ADDITIVE FUNCTIONS WITH RESPECT TO NUMERATION
SYSTEMS ON REGULAR LANGUAGES

PETER J. GRABNER} AND MICHEL RIGO{

ABSTRACT. Asymptotic formulae for the summatory function of additive arithmetic func-
tions related to numeration systems given by regular languages are derived.

1. INTRODUCTION

Additive numeration systems and the corresponding additive arithmetic functions have
been studied from various points of view since the seminal papers of H. Delange [4, 5],
where such functions were investigated for the usual g-adic numeration system. Later
more exotic systems of numeration, such as general linear numeration systems [13, 14],
especially such systems defined by linear recurring sequences were considered. Furthermore,
digital representations with respect to substitutions over a finite alphabet were studied
(cf. [8, 9]). All these numeration systems have in common that the number of integers
represented by words of length n satisfies a pure exponential law ~ C™ for some constant
C > 1. Different aspects of such representations of the integers were studied: dynamics
of corresponding adding machine (“odometer”) [15], topological dynamics of the odometer
[1], asymptotic properties of summatory functions of additive functions such as the “sum-
of-digits” function [8, 9, 12, 16, 17], local and global versions of central limit theorems for
the values of additive functions [6, 7, 10], existence of distribution functions of additive
functions [2].

In the present paper we take the opposite approach compared to the existing literature
on the subject. We start with a regular language L, order its words by the genealogical
ordering induced by an ordered alphabet, and assign the number n the (n+1)-st word in the
language. The above mentioned expansions, which come from finite linear recurrences are
special cases of this setting. For the question of recognizability of the language generated
by an increasing sequence of integers we refer to [13, 20, 21].

The paper is organized as follows. In Section 2 we introduce the basic notation of nu-
meration systems related to regular languages; for this purpose we summarize the contents
of the paper [18]. In Section 3 we state the main theorem, which is the appropriate ana-
logue of the summation formula for the sum-of-digits function discovered by H. Delange
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[5]. Furthermore, we state two corollaries which simplify the asymptotic expression given
in the theorem for special cases. Section 4 is devoted to the proofs of the theorem and its
corollaries. The final Section 5 presents a number of examples which show that the results
given in Section 3 cannot be improved in general.

2. PRELIMINARIES

Let ¥ be a finite alphabet. The free monoid generated by ¥ with identity ¢ is ¥*. If
w is a word over ¥, |w| denotes its length. We assume that the reader is familiar with
classical notions of formal languages theory like (minimal) automaton, regular language or
transducer (see for instance [11]).

For a totally ordered alphabet (X, <), a word w is genealogically less than w' if |w| < |w’|
or if |w| = |w'| and there exist letters o < 7 such that w = zoy and v’ = z7y/, x,y,y’ € L*.
In the literature, the terminology radiz order is also used.

Describing an infinite regular language £ over a totally ordered alphabet (3, <) with re-
spect to the genealogical ordering gives a one-to-one and onto increasing mapping between
N and £. If w is the n-th word of the genealogically ordered language £ , n € N\ {0},
then we denote by val : £ — N the application mapping w onto n — 1. The integer
val(w) is said to be the numerical value of w. So each non-negative integer n is repre-
sented by a unique word val '(n) € £ and this leads to the notion of numeration system
on a regular language. These systems have been introduced in [18] and generalize classical
numeration systems like the g-adic systems, the Fibonacci system and the linear numera-
tion systems whose characteristic polynomial is the minimal polynomial of a Pisot number
(for the properties of these latter systems we refer to [3]). As an example, consider the
alphabet ¥ = {0, 1} where we assume that 0 < 1. If we consider the regular language
L=ecUl¥*\¥*11¥* =eU1U10{10,0}* then the numeration system on L is exactly the
Fibonacci numeration system (cf. [23]).

In this paper, £ always refers to an infinite regular language having M, = (Q, %, s, 6, F)
as trimmed minimal automaton where () is the set of states, s € () is the initial state,
d 1 Q x X — @ is the transition function and F' C @ is the set of terminal states (to obtain
unambiguous constructions, we only consider minimal automata; in order to relate the size
of the language with the eigenvalues of the incidence matrix, we assume the automaton to
be trimmed) and we represent integers using the numeration system built upon L for a given
ordering of the alphabet. We extend ¢ to @ x ¥* by 0(q,01---0%) = 6(0(q,01),02---0%)
and write g.w as a shorthand for (¢, w), ¢ € Q, w € ¥*.

For each state ¢ € ), we define the language

£,={we | 5gw) € F)

of the words accepted by M with initial state ¢q. In particular, £L = L,. For each state
q € @, we define two functions u,(n) and v,(n) counting the number of words in £,
respectively of length n and of length less or equal to n,

u (n) = #(L,NY") and  v,(n) = #(L, N T=).
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If Q={q¢1 = s,q,...,q} then we denote by u(n) the k-tuple (ug4 (n),...,uq(n)). Let
us recall that for a regular language, us(n) is either ©(n¥) for some integer & > 0 or an
exponential function of the order 2™ . For a characterization of polynomial languages we
refer to [22].

The incidence matrix of the minimal automaton defining the language £ is given by
A, y=H#{ce€X|po=q}forpqeQ.

From now on we will assume that £ is an exponential language, whose trimmed minimal
automaton has one dominating eigenvalue A > 1. Thus we can write for each ¢ € Q:
ug(n) = Py(n)A" + o(A\") for (possibly zero) polynomials P,, and assume that P; (which is
non-zero) has degree d > 0. For each ¢ € @), there exists a word w of length bounded by
#() such that s.w = ¢. So us(n +1) > u,(n) for all n > 0 and consequently the degree of
P is the highest degree among the deg P, ¢ € (). We define the sets

Q1 ={q € Q|ug(n) = F(n)A" +0(A"), deg Fy = deg P.}
Q2 ={q € Qlug(n) = Fy(n)A" +0(X"), deg Py =deg P, —1}
@3 =Q\ (Q1UQ).

Since L, is also regular, it can be genealogically ordered and we obtain a new numeration
system. The function mapping the n-th word of £, onto n— 1 is denoted val, : £, — N (in
particular, val = valy). If £, is finite then the domain of val, is also finite and its image is
restricted to {0,...,#L, — 1}.

Using the definition of the genealogical ordering, a formula for computing numerical
values was derived in [18]. Let w = oy - -0, € L, then we have

|w|

(2.1) val(w) = Y Byi(w)uy(|w| — )

qeQ =1

where
(2.2) Bei(w) =#{0c <o, |s.01--0i10 =q} + 045 fori=1... |w|
Observe that these coeflicients are bounded :

0<> Bui(w) < #X.
qeQ

Formula (2.1) can be proved by observing that the summand for (¢,) for ¢ # s is the
number of words v of length |w| which have prefix o, ...0;_10 with ¢ < 0; (which means
that v < w), the state ¢ is reached after reading the first i letters of v, and the postfix
Vis1 - - - is accepted by the automaton with initial state q. For ¢ = s the summand for (s, )
equals the number with the same descriptions as above plus the number of words of length
|w| — @ which are accepted by the automaton starting from s. Summing over all possible
pairs (g, 1) first gives the number of words v < w with |v| = |w|, the extra summand for
q = s equals the number of words v with |v| < |w|. Altogether this equals val(w).
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Remark 1. For a given ¢ € @, the coefficients /3, ;(w) can be computed by a transducer
built upon M. For all p,r € Q and o € X such that p.c = r, if we replace in M, the

edge p > r Withpa—vgr where
B=#{1<o|pT=0q}+04s

then we obtain a transducer that reading w produces the output 5, 1(w) - - - B, n(w). Con-
sequently, if two words x and y in £ have the same prefix of length £ > 1 then for all states
€@

Bei(x) = Buily) fori=1,... k.

In [19] numeration systems on regular languages are extended to the representation of
real numbers. (These numbers are therefore represented by right-infinite words instead of
finite words). With those considerations, a particular set L., of infinite words is defined,
which is used for the representation of real numbers in the interval [%, 1]. A word w € ¥
belongs to L, if there exists a sequence of words in L converging to w. If we denote by
x[¢] the prefix of length ¢ of the (finite or infinite) word x, then we have by definition of
the set L, that a word w belongs to L, if and only if

(@ )nen € LY, V0> 0,3IN, € N:Vn > Ny, 2, [] = wl].

The set Lo is equipped with the topology induced by the infinite product topology on XN,
As a consequence of Remark 1, to any word w € L., there corresponds a unique infinite
sequence of coefficients (5, (w))nen for each g € @ because w has arbitrarily long common
prefixes with words in £. Actually, the sequence (5, ,(w))nen is obtained by feeding the
transducer built on M, with the infinite word w. In [19], it is shown that for any sequence
of words V}, converging to a word w € L, the limit

‘m Val(Vk)
ko0 V([ Vi])

only depends on w and we denote its value by valy(w).
For one of our theorems we will need the following technical hypothesis.

Hypothesis 1. Let V' and V be two prefixes of words in £. Then there exist two words
n and 77 such that Vi, Vi € £ and |Vn| = |V7).

This is equivalent to the following more technical hypothesis, which we will actually use.

Hypothesis 2. There exist constants C, D > 0 such that for any two prefixes V' and V of
words in £ with [[V[—[V][| < C there are words i and 7 such that n|,[7| < D, Vi,V € L,
and V| = [Vi].

Proof of equivalence of Hypotheses 1 and 2. Assume that L satisfies Hypothesis 1 and con-
sider two words V, V' € pref(L). By Hypothesis 1 there are two words n, 7 with Vin, Vi € L

and |Vn| = |V7|. Let us define the automaton B = (Q x Q, % x X, (s, 5),0g, F' x F) where
the transition function dz is defined by

55((Q> q,)a (U’ 0/)) = (5(Q> U)’ 5(q,7 0/))
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where ¢ is the transition function of M. Feeding (V7, Vﬁ) into the automaton B, after
max(|V], [V]) steps we reach some state. From this state we can reach a terminal state
after at most (#Q)? steps. Thus we can choose a constant D = C' + (#Q)?.

Now assume that £ satisfies Hypothesis 2. We use induction on k with (k — 1)C' <
V| —|V| < kC. Let W be the prefix of V of length |V| + (k — 1)C. Then an application
of the induction hypothesis to W and V gives the existence of words 7 and n’ such that
|Wn | = |Vn|. If [Wn/| > |V| we apply Hypothesis 2 to the prefix of Vn of length |V| and

Vi if [Wn'| < |V| we apply Hypothesis 2 to Vi and V. O

3. AN ASYMPTOTIC FORMULA FOR THE SUMMATORY FUNCTION OF ADDITIVE
FUNCTIONS

Let us consider a regular language £ of exponential growth and its corresponding se-
quence v4(n). We define the strictly increasing continuous function g : R™ — R™ by

(3.1) gn+ ) =v,(n) Fv,(n+1)" for0<z<1 andné€N.

This function has the property g(n) = vs(n) for all n € N. We define the function A :
R* — R* as the inverse function of g. By (3.1) we also have

logy — logvs(n)
3.9 h(y) = for vy(n) <y < vs(n+ 1), N.
(3.2) (v) n+logvs(n+1)—logvs(n) orvg(n) <y <wvsn+1), ne
Then we have |W| = |h(val(W))| + 1, because a word w € L has length n, if and only if
vs(n — 1) < val(w) < vg(n).

Theorem 1. Let L be a reqular language of exponential growth on the alphabet ¥ and
f X — R a function. We assume further that the incidence matriz of the automaton
M has a unique dominating eigenvalue. For a word w = oy -0y € L we define f(w) =

S, floy). There exist bounded functions F,G : L — R such that

(3:3) > f(w) = val(W)|W|F(W) 4 val(W)G(W) + O <V8|dV(VM|/)>

holds for W € L. Moreover, if W tends to a limit w € L then F(W) and G(W) also
tend to a limit. The functions w — limy _,, F(W) and w — limy _,, G(W) are continuous

on L

Corollary 2. Under the hypothesis of Theorem 1 and under Hypothesis 1 the following
asymptotic formula holds

(3.4) > fw)=N-h(N)F(h(N)) + O(N),

w<W
weL

where N = val(W) and F is a Lipschitz-continuous periodic function of period 1.
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Corollary 3. Under the hypothesis of Theorem 1 and if the limit

1
li — 1l stat
) g:nf(w) Cy  for all states q € Q;
weLy

then the following asymptotic formula holds
(3.5) > f(w)=CyN - h(N) + O(N),

w<W
weL

where N = val(W).

4. PROOF OF THE RESULTS

Proof of Theorem 1. We introduce the notation

Fy(n) =Y f(w)

|w|=n
weLy

and consider the vector F(n) = (F,(n)),eq- We have the recursion formula

(4.1) Fyn)=3 > flow)=) (Fu(n—1) +ug(n—1)f(0)).

o€ |lw|l=n—1 oeEY
’LUEL(IAU

The incidence matrix of the minimal automaton defining the language £ is denoted by A.
Furthermore, we introduce the matrix B given by

By = Z f(o).

oeEX
p.o=q

Then we can rewrite (4.1) as

F(n) = AF(n — 1)+ Bu(n —1), with F(0) =0,
which has the solution
(4.2) F(n) = (A""'B+ A" ?BA+ -+ ABA"*+ BA" ') u(0).
Here we have used that u(n) = A™u(0).

Lemma 1. Let A be a non-negative square matriz with one dominating eigenvalue X\ > 0
and assume that the matriz B satisfies A, , =0 = B,, =0 for all indices p and q. Then
the solutions of the equation

F(n)=AF(n—1)+ Bu(n—1) F(0)=0
u(n) = Au(n — 1)
satisfies

(4.3) |Fy(n)] < Cruy(n)
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for some positive constant C' and all indices q. Furthermore, the asymptotic relation
(4.4) F,(n) = Cynuy(n) + Dyug(n) + O(ug(n)n™')  for real constants C,, D,

holds for those indices q for which lim, oo A™"ugy(n) # 0.

Proof of Lemma 1. We can assume that the matrix B is also non-negative. Then there
exists a constant C' such that C'- A > B (we interpret inequalities applied to matrices or
vectors component-wise). By the positivity of A we have

F(n) = (A""'B+ A" ?BA+ -+ ABA"*+ BA" ") u(0) < CnA™u(0) = Cnu(n).

This is the first inequality.

In order to prove (4.4) we assume that A = A\j, Ay, ..., \; are the eigenvalues of A; then
by our assumptions we have A > |Ay] > |[A3] > -+ > |A]. From the general theory of
matrix recurrences we know that every entry of the matrix A™ can be written as

ST

for polynomials PZSQ. Inserting this into (4.2) and summing up the expressions for the

entries we obtain

for polynomials RY’. Now ug(n) = Py(n)A" + o(A\") holds for a non-zero polynomial P, by
our hypothesis. The inequality |F,(n)| < Cnu,(n) implies that deg Rél) < deg P, + 1. This
gives the desired asymptotic relation. 0

Up to now we have only studied the summatory function of f for blocks of a given
length. We now turn to the evaluation of the sum (3.5) for general W € L£. We write
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W = o109 --0p. Then we have

Yo fwy= Y flw)+ Y flw)=

w<W lw|<|W| lw|=|W|
weLl weL w<W
weL
W|-1 144
Z Fs(k:)JrZZ Z flor - op10w) =
k=1 k=1 o0<op wE€Ls.c1--.04_10
fl= W |~k
W|-1 144
Z + Z Z 5.010K_10 |W| ) + us.al---ak_10(|W| - k)f(al T 'O-k—lo-)) =
k=1 k=1 <o
144 144
ZZqu F(IW] = "‘ZZ (Zf Oi ) (B (W) = bg,s)uqg(IW] — k)+
qeqQ k=1 qeQ k=1 \i=1
144
Z Z f(0)us.ormop_yo (W] = k)
k=1 o<oyg

where we have used the additivity of f in the second last line. In order to rewrite the sum
in the last line we introduce

YiW) = Y flo).

o<0o;
$.01:0;—-10=¢q

Then again using the same reasoning as above we obtain

> flw) Zf}llﬁqk Fy(IW] = k)+

w<W qeQ k=1

(“Yq,k(W)Jr(ﬁq,k(W)—%)Z_:f( >) ugl[W] ] 3,

=1 qeQ

We now insert the asymptotic information from Lemma 1 into (4.5).
By our assumption the number v,(n) of strings of length less or equal to n can be written
as vs(n) = T'(n)A\" + o(A\") for a polynomial T of degree d. Furthermore, we have

as) i) (1050 (L)) wrsen

g(@) _ 1.

and llmxﬁoo W =
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We will make use of the following asymptotic expansions frequently

uy(N = n) )\*”<aq—daq%+%+(9(;—z>) for g € ()1 andn:o(\/ﬁ)

(4.7) T g(N) =32 (2 +0 (%)) for g € Q2 and n = o(N)
O(ﬁ) forqe @3 andn <N
and
(4.8)
F(N —n) A" (,qu (d+1Dpmn+&+ 0O (%)) for g € Q, and n = o(v/N)
W: A7 (g + O (%)) for g € Q2 and n = o(N)
O(N{\n) forq e Q3 and n < N.

We note that a,,c, and p,, &, can be computed from the two leading coefficients of the
polynomials 7', P, and R((Il).

In the following we will use the asymptotic formulas (4.7) and (4.8). Technically, we
would have to split summation at indices of order o(1/|W|) and o(|W]), but we will con-
sequently omit this, since the contribution to the error term is negligible compared to the
other error terms. Assume now that ¢ € ();. Then we can rewrite the corresponding part

of (4.5):
(4.9)
W] k-1
Sq = g(‘WDZGLq (”YqJﬂ( )+ (Bae(W) = 04,6 Zf Oi ) - 1)/~quﬁq,k(W>> AR
k=1 i=1
.- g(W))
WY A+ ( ) .
s Wi
Similarly, we get the following expansion for ¢ € )5
- g(IW))
(4.10) 5, = ma(W) Y- 8ua -t + 0 (400)
k=1
and ¢ € Q3
. (oo (A1),
(@.11) =0 ("5
Inserting (4.9), (4.10), and (4.11) into (4.5) yields
412 flw) = Wla(Wheev) + a(wheor) + o (4E0)
w<W
weL
with
W]
(4.13) QW) = g Y Buu(W)ATF

qeQ1 k=1
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and
(4.14)
W] k-1
= Z Z (aq'ylbk( + aq(ﬁq k Z f d + l)ﬂqkﬁq k( )) )\_k
q€eQ1 k=1 i=1
144
+ Z Hq Z ﬁq,la‘(W))(k
qEQ2 k=1

We note that ® and ¥ extend to continuous functions on L, by ®(w) = limy _,, P(W)
and ¥(w) = limy,, V(W).
We finish the proof by noting that we have from (2.1) and (4.7)

val(W) 1

= Y (W) + = Z(W) + O(W]?)
g(IW1) Wi
with
W]
W)=Y ag ) Buu(W)r*
qeQ k=1
144 W
— Y da, Z Bk 43 " ag» ~ Bur(W)AF
qe@Q1 qEQ2 k=1
Wi
+ Z Cq Zﬁ%k(w Ak
qeQ k=1

Again V(W) and Z(W) extend to continuous functions on L. For Y (W) this fact was
used in [19] to define an expansion for real numbers. Inserting

o1 =ad9) (557 - T +OUWT)

into (4.12) we obtain the desired result with

Cw(w) e(w)Z(w)
CW) =)~ vy

Proof of Corollary 2. From Theorem 1 we know that
> f(w) = val(W)|W|F(W) + O(val(W))

w<W
weL
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and that the limit lim (W) exists, if W — w € L. Thus we only have to prove that
F(W) can be written as a function of {h(NN)} (recall that N = val(W)). We split the
proof of this fact into two parts: first we prove that lim F(W) for W — w only depends
on valy (w), and secondly we show that val,,(w) can be expressed in terms of {h(N)}.

To prove the first part we consider two sequences of words (Vi )ren and (Vi )gen converging
to w and @ with

(4.15) valo(w) = lim YAV _ ) val(Ve)

= val ().

Without loss of generality we may assume that Vj, has the prefix w; - - -w; and Vi, has the
prefix @y ---wg. Moreover, we may consider V, and V}; having the same length. Indeed
using Hypothesis 2, we can choose words 7, and 7 of bounded length such that the words

Wiws - WM and wiWs - - - Wyl

have the same length and belong to £. So we may choose Vj, (resp. Vk) to be wyws - - - WMk
(resp. W1@s - - - WkM). Then by (4.15) and |f(w)| < M|w| (for some positive constant M)
we have

(416)  [val(Vi) F(Vi) = val (Vo) F(Vi) | ( + [n]) + O(val(Te) + val(Vi))

= Y Jw)< ‘Val(Vk)—Val(Vk) M (K + [m]).

Vk§w<\7k
Dividing this by g(k+ |nk|)(k+|nk|) and letting & — oo we obtain that F/(@) = F(w). Thus
we can define F(log, valo(w)) := F(w). The function F is then a continuous function,

since F' is continuous and the map valy is continuous. Inserting (4.7) into (4.15) yields
{h(val(V}))} = {log, vals(w)} + O(3) and therefore we have F({h(val(Vy))}) = F(w) +
O(pz(1)), where pir denotes the modulus of continuity of F. Thus F(w) can be written
as a function of {h(N)} and it remains to prove that the modulus of continuity satisfies
pnr(0) = O(9).

In order to prove Lipschitz-continuity of F' we use the same reasoning once again for two
sequences Uy and Vj, with

val(Up) |, val(Vy)

im :
koo g(|Ukl) koo g(|Vil)

and |Ug| = |Vi|. We insert U, and Vj into (4.16) to obtain
NF(2) = NF(y)| < M X = N| < Cle —yl.

Thus the function A* F(z) is Lipschitz continuous on [—1, 0] and by the Lipschitz continuity
of the function x — A™* also F is Lipschitz continuous on [—1,0].

It remains to prove that F has a continuous periodic extension to R. For this purpose
it is enough to show that F(—1) = lim,_0_ F(x). For this purpose we observe that
given a minimal word Vi, of length k£ 4+ 1 and a maximal word W} of length k, we have

Y
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val(Wy) + 1 = val(Vi41). Furthermore, f(Viy1) = O(k) and thus it follows immediately
that
F(=1) = lim F(Viy) = lim F(W,) = lim F(z).
k—o0 k—o0

rz—0—

This finishes the proof of Corollary 2. U
Proof of Corollary 3. If the limit

lim ! Z f(w) =Cy

n—=o0 NUg (n)

|w[=n
weLy

for all states ¢ € Q1 we have p, = Cra, for ¢ € ()1 and we can write

Oy val(W) = S(W)g(|W]) + O (9(||VVVV||))

and therefore we can use |W| = |h(N)| + 1 to obtain
> J(w) = Ceh(N)N + O(N),

w<W
weLl

where N = val(IV). O

Remark 2. The only properties of the function g that we used were the strict monotonicity
and (4.6). Thus any function g with these properties could be used instead; the results
would be the same.

5. EXAMPLES

We present a number of examples which show that in general the results cannot be
improved. Especially, Example 1 will show that the function G given in (3.3) does not
necessarily extend to a continuous function of {h(N)}.

Example 1. Let £ = {a,b}*c{a,b}* U {d,e}* with a < b < ¢ < d < e and consider
the function f(a) = f(b) = f(c) = f(d) =0, f(e) = 1. In this case Corollary 3 applies
with Cy = 0, since the language {d,e}* has only 2" words of length n, whereas £ has
us(n) = n2" 1 4+ 2" and vy(n) = (n + 1)2". It is a simple exercise to compute

> flw)y=n2"t=2"+1 and > f(w)=(n+1)2" = 2" —n 41,

w<d™ w<e®
Then
nh_)rrgo Usg )#{w eL]d™ <w<eM}=0
but
lim ! Z flw) = 1
n—o0 vg(n) ’

which implies that the two sequences d“) and e represent the same real number, but
the values of G at these points differ.
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Example 2. Let £ = ({a,b}*c{a,b}*) U ({d,e}*c{d,e}*) with a < b < ¢ < d < e and
consider the function f(a) = f(b) = f(c) = f(d) =0, f(e) = 1. In this case we have
us(n) = n2" for n > 1 and vy(n) = (n — 1)2"* + 1 for n > 0. Furthermore, we have

Z fw) = (n* —5n+8)2"% -2 and Z flw)=(n*—=3n+4)2"' —n—1.
w<ed(n—1) w<em=1e
The numerical values of the words are given by val(cd™ V) = (3n — 4)2"' + 1 and
val(e"Ve) = (n — 1)2"*1, Therefore we have
nh—mo n val( cd" D) Z Jlw) =7 and nh_)rgo n val( e(" De Z J(w
w<cd(" ) w<e(" De

which shows that the function F in Corollary 2 is not constant.

Although we did not study polynomial languages in this paper, we will give an example
for such a language which shows that similar phenomena can be expected.

Example 3. Let £ = a*b* with a < b and consider the function f(a) = 1, f(b) = 0. In

this case we have us(n) =n+ 1 and vs(n) = % Furthermore, we have

n—n (n—~0Mm+0+1)
> flw) = +
6 2
w<a([)b("_[)
and val(aWp™=9) = "("H) +n — L. Setting N = val(aPb9) we can compute n =

ON 42— 2| and ¢ = N — 23, Inserting this into the above formula we obtain
172 2

z B (L) oo

w<a®pn—0)

This shows that we have a periodic function of h(N) = (/2N —|— — £ in the second term

of the asymptotic formula.
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