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Abstract. We introduce new entropy concepts measuring the size of a given class of increasing
sequences of positive integers. Under the assumption that the entropy function of .2/ is not too large,
many strong limit theorems will continue to hold uniformly over all sequences in .2/. We demonstrate
this fact by extending the Chung-Smirnov law of the iterated logarithm on empirical distribution
functions for independent identically distributed random variables as well as for stationary strongly
mixing sequences to hold uniformly over all sequences in .o/. We prove a similar result for sequences
(ngw) mod 1 where the sequence (ny) of real numbers satisfies a Hadamard gap condition.
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1. Introduction

Let X1, X5, ... be a sequence of random variables and .2 a class of increasing
sequences of positive integers. The purpose of our paper is to investigate under
what conditions the sequence (X,,) satisfies the strong law of large numbers uni-
formly over ./ in the sense that
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k<N

1
lim — sup =0 as. (1.1)

N=ooN (1) € s

When relation (1.1) is valid, we will also be interested in the speed of convergence;
in particular we will investigate when the uniform law of the iterated logarithm
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holds.
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Our work was motivated by recent results of Mauduit and Sarkozy on pseudo-
random behavior. Given independent random variables X, X», . . . taking the values
+ 1 with probability 1/2 — 1/2, it is not hard to prove that

Z Xak+b

k>1
ak+b <N

hm— max =0 a.s.

N—ooNa=>1b>0

Thus, if (x,) is a ‘truly’ random =+ 1 sequence, then the quantity

§ Xak-+b
k

>1
ak+b <N

Ky := max (1.3)

az1b=>0

is o(N). Hence for a computer generated +1 sequence (xi,...,xy) the quantity
(1.3), introduced by Mauduit and Sarkozy in [14] (see Knuth [10], p. 148 for a
related ‘serial test’), can be used as a measure of pseudorandomness. More gener-

ally, for a sequence (xi,...,xy) in [0, 1), Mauduit and Sarkozy introduced the
quantity
Wy (xy,...,xy) = =, max ; (Yarrp < 1/2) = 1/2) (1.4)
ak+b <N

which they called the well-distribution measure of the sequence. In a long series of
papers (see e.g. [15], [16], [4], [13] and the references therein), they investigated
the quantities Ky and Wy for several interesting sequences (x,) defined by num-
ber-theoretic algorithms. A good estimate for Ky and Wy means a high degree of
pseudorandomness, but to assess how this is related to “true” random behavior, one
needs a probabilistic analysis of the well-distribution measure, i.e. to study the
behavior of Ky and Wy for typical classes of random sequences. The purpose of
our paper is to provide such an analysis.

In addition to the well-distribution measure Wy, several related quantities (e.g.
the corresponding correlation measures) are of considerable interest in pseudo-
randomness studies (see e.g. [14], [13], [1], [4]), but in the present paper we will not
deal with such quantities.

Note that in (1.1) we use the norming N~! for all sums Zpk < v Xp,» although
many of them consist of less than N elements. This choice is the natural one for our
arithmetic applications, and changing (1.1) to

Z XPA-

1
lim sup —————
N= () e or #SK S e SN =y

would actually result in a useless concept. If, for example, .o/ consists of all increasing
arithmetic progressions in N, then there are many sets in .2/ having exactly one ele-
ment under N and thus (1.5) is false even if X,, are i.i.d. binomial variables.

Given a sequence (x,) and a class .7 of subsequences of N, we define a
generalization of the well-distribution measure of Mauduit and Sarkozy by

S (U, <0 =1)

pe <N

=0 as. (1.5)

WIE,‘Q/)(xl,...,xN) = sup sup
(pk)619/0<1<1

(1.6)
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When (xq,...,xy) is understood, we shall simply write Wy(.«/) instead of
W](\,‘Y’/) (x1,...,xy). Note that, in contrast to (1.4), definition (1.6) involves a sup
in ¢ as well. This is quite natural, since the value 1/2 in (1.4) was arbitrary. Note
that in the case when the class .o7 consists of the single sequence N, the quantity in
(1.6) reduces to NDy(xy,xa,...,xy), where

1
Dy =Dy(x1,...,xy):= sup |—card(k<N:x <1)—t

0<r<1

is the discrepancy of (xi,...,xy). Clearly, the sup in 7 makes the estimation of
Wy (/) more difficult, but our results will be easy to compare with known dis-
crepancy estimates in the literature.

Let 1,7, . . . be a sequence of random variables in [0, 1). Analogously to (1.1),
we will say that (7,) satisfies the Glivenko-Cantelli theorem uniformly over o7 if

> (U <1)—1)

pr <N

1
lim — sup sup
N=oolN (p)es0<<1

=0 as., (1.7)

where 1(A) denotes the indicator function of the set A. Relation (1.7) expresses a
certain uniformity in the behavior of empirical distribution functions of subse-
quences of (1), a requirement tailored for the specific needs of pseudorandom
behavior. It seems this kind of subsequential uniformity has not been studied in the
probabilistic literature so far. On the other hand, uniform convergence of empirical
processes with respect to sets in Euclidean spaces has a wide literature going back
to the 1970’s. Let (7,) be a sequence of i.i.d. random variables, uniformly distrib-
uted over the unit cube K¢ of [Rd, and let % be a class of Borel sets C K. Put

Zy(C) = Y (1(meC) — u(C)), Ce%

k<N

where p is the Lebesgue measure. It is known that the validity of the uniform
strong law and LIL, i.e.

1
li —|Zy(C)| =0 as. 1.8
Jim_ sup 5 [Zv(C)] a.s (1.8)
and
. |Zn(C
lim supsuPCE%—“\’(>| <oo  as. (1.9)

N—oo /Nlog logN

are closely connected with the geometry of the class %, namely how many suffi-
ciently separated elements of the class & exist, or how closely the elements of %
can be approximated by “special” sets. For example, let N;(6, ) denote the
smallest number r of measurable sets A, ...,A, in K¢ such that for every C &
% there exist A;,A;, 1 <i<j<rsuchthatA; C C C A;and u(A;\A;) <6 (“metric
entropy with inclusion’”). Then the validity of the uniform LIL and CLT is closely
related to the finiteness of the entropy integral

1
J (log N;(x2, %)) *dx.
0
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(See e.g. Dudley [6], [7], Dudley and Philipp [8].) Another important geometric
property relevant for the uniform strong law (1.8), discovered by Vapnik and
Cervonenkis, is how finite sets {x;,...,xy} in R? can be “shattered” by elements
of €, i.e. how many different sets of the form {x;,...,xy} N C, C€% exist. In
fact, a necessary and sufficient condition for (1.8) can be given in terms of this
quantity; see e.g. Pollard [21], p. 22.

In this paper, we will develop entropy concepts for classes of subsequences of
N and use them to study uniform subsequential limit theorems of the type (1.1),
(1.2) and (1.7). Quite naturally, the behavior of the quantities in (1.1), (1.2), (1.7)
is connected with the size of the class .o/ and we will see that various ‘‘sequential”
analogues of entropy measures in R? will lead to substantial information on em-
pirical processes. Beside the simplest case of i.i.d. variables 7,, we will study
some classes of dependent sequences as well, in particular mixing and lacunary
sequences.

Throughout our paper, we will assume that the class .o/ contains the se-
quence N. This assumption implies that Wy is bounded below by N times the
discrepancy of the same sequence and this will permit us to compare our re-
sults with classical discrepancy bounds in the literature. Apart from the lower
bounds in the LIL in Theorems 1, 2, 6, all our results remain valid without this

assumption.
Given a class .o/ of subsequences of N, for each N > 1 let .&/) denote the
collection of the restrictions of these subsequences to the segment [1,2,...,N] of

the first N positive integers, i.e.
oy ={AN[1,2,...,N]:Ac.o}.
Clearly
Ay =] An(r)
r>1

where o/ y(r) denotes the class of sets A€ .o/y for which N27" < card A <
N27U"D We call

(N, r) := card o y(r) (1.10)
the entropy function of the class .o7.
Next, let (1) be a sequence of random variables in [0, 1). In the simplest case

of Theorem 1, the 7; will be independent, with each 7; having uniform distribution
over [0,1), i.e.

Pip<t)=t, 0<t<1, k>1. (1.11)
In Theorems 2 and 4 we permit 7 to have asymptotically uniform distribution over
[0,1).

Theorem 1. Letr () be a sequence of independent random variables with
uniform distribution (1.11) over [0,1). Let .o/ be a class of subsequences of N with
entropy function 1 satisfying

Y(Z;N,r) < exp(B-2/*log logN), r=0, N> 10 (1.12)
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for some constant B > 0. Then with probability 1,
1/4 < limsup(Nlog logN)"*Wy(/) < C
N—oo

for some constant C, depending only on the constant B in (1.12).

Theorem 1 gives the precise growth speed of Wy(.<7) in the almost everywhere
sense under the entropy condition (1.12). It is worth mentioning that in the case
when .7 is the class of arithmetic progressions, the recent paper of Alon et al. [1]
(for a preliminary study see Cassaigne, Mauduit and Sarkozy [4]) shows that the
precise order of magnitude of Wy(.«) in probability (“typical value”) is O(v/N).
They also determine the typical value of the corresponding correlations.

As Theorem 6 below will show, Theorem 1 remains valid, under a more stringent
entropy condition, for a large class of mixing sequences (7)) of random variables.
Applications include e.g. continued fraction digits and digits in other classical ex-
pansions. Before, however, stating this general result, we will consider a particularly
simple and arithmetically interesting dependent sequence, namely the sequence 7, =
M(w) = mw mod 1 for rapidly increasing sequences (n;) of integers. This is not
covered by the mixing theory, but it will exemplify the methods applied in this field.

It is easy to see that the class .7 of arithmetic progressions satisfies ¥(.eZy;
N, r) < C2* and thus Theorem 1 applies for this class. .7 is, however, a fairly small
class and we will show now that condition (1.12) permits much larger classes .o/
than 7. To see this we first construct, for each integer r > 1, a class .o/ (") of
sequences of positive integers such that each sequence in .o/ ("), intersected with
[27,2"1), has 2" elements, the so obtained finite sequences are all different and
for n > no(r) their number is 22" To this end, choose 22" subsets H 5”) ... H (Z[), .
of {2,...,2""! — 1} with cardinality 2"~". Since (,, ) — oo, this is possiblé for
n=ny(r);forl <n< no(rg we choose a single subset H" of {27, ... 2n+1 — 1;»
with 2" elements. Let .2/") consist of the sequences U,,<,,O(,)H0" Un > no(r) Hj(" R
j=1,2,...,2%"; this class obviously has the above properties. Let now .o/ =

> /"), Clearly, all sequences in /") have between N2~ and N2~"*! ele-
ments in [1,...,N| for any N > 1 and thus if a sequence (n;) € </ has between
N27" and N2~ elements in [1,N] then (1) belongs to .o, or .o/, ;. Hence

w(%,N, r) < 22(r—1)/2 + 22r/2 < 22r/2+1 < exp(z ) 2r/2)'

In the construction of the sequences in .o/ (") above, we chose their finite segments
in [2",2"+1) separately and the number of choices for the finite segment in [2",2"+1)
was 22"? (actually we can have a little more by (1.12)), which is much more than the
number O(2%") of arithmetic progressions in [2",2"*!) having between 2" and
2"="+1 elements. This shows that Theorem 1 Permits much larger classes ./ than
arithmetic progressions. Note that once the 22" sequences in each interval [2",2"+1)
were chosen, we combined them to infinite sequences by ‘““patching together” the
first, second, . . ., 22" -th sequence in the intervals. If, alternatively, we combine each
finite sequence in an individual interval with all other finite sequences in other inter-
vals, we get a class .7 ") satisfying 1(.("); 271 ) =227 and thus (1.12) fails by a
large margin. Similarly, the class .7 of all sequences (1) which are linear in each
interval [2",2"1) fails (1.12) by a large margin.
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By a result of Finkelstein [9], the sequence

fu(t) = (Nlog logN) ™' > (1(me < 1) — 1) (1.13)

k<N

of normalized empirical distribution functions is, with probability 1, relatively
compact with respect to the uniform topology and the class of its limit points is
the class %, of absolute continuous functions x(z), 7 € [0, 1] satisfying

1
X(0) = x(1) = 0, J V(0 < 1.
0
It is easily seen that all functions in % belong to the Lip (1/2) class, and thus for
any ¢ >0 there exists with probability 1 a random index Ny = Ny(e) such that

() —fu(s)| < Cle — s/ + ¢ (1.14)

for all 0 < 5,7 < 1, and all N = Ny(e), where C is an absolute constant. The last
relation is a substantial sharpening of the ordinary LIL
lim sup sup |fy(t)]<oo aus.
N—oo 0<1<l1

As we will prove, a similar sharpening of Theorem 1 holds. Define, for a fixed
sequence p = (px) €./ and 0 <t < 1,

fup(t) == (Nlog logN) ™" >~ (1(n, < 1) —1). (1.15)

k<N

Then under the hypotheses of Theorem 1 the following result holds. For each 0 < «
< 1/2 and € > 0 there is with probability 1 a random index Ny = Ny(¢) such that

v.p(t) = fup(s)l < Clt — 5" + & (1.16)

for all 0 <s,7 < 1, all (py) €./ and all N > Ny, where the constant C depends
only on B in (1.12).

Our next theorem concerns lacunary sequences {mw}, where {-} denotes
fractional part. By a classical result of Weyl (see e.g. [11], pp. 32-33), for any
increasing sequence (n;) of integers, {mw} is uniformly distributed for almost
every w in the sense that its discrepancy Dy tends to 0 as N — oo. This fact and
the simplicity of its definition make {n;w} a natural object for a pseudorandom-
ness study, and in fact a number of results in our paper will deal with this se-
quence. Very few sharp results on the discrepancy of {nw} exist in the literature;
precise asymptotics are known only for n; = k and rapidly increasing (n;). Philipp
[19] proved that if (ny) satisfies the Hadamard gap condition

mepr/me=q>1, k=1,2,.... (1.17)
then the discrepancy of {mw} satisfies the law of the iterated logarithm, i.e. for
almost all we [0, 1) we have

. NDy({mw})
<1 MU < C(g), 1.18
mSUp o Tog N (q) (1.18)

N
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where C(gq) < 1/(q —1). Our next theorem proves an LIL for the well dis-
tribution measure Wy(.«Z) of this sequence, extending substantially Philipp’s
result.

Theorem 2. Let (ny) be a sequence of real numbers satisfying a Hadamard gap
condition (1.7) and let n, = mp(w) = {mw}. Let the class o/ be a class of subse-
quences of N with entropy function satisfying

(N, r) <B-2"7 (1.19)
for some constants B >0 and (3> 0. Then with probability 1
1/4 < lim sup(Nlog logN)'*Wy(/) < C
N—oxo

for some constant C < oo, depending only on B, 3 and q.

As we noted earlier, the class .o/ of arithmetic progressions satisfies (1.19) with
8 = 2. A construction similar to that discussed after Theorem 1 shows that for
large (3, (1.19) permits considerably larger classes than the class of arithmetic
progressions.

Again we shall prove an estimate of the modulus of continuity of the empirical
process. Define fy as in (1.15). In analogy with (1.16) we shall obtain under the
hypotheses of Theorem 2 that for each € > 0 there is with probability 1 a random
index Ny(e) such that

() — v p(s)| < Clt — 5"/ + ¢ (1.20)

forall 0 < 5,7 <1 all (px) €./ and all N > Ny(e).

The second entropy concept is based on the Hamming distance of sequences of
integers. For N > 1 we define the (normalized) distance of two sequences A and B
of integers by

d(A, B N) :% S [i(ned) — 1(neB)|.
n<N

Given a class .7 of increasing sequences of positive integers, we define the entropy
function x by

k(eZ;6,N) := sup{m : there exist Aj,..., A, € Ay
such that d(A;,Aj;N) > 6 for all i #j}.  (1.21)
Clearly « is a non-increasing function of § > 0.

Theorem 3. Let (1) be a sequence of independent random variables with the
uniform distribution (1.11) over [0, 1). Let .o/ be a class of increasing sequences of
positive integers with entropy function k(./; 6, N) growing not faster than a poly-
nomial in 1/6 (depending only on /). Then with probability 1

Wy (/) < VN(log k(Z; N~ N) + (log log N)"?)  for any a>1/2.

The same result holds if mx = {myw}, where (ny) is a sequence of real numbers
satisfying the Hadamard gap condition (1.7).
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As an example, consider a Vapnik—Cervonenkis (VO) class .« in the set N of
positive integers. For any finite set F C N, let A (F) be the number of different
subsets FNA,A€.o/. Forn=1,2,... let

m? (n) := max(A?(F) : card F = n).
Clearly m* (n) < 2" Let

inf{n : m(n) <2"}
+o00 if m?(n) = 2" for all n.

v=V(L) :—{

If V(.e/) < + o0, then .o is called a VC class in N. We recall a result of Dudley
[6, Lemma 7.13] or Dudley [7, p. 105] measuring the size of VC classes. Let " be
the set of all laws on N of the form

N
-1
)
=1
for unit point masses é; on x(j) €N, j=1,2,...,n; n=1,2,... where the x(j)
need not be distinct. For 6 >0 and y &I let
k*(.t; 7, 6) := sup{m : there exist Ay, ..., A, €.o/
such that y(A;AA;) > 6 for i #j}
and put
K*(ot; 8) := sup{k*(Z; ~,6) : yvET}.
Lemma 1. [6], [7]. If o/ is a VC class in N with V(o) = v, then there is a
constant K depending only on v such that
k" (ot; 6) < K6 |logé|”  for all §>0.

Hence, if .o/ is a VC class in N, the entropy function  defined in (1.21) does
not grow faster than a polynomial in 1/6.

Corollary 1. Let () be a sequence of independent random variables with
uniform distribution (1.11) over [0,1) or ny = {mw} with a Hadamard lacunary
(k). Then if o/ is a VC class in N, with probability 1 we have

Wy (/) < VNlogN.

Theorem 4. Let (n;) be an increasing sequence of integers and let n =
m(w) = {mw}. Let o/ be a class of subsequences of N with entropy function
satisfying (1.19) for some positive constants 3 and B. Then with probability 1,

Wy(/) < NF3(logN)T7 if B> 1,
< N3 (logN)*™®  if g=1,
<<N%(10gN)%+€ if B<1.
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Note that we do not make here any growth or arithmetic condition on the (n;). In
the case when .7 = % is the class of arithmetic progressions in N, Mauduit and
Sarkozy [15], [16] proved that for almost every w

Wy ({kw}) < N'2(logN)'**  ae.

Wy ({Pw}) < N5 (logN)*°*  ae.
and for k =3,4,...
Wy({Kw}) < N'™  ae.
with some (explicitly given) constant «, > 0. They also proved that the above
relations, with a slightly smaller exponent of the log, hold for any irrational w
whose partial quotients in the continued fraction expansion remain bounded. For

the case ./ = &, Philipp and Tichy [20] proved that for any increasing sequence
(ng) of integers we have

Wy({mw}) < N*3(logN)'**  ace. (1.22)
Note that
Y(Z,N,r) < C-2% (1.23)
and thus the case = 2 in Theorem 4 and (1.23) yield the result of Philipp and
Tichy.

Theorem 5. Let (n;) be an increasing sequence of integers and let ny =
m(w) = {mw}. Let o/ be a class of subsequences of N with entropy function
k(A;6,N) < C67Y for some v=0, where C depends only on o/. Then with
probability 1,

Wy(of) < N%(logN)v%ﬁg, e>0.

Finally, we formulate a theorem which extends our results for mixing se-
quences of random variables. Let (£,) be a strictly stationary sequence of random
variables satisfying a strong mixing condition

|P(AB) — P(A)P(B)| < a(n) L O (1.24)

for all A€ #| and BEF rin- Here F b denotes the o-field generated by {¢&,,
a < n < b}. Let f be a measurable mapping from the space of infinite sequences
(a1, g, . . .) of real numbers into the real line. Define

M =f (& &asts-. ), n=1 (1.25)
and
Mo = E(na| 73™), mon > 1.
We assume that 7, can be closely approximated by 7, in the form
E|nn = 1n| < ¢(m) 1 0 (1.26)

for all m,n > 1. This means that the functions f(&,,&,+1,...) can be closely
approximated by functions of finitely many variables.
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Sequences of the above type appear in many arithmetic applications. For exam-
ple, the partial quotients in the continued fraction expansion of a number £ chosen
at random in (0,1) according to the Gaussian measure P(C) = (log2)”'
fC(l + x)fldx are stationary and satisfy the strong mixing condition (1.24) with
an exponentially decreasing «(n). (See e.g. [12], Chapter 9.) Similar results hold
for the digits in several other expansions. Condition (1.24) also holds, with expo-
nentially decreasing «(n), for a large class of Markov processes; for example, for
&, defined by a stochastic recurrence relation &, = g(&,_1,¢&,), Where &, is an i.i.d.
sequence.

Theorem 6. Let (&,) be a strictly stationary sequence of random variables
satisfying the strong mixing condition (1.24) with
an)<n™®, p=8. (1.27)
Suppose that the random variables n, defined by (1.25) are uniformly distributed
over [0, 1) and that they satisfy (1.26) with

o(m)<m™,  gq=12. (1.28)
Let o/ be a class of increasing subsequences of N with entropy function satisfying
Y(t;N,r) < B-2"7 (1.29)

for some constants B >0 and
0<B< min(p/5—1, q/5-3). (1.30)
Then with probability 1
1/4 < limsup(Nlog log N)*Wy(/) < C

N—oo

for some constant C < + oo.

Again we have a stronger result, expressing the Lipschitz property of the nor-
malized empirical distribution functions fy . Specifically, for each € > 0 there is
with probability 1 a random index Ny = Np(e) such that

fiv.p(t) — fv.p(s)] < Cit —s|'/1% 4+ ¢ (1.31)

for all 0 < s <1, all (px) €./ and all N > Ny. The constant C; only depends on
the constants implied by < in (1.27), (1.28) and the constant B in (1.29).

Our paper is organized as follows. Theorem 2 is proved in complete detail in
Section 2. The proofs of Theorem 1 and Theorem 6 are considerably simpler and
are given in Section 4. Theorem 3 is proved in Section 3 in the lacunary case; since
the i.i.d. can be proved in the same way, we will omit it. Finally, Theorems 4 and 5
are proven in Section 5.

2. Proof of Theorem 2

Clearly, sequences (py) € .« having at most /N elements in [1, N] contribute to
the supremum in (1.7) by at most v/N and thus in the proof of Theorem 2 (and in
fact all proofs in our paper) we can restrict the definition of Wy to sequences
(pr) € 7 having more than v/N elements in [1, N].
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Let (n;) be a sequence of real numbers satisfying the Hadamard gap condition
(1.17) and let m = m(w) = {mw}. For 0 < s <t < 1 we set

Xn(s,0) = 1(s <my<t) — (t —5). (2.1)

Finally, let 3 be the constant in the entropy condition (1.19). The key of the proof
of Theorem 2 is the following exponential inequality, which is a sharpening of [19,
Proposition 4.2.1].

Proposition 1. Let N > 1 be an integer and let R > 1. Suppose that ¢ =
t —s = N2 Then for some constant A = 1 we have as N — oo

max X Sl
P gy Do

< exp(—16R(™'3?1og logN) + R~3N27

> AR('/3(N log logN)1/2>

where A and the constant implied by < depend only on q and (3.

Proof. We follow the proof of [19, Proposition 4.2.1]. First, we note that
by the argument in [19, p. 338] we can assume without loss of generality
that g > 16. Next, for each k = 1,2, ..., define r; to be the largest integer r such
that

2 < mad” (2.2)
Let % denote the o-field generated by the dyadic intervals
Ujp=[27"% v+1)27"%) v=0,1,2,...,2"* — 1.
Then, as in the proof of [19, Lemma 4.2.2] we have for k > 0 and j > 1
E(xul7) < - 4"167 as. (2.3)

where the constant implied by < is absolute.

As in [19], we define blocks Hy, 1, H,, I, ... of consecutive integers induc-
tively: both H; and I; consist of 2[]'1/ 2] consecutive integers and there are no gaps
between the blocks. Thus H, = {1,2}, I, = {3,4},...,Hs = {13,14, 15,16},
I, ={17,18,19,20}, ... Let h; be the largest number of H;. For N > 1 let M =
My be defined by

hy—1 <N < hy, (2.4)
then
by — hy—y = 4[MY?] < N3, (2.5)
As in [19, (4.2.5)] we discretize the x,, v € H; by setting
& = Ex,|#)y) veH,. (2.6)

We introduce the block sums

Z Xyy, Vi = Z & = E(wj| 7). (2.7)

v € H; v EH;
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Then as in [19, Lemma 4.2.3],

o — &ll, < 274"
The proof of [19, Lemma 4.2.4] with (83)-th instead of sixth moments yields []

Lemma 2. As N — oo,
P( D bi—wl= Rél/}le/Z) < RN,
J<M

Relation [19, (4.2.8)] continues to hold with 2/ " on the right side and thus the
proof of [19, Lemma 4.2.5] yields

EW|F.,) < 47 as. (2.8)

where the constant implied by < is absolute. Also Lemmas 4.2.6, 4.2.7, and 4.2.8
in [19] remain valid as they stand, yielding

hy
> x, < LEN? (2.9)
n=N+1
and
Y=Y+ (2.10)
where (Y, %;) is a martingale difference sequence with &, = o(yi,...,y;),
satisfying
v =E(y| % 1) < £-167" as. (2.11)
and
> E(Y}| %) <DIN as. (2.12)

J<M
where the constant D and the constants implied by < are absolute.
Finally we replace [19, Lemma 4.2.9] by the following lemma.

Lemma 3. As N — oo
P Y;
(x| o0

J<k
For the proof we choose in the proof of [19, Lemma 4.2.9] the parameters ¢, A
and K as follows:

c=2M:, X\=20""1%log logMy:MY*, K = 4RDE/SMA2.

> 8RD!'/*2 (N log logN)é) < exp(—16R(/321og log N).

O

Treating the block sums

%= qu

vel

in the same way, and taking (2.9), (2.11) and Lemma 2 into account we finally
obtain the estimate as claimed in Proposition 1.
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Proposition 2. Let (py) € o/ and let N = 1, R > 1. Let ¢(N) denote the largest
k such that p, < N and assume that $(N) = N 172 Finally, suppose that t — s >

N=3/*. Then
P(én?)lsl Z Xp, (8,1)
= pr<Q

< exp(—14R(t — 5)"**1log log N) + R~ p(N) "%’

> AR(t — 5)"/*(¢(N) log 10gN)1/2>

where both A = 1 and the constant implied by < depend only on q and (3.
Proof. Since there are ¢(N) terms with p; < N, Proposition 1 implies

P<én<a)}i, Z Xp, (8,1)

<0

< exp(—16R(t — 5)"*?log log ¢(N)) + R ¥ (N) .

>ARo—sf“%¢momgkg¢awf”)

Here we used the fact that
t—s>=>N3* > ¢(N)?

by the assumptions of Proposition 2. Next observe that by N'/2 < ¢(N) <N,
log log ¢(N) differs from log log N by not more than 1 and thus their ratio is be-
tween 14/16 and 1 for N > N,. Hence the probability in question does not exceed

exp(—14R(t — S)fl/32 log log N) + R78‘3¢(N)725,

]

Proposition 3. Ler N > 1, R > | and suppose that t — s > N—3/*. Then

P| max max X, (8,1 >ARt—s1/32Nlo Io N1/2>
(o max, | 5 5,00 > ARl =) (W log log )
Pk <0
< exp(—12R(t — 5) "/ log logN) + R %N,
where both A = 1 and the constant implied by < depend only on g and (.
Proof. We partition .o/ into

Ay = | An(r). (2.13)

r=0

As we noted at the beginning of this section, it suffices to consider those r’s such
that 2" < +/N and thus using the entropy condition (1.19) and applying Proposition
2 with R replaced by R2'/?> and ¢(N) = N27" we get

Z xpk(’s’ t)

Pk <Q

< 27 (exp(—14R2"*(1 — 5)”'* log log N) + (R2?) " (N27) ). (2.14)

P( max max
O <N (py) € An(r)

> ARY(t — 5)'*(N2 " log log N)"/ 2)

Summing (2.14) over all considered r in (2.13) we obtain the result.
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We now can finish the proof of Theorem 2 using the familiar chaining argu-
ment. For N > 10 let m and M be defined by

m = m(N) = [(log logN)"/2], M = M(N) = [;’Oggﬂ +4. (2.15)
O

We write s and ¢ in binary form and obtain

M
s=a2"+ Y o2 6,27
i=m+1
and

M
P=b27" 4 Y T2 027,
i=m+1
where 0;, =0,1 and 7, = 0,1 and a and b are integers with 0 < a,b < 2™ and
0 < 61,6, < 1. Given a sequence p = (p;) of positive integers, we also write

Z ka (S7 t)

Z(s.1) == 2 (Qs5,1) =

pe<Q
We observe that for s <r <t
Z(s,t) < Z(s,r) + Z(r,1), (2.16)
Z(r,t) < Z(s,t) + Z(s,r). (2.17)

Thus

M
Z(s,t) Z(a2™",b27") + Y Z(a27 (@i +1)27)
i=m+1

M
+ > Z(B27 (b + 1)27) + Z(ay 127, (apgr + 1)27Y)
i=m-+1

+ Z(by 127, (bagr + 1)27M) + 20277 (2.18)

where a;, b; (Im<i <M+ 1) are integers with 0 < a;, b; < 2% The last term is
explained by the fact that for 0 <2 <2¥ and 0 < 6 < 1,

Z(h2 ™M, (h+0)27M) < Z(h2™, (h+1)27M) 4 27M

by an application of (2.16), (2.17). We define the following events:

EN(a,b):{ max Z®(Q;a27™ b27™)

<

(Pr) € An

> A((b —a)27™)"/*(Nlog 1ogN)1/2} (2.19)
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EN = U EN(Cl,b)

0<ab<om

FN(i,a):{ max ZP(Q;a2”" (a+1)2")>A2i/32(N10glogN)‘/2} (2.20)

Q<N

<

() € Ay
and
U U FAva.
m<i<MO<a<?2

Here, A is the constant from Proposition 3. Using Proposition 3 with R =1 we
obtain

P(En(a,b)) < exp(—12log logN)

and so
P(Ey) < 22" exp(—12log log N) < exp(—10log logN) = (logN) '°
Similarly, with R=1and t —s = 27,
P(Fy(i,a)) < exp(—12 - 27/321og logN) + N~24
and so
P(Fy) < Z 2 exp(—12 - 2/ log log N) + 2YN—24
m<i<M
< exp(—10log logN) = (logN) '

(Note that in the applications of Proposition 3 the condition ¢ —s > N~3/* is
satisfied.) Consequently,

00
P E2p U sz
p=1

Hence the Borel-Cantelli lemma implies that with probability 1 only finitely many
of the events Ey» of Fp occur. Let N be sufficiently large and let p be such that
2"~! < N < 27. Then by (2.18) we have with probability 1 for all 0 < s<t < 1,
N =Ny (5 )

max max Z® 38, t
Q<N (p)eod (Q )

< A((b — a)27"N)132 (27 10g log 27) '/

+44 Y 27 log log2r)!/? 4 2rHipME)
m(2P) <i < M(2)

4A[(t — 8)"/* + £)(Nlog log N)"/? + 4N'/2
8A[(t — 5)'** + €] (N log log N)"/2.

VAN/A

This proves (1.20) and thus Theorem 2.
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3. Proof of Theorem 3

We prove the theorem first in the lacunary case, i.e. for the sequence 7 =
{mw}. Fix 1/2<a<1and 0 < s<r < 1. By the hypotheses of the theorem, we
can choose (> 0 such that

k(A 6,N) < 62 (3.1)
where the constant implied by < depends only on .¢/. For simplicity we set
k(0) := k(eZ;6%,[1/0)]). (3.2)

By Proposition 1 we have for any sequence (p;) of positive integers and any R >
1,0<e<1/32andt—s>2"%?asr — oo

P(E?;ﬁ 3" xp(5.1)| = AR2 (1 — 5)7 (log (27") + <logr>f>)
Pk <Q
- exp(—16R(1 —s) “logr(27")log?r) + R~892-2% if logk(27") > log3r
exp(—16R(t —s) “logr) + R 892720 if logr(27") < log?r

(3.3)
for some constant A > 1. (In the case of the first line of (3.3) we apply Proposition
1 with R replaced by Rlog x(27")(log r)fl/z). Let

§:=AR(t — 5)27"/? (3.4)
and 4 = {(p,(cl)), e (p,im)} a maximal set of sequences in .o/ with pairwise
distance >6 with respect to the normalized Hamming distance d(-,-,2"). Then

M= k(oA,6,2") < k(Z;27,2") = k(27
since
5> (l‘ _ s)£27r/2 > 27r(35/2+1/2) > 27(,”7
provided we choose ¢ > 0 so small that 3¢/2 + 1/2 < . Clearly, for any (gx) € ./
there is a (px) € # with d((pk), (qx),2") < 6, which implies that for any Q < 2" the
sums >, < oXp(s,2) and 30 %, (s, 1) differ at most by 62" = AR(t — 5)°27/2,
Hence using (3.3) we get

Z Xg, (8,17)

g < Q
< exp(—8R(r —s) “(logk(27") + log %r) log?r + log Kk(27)

+ R78[3K(27r)272rﬂ
< exp(—4R(t — s) “logr) + R¥2739/2 (3.5)

by distinguishing the cases logx(27") > log i and logr(27") < log%r and by
using (3.1) in the last step.

Relation (3.5) is analogous to Proposition 3 and the proof of Theorem 3 in the
lacunary case can now be completed by the same chaining argument that was used
the proof of Theorem 2. The proof for i.i.d. uniform random variables 7 is the
same, except that instead of Proposition 1 we use the analogous exponential bound
given by Lemma 4 below.

P| max max
() €/ Q<Y

> 2AR2 (1 — s)°(log k(27") + 1og%r)>
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4. Proof of Theorems 1 and 6

The proof of Theorem 1 follows the pattern of the proof of Theorem 2. Let (n,)
be an i.i.d. sequence with the uniform distribution (1.11) and define x,(s,?) by
(2.1). We replace Proposition 1 by the following lemma which is an immediate
consequence of Bernstein’s inequality and Skorokhod’s maximal inequality.

Lemma 4. Let N> 1, R> 1, 0<a<1/2. There exist v=y(a)>1, p=
p(a) >0 such that for { =t —s > N~7 we have

0
P<5n<a);[ Zxk(s, )
< exp(—2R¢~172% Jog log N) + exp(—RN")

k=1
where the constant implied by < depends on o.

= 6R(“(Nlog logN) l/2>

Proof. Clearly, the x;(s, t) are independent random variables with mean 0 and
variance /(1 — ¢) < £. Hence Bernstein’s inequality (see e.g. Petrov [18], pp. 57—
58) implies that the probability

= x>

[
P< Zxk(s, 1)
k=1

can be bounded by 2 exp(—x?/4Q¢) if 0 < x < Q/(1 — /) and by 2exp(—x/4) if
x> Q¢(1 —¢). Thus for any x > 0 we have

[¢]
P< Z xi (s, 1)
k=1

Choose v so that 1 <y<1/(2«). Then for any 1 < Q <N, ¢ > N7 we have

[
P( > (s, 1)
k=1
exp(—9R>(**N log log N/4Qf) + 2 exp(—3RE" (N log log N)'/?/4)

2
2 exp(—zRgf(l—zlx) log logN) + zexp(_RNl/zﬂ,y).

> x) < 2exp(—x?/4Q0) + 2exp(—x/4).

= 3R(“(N log 10gN)1/2>
<
<

]
Using Skorokhod’s inequality (see e.g. Breiman [3], p. 45) completes the proof.

Lemma 5. Let (py)€.o/ and let N> 1,R>1, 0<a<1/2. Let ¢(N) de-
note the largest k such that py < N and assume that ¢(N) = N'/2. Finally, sup-
pose that £ =t —s > N2, where v = ~(a) > 1 is the constant in Lemma 4.

Then
> xp(s,0)

P(max
<
osN pe<Q

< exp(—R - 7172 Jog log N) 4 exp(—RN"/?)

> 6R(*(p(N)log log N)1/2>

where p = p(a)) >0 is the constant in Lemma 4.

The proof is an easy modification of the proof of Proposition 2.
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Lemma 6. Let N > 1,R > 1,0 < a < 1/2 and suppose that { =t — s = N7/2,
where v = ~y(a) > 1 is the constant in Lemma 4. Let B denote the constant in
(1.12). Then we have

> nls1)

k<0
< exp(—R - 71729 Jog log N) + exp(—RN"/?)

where p = p(c) >0 is the constant in Lemma 4.

P| max max
O<N (PL) €.y

> 12BR(*(N log log N)1/2>

Proof. We follow the proof of Proposition 3. We partition .o/ as in (2.13), and,
similarly as in the proof of Proposition 3, it suffices to consider those r’s for which
N2 > \/N. Applying Lemma 5 with R replaced by 2BR2"/?> and ¢(N) = N2~"
and using (1.12) it follows that the probability in the statement of Lemma 6 does

not exceed
Z P<max max Z X, (5,1)| = 12BR2"/? - £*(N2 " log logN)l/2>

r>0,2"<\/ﬁ QgN(Pk)GJa/N(r) PkSQ

< Zexp(—ZBRT/ZF(I_ZQ) log logN + B2/? - log logN)

r=0
+ ) exp(—2BR2>N?/*> + B2'/ - log log N
r=0
< exp(—R(~1729 Jog log N) + exp(—RN"/?). O

The remainder of the proof of Theorem 1 can now be completed as in Section 2.
The proof of Theorem 6 also follows the pattern of the proof of Theorem 2. We
will need the following exponential bound.

Proposition 4. Assume the conditions of Theorem 6 and let x,(s,t) be defined
by (2.1). Let N > 1 and R > 1 and suppose that { :=t — s = N~2. Then for some
constant A = 1 depending only on p and g we have as N — oo

0
P
<én§>;v ;xk(& 1)

< exp(—6R¢"1 2 log log N) + R7P/ANP/10 4 R3N>9/5,

> AR (N log logN)1/2>

Proposition 4 is similar to [19, Proposition 3.3.1], but the term R~2N "% there is

replaced by a term depending on p, ¢, which improves if p and ¢ are increasing. The
proof follows the proof of [19, Proposition 3.3.1] with minor changes. Since the
changes are routine, we will leave the details to the reader.

Proposition 5. Let N > 1 and suppose that ¢ = N~'. Then as N — oo we have

for some 6 = 6(p,q)>1/2
PENCH)

k<O

< exp(—4R(™1 Jog log N) + R2N 7.

P| max max
OSSN (py)edy

> AR('/1?°(N log 10gN)1/2>
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Proof. We fix first (py) € o/ and let ¢(N) denote the largest k with p; < N.
Since the sequence (x,,) is mixing with an even better mixing rate, under the as-
sumptions ¢(N) = \/1% ¢ =1t—s> N"! Proposition 4 implies

> (s

P<max
<N
¢ pe<Q

< exp(—5Rl™110g log N) + R4 ¢(N) /"0 L R ¢(N)* 9. (4.1)

> AR(V'0($(N) log logN)1/2>

We now partition .7y as in (2.13) and apply (4.1) with R replaced by R2"/? and
#(N) = N27". As in our earlier proofs, it suffices to consider the case N2~ > /N.
Letting 3 denote the constant in the entropy condition (1.29), an upper bound for
the probability in Proposition 5 is obtained by multiplying the bound in (4.1) by
2% and sum over the indicated r’s. The sum of the first terms is

< ZZ’E exp(—5R - 27207120 Jog log N) < exp(—4R(™'/""log log N).

The sum of the second terms is
< (Rzr/z)fp/él Z (szr)fp/lo . zrﬂ
2 <N
< RP/AN—P/10 Z o
2 < VN
< RPN

for some ¢ > 1,/2. We used here the fact that 5 < p/5 — 1 by (1.30). Finally, the sum
of the third terms is

< R73 Z (szr)Q—q/Szrﬂ — R73N27q/5 Z 2r(/3+q/572)
¥'< VN »'< VN
< RN YN paN1-a/1045/2 o p3Nb

for some 6> 1/2, using the fact that 3 <¢g/5 — 3 by (1.30). This completes the
proof of Proposition 4. ]

The proof of Theorem 6 can now be completed by using the chaining argument
in Theorem 2.
5. Proof of Theorems 4 and 5

Assume the conditions of Theorem 4. Fix N > 1, r > 1 and let (px) be a fixed
sequence in [1,N] such that (p) € .«/x(r). By the Erd6s-Turan inequality (see e.g.
[5], p- 15 or [11], p. 114) we have forany 1 < Q<N

> (W) <) =1 <%R+6 > %

Pk<Q 1<h<H

sup
0<r<1

> e(hnpkw)‘.

<0
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Here R = #{k : pr < 0}, e(x) = exp(2mix) and H > 1 is arbitrary. Clearly R < N
and thus

2

max su 1(n, (w) <t) —t
g, 20 | 3 (10 <0 =0
72N? < 1 2
< +72 — max Z e(hn w)) .
2 pi
H 1<h<HhQ<N pe<Q

By Hunt’s inequality (see e.g. [17]) we have

2
—(r—1)
E(énéu;v > e(hnyw) ) <C ) 1<CN2

Pe<Q P SN
and thus choosing H = N and using Minkowski’s inequality we get

2
E| max su 1 <t)—t
(o, o0 PIUCETEY )
< N27"1og?N + 1 < N2 log’N. (5.1)

(To justify the last step, we note that without loss of generality we can assume that
N2-0=1 > 1, since otherwise .7 n(r) is empty.) Since the number of sequences
(pi) € .o/ x(r) is at most B - 27 by the assumptions of Theorem 4, we have for any
a >0, 7>0 (to be chosen suitably later),

P< max max sup
() €An(r)Q<No<r<i

S (1 <1) - )| > 2Na<logN>T)
k<0

< N'722(Jog N)* 27 . 27001, (5.2)
Without loss of generality we can assume that N2~"~1) > N®(logN)", i.e.
2" <2N'"(logN) ™" (5.3)

since otherwise the absolute value of the sum in (5.2) would be less than
N%(log N)". Summing the probability bounds in (5.2) over all r subject to (5.3)
and choosing « and 7 according to the following table

g | « T
>1|8/(1+p3) (B+e)/(1+P)
=1 i 2+¢

<1 : 2te

we obtain letting N = 2"+, m=1,2,...

> (U <1)—1)

P< max max  sup
Pe<Q

2m<Q<2m+l (pk)EJZ/OSISI

> C* zmam'r>

< (log 2’")_(1%/) < m U0+
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for some C* >0, ¢ >0. We apply the convergence part of the Borel-Cantelli
lemma and obtain the conclusion of Theorem 4.
Turning to the proof of Theorem 5, let (p;) € 7. From (5.1) it follows that

Y (1l <) —1)

2
) < Nlog?>N. (5.4)
Pk <Q

E< max sup

O0<Nogr<i1

Let
§ := N72(log )7

and let 4 = {(p,(cl)), ey (p,({m)} be a maximal set of sequences in ./ with pairwise
distance >§é with respect to the normalized Hamming distance d(-, -, N). By the
assumptions of Theorem 5 we have

M = k(/;8,N) < C5~" = CN2(log N) 2.

Clearly, for any (gx) € .o there is a (py) € # with d((px), (gx), N) < 6, which im-
plies that for any Q < N the sums >, _ %, (s,1) and >°, _ o Xg (s, 1) differ at
most by

6N = N%(logN)%;.
Hence using (5.4) we get

P| max max sup
O<SN{pedo<r<1

Z (l(npk < t) - t)

<@

> 2N (log N)2>

= N%(logN)i%

> (<0 —1)

pe<Q

< P| max max sup
OSN(peBo<r<1

N———

<M Nlog>N - N~ (logN) % = (log )~ ("9,

Welet N =2"m=1,2,..., apply the Borel-Cantelli lemma and obtain the con-
clusion of Theorem 5.
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