SUBBLOCK OCCURRENCES IN SIGNED DIGIT REPRESENTATIONS
PETER J. GRABNER', CLEMENS HEUBERGER*, AND HELMUT PRODINGER*

ABSTRACT. Signed digit representations with base ¢ and digits —%,...,2 (and unique-

ness being enforced by applying a special rule which decides whether —g/2 or ¢/2 should
be taken) are considered with respect to counting the occurrences of a given (contiguous)
subblock of length r. The average number of occurrences amongst the numbers 0,...,n—1
turns out to be const - log, n + d(log, n) + o(1), with a constant and a periodic function
of period one depending on the given subblock; they are explicitly described. Further-
more, we use probabilistic techniques to prove a central limit theorem for the number of
occurrences of a given subblock.

1. INTRODUCTION

If we write 10 in binary we obtain 11110100001001000000. This word contains the
(contiguous) substring 100 three times. In this paper we are concerned with counting
occurrences of a given substring (or block) (like 100) in representations of numbers. Since
this is typically somewhat erratic, we are interested in an average

1 : : :
— Z (number of occurrences of a given block w in the representation of n).

0<n<N

This is a generalisation of counting the frequency of digits.

For the instance of the g—ary representation of numbers this average was investigated
by Kirschenhofer in [11]; the more exotic (g, d)—ary representation of numbers with base
q and digits d,d + 1,...,d + ¢ — 1 was treated in [12]. The technique in these papers
was an extension of Delange’s method [3]. However, in [6] a novel method, based on the
Mellin—Perron summation formula was introduced, and it was indicated how it works for
such subblock counting problems. We will use this technique in the present paper. (A
Delange type analysis would be feasible but very messy.)

Recently, Heuberger and Prodinger [9] have considered a symmetric system

o0
_ E J
n = €;q
=0
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with an even base ¢ and digits £; € {—%,...,2}. Such a system is a priori redundant
because of the existence of both £ but can be made unique by the condition that |e;| = ¢/2
implies 0 < sign(e;)ej+1 < ¢/2 (Equivalent conditions where discussed in [9]). We call this
expansion the symmetric signed digit expansion of n and denote it by (...e2(n)e1(n)eg(n)).
For ¢ = 2, this system was already considered by Reitwiesner in a computer science context
in [15].

In this paper we are addressing the subblock counting problem in such symmetric signed
digit expansions.

Before we announce our principal findings, we need some notation.

If a block b = (bs, ..., bo) is given, we denote its value by value(b) = >, byq".

We also use Iverson’s notation, popularized in [8]: [P] is defined to be 1 if condition P is
true, and 0 otherwise. With this notation we can count the number of subblock occurrences
of b in (the symmetric signed digit expansions of) n via
(1.1) su(n) =Y [(exsro1(n), ... cx(n)) =b].

k=0

We only consider admissible blocks b: these blocks represent the number value(b) in the

symmetric signed digit expansion. For interest we note that there are

i+ 4y 1 (—1)
+4q 1+g¢q
admissible blocks of length r; this was implicitly proved in [10].
We also use the decomposition of a real number = as x = |x| + {«} with the fractional
part {x} satisfying 0 < {x} < 1.
As said before, we are going to study the quantity

(1.2) Su(N) =D [(ersr(n), ..., ex(n)) =b].

n<N k=0

We will prove the following theorem.

Theorem 1. Let ¢ > 2 be an even integer and r > 1. For an admissible block b =
(br—1,...,bo) with [b,_1| <  and b # 0" the number of occurrences of the block b in the
symmetric signed digit expansions of the positive integers less than N satisfies

(1.3) Sb(N) = %Nbgq N + ho(b)N 4 N Hy(log, N) 4 o(N),
where

2 forn=0,
(14) Q) =q+q0 forn==L,

1 else,

Hb(l‘): Z hk(b)eﬂmix’

keZ\{0}



SUBBLOCK OCCURRENCES 3

fi(b) :%maolgi(i 2lerti) <C (125; ; [value(b) < 0] + ¢ " value(b) + %)
—¢ (12;?; [value(b) < 0] + " value(b) + %)) for k #0,
ho(b) =log, T ([value(b) < 0] + ¢ " value(b) + %)
g, T [vlue(b) < 0]+ ¢~ value(b) + 220 )

Q) <r 1 I 1 ) 1
" (g+1) * 2 logg q+1 +q7’—1(q+1)’
(15) Ruin(n) = =3 = |(n=1) mod ¢ > 7],

_4 4q
(1.6) Rumax(n) =3 + [n mod g < 2] )

The function Hy(z) is a periodic continuous function of period 1 and mean 0. As usual
((s,z) denotes the Hurwitz (-function.

Remark. The case of blocks b with most significant digit b,_1 = £ can be reduced to
Theorem 1 by using the following simple observation

(0
anb(N) for b,_y = -4,
Sp(N) = %::1%“
> Sw(N)  forb_y =4
\ 7=0

The main term in this case is %q?(s:?)l)Nlogq N.

The instance r = 1 (counting digits) was discussed in [9], although without mentioning
the periodic fluctuations in explicit form. Thuswaldner [17] has used Dirichlet series and
the Mellin-Perron summation formula to exhibit this fluctuating behaviour in the case
g=2andr=1.

The limit distribution of digital functions of various kinds has been investigated by
several authors. Especially, we mention the work of M. Drmota and J. Gajdosik [4] for
local and central limit theorems for the sum-of-digits function with respect to recurrence
based numeration systems. Furthermore, central limit theorems for digital functions in
polynomial subsequences of the integers have been studied by N. L. Bassily and I. Katai
1, 2].

We will prove the following central limit theorem for sp(n).
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Theorem 2. Let sp(n) denote the number of occurrences of the block b in the symmetric
signed digit expansion of n defined in (1.1). Then sy satisfies

.1 Q(bo) / 1 _2
(17) ]\}'LI)nooN# {’I’L < N | sb(n) < mlogqNer Vb lquN = E e dt,

where

(1.8) Vp = —200 Q(bo <1+22Z)t_bo,... 1= b1y

7(g+1)
q _ Q(bo) — (9 — Q(bo)
MRrTPESY (1 q+1) . l)q’"(q+1)>'

2. EXPLICIT FORMULZE

In [9] we were able to give an explicit formula for the k-th digit of the symmetric signed
digit expansion of n. The problem in this section is to combine this information for each
individual digit of a given admissible block b in a manageable way.

Theorem 5 of [9] asserts that the digits of the symmetric signed digit expansion can be
computed by

-1
1) ) = 3| iz &

where £ > 0 and
£ = s(g+1)+¢q/2+[smod g < q/2]
. ¢*(g+1) ’

o {—(q—l) if s mod ¢ = ¢/2 — [[s/q) > ¢/2),
° 1 otherwise

for 0 < s < ¢

It will be convenient to extend (2.1) to arbitrary reals x (instead of the integer n) and
arbitrary integers k. We now show that this indeed defines a digit expansion for every real
x.

In the proof of Theorem 5 in [9], (2.1) has been rewritten to

B )

It is clear that e (x) = 0 for sufficiently large k. Therefore, we obtain

i 8k<l’)qk:qiqL \‘qul_'_Z_'_Q/Q‘I“[j <Q/2]J ISL’—FO(qiL).

= = q (g +1)
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This implies Y, ex(z)q" = x for all z € R,

Furthermore, the proof of Theorem 5 in [9] shows that |e;(x)| < £ and that |e4(x)| = 4
implies 0 < sign(ex())eps1(z) < 2 — 1.

We also state (2.1) in an alternative way:

Lemma 1. Let k € Z, x € R and let {1 := 0 and {2 := 1. Then the & are increasing.
Choose 0 < s < ¢° such that

(22) 55—1 S {#} < gs-

Write s = mq+ 7 where 0 < m and 0 < j < q.
Then the kth digit e,.(n) of n can be expressed as

J if j <aq/2,
j—a ifj>aq/2
q/2  ifj=q/2 andm < q/2,
—q/2 ifj=q/2 andm > q/2.

(2.3) ex(n) =eo(s) =

Proof. Tt can easily be checked that the &, are increasing. Since 222;01 ¢y = 0 and since
S+ &2 10=1for =1 <0< ¢? we can rewrite (2.1) as

¢°-1
en(r) =D aly+1—Epoidl,
=0

where y = {zq~**?}. By the monotonicity of the &, relation (2.2) implies [y +1— & =
[0 < s —1]. Therefore, we have
s—1 m—1 gq 7j—1
ex(z) = Cp = Z Z Ctq+e T Z Cmg+t
=0 =0 (=0 =0
By definition, > j_, c¢tg+e = 0 for all 0 < ¢ < ¢ — 1. This implies that
j—1
en(r) =D Cmgre =3 —qli—1>q/2—[m >q/2]].
=0

This proves the first equation in (2.3). The second equation in (2.3) is Lemma 3 in [9]. O

We will now find out how the block (g4,-1(n),...,ex(n)) can be calculated from the
knowledge of {n/qk‘*”“}. To this aim, we fix some r > 1, £ > 0 and some 1 < 57 <
q¢""1(q+ 1). We consider an integer n such that

(2.4) {#} € [qri(;in’qm(éﬂ))'

This implies that

G-V/g o n e Sl
?*(q+1) = gtttz *(g+1)
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for some integer u and all 0 < ¢ < r —1. By Lemma 1, the digit £,(n) depends on j and
¢ only, and not on n: If —1 < s, < ¢? is chosen such that

ji—1
gSe—l S {m} < gsw

xre(n) = go(se).

then

Using Lemma 1 once more, we get
j—1

2.5 = ).
(2. cusaln) =20 (157)
Therefore, we study the digit expansion of real numbers in more detail.
Lemma 2. For all x € R there exist unique u € Z and v € R with x = u + v such that
Caf2+ l(eo(w) ~ ) mod g > q/2] __ q/2+ [eo(u) mod g < g/2

q+1 - qg+1 '
Furthermore e,(x) = €¢(u) for £ > 0.

(2.6)

Proof. Since
q/2 + [e0(u) mod ¢ < q/2] _q_ q/2+ [(eo(u+1) — 1) mod ¢ > ¢/2]
q+1 q+1

existence and uniqueness of v and v follows.
We consider first the case ¢ = 0. By Lemma 1, there is some s with go(u) = £¢(s) and
&1 <Hu/q?} < &. We assume first 1 < s < ¢2. By definition, we have

(S_1)+61/2+[(8—1)m0dQ<Q/2] Su_qu<5+61/2+[8nf10dq<Q/2]
qg+1 qg+1

for some integer m. Since u is an integer, we conclude that

2 —1 d 2 2 d 2
(5—1)+ q/2+[(s — 1) mod g < ¢/2] <u—mP<st ¢/2+[smodg <q/2]]
qg+1 q+1
Since the values of the ceiling functions equal 1, we can rewrite this as
24 [(s—1)mod q > q/2 U 24 |smod g < q/2
2.7) Ss_1+Q/ [( 2) q_Q/]S_Q_mS&_Q/ [2 9<4/2
¢*(qg+1) q ¢*(q+1)
Combining this with (2.6) yields
u—+ v
55—1 S q2 —m < fs,

which is equivalent to eg(u + v) = go(s) = €o(u).
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For s = 0 and s = ¢ we have to do some extra work. We only show what happens
for s = 0: we still have the upper bound as in (2.7). Thus the only problem occurs, if
“q—t” —m < 0. But then

441
e
q (g +1)
by (2.6). This also implies o(x) = go(u) as requested.
In order to deal with ¢ > 1 we consider

D (enl@) —en(w)g" = v =" ex(x)q".

k>0 k<0

§q2 =1> = €q2—1

The left hand side is an integer which is divisible by ¢ by the above discussion. The absolute
value of the right hand side is at most

q/2+1 ¢ —k
—E <2<
q_'_l +2k>1q _q’

which implies that both sides vanish. This means that Y, ex(2)¢" = 2,-0er(u)g".
Since both sides are symmetric signed digit expansions of the same integer, the digits have
to be equal. 0

3. COUNTING BLOCKS

Let b = (by—1,...,b) be an admissible block. We want to count the number of occur-
rences of the block b as a subblock of the digit expansions of the integers 0,..., N — 1. In
order to avoid technical problems arising from leading zeros we exclude the block b = 0".
Furthermore, we can exclude blocks b with most significant digit b,_; € {£Z}. This en-
sures that e,(wq” + value(b)) = b, for 0 < ¢ < r — 1 and w € Z, because Algorithm 2 of
[9] does not consider w when computing the first r digits in that case. For blocks starting
with zeros, it makes sense to tacitly assume that any number has a sufficient number of
leading zeros.

Let b, n > 1 and k > 0 be fixed. By (2.4) and (2.5), we have (€x4r—1(n),--.,cx(n)) =b

if and only if
n J—1 J
—— - €
{ k—i—r-‘,—l} U [ r+1 > ar+1 )’
q jery LO a1 g g+ 1)
where

31)  J(b) = {1 <j<qt(g+1): <5H <2%) S <2%)) - b}.

In order to describe the set J(b), we write j —1 = (¢ + 1)u + R with Ryin(co(u)) < R <
Rinax(e0(u)) with Ry, and R,y defined in (1.5). Then by Lemma 2 we have 54(%) = ¢gy(u)

for £ > 0 and can rewrite (3.1) as

Jb)={j=(@+u+R+1:u€Z1<j<qd"(g+1),
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Runin(€0(1)) < R < Ruax(e0(u)), and (e,-1(u),...,e0(u)) = b}.

Under our assumptions on the block b we can write the numbers u satisfying the last
condition as u = wq" + value(b) with w € Z. Thus we arrive at

J(b)={j=(¢+1)(wg" +value(b)) + R+1:weZ1<j<qg"(¢+1), and
Rmin(bO) S R < Rmax(bO)}-

Inserting the definition of j in the range given for j, we get the following condition on w:

_ Lq—r (value(b) + qTRl)J <w<q- Lq_r <"a'“e(b) " qTRl)J

By (1.5) we have sign(value(b) + -2

-+1) = signvalue(b) # 0 and therefore

R
0 < (si lue(b lue(b) + — ) < ¢".
(sign value(b)) (va ue(b) P 1) q
Summing up this gives
R
\‘q—T (Value(b) + ﬁ)J = — [Value(b) < 0] .
Thus we reach the following explicit characterization:

Proposition 1. Let 0" # b an admissible block with |b,_1| < q/2, n be a positive integer
and k > 0. Let

e U U
[value(b)<0]<w<g+value(b)<0]  Runin(bo)< R< Rumax (bo)
wq"(¢+ 1) + (¢ + 1) value(b) + R wq"(¢+ 1) + (¢ + 1) value(b) + R + 1
{ ¢ (g +1) ’ ¢t (g+1) ) '
Then ((ektr—1(n),...,ex(n)) = b if and only if

n
—— ber,.
{qk”*l}

We now study the sum (1.2). We denote the interval | T+1(q1+1) r+1(q+1 ) by I; and its

characteristic function by 1;,. The above proposition shows that

q-+ [value(b)<0] —1 Rmax (bO)_ 1

(32) Sb(N) = Z Z qur(q+1)+(q+1) value(b)+R+1 (N),

w=[value(b)<0] R=Rpyin(bo)
where

(3.3) ZZL ({W})

n<N k=0
We note that (¢ + 1)(wq" + value(b)) + R+ 1 > 2 by (1.5).
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4. DIRICHLET SERIES

In this section, we study the asymptotic behaviour of the sum S;(N) defined in (3.3),
where 1 < j < ¢"*'(¢ + 1) using Dirichlet generating functions and the Mellin-Perron
summation formula.

We rewrite S;(IV) as

(4.1) Si(N) =Y (N =)y (1,({ng ") = 1,({(n — 1)g 1))
n=1 k=0

using Abel summation. It is clear that the difference in (4.1) only takes values in {0, £1}.
We now discuss for which n the non-zero values are taken.
The first term in the difference equals 1, if

1 k -k
n=u mod ¢*t*! forsomeue{[u-‘,...,[ﬂ} -‘—1}.

qg+1 qg+1

Using a similar expression for the second term in the difference, we obtain

Ly ) = (0 ) =
=[] ] s

Now we can write the Dirichlet generating function of

[ jqk -‘ mod qk+r+1:| '

(1, ({ng™ ) = 1,({(n = 1) 771}))

ns
n=1 k=0

S LS @, {ng ) - 1, ({n— 1)

oo o0

" (e [

. S
k+r+1 k+r+1 Jja*
n+ [ — —0 n=0 (q n+ {qHD

It is clearly enough to study functions v;(s) defined by

Sy ey Al

n=1 n=1 n=1

ZZ ( kel 4 LHD

k=0 n=0

where )\y) (n) denotes the contribution originating from the terms k = ¢ mod 2 (¢ =0, 1)
in the first sum. The splitting of the sum is motivated by

[ jq" w _ J¢"  j(=1)"'mod (g +1)
qg+1 qg+1 qg+1 '
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This leads us to studying the functions

x AW (n) > 1 q—(r+z—1)s j
(4.3) — = = ¢ (s, ) ;
; (n— ozy))s kzzo ; (qk+r+1n + ﬁﬂ) q* —1 (g+ 1)g™+!
k={ mod 2
(0) _ j(=1**! mod (¢+1)
where ;= s .

We will use the Mellin-Perron summation formula (cf. [16]) in the form

c+zoo

sp1 ds
(4.4) Z(N " 2mi / Z (n — a)® —a)+m,

n<N c—ioco n=1

where 0 < o < 1 and c¢ is in the half-plane of absolute convergence of the Dirichlet series.
In the sequel we will write f(c) for the contour integral over the vertical line s = ¢. The
usefulness of this in the context of digital counting was described (for o = 0) in the survey
[6] and in the slightly more general situation 0 < o < 1 in [7]. Without this version
with the parameter «, one could still proceed successfully, as in [17], but that would be
considerably more cumbersome and less elegant.

Applying (4.4) to the two functions in (4.3) separately with the two values of ay) we
obtain

SNV =n)Ain) = Y (N =n)AP () + D (N —n)A (n)

n<N n<N n<N
1 g s 0) sr1 ds
) 37 [ e B )
(2)
1 q " (1) ds
_t NN — qt)st 2
omi | 1o AN —a) s(s+ 1)’

W We now notice that ¢ (o +it, ) = O(|t|277) for o < 0 (cf. [16]). Thus

we can shift the line of integration to Rs = —i by taking residues at the poles in s = 1

where 3; =
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and s = lﬁgz =: X\ into account to obtain
(4.6)
—(r—1) r
q (0)y2 4 (1)y2
Y (N =n)xi(n) = s5—=(N = )"’ + 55— (N —aj”)
= 22— 1) 22— 1)
125 (0) o, =26 o (1)
+ (N—aj )logq(N—aj )+ (N —« )logq(N—aj )

4

1—28; 1 oy 1—20; 1 (1)

1
(0) (1)
+ mC,(Oaﬁj)(QN —a; —a;’)

-1 k(r—1) )
_'_<N_a§0)) Z ( ) C(Xkaﬁj) (N—Oég»o))Xk

J
reotoy 21084 Xk +1)

1 1
. coids 4+ — o ds.
271 8+27ri 5

1) 1)

It is clear from the absolute convergence of the two integrals that they are bounded by
O(NT).

Similarly to the cases studied in [6] and [7] the above integrals could be computed by
writing qT1_1 as a geometric series and shifting the line of integration back to ts = 2. Since
the resulting formulae are highly unpleasant, we restrict ourselves to the two asymptotic
main terms.

Thus we have

(4.7) Z(N —n)A;(n) = %m]\ﬂ + (% - BJ) Nlog, N

n<N

(0) 1)
1 1 1 1 qo:” + o
1 T(3:) = =1 @r— | = = 83, - il -7 J |\N
" <qu () = g Tk <2 BJ) <logq+2+r) q”(q2—1>>

+ N (Fj(log, N) + F;(log, N + 1)) + O(log N) + O(Nw (F; %)) :

where the periodic function Fj of period 2 is given by its absolutely convergent Fourier
series

FJ(IL'): Z (_1)kr g(kaﬁj) ekwix

reotoy 21084 X +1)
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and w(F}, §) denotes the modulus of continuity of Fj. Clearly, G,(z) = Fj(z) + F;(z + 1)
is a periodic function of period 1 with Fourier series

1 ; )
G] ($) _ Z 1 C(X?ka /BJ )1 eZk‘ﬂZJJ.
ke Z\ (0} 0g q X2k (Xor + 1)

Putting everything together we obtain

Si(N) =D (N = n)(Aji(n) = As(n))

n<N
1
:WNlogqN
T(8;-1) 1 11 1

4.8 J _ — - -
. " <logq ;) (g+1)g+! (logq "2 +T) q"(q+ 1)

N qlj=1mod (g +1)] —[j =0 mod (g + 1)] N

q(¢* = 1)

+ N (Gj_1(log, N) — G;(log, N)) + o(N).

In order to obtain an asymptotic expression for S,(/N) stated in Theorem 1 we have to
combine the equations (3.2) and (4.8). For this purpose we need two identities:

q—1
log, T E):
Zogq (x+q
oo q—1
ZC(S ——i—x)—q ZZ nq+w+qaz) = q¢°C(s,qr) for z > 0.

n=0 w=0

-1 1
5 log, 2m + 5 4@ +log,I'(qz) for ¢ >2 (cf. [13]),

Furthermore, we notice that [value(b) < 0] 4+ ¢~ " value(b) + };“’(’;J(rbf)) > 0. This yields (1.3).

5. A CENTRAL LIMIT THEOREM

In this section we will sketch a proof of Theorem 2.
We first construct a probability space (Kubilius model, cf. [5]), which will be used to
approximate the values of s,(n) by random variables. For this purpose we consider the

infinite product space
q g Mo
o={1..1)
2 2

equipped with a probability measure y given on cylinder sets by

. . 1
p(A(Ws)jzo | wj = a; for j <k —1}) = lim ~7 {n < N|ep1(n) = ap_1,...,60(n) = ao} .

The limit exists, since the subsets of N given by fixing a finite number of digits correspond
to residue classes modulo a power of ¢ by Proposition 1. From this fact it also follows that
(for jo < j1 <--- < Js)
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1
(5.1) N#{n <N |¢gj.(n) =aj,...,gj(n) =aj} =

qjs
p({(w))jzo | wj, = aj,, ..., wj = aj,}) + O (N)

We define random variables
Xi(w) = [(Wrtr—1s - - -, wi) = b.
From the definition of p and Proposition 1 it follows that
Q) L1, Q)
¢(g+1) ¢ g+1)°

which shows that the random variables X}, are not quite identically distributed. Further-
more, we compute the joint distribution of X, and X, for t > r:

(5.2) § (X = 1) =

(53) u(Xp=1"AXppy=1) =
= e S (- (-28)

which shows that the random variables X} and X, are not independent. The probabilities
in the case t < r depend on the self-overlapping structure of b and can be computed using
(5.2). The variance of Ef:o X}, can be computed

(ZXk>_ Q (1+22bt—b07 rl—brlt]qlt

q _Q(bo) — (9 — Q(bo) _
+2qr<q+1)(1 q+1) (2 1)qr<q+1)>+(9(1) VoK +O(1).

Equation (5.3) shows that the random variables X} are p-mixing in the sense of [14] with
©(t) = O(q7"). An application of [14, Theorem 1.2.3] yields the central limit theorem for
Xk

. S Q(b)
(5.5) dim <k§% X, < m[( +x KVb> Nor- / dt.

For technical reasons we replace the function sp(n) by

)= Y [lerra(n),. .. en(n) = D]

1
k<log, N—log3 N

and notice that sp(n) — Sp(n) = O(log% N). From (5.1) it follows that the normal-
ized moments of 5,(n) converge to the same limit as the corresponding moments of
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Xk. Since (5.5) holds the convergence of moments implies

o ) Q(bo) _ L [
i <V ) < P hon, N folog, N = [ B

by the Fréchet-Shohat theorem (cf. [5, Lemma 1.43]).

Acknowledgement. The authors thank an anonymous referee for pointing out the pos-
siblity to prove a central limit theorem.
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