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Abstract. We deal with two intimately related subjects: quasi-randomness and regular partitions. The purpose
of the concept of quasi-randomness is to measure how much a given graph “resembles” a random one. More-
over, a regular partition approximates a given graph by a bounded number of quasi-random graphs. Regarding
quasi-randomness, we present a new spectral characterization of low discrepancy, which extends to sparse graphs.
Concerning regular partitions, we present a novel concept of regularity that takes into account the graph’s degree
distribution, and show that if G = (V, E) satisfies a certain boundedness condition, then G' admits a regular par-
tition. In addition, building on the work of Alon and Naor [4], we provide an algorithm that computes a regular
partition of a given (possibly sparse) graph G in polynomial time. As an application, we present a polynomial time
approximation scheme for MAX CUT on (sparse) graphs without “dense spots”.
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1 Introduction and Results

This paper deals with quasi-randomness and regular partitions. Loosely speaking, a graph is quasi-random if the
global distribution of the edges resembles the expected edge distribution of a random graph. Furthermore, a regular
partition approximates a given graph by a constant number of quasi-random graphs; such partitions are of algorithmic
importance, because a number of NP-hard problems can be solved in polynomial time on graphs that come with regular
partitions. In this section we present our main results. References to related work can be found in Section 2, and the
remaining sections contain the proofs and detailed descriptions of the algorithms.

Quasi-Randomness: discrepancy and eigenvalues. Random graphs are well known to have a number of remarkable
properties (e.g., excellent expansion). Therefore, quantifying how much a given graph “resembles” a random graph
is an important problem, both from a structural and an algorithmic point of view. Providing such measures is the
purpose of the notion of quasi-randomness. While this concept is rather well developed for dense graphs (i.e., graphs
G = (V, E) with |E| = 2(|V'|?)), less is known in the sparse case, which we deal with in the present work. In fact, we
shall actually deal with (sparse) graphs with general degree distributions, including but not limited to the ubiquitous
power-law degree distributions (cf. [1]).
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We will mainly consider two types of quasi-random properties: low discrepancy and eigenvalue separation. The
low discrepancy property concerns the global edge distribution and basically states that every set .S of vertices approx-
imately spans as many edges as we would expect in a random graph with the same degree distribution. More precisely,
if G = (V,E) is a graph, then we let d,, signify the degree of v € V. Furthermore, the volume of aset S C V is
vol(S) = >, cg dv. In addition, e(.S) denotes the number of edges spanned by S.

Disc(e): We say that G has discrepancy at most € (“G has Disc(e)” for short) if
vol(S)?
2vol(V)
To explain (1), let d = (dy),ecv, and let G(d) signify a uniformly distributed random graph with degree distribution
d. Then the probability p,,,, that two vertices v,w € V are adjacent in G(d) is proportional to the degrees of both

v and w, and hence to their product. Further, as the total number of edges is determined by the sum of the degrees,
we have -,y cy2 Pow = Vol(V), whence pyy, ~ dydy /vol(V'). Therefore, in G/(d) the expected number of edges

VScV: ‘e(S)— <e-vol(V). (1)

inside of S C V equals 1 2 (vw)yesz Pow ~ 1vol(S)?/vol(V). Consequently, (1) just says that for any set S the
actual number e(.S) of edges inside of S must not deviate from what we expect in G(d) by more than an e-fraction of
the total volume.

An obvious problem with the bounded discrepancy property (1) is that it is quite difficult to check whether G =
(V, E) satisfies this condition. This is because one would have to inspect an exponential number of subsets S C V.
Therefore, we consider a second property that refers to the eigenvalues of a certain matrix representing G. More
precisely, we will deal with the normalized Laplacian L(G), whose entries ({y,), wey are defined as

1 ifv=wandd, > 1,
Lyw = —(dvdw)*% if v, w are adjacent,
0 otherwise;

Due to the normalization by the geometric mean +/d,,d,, of the vertex degrees, L(G) turns out to be appropriate for
representing graphs with general degree distributions. Moreover, L(G) is well known to be positive semidefinite, and
the multiplicity of the eigenvalue 0 equals the number of connected components of G (cf. [8]).

Eig(0): Letting 0 = A\ (L(G)) < - -+ < Ajy|(L(G)) denote the eigenvalues of L(G), we say that G has J-eigenvalue
separation (“G has Eig(6)”)if 1 — 0 < A(L(G)) < Ay |(L(G)) < 1+4.

As the eigenvalues of L(G) can be computed in polynomial time (within arbitrary numerical precision), we can
essentially check efficiently whether G has Eig(d) or not.

It is not difficult to see that Eig(d) provides a sufficient condition for Disc(e). That is, for any ¢ > 0 there is a
d > 0 such that any graph G that has Eig(d) also has Disc(e). However, while the converse implication is true if G
is dense (i.e., vol(V) = Q2(|V|?)), it is false for sparse graphs. In fact, providing a necessary condition for Disc(¢) in
terms of eigenvalues has been an open problem in the area of sparse quasi-random graphs since the work of Chung and
Graham [10]. Concerning this problem, we basically observe that the reason why Disc(g) does in general not imply
Eig(d) is the existence of a small set of “exceptional” vertices. With this in mind we refine the definition of Eig as
follows.

ess-Eig(0): We say that G has essential 6-eigenvalue separation (“G has ess-Eig(d)”) if there is a set W C V of
volume vol(W) > (1 — §)vol(V') such that the following is true. Let L(G)w = (Lyw )v,wew denote the minor of
L(G) induced on W x W, and let A1 (L(G)w) < -+ < N\w|(L(G)w) signify its eigenvalues; then we require
that 1 — 6 < A (L(G)w) < )\‘W|(L(G)W> <1+44.

Theorem 1. There is a constant v > 0 such that the following is true for all graphs G = (V, E) and all € > 0.

1. If G has ess-Eig(e), then G satisfies Disc(104/2).
2. If G has Disc(ve?), then G satisfies ess-Eig(e).

The main contribution is the second implication. Its proof is based on Grothendieck’s inequality and the duality the-
orem for semidefinite programs. In effect, the proof actually provides us with an efficient algorithm that computes a
set W as in the definition of ess-Eig(e). The second part of Theorem 1 is best possible, up to the precise value of the
constant ~y (cf. Section 7).



The algorithmic regularity lemma. Loosely speaking, a regular partition of a graph G = (V| E) is a partition of
(Vi,...,V4) of V such that for “most” index pairs 4, j the bipartite subgraph spanned by V; and V; is quasi-random.
Thus, a regular partition approximates GG by quasi-random graphs. Furthermore, the number ¢ of classes may depend
on a parameter ¢ that rules the accuracy of the approximation, but it does not depend on the order of the graph G itself.
Therefore, if for some class of graphs we can compute regular partitions in polynomial time, then this graph class will
admit polynomial time algorithms for quite a few problems that are NP-hard in general.

In the sequel we introduce a new concept of regular partitions that takes into account the degree distribution
of the graph. If G = (V, E) is a graph and A, B C V are disjoint, then the relative density of (A, B) in G is
0(A,B) = %. Further, we say that the pair (A, B) is e-volume regular if for all X C A, Y C B satisfying
vol(X') > evol(A), vol(Y) > evol(B) we have

le(X,Y) — o(A4, B)vol(X)vol(Y)| < e - vol(A)vol(B) /vol(V), (2)

where e(X,Y") denotes the number of X-Y-edges in G. This condition essentially means that the bipartite graph
spanned by A and B is quasi-random, given the degree distribution of GG. Indeed, in a random graph the proportion of
edges between X and Y should be proportional to both vol(X) and vol(Y'), and hence to vol(X)vol(Y). Moreover,
o(A, B) measures the overall density of (A, B).

Finally, we state a condition that ensures the existence of regular partitions. While every dense graph G (of volume
vol(V) = 2(]V|?)) admits a regular partition, such partitions do not necessarily exist for sparse graphs, the basic
obstacle being extremely “dense spots”. To rule out such dense spots, we consider the following notion.

(C,n)-boundedness. We say that a graph G is (C, n)-bounded if for all X, Y C V with vol(X UY") > nvol(V) we
have o(X,Y)vol(V) < C.

Now, we can state the following algorithmic regularity lemma for graphs with general degree distributions. which
does not only ensure the existence of regular partitions, but also that such a partition can be computed efficiently.

Theorem 2. For any two numbers C' > 1 and € > 0 there exist n > 0 and ng > 0 such that for all n > ng the
following holds. If G = (V, E) is a (C,n)-bounded graph on n vertices such that vol(V) > n~'n, then there is a
partition P = {V;: 0 <1 <t} of V that enjoys the following two properties.

REG1. Forall 1 <i < twe have nvol(V') < vol(V;) < evol(V), and vol(Vy) < evol(V).
REG2. Let L be the set of all pairs (i, j) € {1,...,t}? such that (V;,V;) is not e-volume-regular. Then

> vol(Vi)vol(V;) < evol*(G).
(1,7)eL

Furthermore, for fixed C > 0 and € > 0 such a partition P of V' can be computed in time polynomial in n.

Condition REGT1 states that each of the classes V7, ..., V; has some non-negligible volume, and that the “excep-
tional” class Vj is not too big. Moreover, REG2 requires that the share of edges of G that belongs to irregular pairs
(V;,V;) is small. Thus, a partition P that satisfies REG1 and REG2 approximates G by a bounded number of bipartite
quasi-random graphs, i.e., the number ¢ of classes can be bounded solely in terms of € and the boundedness parameter
C.

We illustrate the use of Theorem 2 with the example of the MAX CUT problem. While approximating MAX CUT
within a ratio better than 18 is NP-hard on general graphs [17,22], the following theorem provides a polynomial time
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approximation scheme for (C, n7)-bounded graphs.

Theorem 3. For any 6 > 0 and C' > 0 there exist two numbers 1 > 0, ng and a polynomial time algorithm
ApxMaxCut such that for all n > ng the following is true. If G = (V, E) is a (C,n)-bounded graph on n ver-
tices and vol(V') > n~1n, then ApxMaxCut(G) outputs a cut (S, S) of G that approximates the maximum cut within
a factor of 1 — 4.

The corresponding result for dense graphs was obtained by Frieze and Kannan [12].



2 Related Work

Quasi-random graphs. Quasi-random graphs with general degree distributions were first studied by Chung and
Graham [9]. They considered the properties Disc(e) and Eig(d), and a number of further related ones (e.g., concerning
weighted cycles). Chung and Graham observed that Eig(d) implies Disc(e), and that the converse is true in the case
of dense graphs (i.e., vol(V) = Q2(|V|?)).

Regarding the step from discrepancy to eigenvalue separation, Butler [7] proved that any graph G such that for all
sets X, Y C V the bound

le(X,Y) — vol(X)vol(Y)/vol(V)| < ey/vol(X)vol(Y) 3)

holds, satisfies Eig(O(e(1 —1ne¢))). His proof builds upon the work of Bilu and Linial [5], who derived a similar result
for regular graphs, and on the earlier related work of Bollobas and Nikiforov [6].

Butler’s result relates to the second part of Theorem 1 as follows. The r.h.s. of (3) refers to the volumes of the sets
X, Y, and may thus be significantly smaller than evol(V'). By contrast, the second part of Theorem 1 just requires
that the “original” discrepancy condition Disc() is true, i.e., we just need to bound |e(S) — Fvol(5)?/vol(V)| in
terms of the zotal volume vol(V'). Hence, Butler shows that the “original” eigenvalue separation condition Eig follows
from a stronger version of the discrepancy property. By contrast, Theorem 1 shows that the “original” discrepancy
condition Disc implies a weak form of eigenvalue separation ess-Eig, thereby answering a question posed by Chung
and Graham [9, 10]. Furthermore, relying on Grothendieck’s inequality and SDP duality, the proof of Theorem 1
employs quite different techniques than the methods used in [5-7].

In the present work we consider a concept of quasi-randomness that takes into account the graph’s degree sequence.
Other concepts that do not refer to the degree sequence (and are therefore restricted to approximately regular graphs)
were studied by Chung, Graham and Wilson [11] (dense graphs) and by Chung and Graham [10] (sparse graphs). Also
in this setting it has been an open problem to derive eigenvalue separation from low discrepancy, and concerning this
simpler concept of quasi-randomness, our techniques yield a similar result as Theorem 1 as well. The proof is similar
and we omit the details here.

Regular partitions. Szemerédi’s original regularity lemma [21] shows that any dense graph G = (V, E) (with
|E| = £2(|V]?)) can be partitioned into a bounded number of sets Vi,...,V; such that almost all pairs (V;,V})
are quasi-random. This statement has become an important tool in various areas, including extremal graph theory
and property testing. Furthermore, Alon, Duke, Lefmann, R6dl, and Yuster [3] presented an algorithmic version,
and showed how this lemma can be used to provide polynomial time approximation schemes for dense instances of
NP-hard problems (see also [19] for a faster algorithm). Moreover, Frieze and Kannan [12] introduced a different
algorithmic regularity concept, which yields better efficiency in terms of the desired approximation guarantee.

A version of the regularity lemma that applies to sparse graphs was established independently by Kohayakawa [18]
and Rodl (unpublished). This result is of significance, e.g., in the theory of random graphs, cf. Gerke and Steger [13].
The regularity concept of Kohayakawa and Rodl is related to the notion of quasi-randomness from [10] and shows that
any graph that satisfies a certain boundedness condition has a regular partition.

In comparison to the Kohayakawa-R&dl regularity lemma, the new aspect of Theorem 2 is that it takes into account
the graph’s degree distribution. Therefore, Theorem 2 applies to graphs with very irregular degree distributions, which
were not covered by prior versions of the sparse regularity lemma. Further, Theorem 2 yields an efficient algorithm
for computing a regular partition (see e.g., [14] for a non-polynomial time algorithm in the sparse setting). To achieve
this algorithmic result, we build upon the algorithmic version of Grothendieck’s inequality due to Alon and Naor [4].
Besides, our approach can easily be modified to obtain a polynomial time algorithm for computing a regular partition
in the sense of Kohayakawa and Rodl, which was not known previously.

3 Preliminaries

3.1 Notation

If S C V is a subset of some set V, then we let 1 € RV denote the vector whose entries are 1 on the components
corresponding to elements of .S, and 0 otherwise. More generally, if £ € RY is a vector, then {5 € RY signifies the



vector obtained from ¢ by replacing all components with indices in V' \ .S by 0. Moreover, if A = (ayy)v,wev 1S @
matrix, then As = (@ )vwes denotes the minor of A induced on S x S. Further, for a vector ¢ € RY we let ||¢]|

signify the £2-norm, and for a matrix we let | M|| = supg_¢crv %

If £ = (& )vev is a vector, then diag(&) signifies the V' x V matrix with diagonal ¢ and off-diagonal entries
equal to 0. In particular, E = diag(1) denotes the identity matrix (of any size). Moreover, if M is a v X v matrix, then
diag(M) € R” signifies the vector comprising the diagonal entries of M. If both A = (a;;)1<i j<v, B = (bij)1<i j<v
are v X v matrices, then we let (A, B) = szzl @i;bij.

If M is a symmetric v x v matrix, then A; (M) < --- < A\, (M) = Amax(M) denote the eigenvalues of M. Recall
that a symmetric matrix M is positive semidefinite if A;(M) > 0; in this case we write M > 0. Furthermore, M
positive definite if A (M) > 0, denoted as M > 0. If M, M’ are symmetric, then M > M’ (resp. M > M) denotes
the fact that M — M’ > 0 (resp. M — M’ > 0).

denote the spectral norm.

3.2 Grothendieck’s inequality

An important ingredient to our proofs and algorithms is Grothendieck’s inequality. Let M = (m;;); jez be a matrix.
Then the cut-norm of M is

Mgy = max | > mi)
i€l jeJ
In addition, consider the following optimization problem:
SDP(M) = max Z mij (xi,y;) st ||zl = ||yl = 1. 4)
i,j€T

While we allow x;,y; to be elements of any Hilbert space, one can always assume without loss of generality that
z;,y; € R?7! (because the space spanned by the vectors z;,y; has dimension < 2|Z|). Therefore, SDP(M) can be
reformulated as a linear optimization problem over the cone of positive semidefinite 2|Z| x 2|Z| matrices, i.e., as a
semidefinite program (cf. Alizadeh [2]).

Lemma 4. For any v X v matrix M we have

SDP(M) = ;max<<(1) é) ® M,X> st diag(X) =1, X >0, X € R**?, (5)

Proof. Let x1,...,29, € R? be a family of unit vectors such that SDP(M) = Z;’jzl m;j (%i, Zj+,). Then we
obtain a positive semidefinite matrix X = (;)1<; j<2, by setting z;; = (z;, ;). Since x;; = l|lz:||? = 1 for all 4,
this matrix satisfies diag(X) = 1. Moreover,

01 v v
<<1 0) ®M,X> =2 Z mijxij+,, =2 Z mij <£L’i,1'j+,,>. (6)

4,j=1 ,j=1

Hence, the optimization problem on the r.h.s. of (5) yields an upper bound on SDP(M).

Conversely, if X = (xm) is a feasible solution to (5), then there exist vectors 1,..., %2, € R? such that
z;j = (x;,2;), because X is positive semidefinite. Moreover, since diag(X) = 1, we have 1 = z;; = ||z;]|?. Thus,
z1,...,To, is a feasible solution to (5), and (6) shows that the resulting objective function values coincide. O

Since by Lemma 4 SDP (M) can be stated as a semidefinite program, an optimal solution to SDP (M) can be approx-
imated within any numerical precision, e.g., via the ellipsoid method [16].
Grothendieck [15] established the following relation between SDP (M) and || M ||

cut”

Theorem 5. There is a constant § > 1 such that for all matrices M we have || M|, < SDP(M) < 6 - || M]||

cut *



The best current bounds on the above constantare 5 < ¢ < m [15,20]. Furthermore, by applying an appropri-

ate rounding procedure to a near-optimal solution to SDP (M), Alon and Naor [4] obtained the following algorithmic
result.

Theorem 6. There are a constant 0’ > 0 and a polynomial time algorithm ApxCutNorm that computes on input M
two sets I, J C T suchthat 0" - | M| ... < > ;e jeq Mijl-

Alon and Naor presented a randomized algorithm that guarantees an approximation ration 8’ > 0.56, and a determin-
istic one with 6’ > 0.03.
To facilitate the proof of Theorem 1, we point out the following simple fact.

Lemma 7. Let M = (m;;); jer be a matrix, and let 7 C Z. Then SDP(M ) < SDP(M).

Proof. Let (z;)ic7, (y;j);jcs be an optimal solution to SDP (M 7 ); that is, ;, y; are unit vectors such that SDP (M 7) =
> ijeg Mij (Ti,y;) . Without loss of generality we may assume that z;,y; € R27!. Since the subspace of R
spanned by the vectors {x;,y; : ¢,j € J} has dimension < 2|7|, there is a family {z;,y; : 4, j € Z\ J} of mutually
perpendicular unit vectors such that the space spanned by {z;,y; : 4,j € Z\ J} is perpendicular to the space spanned
by {x;,y; : 4,5 € J}. Therefore, we obtain

SDP(M) > Z Mij (T, Y;) = Z mij (x;,y;) = SDP(Myz),
ijET ijed

as desired. O

4 Quasi-Randomness: Proof of Theorem 1

4.1 From Essential Eigenvalue Separation to Low Discrepancy

Here we prove the first part of Theorem 1. Suppose that G = (V, E) is a graph that admits a set W C V' of volume
vol(W) > (1 — €)vol(V) such that the eigenvalues of the minor Ly of the normalized Laplacian satisfy

1-¢e< )\Q(LW) < )\max(LW> <l+e (7)

We may assume without loss of generality that ¢ < 1075, Our goal is to show that G has Disc(104/2).

Let A = (vV/dy)vew € RW, and let Ly denote the matrix whose vw’th entry is (dyd,,)~ 2 if v, w are adjacent,
and 0 otherwise (v,w € W), so that Ly = E — Lyy. Further, let My, = vol(V) 1 AAT — L. Then for all unit
vectors £ | A we have

Lw§ —&=—Lw& = Mwé. ®)
Moreover, forall S ¢ W
| vol(8)?
|(MwAs, Ag)| = vol(V) 2e(S)] . 9)

We will derive the following bound on the operator norm of My .
Lemma 8. We have | My | < 104/c.

The Lemma easily implies that G has Disc(10+/¢); for let R C V be arbitrary. Set S = RNWand T = R\ W.
Since || Ag||? = vol(S) < vol(V'), Lemma 8 and (9) imply that

vol(S)?2
2vol(V)

— e(S)’ < 5y/evol(V). (10)



Furthermore, as vol(W) > (1 — ¢)vol(V),

e(R) —e(S) <e(T)+e(S,T) <vol(T) < vol(V\ W) < evol(V), and (11)
vol(R)? —vol(S)2 _ vol(T)?  vol(S)vol(T) _ vol(V \ W)?
2vol(V) = 2vol(V) (V) = vy T VlVATW) s 2evol(V). (12)

2vol(V)
Proof of Lemma 8. Although the smallest eigenvalue of L equals 0 and the corresponding eigenvector is A, the smallest
eigenvalue A1 (L) of the minor Ly, may be strictly positive. Let ¢ be an eigenvector of Ly with eigenvalue Ay (L)
of unit length. Then we have a decomposition A = ||A|| - (s¢ + tx), where s? +t? = 1 and x L  is a unit vector.
Since (Ly A, A) = e(W,V \ W) < vol(V\ W) < evol(V) and || A||? = vol(W) > 0.99vol(V'), (7) entails that

Finally, combining (10)-(12), we see that ‘ vol(R) _ e(R)‘ < 104/evol(V), whence G satisfies Disc(104/¢).

t2
2 > | A7 {Lw A, 4) = 8 (Lw ¢, )+ (Lwx, x) = t*Xo(Lw) > 5

Consequently,
t?2 <4e,and s? >1— 4e. (13)

Now, let £ 1 A be a unit vector, and decompose £ = x( + yn, where L ( is a unit vector. Because ( =
st (ﬁ - tx>, we have x = ((, &) = s~ ¢ <ﬁ,§> —1(x,§) = =L (x, &) . Hence, (13) entails

2?2 <5e, y>>1-—be. (14)

Combining (7), (8) and (14), we conclude that [|Mw&|| = |Lwé — &|| < (1 — A (Lw)) + yl|[Lwn — 0 < 3.
Hence, we have established that
IMwell _

< 3. (15)

sup
ozela €]l

Furthermore, as by assumption vol(W) > (1 — e)vol(V),

[(MwA,A) | A7 2e(W)| _ |vol(W)  2e(W)
| A2 ~vol(V) A2 vol(V)  vol(W)
VOV A\ W) e(W,V\W) _ 3vol(V\ W)
= < .
(V) T el S vol(v) | F (16)
Finally, combining (15) and (16), we conclude that | My, || < 10+/c. O

4.2 From Low Discrepancy to Essential Eigenvalue Separation

In this section we establish the second part of Theorem 1. Assume that G = (V, E) is a graph that has Disc(vye?),
where v > 0 signifies some small enough constant (e.g., v = (64000) 1, where 6 is the constant from Theorem 5).
We may assume that ¢ < 0.001. Moreover, let d,, denote the degree of v € V,n = |V|,andd = n"1 Y d,. Our
goal is to show that G has ess-Eig(e). To this end, we need to introduce an additional property.

veV

Cut(g): We say G has Cut(e), if the matrix M = (M )y wev With entries

I
Y vol(V)

—e(v,w)

has cut norm || M|, < € - vol(V); here e(v, w) = 1if {v,w} € F and 0 otherwise.

cut
vol(S)?

Since for any S C V we have (M1g,15) = Vol (V)

— 2¢(5), one can easily derive the following.

Proposition 9. If G satisfies Disc(0.016), then G enjoys Cut(9).



Proof. Suppose that G = (V| E) has Disc(0.015). We shall prove below that for any two S, T C V

[((M1g,17)] <0.066vol(V)if SNT =0, (17)
[(M1s,17)| < 0.026vol(V) if S = T. (18)

To see that (17) and (18) imply the assertion, consider two arbitrary subsets X, Y C V. Letting Z = X NY and
combining (17) and (18), we obtain

(M1x,1y)| < [(M1lx\z, I z)| + [(M1z, 1 2)| + [(M12,1x\7)| + 2|(M1z,13)]
< dvol(V).

Since this bound holds for any X, Y, we conclude that ||M||_ . < dvol(V).
To prove (17), we note that Disc(0.016) implies that

vol(S)?2
vol(T)?
oT) = 5ot GIE 0.018vol(V)), (20)
(vol(S) + vol(T'))?
e(SUT) — PollV) < 0.016vol(V). Q1)
As S and T are disjoint, (19)—(21) yield
B vol(S)vol(T)
| (M1g,17) | =2|e(S,T) — 2\701(‘/)‘

(vol(S) + vol(T))? — vol(S)? — vol(T)?

=2[e(SUT)—e(S)—e(T) —

2vol(V)
vol(S)?2 vol(T)? (vol(S) + vol(T))?
< - - _
< 2)eld) 2vol(V) 2 ‘G(T) 2vol(V) +2e(SUT) 2vol(V)
< 0.066vol(V).
Finally, as | (M 1s,15) | = 2 |e(S) — 3250 | (18) follows from (19). 0

To show that Disc(ye?) implies ess-Eig(e), we proceed as follows. By Proposition 9, Disc(ye?) implies Cut(1007&2).
Moreover, if G satisfies Cut(100ve?), then Theorem 5 entails that not only the cut norm of M is small, but even the
semidefinite relaxation SDP (M) satisfies SDP(M) < Be%vol(V), for some constant 0 < 3 < 1006+. This bound on
SDP (M) can be rephrased in terms of an eigenvalue minimization problem for a matrix closely related to M. More
precisely, using the duality theorem for semidefinite programs, we can infer the following.

Lemma 10. For any symmetric n X n matrix QQ we have

. 01 . z
- e (03) o0~ 0]

We defer the proof of Lemma 10 to Section 4.3. Let D = diag(d,),ev be the matrix with the vertex degrees on the
diagonal. Establishing the following lemma is the key step in the proof.

Lemma 11. Suppose that SDP(M) < &2vol(V)/64. Then there exists a subset W C 'V of volume vol(W) >
(1 — &) - vol(V') such that the matrix M = D=2 M D~ % satisfies | M || < e.

Observe that vw’th the entry of M if chfllz“% — (dydy)~/? if v, w are adjacent, and chfllz‘% otherwise.



Before we get to the proof of Lemma 11, we show that the lemma implies that G has ess-Eig(e). Combining
Theorem 5, Proposition 9, and Lemma 11, we conclude if G' has Disc(ye?), then there is a set W such that vol(W) >
(1 —¢)vol(V) and || M| < . Furthermore, My relates to the minor Ly, of the Laplacian as follows. Let

Lw =E— Ly
be the matrix whose vw’th entry is (d,d,, )~ />

(Vdy)vew € RW. Then

if v,w € W are adjacent, and 0 otherwise. Moreover, let A =

My =vol(V)1AAT — Ly .
Therefore, for all unit vectors £ 1. A we have
[(Lw&, &) — 1] = [(Lwé&, §)] = [(Mw&, &)] < [[Mwl| <e. (22)
Combining (22) with the Rayleigh characterization of A2(Ly), we obtain

Xo(Lw) = in (L > min (L >1—e 23
o(lw) = max =~ omin (Lw& &> min  (Lwg€) >1-¢ (23)

In addition, since ||A||? = vol(W) > Lvol(V), we have

| Lw Al B (e(v, W) —d,)? dy —e(v,W) _ 2vol(V\ W)
AE = 2 el S22 eV S vel(V)

< 2. (24)
veW

veW
Further, decomposing any unit vector n € R as n = a|A|| 71 A + B¢ with € L A and o? + 3% = 1, we get
(Lwn,n) = 2|AI72 (Lw A, A) +2aB|| A7 H(Lw A, &) + 52 (Lw&, €)
©24) 22)
< 402e? + dafe + (2 (L€, &) <4ae'/? 4 4aPeV? + 2 (1 +¢) <1 +-¢,

because we are assuming that € < 0.001. Hence,

Amax(Lw) = max (Lwn,n) <1-+e. (25)

Thus, (23) and (25) imply that G has ess-Eig(e).
Proof of Lemma 11. Let U = {v € V : d, > £d/8}. Then

vol(V\ U) < ed|V\ U|/8 < evol(V) /2. (26)

Since SDP(My;) < SDP(M) by Lemma 7, Lemma 10 entails that there is a vector 1 L z € RY such that

Amax [((1) (1)> ® My — diag C)] < 2d/64. 27

Consequently, as all entries of the diagonal matrix Dy exceed ed/8, for y = Dljlz we have

e (25) )]
e[ (§2) (2030 aw(()] (32) o

-1 01 . z
<8(ed) " Amax [(1 O) ® My — dlag(z)] < e/8. (28)

Moreover,as z L 1,
(y, Dul) = (Dyy,1) = (2,1) = 0. (29)



Now, let W = {v € U : |y,| < &/8} consist of all vertices v on which the “correcting vector” y is small. Since
on W all entries of the diagonal matrix diag(}) are smaller than £/8 in absolute value, we have [|diag ()| < ¢/8.
Therefore, (28) yields ' ‘

e [(20) 0] e [(85) 2 - (1)) |
yw

in other words, on W the effect of y is negligible.
Further, (30) entails that | Myy| < e. To see this, consider a pair £&,7 € R"W of unit vectors. Since Myy is
symmetric, (30) implies that

e [ (10 o] = (00 o (6). ()

((2) ) - -

diag (yw) H <e/4 (30)
yw

Since this holds for any pair £, 1), we conclude that | My || < e.
Finally, we need to show that vol(TV) is large. To this end, we consider the set S = {v € U : y,, < 0}. Then (27)

yields
2 2
2 _g 1g 01 T z ) 1g 1g
sy =5t | (o) = ([(o) 0w -ane()]- (2)- G

:2<MU15715>_QZZU:2<MU157]-S>_QZdvyv7 (31)
vES vES

because z = Dyy. Further, Theorem 5 and Lemma 7 entail that

| (Myls,1s)| < |Myl|. < SDP(My) < SDP(M) < e*vol(V)/64.

cut
Plugging this bound into (31) and recalling that y,, < O for all v € S, we conclude that
> dulyo| < (218]d + e*vol(V)) /64 < £>vol(V)/32. (32)
veS
Combining (29) and (32), we get

Z do|ys| < e%vol(V)/16.
velU

As |y,| > e/8 forall v € U \ W (by the definition of W), we thus obtain vol(U \ W) < evol(V')/2. Hence, (26)
yields vol(V \ W) < evol(V), as desired. O

4.3 Proof of Lemma 10

01

1 0) ® Q. Furthermore, let

Let @) be a symmetric n x n matrix, and set Q@ = % (

DSDP(Q) = min (1,y) s.t. @ < diag(y), y € R*".
Lemma 12. We have SDP(Q) = DSDP(Q).
Proof. By Lemma 4 we can rewrite the vector program SDP(Q) in the standard form of a semidefinite program:
SDP(Q) = max (Q, X) s.t. diag(X) =1, X >0, X € RZWx(n),
Since DSDP(Q) is the dual of SDP(Q), the lemma follows directly from the SDP duality theorem as stated in [23,
Corollary 2.2.6]. O

10



To infer Lemma 10, we shall simplify DSDP and reformulate this semidefinite program as an eigenvalue mini-
mization problem. First, we show that it suffices to optimize over y € R™ rather than y € R?".

Lemma 13. Let DSDP(Q) = min2(1,y') s.t. Q < diag(}) ® ¥, ¥’ € R". Then DSDP(Q) = DSDP'(Q).

Proof. Since for any feasible solution 3’ to DSDP’(Q) the vector y = (1) ® v’ is a feasible solution to DSDP(Q),
we conclude that DSDP(Q) < DSDP’(Q). Thus, we just need to establish the converse inequality DSDP’(Q) <
DSDP(Q).

To this end, let 7(Q) C R*" signify the set of all feasible solutions y to DSDP((). We shall prove that F(Q) is
closed under the linear operator

7: R2n - RZna (yla"'vynayﬂ-i-h"'7y2n) = (yn-‘rl?"'aanayl)"' ayn)v

ie., Z(F(Q)) C F(Q); note that Z just swaps the first and the last n entries of y. To see that this implies the assertion,
consider an optimal solution y = (y;)1<i<2n € F(Q). Then 3(y + Zy) € F(Q), because F(Q) is convex. Now, let
Y = (y))1<i<n be the projection of 3(y + Zy) onto the first n coordinates. Since 3 (y + Zy) is a fixed point of Z,
we have %(y +ZIy) = G) ® 1’. Hence, the fact that %(y + Zy) is feasible to DSDP(Q) implies that y’ is feasible to
DSDP’(Q). Thus, we conclude that

DSDP'(Q) < 2(1,/) = (1,y) = DSDP(Q).

To show that F(Q) is closed under Z, consider a vector y € F(Q). Since diag(y) — Q is positive semidefinite, we
have

Vi € R*" : ((diag(y) — Q)n,m) > 0. (33)
Furthermore, our objective is to show that diag(Zy) — Q is positive semidefinite, i.e.,

V€ € R*" : ((diag(Zy) — Q)€ &) > 0. (34)
To derive (34) from (33), we decompose y into its two halfs y = () (u,v € R™). Then Zy = (). Moreover, let
&= (g) € R>" be any vector, and set ) = Z¢ = (g) As @ is symmetric, we obtain

(33)

(diag(Zy) — Q)¢, &) = (diag(v)a, o) + (diag(u)B, B) — 2(Q, B) = ((diag(y) — Q)n,n) =0,
thereby proving (34). ]

Proof of Lemma 10. Let

7 _ . 01 . 1
DSDP"(Q) =n Zefr{nﬂ{ng Amax {( 1 0) ®Q + d1ag<1) ® z} .
By Lemmas 12 and 13, it suffices to prove that DSDP’(Q) = DSDP”(Q).

To see that DSDP”(Q) < DSDP’(Q), consider an optimal solution 3’ to DSDP’(Q). Let A = n=! (1,%’) and
z=2(A1 —). Then (z,1) = 2(n\ — (1,%')) = 0, whence z is a feasible solution to DSDP”(Q). Furthermore, as
y' is a feasible solution to DSDP’(Q), we have

1 1
(?é) ®EQ=20< 2diag<1> ®y = 2)\E—diag<1> ® z,

01

1 0) ®Q+ diag(}) ® z) < 2, and thus

where E is the identity matrix. Consequently, A\ ax ((

DSDP”(Q) < nAumas K(l) (1)) © Q + diag (D ® z} < 2n) = 2(1,/) = DSDP'(Q).

11



Conversely, consider an optimal solution z to DSDP”(Q). Set

1 1
1= Ao K‘fé) ©Q diag(l> ®z} = n7IDSDP(Q), ¢ = (il +2).

01
10

1/01 1 A . (1 /
= — <7 == .
Q 2(10>®Q_2<HE+d1ag<1)®z> d1ag<1)®y

Hence, v/’ is a feasible solution to DSDP'(Q). Furthermore, since z 1 1 we obtain

Then the definition of 1 implies that ( ) ®Q — diag(}) ® z < pE, whence

DSDP'(Q) < 2(1,y/) = un = DSDP"(Q),

as desired. O

5 The Algorithmic Regularity Lemma: Proof of Theorem 2

In this section we present a polynomial time algorithm Regularize that computes for a given graph G = (V, F) a
partition satisfying REG1 and REG2, provided that G satisfies the assumptions of Theorem 2. In particular, this will
show that such a partition exists and thus prove Theorem 2 We will outline Regularize in Section 5.1. The crucial
ingredient is a subroutine Witness for checking whether a given pair (A, B) of subsets of V is e-volume regular.
This subroutine is the content of Section 5.2.

Throughout this section, we let € > 0 be an arbitrarily small but fixed and C' > 0 an arbitrarily large but fixed
number. In addition, we define a sequence (¢x)x>1 by letting

t; = [2/e] and tyq = t42". (35)

Moreover, let
k=07, n=tple ™, (36)
and choose ng = no(C, €) > 0 big enough.

We always assume that G = (V, E) is a graph on n = |V| > nq vertices that is (C,n)-bounded, and that
vol(V) > n~'n.

5.1 The Algorithm Regularize

In order to compute the desired regular partition of its input graph G, the algorithm Regularize proceeds as follows.
In its first step, Regularize computes any initial partition P* = {V;! : 0 < i < s;} such that each class V;
(1 <4 < s7) has a decent volume.

Algorithm 14. Regularize(G)

Input: A graph G = (V, E). Output: A partition of V.

1. Compute aninitial partition P* = {V" : 0 < i < s1} such that 2evol(V) < vol(V;') < 3evol(V)
forall1 < i< s;;thus, s; < 4e~'. Set Vi = 0.

Then, in the subsequent steps, Regularize computes a sequence P* of partitions such that P**! is a “more
regular” refinement of P* (k > 1). As soon as Reqularize can verify that P¥ satisfies both REG1 and REG2, the
algorithm stops.

To check whether the current partition P* = {V/* : 1 < i < s;} satisfies REG2, Regularize employs the
subroutine Witness (which is the subject of the next section). Given a pair (V;*, ij), Witness tries to check
whether (VF, ij) is e-volume-regular. Recall that the relative density of A, B C V' is

_ e(AB)
o4 B) = S Avol(B)”

12



Lemma 15. There is a polynomial time algorithm Witness that satisfies the following. Let A, B C V be disjoint.

1. If witness(G, A, B) answers “yes”, then the pair (A, B) is e-volume regular.
2. On the other hand, if the answer is “no”, then (A, B) is not € /200-volume regular. In this case Witness outputs
a pair (X*,Y*) of subsets X* C A, Y* C B such that vol(X*) > z==vol(A), vol(Y*) > z=-vol(B), and

200 200
* * * * vol(A)vo
|e(X*,Y*) = o(A, B)vol(X*)vol(Y*)| > SgilsallB).

We call a pair (X*,Y™) as in 2. an 555-witness for (A, B).
By applying Witness to each pair (V¥, V;k) of the partition P¥, Regqularize can single out a set £L* such that

all pairs V;, V; with (i, j) & L£* are e-volume regular. Hence, if

Z vol(VF)vol(V}) < evol(V)?, (37)
(i,5)ELF

then P* satisfies REG2. Indeed, if (37) holds, then Regularize stops and outputs the desired regular partition, as
we will see below that by construction P satisfies REG1 for all .

2. Fork=1,2,3,...,k™ do

3. Initially, let £F = ().
For each pair (V*,V}}) (i < j) of classes of the previously partition P*
4. call the procedure Witness(G, VF, V], e).
If it answers “no” and hence outputs an ;5;-witness (X5, X7) for (V*, V), then add
(i,7) to L£F.
5. £ 32 jyecr vOL(VF)vol(VSF) < evol(V)?, then output the partition P* and hallt.

If Step 5 does not halt, Regularize constructs a refinement P¥*1 of P*. To this end, the algorithm decomposes
each class V¥ of P* into up to 2°* pieces, where sy, is the number of classes of P¥. Consider the sets X;; with
(i,7) € L£* and define an equivalence relation =¥ on V; by letting u =¥ v iff for all j such that (i, j) € Ly it is true
that u € X;; < v € X;;. Thus, the equivalence classes of Ef are the regions of the Venn diagram of the sets V; and
X;; with (i, j) € £*. Then Regularize obtains P**! as follows.

6. Let C* be the set of all equivalence classes of the relations =F (1 < i < sz).
Moreover, let C¥ = {V}**',... V1) be the set of all classes W € C such that

vol(W) > &'+ Uvol(V)/(15t};,). Finally, let Vi = Vi U Uy ceorer W and set
PF = (V10 <i < sppa )

Since for each i there are at most sy, indices j such that (i, j) € £¥, in P**+1 every class V¥ gets split into at most

2°kF pieces. Hence, si1 < s;2°¢. Thus, as s; < 1, (35) implies that that s, < ¢ for all k. Therefore, our choice (36)
of 7 ensures that

vol(VFFL) > nvol(V) forall 1 <4 < sp44 (38)

(because Step 6 puts all equivalence classes W € C* of “extremely small” volume into the exceptional class). More-
over, it is easily seen that vol(Vy™™!) < evol(V'). In effect, P¥*! satisfies REG1.

Thus, to complete the proof of Theorem 2 it just remains to show that Step 5 of Regularize will actually output
a partition PF for some k < k*. To show this, we define the index of a partition P = {V; : 0 < i < s} as

e(Vi, V;)?

ind(P) = Y o(Vi,Vy)vol(Vijvol(V;) = ) vol(V)vol (V)

1<i<j<s 1<i<j<s

Note that we do not take into account the (exceptional) class Vj here. Using the boundedness-condition, we derive the
following.

Proposition 16. If G = (V, E) is a (C,n)-bounded graph and P = {V;: 0 < 1 < t} is a partition of V with
vol(V;) > nvol(V) forall i € {1,...,t}, then ind(P) < C.

13



Proof. (From vol(V;) > nvol(V') we derive forall ¢ € {1,...,¢}

AR VAV Ve
nd(P?)= > 7%16(‘/“‘/]) < 3 GV V) _ ¢

1<i<j<s (Vi)vol(V) — <iTi<s vol(V) —
O

Proposition 16 and (38) entail that ind(7*) < C for all k. In addition, since Regulari ze obtains P**1 by refin-
ing P* according to the witnesses of irregularity computed by Witness, the index of P¥*1 is actually considerably
larger than the index of P*. More precisely, the following is true.

Lemma 17. If 32, 5 i vOl(VF)vol(V})) > evol(V)?, then ind(P**1) > ind(P*) + £%/8.

To prove the Lemma 17 we follow the lines of the original proof of Szemerédi [21]. First we need the following
observation.

Proposition 18. Let P’ = {V/: 0 < j < s} and P = {V;: 0 < i < t} be two partitions of V. If P’ refines P then
ind(P’) > ind(P).

Proof. ForV; € P,i € [t]letI; = {j: V] € P', V] C V;}. Then, using the Cauchy-Schwarz-inequality, we conclude

e2(V!, V] e2(V!, V]
. N i j o\ Vg)
ind(P') = Z vol(V/)vol(V)) — Z Z vol(V;)vol(V})

1<i<j<s 1<k<I<t i€l
JEL

2
(z <v7v;>) )
g Vi V)
> JEI; — M = ind(P).
| B, Sl 2 it

Furthermore the proof will use the following defect-form of the Cauchy-Schwarz-Lemma.

Lemma 19 (Defect form of Cauchy-Schwarz-inequality). For all i € I let 0;, d; be positive real numbers satisfying
> ic10i = L. Furthermore let J C I, 0 =%, 050, and 05 = ZjeJ o If

Y o0 =0s(0+v)
jeJ

then

20 2, 2
Z%Qi > 0" +vioy.
el

Lastly, for technical reasons we state the following proposition. Its proof is straightforward and we omit it here.

Proposition 20. Let 1/5 > 6 >0, G = (V, E) and A, B C V be disjoint subsets of V. Furthermore let A’ C A and
B’ C B withvol(A\ A") < dvol(A) and vol(B \ B') < dvol(B). Then the following inequalities hold

((A,B) A, B) 55 -
vol(A)vol(B)  vol(A’)vol(B’)| ~— min{vol(A),vol(B)}

¢2(A, B) (A, B')
vol(A)vol(B) B vol(A’)vol(B’) < 156. (40)

14



Proof of the Lemma 17. Without loss of generality we assume ¢ < 1/8. Moreover, we let K C V be the union of the
equivalence classes with a negligible volume size, more precisely

K= U o) =UJ{w et vaiom) <

et(k + 1)vol(V) }
Weck\ck

58,

Now let P’ = {V/: 0 < < s;} be an auxiliary partition given by

o JVEUE iti=o,
" |VF\K otherwise.

To show the index increment ind(P**1) > ind(P*) + /8 we will proceed in two steps. In the first step we will
compare the index of P’ to the index of P*. This will yield the following.

Claim 1 |ind(P*) — ind(P")| < &*.
The second step will reveal the index increment of P**+! compared to P’.
Claim 2 ind(P**1) > ind(P) + £3/4.
Together, with ¢ < 1/8, this yields an index increment
ind(PF*1) > ind(P*) + £3/8.

O
Proof of Claim 1. Let (V¥, ij) be a pair of partition classes of P* and let V; = V¥ \ K and V= ij \ K. Note that
vol(VF) > etvol(V)/15¢t3. Thus we have

4k 4
vol(V/) > vol(VF) — vol(K) > vol(V}) — vol(G)) o (. vol (V).
15 13,4 15¢%

Analogously vol(V}) > (1 —&*/(15t})) vol(V}F) holds. In effect, using the Proposition 20 we get

62(‘/1‘/3 ‘/]l) 62(‘/z’k7 ‘/;k) et
vol(V/)vol(V})  vol(VF)vol(VF)| = 7
Consequently
(VL V) *(Vi, V)

ind(P*) —ind(P)| < >

1<i<j<sy

vol(VF)vol(V}) a vol(V/)vol(V))

O
Proof of Claim 2. Let (VF, V]k) be an irregular pair and (A, B) = (VF\ K, ij \ K). Furthermore let (Xikj7 Xﬁ) be
the witness of irregularity. Then, for X = Xi’“j \KCAandY =X j’“z \ K C B, we have

e(X,Y) e(A, B) B vol(A)vol(B) 10e*
vol(X)vol(Y) VOI(A)VOI(B)‘ B 8vol(Xi’“j)vol(X]’?i)vol(G) " trp1vol(B)
S € vol(A)vol(B)
~ 2 vol(X)vol(Y)vol(G)

due to Proposition 20. Thus, (X,Y") witnesses that (A, B) is not €/2-volume-regular.
Now we will use the Lemma 19 to prove ind(P**1) > ind(P’) +&3/4. Solet [ = (A x B) and for all (u,v) € I

let
~ deg(u) deg(v)

T = ol Aor(p) 9 = oVE ), VI )
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where V*+1(z) denote the partition class V;*™' € P**1 such that € V;**'. Then

Z Ow =1 and d= Z Ouvduy = 0(A, B).

(u,v)erl (u,v)el

vol(X)vol(Y)
vol(A)vol(B) *

1(A)vol(B d )d
LS gy, = SHAlB) Z o dealu) des( )m’““,vj’““)

Moreover, let J = (X x Y)andoy = (u,v)et Tuv = Then we have

vol(X)vol(Y vol(A)vol(B)
(uv)EJ Vk'HCA ueVFt!
Vk+1CB 1;€Vk+1
e(X,Y)
=——"1 > _=9(X,Y)=0(A,B
ol X)vol(Y) o(X,Y) = 0(A,B) +v
for some |v| > £ —YAlANIB) __ que 1o (41).

2 vol(X)vol(Y)vol(G)
Hence, from the Cauchy-Schwarz-inequality (Lemma 19) we deduce

2 deg(u) deg(v) , k+1 E+1

<u%:g%d“” —;j ol Ao &V, V) (1)
= W Y. PWVEL VI el (Vi vol(ViT) (42)

vitlcA

‘/vjk+1cB

) evol(A)vol(B)  \*>  vol(X)vol(Y)
zo (4 B)+ <2V01(X)V01(Y)V01(G)> vol(A)vol(B) (43)
1 ) e2vol(A)vol(B)

= Sol(A)vol(B) (md(A’B e @) ) ()

(From (42) and (44) we infer the amount of the index increment on the irregular pair (A, B). So, summing over
all irregular pairs we get

ivol(A)vol(B) 4 g3

ind(PF+1) — ind(P') > >
ind(P*™) — ind(P') > I vl €=

(i,5)€L

O
Since the index of the initial partition P! is non-negative, Propositions 16 and Lemma 17 readily imply that
Regularize will terminate and output a feasible partition P* for some k < k*.
Finally, we point out that the overall running time of Regularize is polynomial. For the running time of Steps
1-3 and 5-6 is O(vol(V')), and the running time of Step 4 is polynomial due to Lemma 15.

5.2 The Procedure Witness: Proof of Lemma 15

The subroutine Witness for Lemma 15 employs the algorithm ApxCutNorm from Theorem 6 for approximating
the cut norm as follows.

Algorithm 21. Wwitness(G, A, B)
Input: A graph G = (V, E), disjoint sets A, B C V, and a number ¢ > 0.
Output: A partition of V.

1. Set up the matrix M = (Mow)@w,w)caxs With entries myw, = 1 — (A, B)dudy if v,w are
adjacent in G, and my. = —0(A, B)d.d. otherwise.
Call ApxCutNorm(M) to compute sets X C A, Y C Bsuchthat | (M1x,1y)| > 25 | M]|

cut”®
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2. I [(Mlx,1y)| < $5¥neiB) then return “yes”.

3. Otherwise, pick an arbitrary set X’ C A\ X of volume 5vol(A) < vol(X').
— Ifvol(X) > 32vol(A), then let X* = X.

= 100

~ If vol(X) < Z5vol(A) and [e(X',Y) — o(A, B)vol(X")vol(Y)| > S2(vellB) set X* =
X'

- Otherwise, set X* = X U X".
4.  Pick afurther set Y’ ¢ B\'Y of volume 55-vol(B) < vol(Y”).

200

- Ifvol(Y) > =-vol(B), thenletY* =Y.

200

— If vol(Y) < 555vol(B) and [e(X",Y") — o(A, B)vol(X*)vol(Y’)| > SgtieB) et v* =
Y’

— Otherwise, setY* =Y UY".
5. Answer “no” and output (X*,Y™) as an £/200-witness.

Proof of Lemma 15. Note that for any two subsets S C A and T' C B we have
(M1g,17) =e(S,T) — o(A, B)vol(S)vol(T).
Therefore, if the sets X C A and Y C B computed by ApxCutNorm are such that

3e vol(A4)vol(B)

M1y, 1
(M, Iv) | < 155 vol(G)

then by Theorem 6 we have

100 vol(A)vol(B)

6(S.) = o(4, B)vol(S)vol(T)| < [|M|oyy < —= [(M1x,1y)| <& vol(G)

cut

forall S C Aand T C B. Thus, if Witness answers “yes” then the pair (A4, B) is e-volume regular.
One the other hand, if ApxCutNorm yields sets X, Y such that (M1x,1y) > %%E’g)w)

has to guarantee that the output pair (X*, Y™*) is an £ /200-witness.

Indeed, if vol(X) > 35 vol(A) and vol(Y) > 555vol(B) then (X,Y) actually is an £/200-witness. However, as

ApxCutNorm does not guarantee any lower bound on vol(X) and vol(Y) let assume first that vol(X) < 25vol(A)

and vol(Y') > 555vol(B). Then according to step 3. Witness picks a set X’ C A\ X of volume vol(X') >

125 vol(A). If X itself satisfies |e(X',Y) — o(A, B)vol(X')vol(Y)| > %’W then (X’,Y") obviously is an

£/200-witness. Otherwise, by triangle inequality, we deduce

then Witness

(X UX"Y) - e(d, )" AX LX) |, 2 voll)vol(B)

vol(A)vol(B) =100 vol(G)
and thus, (X U X', Y) is an £/200-witness.
In the case vol(X) < £5vol(A) and vol(Y) < 555vol(B) we simply repeat the argument for Y, and hence
Witness outputs an €/200-witness for (A, B). O

6 An Application: MAX CUT

As an application of Theorem 2 and, in particular, the polynomial time algorithm Regularize for computing a
regular partition, we obtain the following algorithm for approximating the max cut of a graph G = (V, E) that
satisfies the assumptions of Theorem 3.

Algorithm 22. ApxMaxCut(G)
Input: A (C,n)-bounded graph G = (V, E') and § > 0.
Output: A cut (S, .5) of G that approximates the maximum cut of G within a factor of 1 — 4.
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Use Regularize to compute ane = 4OOC -volume regular partition P = {V; : 0 < i < t} of G.
2. Determine an optimal solution (ci, ..., c;) to the optimization problem

max Zaci(l —ec))e(Vi,V;) st V1<j<t:0<¢; <e ' ¢; € Z.
i#j
3. Foreach 1 <i < tletsS; C V;be a subset such that |[vol(S;) — cjevol(V;)| < 2evol(V;). Output
S=Ui_,Siand S=V\S.

The basic insight behind ApxMaxCut is the following. If (V;, V;) is an e-volume regular pair of P, then for any
subsets X, X' C V; and Y, Y’ C V; such that vol(X) = vol(X’) and vol(Y) = vol(Y") the condition REG2 ensures

that [e(X,Y) —e(X',Y")| < %&j‘;l(v) That is, the difference between e(X,Y") and e(X’, Y”) is negligible. In
other words, as far as the number of edges is concerned, subsets that have the same volume are “interchangeable”.

Therefore, to compute a good cut (S, S) of G we just have to optimize the proportion of volume of each V; that is
to be put into S or into S, but it does not matter which subset of V; of this volume we choose. However, determining
the optimal fraction of volume is still a somewhat involved (essential continuous) optimization problem. Hence, in
order to discretize this problem, we chop each V; into at most e~ chunks of volume evol(V;). Then, we just have to
determine the number c¢; of chunks of each V; that we join to S. This is exactly the optimization problem detailed in
Step 2 of ApxMaxCut.

Observe that the time required to solve this problem is independent of n, i.e., Step 2 has a constant running
time. For the number ¢ of classes of P is bounded by a number independent of n, and the number [¢71] + 1 of
choices for each ¢; does not depend on n either. In addition, Step 3 can be implemented so that it runs in linear time,
because .S; C V; can be any subset that satisfies the volume condition stated in Step 3. Thus, the total running time of
ApxMaxCut is polynomial.

To prove that ApxMaxCut does indeed guarantee an approximation ratio of 1 — §, we compare the maximum cut
of G with the optimal solution p* of the optimization problem from Step 2, i.e.,

w —maxZECZ —ec;)e(V;, V) st V1<j<t:0<¢; <e” ,chZ. (45)
To this end, we say that a cut (T, T) of G is compatible with a feasible solution (cy,...,c;) to the optimization
problem (45) if [vol(T' N'V;) — ¢;evol(V;)]| < 2evol(V;).

Lemma 23. Suppose that (T, T) is compatible with the feasible solution (c1, ..., c;) of (45). Moreover; let

W= Zscz —ecy)e(Vi, V;)

be the objective function value corresponding to (cy, ..., c;). Then |e(T,T) — p| < %VOI(V).
Proof. Set T; = T'NV; and T; = V; \ T, so that (T, T) = 3, e(T;, Tj) + S, e(Ti, ), and let p1;; =

eci(1 —ecj)e(V;, Vj) (1 < 4,5 < t). Moreover, let £ be the set of all pairs (,7) such that the pair (V;, V) is not
e-volume-regular. Then REG 2 and the (C, n)-boundedness of G imply that

o< Y eV V< Y M<Csml( V)= iVol(V) (46)

1 4
(G.3)eL (i,4)eL G.i)ec vol(V) 00
3 5
; ) < . ) < )
Z e(T;, Tj) < E‘ e(Vi, Vj) < Jo5vol(V) @
(i.j)€L (i.)€L

Furthermore, since vol(Vy) < evol(V') and C' > 1 we have

e(To, T) + e(Ty, T) < vol(Vp) < evol(V) < &VOKV} (48)

18



and as vol(V;) < evol(V) for all 4, the (C, n)-boundedness condition yields

t
S e Z Cvol(V)* _ Cevol(V) = ——vol(V). (49)

- vol(V
i=1
In addition, let
S={(i,j):4,7>0,i#jA(i,§) &€ LA (vol(T;) < evol(V;) V vol(T;) < evol(V;))}.

We shall prove below that

|13 = e(T3, T)| < %e(%%) forall (i,7) & (LUS), i,j > 0, i # j, and (50)

7 g+ (T, Tj) < 6evol(V). (51)
(i,7)€S

Combining (46)—(51), we thus obtain

‘6<T7 T) - /’L’
t
< Y lm eI+ Y (i e(TLT))) + e(To, T) + e(To, T) + ) e(T3,T)
(4,5) Z(LUS) (i,5)€(LUS) i=1
07>0,i#]

§ 4 ) d §
< —vol —vol 1 —vol —vol < —vol
vol(V) + 500 7° (V) + 6evo (V)—|—400V0 (V)—|—4OOV0 (V) < g Vo V),

as desired.
To establish (50), consider a pair (i, j) € (L US), i # j. Since vol(T;) > evol(V;) and vol(T}) > evol(V;) and
(V4,V;) is e-volume-regular, we have

- vol(T;)vol(T}) evol(Vi)vol(Vj)
T, T;) — S i/VOR L)) evorYs VoY) 2
AT 1) = 1 Wol(v;) V9| < Tl (52)
Moreover, as (T, T) is compatible with (cy, ..., ¢;),
vol(T;) vol(Tj)
vol(V)) ec;| < 2¢, vol(V) (1 —ecj)| < 2, (53)

and combining (52) and (53) yields (50). B
Finally, to prove (51), consider an index ¢ such that vol(T;) < evol(V;). Then Zt.zl e(T;,T;) < vol(T;) <

evol(V;). Similarly, if vol(7}) < evol(V;), then S°¢_, e(T}, T;) < evol(V;). Therefore,

> €Ty, T;) < 2evol(V). (54)
(i,5)€S
Further, if vol(T}) < evol(V;), then ¢; < 2, because (T, T) is compatible with (cy,...,c;). Thus Eé LM <

2e 3, e(V;, Vj) < 2evol(V;). Analogously, if vol(T;) < evol(V;), then 3__, 1 < 2evol(V;). Consequently,

> pij < devol(V). (55)
(1,7)€S

Hence, (51) follows from (54) and (55). a
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Proof of Theorem 3. Step 3 of ApxMaxCut ensures that (.9, .S) is compatible with (¢}, ..., ¢}). Therefore, Lemma 23
yields

§
e(S,8) > u* — gvol(V). (56)
Further, let (T, T') be a maximum cut of G. Then we can construct a feasible solution to (45) that is compatible with

(T, T) by letting
o {Vol(T N VZ)J

=vol(V;) (I=ist).

Let pp =3, ;eci(1 — ecj)e(V;, V;) be the corresponding objective function value. Then Lemma 23 entails that
- ]
e(T.T) < i+ gol(V). (57)

As pi* is the optimal value of (45), we have p* > 1, and thus (56) and (57) yield (S, S) > e(T,T) — $vol(V))

>
(1 — 8)e(T, T). Consequently, ApxMaxCut provides the desired approximation guarantee. O

7 Conclusion

1. Theorem 1 states that Disc(y&?) implies ess-Eig(e), where v > 0 is a constant. This statement is best possible,
up to the precise value of v. To see this, we describe a (probabilistic) construction of a graph G = (V, E) on
n vertices that has Disc(100¢) but does not have ess-Eig(0.011/€). Assume that £ > 0 is a sufficiently small
number, and choose n = n(e) sufficiently large. Moreover, let X = {1,...,/zn} and X = {\/en +1,...,n}.
Setz = \/en and = (1 — \/¢)n. Further, let d = n'/* and set

_2d . _d 1—2e o d 1—2e+2¢
pX—na pXX_pXX_n 17\/57 pX_n (17\/5)2
Finally, let G be the random graph with vertex set V. = {1,...,n} obtained as follows: any two vertices in

X are connected with probability px independently; any two vertices in X are connected with probability p ¢
independently; and each possible X-X edge is present with probability py ¢ independently. Then the expected
degree of each vertex is d. Moreover, the expected number of neighbors that a vertex v € X has inside of X
equals \/epxn = 2+/ed. Thus, vol(X) ~ en?px ~ evol(G). Hence, X is a fairly small but densely connected
set of vertices. It is not difficult to see that G satisfies Disc(100¢), and standard results on random matrices show
that G violates ess-Eig(0.01+/2).

2. In the conference version of this paper we stated erroneously that the implication “Disc(ye?) = ess-Eig(e)” is
best possible.

3. The techniques presented in Section 4 can be adapted easily to obtain a similar result as Theorem 1 with re-
spect to the concepts of discrepancy and eigenvalue separation from [10]. More precisely, let G = (V, E) be
a graph on n vertices, let p = 2|E|n~2 be the edge density of G, and let v > 0 denote a small enough con-
stant. If for any subset X C V we have [2e(X) — |X|?p| < ~v&?n?p, then there exists a set W C V of size
|[W| > (1 — €)n such that the following is true. Letting A = A(G) signify the adjacency matrix of G, we have
max{—A1 (Aw), \w|-1(Aw)} < enp. That is, all eigenvalues of the minor Ay except for the largest are at
most enp in absolute value. The same example as under 1. shows that this result is best possible up to the precise
value of ~.

4. The methods from Section 5 yield an algorithmic version of the “classical” sparse regularity lemma of Ko-
hayakawa [18] and R6dl (unpublished), which does not take into account the degree distribution.
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