Quaestiones Mathematicae 30 (2007), 159-165

SECANT AND COSECANT SUMS AND BERNOULLI-NORLUND
POLYNOMIALS

PETER J. GRABNER' AND HELMUT PRODINGER"

ABSTRACT. We give explicit formulee for sums of even powers of secant and cosecant
values in terms of Bernoulli numbers and central factorial numbers.

1. INTRODUCTION

We derive explicit formulee for the secant sum
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and the cosecant sum
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This research is inspired by the paper [2], where such formulse were given for m < 6.
Our approach, which uses contour integrals and residues, produces such formulse quite
effortlessly for any m. The main contribution of the present paper is the identification of
the occurring coefficients as “classical” combinatorial quantities such as central factorial
numbers and Bernoulli numbers.

2. CONTOUR INTEGRALS AND RESIDUES

We consider the secant sum first and start with the contour integral
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— ————nN cot(mNz)dz, (1)
27 [, cos*M wz

where Ryp is the rectangle with corners —ﬁ +47, 1 — ﬁ + ¢T". By periodicity of the
integrand, the integrals along the vertical lines cancel. Furthermore, the integrals along
the horizontal lines tend to 0 when T" — o0, since cot remains bounded and cos tends to
infinity exponentially.
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Thus we have

1 1
0=— ———— N cot(mNz)dz

271 Jg, cos?™ mz
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=92 Z W + 1 + Re§ T?TNCOt(ﬂ'NZ)
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Som(N) = Z SR Re ;WNcot(ﬂNz). (2)

“— cos?™ %’r 2 2.=1cos?’™mz

In [4] the Bernoulli-Nérlund polynomials are introduced by the relation

n

wl...wktkext B o0 ¢ (k) .
(ew1t_1),_,(ewkt_1) _Z_Bn (x7w17"'7wk)' (3)

We specialise w; = -+ = wg = 2¢, x = ki, and t = w2 to obtain

( = )k = (T2)" B0 (s 24, ... 24).
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Writing P¥ = " BY (ki 2i, ..., 2i) and observing that Pz(’;)ﬂ = 0 we have
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We have
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Res ———7 N cot(nNz) = Res —5——m N cot(m Nz + 57?)
nZz

2=1 cos?™m Tz 2=0 sin

Notice that

N {COt(ﬂ'NZ) if N is even,
2

t(rNz + —m) =
cot(mVz + 5 m) —tan(rNz) if N is odd.

Thus it is natural to distinguish two cases according to the parity of N.
From [3] we have
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Then for even N we have
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and for odd N
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Summing up, we have for even N

and for odd N

Som(N) = _Lpem > <2m) Py By (4" = 1)(2N)™".
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Equation (2) gives us for even N:
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Equation (2) gives us for odd N:
m=1: %Nz—%

m=2: tN*+iIN*—1
LAT6 . 14 | 42 1
LNS 4 ANt 4 AN ]

17 8 4 6 7 4 8 2 1
630N +45N +45N +35N 2

31 10 17 8 13 6 82 4 64 2 1
wmlV t e N+ G N 3N -5

691 12 62 10 527 78 278 n76 1916 n74 128 n72 1
155925N + 2835N + 9450N + 2835N + 14175N + 693N 2

10922 14 691 12 62 10 5287 A78 592 a76 944 a74 512 a72 1

6081075 N+ 66825 N7=+ 2025 N7+ 85050 N®+ 6075 N” + 7425 N+ 3003 N 2
929569 16 87376 14 113324 12 33232 10 42041 8

1277025750 N7+ 18243225 N7+ 7016625 N=+ 893025 N7+ 637875 N

134432 p76 8533792 p74 1024 p72 1
+ 1403325N + 70945875N + 6435N 2
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For the cosecant sum, we start with the contour integral
1 1

27t J R, sin®™ 7z

mN cot(mNz)dz, (8)

which is again zero and, by summing residues, leads to the equation

- 1 1 14+ (—=DN
0= Z 7_+§§:€gmﬁNCOt(ﬂNZ)+f.

We observe that

k=1 N
equals the residue that we already calculated for Sa,,(N) and N even. Thus we have
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3. COMPUTING P\>™

In this section we want to have a closer look at the Laurent series expansion of sin™2" 7 z.

Our approach is somewhat similar to the one used in [1].
We start with the expansion (5). Differentiating yields

1 e (7.(.2)211—2 -
N op — 1) (=14 B,
sin? 7z ; (2n)! (2n=1)(=1) 2

This gives
P = —(2n — 1)4"B,,. (10)



Differentiating sin 2"

We now write

1

S1n

which gives the recursion (setting b(()2

This recursion shows that the numbers b ™

Thus they are closely related to the central factorial numbers t(n, k) studied in [5, p. 213]:
m—1

x H 2 —k?) =
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and a similar expression for odd first argument. This gives bgim)

notice that the polynomials in (15) appear mutatis mutandis in [2] as differential operators.
These operators are used to model the recursion (13).
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In Table 1 we computed the values b;im)

=
= m?5" + b
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are given by

m—1

k=0

2m

= t(2m, 2k + 1)

k=0

= I_I(x2 + Kk?).

for1 <?¢<m-+1.

for small values of m.

— 4m*n? Hyp (2),

Tz

+ R2m(z)7

where Hs,, is the principal part around z = 0 and Ry, denotes the regular part.
differentiation preserves principal and regular parts, (11) gives

HY (2) = 722m(2m + 1) Hopyo(2)
QmJZZ 0 and b(2 =1)

(2m)
20—-2

(=1)"mt(2m, 20). We

b]gm) k=2 4 6 8 10 12 14| 16 | 18
m =2 1

4 1 1

6 4 5 1

8 36 49 14 1

10 576 820 273 30 1

12 14400 21076 7645 1023 55 1

14 518400 773136 296296 44473 3003 91 1

16 25401600 38402064 15291640 2475473 191620 7462 140 1

18 || 1625702400 | 2483133696 | 1017067024 | 173721912 | 14739153 | 669188 | 16422 | 204 | 1

TABLE 1. Table of b{™

for small values of m (compare with |

5, Table 6.1, p. 217])
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We now consider the Mittag-Lefler expansion

ZHM z4n) = Hyy(2) +Z (H2m(z+n) +H2m(z—n)). (16)

Expanding the last sum into a power series and using (12) yields

1 gm 00 (7TZ) k m o)
i = Hom b2™ By o
sin?™ 1z am(2) + (2m —1)! g (2k Z % T % o0 D2e+2k

k=0 =1

where we have used ((2k) = (—1)*~ 122]2 1) 2 Byy,. This gives

2m(2k)4k ?Bl(_l)z_lzkizzb;izn oeBak—20  for k >m,

Py = o (17)
(—1)kakpm /(P for 0 <k <m—1.
Inserting this into (6) and (7) yields for even N
S (N — gm—1 “ (— =1 2™ B N2 — gm=1 . - b(2m)B 1
2m( )_(2m—1)!z 2 2m—1'Z 2 Bre—5 (18)
=1 (=1
and for odd N
gm—1 m — - 1
Som(N) = Ty ,Z T B (4 — )N 5 (19)
=1
Similarly, we obtain
m— - a (2m) 20
C2m( ) 2m — 1 ' ; b 20 BgzN

m— m é 1 - 14+ (_1)N
e .
/=1
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