in a random partition of n has larger
multiplicity than k tends to py = kM;(1). The same is true for the probability that all
parts have strictly smaller multiplicity than k (by a similar argument).

It is natural to ask how the sequence py would behave for k — oo. This can be done by
adopting ideas that are frequently used in the theory of partitions. We write

“ k
= - dt 4.3
P /0 (F —1)P(e) “43)
* ek * ke 2K * k
= ——dt ——dt dt
/0 P(e™) +/O P(e™) +/0 eZkz(ekr_ 1)P(e™)
The third integral can be estimated using the functional equation (1.3):
/w £ dt = /w . NEJSN S P
o eXi(el —1)P(e) o el —1)P(e 74n2/r) t P\ T 24
1
ﬁ ( (2k — 24) t) dt
=2\BCXP< ) = O<exp(—2n\/§>>.

The remaining integrals are again treated by using the functional equation (1.3):
/ ket dt = /Oo ke et n ex n2 dt
0 P Ty P(e—‘“*/f) Ve e
k *’“\/ — dt
/ e ex p( + 3 4)
2n n? t
ke — —=— —1 —— + — | dt
+/0 VT (P(e‘*f*/f) ) exp( 6 " 24)

The first of these two integrals evaluates to

4n/3k exp(—Z+/24k — 1)

24k — ’

;]

O\\;l

whereas the second integral is estimated as
2k
0 (\/I; exp (—5n 3)>

1—1/P(x) <

using

Ex.

The middle integral in (4.3) can be treated analogously, and it gives a contribution of

o(ﬁexp(_zn@).
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Thus we have found
4n/3k —2/24k —1
= n\f CXP( 6 ) +0(\/l;exp(—2n\/g>>
24k — 1 3
= n\/ﬁe_”vy‘/s (1 +0 <i)>

It is clear that the above computations can be extended to yield an asymptotic expansion
of Pk L]

5. Conclusion

As the examples in the previous section show, our results are widely applicable to a
variety of different partition statistics, and there are certainly many more examples. Once
an asymptotic expansion of F(e™") has been found, everything else is essentially automatic
and can be done by a computer algebra system. It is remarkable that one obtains very
precise asymptotic formulae with error terms that decrease superpolynomially in certain
cases (as in (4.1) and (4.2)). In some instances, as we have seen, limiting distributions
can be determined as well. Let us finally mention that our method should also apply to
partitions into distinct parts and other families of partitions.
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