ON THE CONVERGENCE OF ¥ cf(ngx)

IsTvAN BERKES AND MICHEL WEBER

Abstract. Let f be a periodic measurable function and (ny) an increas-
ing sequence of integers. We study conditions under which the series
> oreq cef(nkx) converges in mean and for almost every z. There is a
wide classical literature on this problem going back to the 20’s, but the
results for general f are much less complete than in the trigonometric case
f(z) = sinz. As it turns out, the convergence properties of Y ;- | ¢ f(nix)
in the general case are determined by a delicate interplay between the co-
efficient sequence (cy), the analytic properties of f and the growth speed
and number-theoretic properties of (ny). In this paper we give a general
study of this convergence problem, prove several new results and improve
a number of old results in the field. We also study the case when the ny are
random and investigate the discrepancy the sequence {nxx} mod 1 both

in the random and nonrandom case.

1. Introduction and Mean Convergence.

Throughout this paper N' = {ng, k > 1} denotes an increasing sequence of positive
numbers, and ¢ = {cg,k > 1} some element of /2. Let T = [0,1) = R/Z be the
circle equipped with normalized Lebesgue measure A, and let f : T — R be a Borel-
measurable function. With these quantities in hand, one can formally define the series

> enf (). (1.1)
k>1

The aim of this paper is to study under which conditions the series (1.1) defines an
element of L?(T) or converges for almost all z in T. We are thus going to investigate
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the convergence problem of the sequence of partial sums
N
Sﬁ(cyf)zzckf(nkm), N=1,2...
k=1

in mean (namely in the space L?(T)) or for almost all z in T. In the trigonometric case
this problem has been one of the central problems of harmonic analysis, investigated in-
tensively from the 1920’s, culminating in the celebrated theorem of Carleson [C], stating
the the almost everywhere convergence of the series >~ | ¢ sin 2wk, Y p ; ¢k cos 2rkz
for all ¢ € /2. Starting from the 1930’s, there has been also considerable interest in the
convergence properties of the series (1.1) for general f € L?(T), but the existing results
are, even today, much less complete than in the trigonometric case. As it turned out,
for general f the behavior of the series (1.1) is radically different from the trigonomet-
ric case: the terms of the series are usually far from orthogonal and the convergence
properties of the sum depend sensitively on the coefficient sequence (cg), the analytic
properties of f, the growth speed and most importantly on the number-theoretic prop-
erties of the sequence ng. As a result of the ’interference’ between the behavior of
the Fourier coefficients of f and the arithmetic properties of nx, even the asymptotic

computation of the integral

N

/r <Z ckf(nk:v)> dx (1.2)

k=1

is generally a hard problem. The difficulties encountered in this field are clearly indicated
by the long history of the Khinchin conjecture (for a survey see [RW]), a closely related
problem dealing with the a.e. convergence of the averages

1 N
v ;ﬂlm)

for general integrable f. The integral (1.2) (with ¢ = 1 and with indicator functions f)
is also fundamental in the metric theory of Diophantine approximation. The first insight
into the nature of this integral and the closely related problem of mean convergence of
(1.1) was given by the following result by Wintner [Wi2], connecting the convergence
problem with Dirichlet series.

Theorem A. Let f € L*(T) with [ f(t)dt =0 and with Fourier series

[~ Z(ak cos 2wkx + by, sin 2wkx). (1.3)
k=1
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Then the following statements are equivalent:
(a) The series > o, cif(kx) converges in L*(T) for any c € (2.

(b) There ezists a constant K > 0 such that for any n > 1 and any real {cg,1 < k < n}

we have
/ (chf kx) x<K<ch>

(c) The infinite matriz

/ f(kt) f(et)dt (k,t=1,2..))
T

defines a bounded operator on (2.

(d) The Dirichlet series
Z apn” %, and Z bpyn~* (1.4)
n=1 n=1

are reqular and bounded in the half-plane R(s) > 0

The basic ingredient of Wintner’s proof is Toeplitz’s criterion [T] for the £ bound-
edness of so called ” D-matrices” in terms of Dirichlet series. The connection with
the convergence problem in Theorem A is established by the Mo6bius transformation;
see [Wi2] for the details. As a comparison, note that the assumption f € L?(T), i.e.
Sore (@i +b7) < oo implies only that the sums in (1.4) are absolutely convergent for
R(s) > 1/2.

Clearly, condition (a) of Theorem A implies that Y .-, ¢, f(kz) converges in mea-
sure for any ¢ € ¢2. By a remarkable result of Nikishin [Ni], the converse is also true, i.e.
the convergence theory of Y"1~ ; cx f(kz) is the same for L? convergence and convergence

in measure.

Note that if condition (d) of Theorem A is not satisfied, the series > - ¢ f(kz)
can still converge for a large class of coefficient sequences (ci). For example, Wintner
noted that if f € L*(T), [, f(t)dt = 0 with Fourier series (1.3) then > ., ¢ f(kx)
converges in L?(T) if ap = O(k~ 7), b = O(k™7), ¢, = O(k™7) for some v > 1/2. Note
that here the assumptions made on the Fourier coefficients of f do not in general imply
the boundedness of the Dirichlet series in Theorem A and accordingly, the assumption
made on the coefficient sequence (c) is stronger than ¢ € £2.
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An application of the last remark is the series

Z QZJ(k‘CL’k'F 5), (1‘5)

x
_

where

x—x—%, if x # |x],
WI)Z{ 0 . ifx:[[x]].

This example has considerable historical interest, since it was used by Riemann [R] to
illustrate the limitations of his own integration theory. He showed that both (1.5) and

the trigonometric sum

sin 2mna, (1.6)

where

cn) = Y (~1)! (1.7)

dln

converge if x is rational, and to the same limit. Moreover, he observed that the function
defined by these series on the set of rational numbers is unbounded on any interval,
and thus (1.6) cannot be the Fourier series of its sum in the Riemann sense. From the
remark after Theorem A it follows that (1.5) converges in L?(T) and Wintner showed
in [Wil] that its sum belongs to LP(T) for any p > 1 and has (1.6)-(1.7) as its Fourier
series in the Lebesgue sense.

Let us recall that a sequence of vectors (z,)neca in a Hilbert space H is called a
Riesz sequence if there exist positive constants C7, Cy such that

Cy (Z \an]2> < H Z ananZ < C’g( Z ]an|2) for all sequences of scalars (ay)nea-

necA necA ncA

Hedenmalm, Lindquist and Seip proved (see [HLS1], [HLS2]) that if

f e L*(T), f(t)~ Z oy cos 2mkt,
k=1

then {f(nz),n > 1} is a Riesz sequence in L?(T) if and only if the Dirichlet series
2211 ppn~* is analytic and bounded away from 0 and oo in the whole right half-plane

Rz >0, ie.
w .
0 < ’ Z oo 7T <A, for o > 0,
n=1




with some positive constants § and A. See also the preceding work of Gosselin and
Neuwirth in [GN], as well as the article by Ginsberg, Neuwirth and Newman in [GNN].

So far, we have considered the convergence in mean problem in the case N' = N.
In the general case the existing results in the literature are much less complete, due to

number-theoretic difficulties. Given positive integers a, b, define

~ (a,b)
<a7b> - [a,b] )

where (a,b) and [a, b] denote the greatest common divisor resp. least common multiple
of a and b. The following theorem is an easy consequence of results of Wintner [Wi2].

Theorem B. Let f € L*(T) with [y f(t)dt =0 and Fourier series

f~ Z(ak cos 2mkt + by, sin 27kt),
k=1

where a, = O(k™%), by = O(k™%), a > 1/2. Let (n) be an increasing sequence of
positive integers and (cx) a real coefficient sequence. Then > - | i f(nkz) converges in

the mean provided
oo

> lerllerl (g, )™ < oo. (1.8)

k=1

To prove this, it suffices to consider the case when the Fourier series of f is a pure
sine or cosine series. Now if f ~ > 7° | a cos 2wkt, then by the assumption on the ag
and relation (52) of [Wi2] we have for any positive integers 1, j

N 1 NS 20 . a
/ fat) f(5t)dt = §Zahi/(i,j)ahj/(i,j) < Ci{i, )" R < Coli, )
T h=1 h=1

for some constants C, Cs and thus

A(Z Ckf(nkt)> dt < Oy Z lex|lea| (g, na)® (1.9)

k=m m<k,l<n

Hence Theorem B follows from (1.8).



In particular, under the assumptions made on f in Theorem B, > 7, ¢ f(ngz)
converges in L?(T) norm for any ¢ € ¢? provided the quadratic form

oo
Z nk,nl .I'kl‘l (1.10)
k,l=1

is bounded, i.e. there exists a constant A > 0 such that

N N
Z N, ) Tz | < AZ:I; (1.11)
k,l=1 n=1
for any N > 1 and any real z1,...,z5. This is equivalent, in turn, to the fact that the

matrix (ng,n;)* (k,l = 1,2,...) defines a bounded operator on ¢2. In the case ny = k
this holds if and only if o > 1, as it follows easily from Theorem A. Also, if the nj are
coprimes, then (ny,n;) = (nin;)~! and thus by Cauchy’s inequality, (1.11) is satisfied if
Spe np2* < oo. For general (ny), a sufficient condition for (1.11) is (see e.g. Lemma
4.8 in [Wel])

Supz ng,ny)" < oo. (1.12)
k21>

Unfortunately, computing the order of magnitude of the sums in (1.11), (1.12) for general
(ng) is a difficult number-theoretic problem. In a profound paper, G&l [G] showed that
for any increasing (ny) we have

N
Z (ng,ny) < Cn(loglogn)?
k=1

and he constructed an (n;) for which the bound Cn(loglogn)? is actually attained.
For this sequence (ny), relation (1.11) clearly fails for ;1 = --- = xy = 1. No sharp
estimate for the left hand side of (1.11) is known for general x4, ..., zy.

The following theorem gives mean convergence criteria for > -, ¢x f(ngx) in the
case when (1.12) is not satisfied.

Theorem 1.1. Let f € L*(T) with [, f(t)dt =0 and Fourier series
t) ~ Z(ak cos 2kt + by, sin 2mkt)
k=1
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where a, = O(k™%), by = O(k™%), a > 1/2. Let (ny) be an increasing sequence of
positive integers and let (A\,,) be a positive nondecreasing sequence such that \op /N, =

O(1) and

sup Nk, M) * < AN 1.13
1<k<NZ ( )

Then Y vo, ek f(ngx) converges in L*(T) norm provided

Zc (log k)" A\, < 00 for some v > 1. (1.14)
k=1

Note that in the case when Ay = O(1), >, ¢xf(ngz) converges in the mean
provided >, _, ¢ < oo (see above), but condition (1.14) specialized to this case gives
a more stringent condition. This is due to the fairly crude estimates we use for the
quadratic form appearing in the argument.

We formulate a few corollaries of Theorem 1.1.

Corollary 1.1. Assume f satisfies the assumptions of Theorem 1.1 and let ny =
k" where r > 2 is an integer. Then Y ;- | ¢k f(ngxz) converges in the mean provided

Zzozl ci < 00.

Note that the assumptions made on the Fourier coefficients of f in Corollary 1.1 do
not imply condition (d) of Theorem A, but >~ ¢ f(ngx) still converges for all ¢ € 2.
This is due to the speed and nice number-theoretic properties of ny.

Corollary 1.2. Assume f satisfies the assumptions of Theorem 1.1. Then the series
S orey cxf(kx) converges in the mean provided

Zci (log k)>*¢ < oo, if a=1
k=1
and
o]
Zcikl_o‘ < 00, if a<l.
k=1



Note that the case o > 1 is uninteresting: in this case >, (Jag| + bg|) < oo and
thus

N %) N 0 N N
1Y " enfuna)ll < lailD - ercos2mnga|+> b |1 exsin2mnga| < CO i)'
k=1 j=1 k=1 j=1 k=1 k=1

for some constant C and thus Y ;- ¢ f(ngx) converges in the mean for any c € (2.
(Actually, the series converges almost everywhere also, see Gaposhkin [GA?].)

Corollary 1.3. Let f satisfy the assumptions of Theorem 1.1 and let (ny) be a sequence

of integers such that for any d > 1 we have de 1 < A/d with an absolute constant
A. Then Y72, e, f(ngz) converges in the mean pmmded
o
Zc (log k)7 (log ng) < oo, v > 1. (1.15)
k=1

Condition (1.15) is satisfied if the sequence (ny) is roughly unformly distributed
among the residue classes mod d. If the ny are coprimes, for any d the sum ) dlny *1
contains at most one term and thus the conditions of Corollary 1.3 are satisfied. The
conditions are also satisfied for ny = k", r > 2 but in this case Corollary 1.1 gives a
better result. We see again that the number-theoretic properties of n; play a crucial
role in the convergence behavior of Y ;- ¢xf(nkz), which can be anticipated from
Theorem B. If (ny) grows with a polynomial speed, then logny = O(log k) and thus the

convergence condition (1.15) reduces to Y ¢z (log k)?T¢ < oo.

Proof of Theorem 1.1. By assumption (1.13), relation (1.9) and the Cauchy-Schwarz
inequality we have

/r <; Ck:f(”ﬂ))

(1.16)
N N 1 N
< Oy Z ekl el (ng, i)™ < C Z 3 (c; + ) (ng, )™ < Cady (Zci)
k=1 =1 k=1
for any real c¢1,...,cy. Assume now (1.14) and let Z, = i +21V+1 ek f(ngz). By the

Cauchy-Schwarz inequality we have

(kj;ﬂckf na ) (Z Z ) <§yvzg> (2 ,,—w> A
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Thus with some constant C' we have, using (1.16),

2’n 2

/T< > ckf(nka:)> dxgc*(iw/Tzfdx)

k=2m 41

(1.18)
n oVl 2m
<CY vV Y G A <0 ) Rlogk) A
v=m k=2v+1 k=2m41

Here the last expression tends to 0 as m,n — oo and this remains valid if an arbitrary
subset of the ¢;’s is replaced by 0’s. Thus the L2 norm of 37 _; ¢t f(ngz) tends to O if
1,J — oo, completing the proof of Theorem 1.1.

Note that in the case np = k", r € N we have

<n/€7 nl>a = <k= l>7’a

Thus in view of Theorem 1.1, for the proof of Corollaries 1.1 and 1.2 it suffices to prove
the following

Lemma 1.1. Let 3 > 0 and

Ay = sup Z kl (1.19)

1<Z<N

Then Ny = O(1), Xy = O(log2 N) and Ny = O(leﬁ) according as 3 > 1, =1 or
8 < 1.

Proof. Fix d|h and sum in (1.19) first for those k for which (h, k) = d. Then we get

s (5w

k<n,(h.,k)=d

d? B d B d B ﬁ["/d
— - < (2=
2 (hk) B (h) 2 (/f) ( ) Z 18
k<n,(h,k)=d k<n,d|k

For 3 = 1 the last sum in (1.20) is at most C*logn and thus summing for all d|h and

(1.20)

noting that the sum of all divisors of h is < Chlog h, we get the statement of the lemma.
For # > 1 the last sum in (1.20) is O(1) and

doal< M d+ ) (h/d)f

d|h d|h,d<v'h d|h,d<vh



Let € > 0. Since the number of divisors of h is O(h®), the first sum on the right hand
side has O(h®) terms and thus this sum is O(h%/2%¢); the second sum on the right side
is at most AP Z 778 = O(h?). Choosing ¢ sufficiently small, we get the statement of
the lemma in the case 3 > 1. Let finally 0 < 8 < 1. Then the last expression in (1.20)

is at most 5
d (ﬁ)l_ﬁ _ 1 s
h d hB

<—n1 Ny deh (1.21)
dlh

and thus the A% is

Let 0 < € < min(a, 1 — ). Since the number of divisors of h is O(h®), for o > 1/2 the
sum in (1.21) is O(h?*~1*¢) and thus the expression in (1.21) is

< hianl—ah2a—1+a — ha—1+an1—oz § nl—a.

If o < 1/2, then the sum in (1.21) is O(h®) and thus the expression in (1.21) is

1
< —nt7pE < npl-e,
ha

Thus in both cases the expression in (1.21) is O(n!~%), and thus the lemma is proved.

To prove Corollary 1.3, it suffices to show that

N
Z (nn, ) <C’lognh. (1.22)
k=1

Fix d|nj, and compute the sum in (1.22) for those h < k < N such that (np,n) = d.
This restricted sum clearly cannot exceed, in view of the assumption of Corollary 1.3,

d? d’> A
> S d
1<k<N,d|ny, Mhlte Tk
Summing for all d|nj, and using the fact that the sum of divisors of ny, is O(ny, logny),
we get (1.22).

Our next theorem gives a necessary and sufficient condition for the mean con-
vergence of the series Y .-, ¢ f(nix) in terms of the coefficients ¢ and the Fourier
coefficients of f. Despite its precise character, it is of mainly theoretical interest only
since its number-theoretical character makes it difficult to apply in concrete cases.
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Theorem 1.2. Let f € L*(T), [, f(t)dt = 0 have complex Fourier series f ~
> kez.kr0 Prek where ex(x) = exp(2mikz). Let (nk) be an increasing sequence of pos-
itive integers. Then Y oo ¢ f(ngx) converges in the mean if and only if the following
conditions are fulfilled:

a) lim sup Z ( Z gpn/nkck)z =0,

R—o0
P>R|n|>nR ngln
k<P

b) Z Z P jny C)? < 00.

ngln

(1.23)

If both sequences {¢,,n € Z} and c have constant signs then (1.23a) follows
from (1.23b), so that the sequence {SY (c, f), N > 1} converges in mean if and only
if condition (1.23b) holds. Also, if >= (32, , | nci|)? < oo, then the sequence
{S¥(c, f),N > 1} converges in mean.

Proof. Observe that

SN (e, f Zen Z ©n/n;,Ck) Z €n Z Pn/nyCk T Z €n Z “n/ny,Ck-

ngln In|<nn ngln In|>nN ngln
k<N k<N

Let M > N > R. Then,

<SQ/( f) SN Z Z (pn/nkck Z Spn/nkck

ngln ngln
k<N k<M
2
E (E @n/nkck) + E (§ Son/nkck‘)(§ Qpn/nkck)'
In|<ng nkln In|>ng nkln ngln
k<N k<N k<M

Thus

(SN (e 5 (e ) = D (X enjmer)?]

In|<ngp nkln
E<N

[ S el ][ 21X umenl]

‘n|>nR nyln ‘n|>nR nyln
E<N k<M

< sup SIS e

|7’L‘>'ﬂR ngln
k<P

D=

— 0,

11



as R tends to infinity by assumption. Consequently,

i sup |5V (e .S ) = 30 (3 gumen)?| =0

R0 M N>R In|<ng nkln
k<N

In other words,

lm (SN (e, ), St (e £y = A= D (D @asnecr)’ < 00,

n  ngln

And also
Jim[[5¥ (e £ = A.

These two facts then imply that

olm 5% (e, f) = Shr(e, Il =0,
as required.
Conversely if the sequence {S% (c, f), N > 1} converges in mean, it is then bounded in
mean:
sup [|S¥ (¢, )2 = B < oc.
N>1

But as

ISV HIZ= 3 (X ewmer)’+ S (3 vnmer)’.

In|<ny ngln In|>ny  nEln
k<N

this implies that A < B. Now let f* denote the limit in mean of the sequence
{S¥(c, f),N >1}. From

(f*,en) = (SN (e, Fren)| < IIF* = SN (e, )l

we deduce

<f*a€n> = A}E?QQ(‘S%(C’ f)»en> = ]\}Enoo Z Pn/n,Ck = Z Pn/ny Ck-

ngln nkln
k<N

Thus f* =3, czén anln ©n/nxCk- Let R be some positive integer and define Hg =<
én,|n| < ng >. Let pr be the projection onto the orthogonal complement Hpt of Hg.
Then,

lpr(F*)ll2 = IpR(SY (e, P)l2| < lIpR(*) = PR(SN (¢, )2 < I1f* = SN (e, )2 — 0,
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as N tend to infinity. Thus,
VN2 — Ipr(SN < O — 0
sup |[[pr(f*)ll2 — Ipr(SN (¢, ))ll2| < sup || f* = Sy (c, fll2 :
N>R N>R

as R tends to infinity. Now, by the triangle inequality,

N|=

;‘i%”pR(Sﬁ(ca N2 = sup [ > (D 90”/”196’“)2}

NzR In|>ng mkln
k<N

< sup [lpa(F)ll: = Ipr(S¥ (e, )lz| + Ipr(F)l2
N>R
— 0,

as R tends to infinity. This completes the proof.

2. Almost sure convergence—Sufficient conditions.

Let f € L?(T) with [ f(t)dt = 0 and let N be an increasing sequence of positive inte-
gers. Using standard terminology, we call the pair (f,N') (or, equivalently, the sequence
f(ngz)) a convergence system if for any ¢ € 2, 5.7, cx f(ngz) converges for almost all
z € (0,1). This is the simplest and strongest type of behavior of Y 7- | ¢ f(ngz), but it
holds only in a few special situations. By Carleson’s deep theorem [C], {cos2mnz} and
{sin27nzx} are convergence systems. More generally, Gaposhkin [Gap4] proved (using
Carleson’s theorem) the following result:

Theorem C. Let f € Lip,(T) for a > 1/2 and [ f(t)dt = 0. Then {f(nz), n =

1,2,...} is a convergence system.

Another classical result, proved by Kac [K1] for the Lipschitz class and extended
substantially by Gaposhkin [Gap2] is the following

Theorem D. Let f € L*(T) with [ f(t)dt = 0 and assume that the square modulus of
continuity wo (9, f) of f satisfies

(8, ) = O(log %)‘%‘6 (e >0). (2.1)

Let (ng) be an sequence of positive reals satisfying the Hadamard gap condition
Nkt1/nk > q > 1 E=1,2,... (2.2)
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Then f(ngz) is a convergence system.

These theorems describe the known situations when f(nxx) is a convergence system;
note that all conditions of these results are sharp. Gaposhkin [Gapl] showed that
Theorem D becomes false if we assume (2.1) only for € = 0 and Berkes [Be5] proved that
the the condition f € Lip,(T), @ > 1/2 in Theorem C and the Hadamard gap condition
(2.2) in Theorem D are also best possible: there exists a function f € Lip; /5(T) with
Jp f(t)dt = 0 such that for any positive sequence {ey, k > 1} tending to 0, there exists
an increasing sequence N of integers satisfying

nk_H/nk > 14 e, k=1,2,... (23)

and ¢ € ¢? such that the series Y .-, cxf(nix) diverges almost everywhere. Going
beyond the conditions of Theorems C and D, the almost everywhere convergence be-
havior of Y77, ¢, f(nkz) becomes very complicated and and examples show that the
properties of > 2 | ¢ f(ngxz) are determined by a delicate interplay between the coeffi-
cient sequence (cg), the smoothness properties of f and the growth speed and number-
theoretic properties of (ny). In this section we give a detailed study of this behavior
and prove several convergence results for such series. Our main interest will be to find
convergence criteria of the type > .-, ciw(k) < oo where w(k) — oo is some positive
sequence (called Weyl multiplyer) depending on f and (ny).

Before formulating our results, we first give an equivalent reformulation of the
[oe) . .
convergence system property of » .~ ; ¢, f(ng) in terms of maximal operators.

Proposition 2.1. A pair (f,N) is a convergence system if and only if there exists a
constant C such that for any c € £? the following maximal inequality holds:

suptz)\{ sup ‘S%(c, f)| > t||c||2} < C.
>0 N>1

Proof. Given a pair (f, ), consider the L?(T)-operators Sﬁ’f, N =1,2... defined via
the isomorphism ¢ — g if g ~ Y, cjxjex by

N

SN (g) = Z crf(nK.).

k=1
A first relevant observation in the proof will concern the following commutation prop-
erty. Consider the family of pointwise measurable transformations of T defined for each
positive integer j by

7jx = jx mod 1.

14



For fixed j, the transformation 7 = 7; preserves the normalized Lebesgue measure A
(see [Hal] p. 5-37), so that 7 is an endomorphism of the torus. It has been proved in
[P1] (Theorem 1 p. 112) that 7 is also strongly mixing. Now, let £ denotes the family
of associated operators on L°(T):

Tjg=gorTj.

That the T}’s are commuting positive L?-isometries, preserving 1 is better viewed on
Fourier expansion of g, since if g ~ > o gmem, then Tjf ~ > - gmen;, which
readily implies

Ti(Tj9) = Ty(Tg)s  Gok=1,2...). (2.4)

Proceeding next by approximation, we deduce that (2.4) hold for any g € LP(T), 0 <
p < oo. This in particular implies that the sequence of operators S%’f commutes with
E: for any g € L*(T),

SN (Ty9) = T; (S8 9), (N,j=1,2...) (2.5)

Further, the family & verifies a mean ergodic theorem in L?(T): for any g € L?(T),

J
1
i |3 S0~ f ) -
i [ 530~ [ o],
Jj=1
Since strong convergence implies weak convergence, it follows for any u,v € L?(T) that

lim =3 (Tu,v) = (u, 1) (o, 1),

Choosing u = x{A}, v = x{B} where A, B are Borel sets of T and yx denotes indicator
function, we deduce

lim —ZA T-'ANB) = A(A)X(B).

J—oo J

From this it follows easily that for any a > 1 and Borel sets A, B of T, there exists
T € & such that
MT7'AN B) < aA(A)N(B). (2.6)

Now Proposition 2.1 states, in terms of operators, that for any g € L?(T) we have

Suth)\{ sup ’S/A\,/’fg’ > t||g||2} <C.
>0 N>1

And this is a consequence of the Continuity Principle [Gar]. [
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Proposition 2.1 implies that a pair (f, ) is a convergence system only if the max-

imal operator

sup |SN (c, f)]
N>1

belongs to LP(T) with p < 2. This has a consequence concerning convergence in mean.
Say by analogy that a pair (f, ) is an LP-convergence system if for any g € L*(T) the
sequence {S%’fg, N > 1} converges in LP(T).

Corollary 2.1. Assume that the pair (N, f) is a convergence system. Then, it is also

an LP-convergence system for any p < 2.

Proof. Define wr = supy pr>g ‘Sﬁ(c, f) — SN(c, f)|. By assumption limp_oc wr = 0
a.e. And by the above remark wy; € LP(T), p < 2. Thus by Fatou’s lemma

0=E limsup |SY (c, f) — S (c, )" > limsup E|SA (c, f) — S (e, )|
N,M—oco N,M—oo

The previous results summarize the basic equivalence of a.e. convergence results
and maximal inequalities for f(ngx). In Theorem 2.6 at the end of this section we will
in fact prove a maximal inequality that leads to various a.e. convergence results for
220:1 ¢k f(ngx). Except this result, however, our approach to a.e. convergence will be
different and we will use a combination of martingale and quasi-orthogonality arguments
to achieve our goal. Theorems C and D above show that the convergence properties
of 327, ¢xf(ngz) depend sensitively on the smoothness properties of f and we start
with a few preliminary remarks concerning smoothness criteria. Let f € L?(T) with
Jp f(t)dt = 0 have Fourier series

[~ Z(ak cos 2wkx + by, sin 2wkx) (2.7)
k=1
and let -
re(N) =Y (af +b7). (2.8)
k=N

Given an integer m > 1, let [f],, denote the function in [0, 1) which takes the constant

value mfk(f;n/m f(t)dt in the interval [k/m,(k + 1)/m), (k = 0,1,...,m —1). In

probabilistic terms, [f],, is the conditional expectation of f with respect to the o-field
generated by the intervals [k/m, (k + 1)/m). Let

ry(N) = If = [flwll- (2.9)
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The speed of convergence of rj}(N ) to zero clearly measures the smoothness of f; for
example if f is a Lip (a) function then r}(N) = O(n™®). A simple connection between
r¢(N) and r}(N) is given by the following lemma, due essentially to Ibragimov [Ibr].
Its proof will be given after the proofs of Theorems 2.1 and 2.2.
Lemma 2.1. Let A > 1 and g(t) = f(A\t). Then we have for any m > A
lg = [glmll < € (m/N)7Y2 415 ((m/N) /%)

where C' is a positive constant depending only on f.

In particular, for any N > 1 we have

rF(N) < C(NTY2 4 p(N1?),

Thus if 7(N) = O(N~%) for some 0 < a < 1, then r}(N) = O(N—/3).

Another connection between the smoothness properties of f and the quantity rj}(N )
is given by Lemma 2.2 below. Let ¢ : [0,1] — [0, 1] be concave increasing function with

5(0) =0, and let ¥ be a Young function.

Lemma 2.2. Let f € L*(T) with [ f(z)dz =0 and assume that

/r/t[‘qj<%>dudv < 00. (2.10)

Then for any t > 0

MIf = [flal =t} <n*0 (5(7?_1))—1

where ¢ is a constant depending on f.

Turning to the convergence behavior of > ¢k f(ngx), we first study the lacunary
case, i.e. we assume that (ng) grows very rapidly. If (nj) satisfies the Hadamard gap
condition (2.2), then by Theorem D the system f(ngz) is a convergence system under
mild smoothness conditions on f. We investigate now the case when (ny) grows with a
sub-exponential speed, i.e. it satisfies the gap condition

Nkt1/nk > 1+ €, k=1,2,...

17



where €5 tends to 0. A remarkable result on trigonometric series with sub-Hadamard
gaps was proved by Erdds [E], who showed that if (ny) is a sequence of positive integers
satisfying

N1 /ne > 14+ck ™, k=1,2,... (2.11)

for some ¢ > 0, § < 1/2, then sin 27n,z satisfies the central limit theorem, i.e.

N t
Jim Az € (0,1): (N/2)"1/2 ) sin2mmpr <t} = (2m) /2 / e/ 2du.
> k=1 —00

Moreover, this result becomes false for § = 1/2. Thus, under (2.11) with § < 1/2 the
sequence sin 2mngx behaves like a sequence of independent random variables, and this
is no more valid if § = 1/2. Our next theorem gives a strong convergence property of
series > - | ¢k f(ngz) under the ErdSs gap condition (2.11). Define, for any ¢ > 0

L+[k°]

Tk,o(C) = sup Z o]
Lzket

Theorem 2.1. Let f € L®(T) with [, f(t)dt = 0 and ry(N) = O(N~%) for some
a > 0. Let (ng) be a sequence of positive integers satisfying the gap condition (2.11)
with some $ < 1/2, and let ¢ € €2 with 73 ,(c) = o(1) for all 0 < o < 1. Assume that
e e f(ngx) and all of its subseries converge in L*(T) norm. Then > po cx f(ngz)
also converges a.e.

It seems likely that Theorem 2.1 remains valid without the technical condition
Tk,o(€) = o(1), but this remains open. This condition is certainly satisfied if ¢ =
O(k~'/2) which, in turn, holds if ¢ € £? and (¢) is monotone.

Note that if X, are independent r.v.’s then under suitable moment conditions,
mean convergence of .-, Xj implies a.e. convergence of the same series. Theorem 2.1
establishes a similar property for >"/7 ; ¢x f(ngz). Note that the central limit theorem
is in general not valid for f(ngx) under the gap condition (2.11) with § < 1/2, despite
Erdds’ theorem mentioned above. (See Kac [K2], p. 645).

Corollary 2.2. Let f € L>(T) with [, f(t)dt = 0 and r§(N) = O(N~%) for some
a > 0. Assume that the Dirichlet series

oo o0
Z ap,n” %, and Z bpn~* (2.12)
n=1 n=1
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are regular and bounded in the half-plane R(s) > 0. Let (ny) be a sequence of positive
integers satisfying the gap condition (2.11) with some 8 < 1/2. Then > ;- cx f(nix)
converges a.e. provided ¢ € €% and ¢, = O(k~1/?).

Corollary 2.2 connects the a.e. convergence of lacunary series Y ,- | ¢k f(nx) to the
classical Wintner theory, showing that the boundedness of the associated Dirichlet se-
ries (2.12) implies not only mean, but actually a.e. convergence in the lacunary case. In
Section 3 we will show that this result is best possible: if the boundedness condition on
the Dirichlet series (2.12) is not satisfied, there exists a sequence (ny) satisfying (2.11)
for all 8 < 1/2, and a positive nonincreasing sequence ¢ € 2 such that Y . ; cx f(n,x)
diverges almost everywhere. On the other hand, if we are interested in the a.e. conver-
gence of > ,—; ¢x f(ngz) under more stringent coefficient conditions Y r- | ciw(k) < oo,
w(k) — oo, then the condition on the Dirichlet series can be dropped, as the following

result shows.

Lemma 2.3. Let f € Lip,(T) for some 0 < o < 1 and assume that [y f(t)dt = 0. Let
(ng) be an increasing sequence of positive integers and put

o5 ()" 5 (2

n n
1<e<y NS gz TR

Then
N

/ <Z ckf(nkx)> dr < C Z ciw(k)
T k=1

k=1

with some constant C. In particular, if Y o, ciw(k) < 00, > re, e f(nkx) converges

in L? norm.

In particular, if ny = [exp(k/(logk)7)], then w(j) = (logj)? and in the case ny =
[exp(k™)], 0 < n < 1, then w(j) = j17".

We supplement Theorem 2.1 with another result reducing the almost everywhere
N . .
convergence of > ;" ¢x f(nrx) to mean convergence under an additional assumption on
the size of the tail sums )" 2 ¢z, or, alternatively, under assuming >, ; cw(k) < oo
for a suitable w(k) — oo.

Theorem 2.2. Let f € Lip,(T) for some 0 < a < 1 and assume that [ f(t)dt =
0. Let (ng) be an increasing sequence of positive integers and ¢ € (2. Assume that
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Sy ek f(ngx) converges in L* norm and

R
Jim (32 @) O m?) (o) = (213)
k=1

k>R k>R
Then Y vo, ek f(ngx) converges almost everywhere.
If the sequence (ny,) satisfies the Hadamard gap condition (2.2), relation (2.13) triv-
ially holds whenever ¢ € £2. If, on the other hand, (n;) grows slower than exponentially,

condition (2.13) imposes a restriction on the tail sums Y, p ¢, which is very mild if
(ni) grows near exponentially. For example, if nj, = [e*/(°8%)"] for some 7 > 0, then

(2.13) reduces to
Z ;=0 ((log R)_T(HQ/O‘)) .
k>R

If ny, = [e#/(°8108 k)] then (2.8) becomes
Z c; =0 <(log log R)_T(Hz/a)) ,
k>R
and if ny = [e*'], 0 < v < 1 then we get
Y g=0 (R—(l—v)(1+2/a)> _
k>R

The latter case corresponds to the Erdés gap condition (2.11), and thus we see that the
conditions of Theorem 2.2 are more restrictive than those of Theorem 2.1. On the other
hand, in Theorem 2.2 we do not assume regularity conditions like ¢, = O(k~1/2).

Proof of Theorem 2.2. We follow Kac [K1]. For almost all points ¢

1 to+h

f*(to) = lim - t S (w)du. (2.14)

Now, since Zk21 ¢k f(ng.) converges in mean to f*, by Parseval relation

to-l-h t0+h
/ )'du = Z ck/ f(ngu)d (2.15)
to

k>1

We shall use the following estimate: there exists a constant C' such that for any 0 <
a < b <1 and any positive integer k

b
‘/ flngu)du| < Cnit. (2.16)
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Let x be the characteristic function of the interval [a,b], with period 1 extended onto

= Z mem (T)

the whole real line. Suppose that

By Parseval’s relation,

/ fngu)du = Z Omnm-

meZ
Since x is of bounded variation, we have

am = O(1/Im|),
(see Zygmund [Z] p. 323) and thus we get

[ somanan) < [ 3 tonP] [ 5 tawen ] < €Ut/

meZ meZ
Combining (2.15) with (2.16) gives

0 R 0
’/t +h du - ch /t +h f(nku)du‘ - C’[ Z ci} 1/2 [ Z(ni)z} 1/2.
k=1 Jto k>R k>R P
Since f belongs to Lip, (T),
R to+h R
| ch/t [ (i) — Fnto)]du| < CIRI S el
k=1 0 k=1

Therefore

1 [toth R
i [ wde=Y afu)
to k=1

- 1/2 1 ,71/2 i
sc{w X d] [ X6 +|h|a2|ck|nz}'
k=1

k>R k>R

Choosing h = hg = (ZkR_l no‘)_l/a and observing that

3 sl _ Ziglabi
o
k=1"

as R tend to infinity since cy, tend to 0 as k tend to infinity, finally shows in view of
condition (2.13)

to+hr R
dn g ), rmeSesou] o
The proof is completed by combining the above result with (2.14). [
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Proof of Lemma 2.1. From f € Lip,(T) it follows (see Zygmund [Z] p. 324) that

oo

Z (a7 +b7) < Dn™2“,
f=n+1

Let 7 < k be fixed positive integers. Using Parseval’s relation yields

/TSO(”jx)SD(nkx)dﬂU: Z (aras + byby).

rnj=sng

The relation j < k together with rn; = snj implies that s > 1 and r > (ng/n;). Using
the inequality |a,a,s 4 bybs| < (a? + 12)'/2(a? + b2)Y/2, and the Schwarz inequality we
get

)Aw(njx)@(nkx)da:) < [ > (ar +bf)] UQ[Z(@E +b§)] 2 < B(M)a,

Nk
r>ng/n; s>1

Thus
‘/ Z CjCkQD(njx)gp(nkx)dx‘

Ti<j<k<n

n; cil? + ekl n;
> lelladye s 3 bty

5 : ng
1<j<k<N 1<j<k<N

N N N
n; 1 n,;
T DNCILEED B 1D DRC LD N O
1 1 k=1

1<j<k j=1 j<k<N

IN

1
< —
-2
k=

proving Lemma 2.3.

Proof of Theorem 2.1. As a first step, we approximate the functions f(ngx) by step-
functions ¢y (z) as follows. Let 2¢ < ny < 2°F1, put m = [¢+ 12087 logk] and let
or(z) = [f(ngz)]m. By Lemma 2.1 we have

my\ —B/6
f(ngx) — pr(x)|| < C 2— < 02 20logk < Cf—10, 2.17
n
k

Choose p so that % V ﬁ < 0 <1 (such a p exists since v < 1/2) and split the sequence
of positive integers into consecutive blocks Ay, Al, Ag, AL, ... so that

Akl = [AL] = [K°].

Set

T, = Z ey f(nyx), Dy, = Z ey ().

VvEAL vEAL

22



Clearly, each integer in Ay, exceeds (k —1)¢ > (k — 1)%/2 and thus by (2.17)

ITe = Di<C > v 0<Cr™ (2.18)
v=(k—1)1/2
Next we show
Lemma 2.4. We have
P{|E(Dy | Fr—1)| > k7?} <Ck2, (2.19)

where Fj._1 denotes the o-field generated by D1,..., Dy_1.
Proof. We first show that
E (T} | Fx_1)| < Ck™2. (2.20)

To see this, let » and t denote the largest integer of Ax_; and the smallest integer of
Ay, respectively. Let 2¢ < n, < 20+ w = [€ + % log r] From the definition of ¢, it
is clear that every ¢,, 1 < v < r takes a constant value on each interval of the form

A=[i27" (i+1)27%), 0<i<2¥—1 (2.21)

and thus each set of the o-field F;_1 can be written as a union of intervals of the form
(2.21). Thus to prove (2.20) it suffices to show that

/Tk dx
A

for any A of the form (2.21). Now for the set A in (2.21) we have

(i+1)2™"%
/Tk dx
A

|A|7t < Ck™2 (2.22)

Al

= 2“" / Z e f(nyz)dz

L. vEA
L (2.23)

:‘/ > cl,f(m,,t)dt‘

VEAk

where m, = 27%n,,. Using (2.11), 1 + = > exp(z/2) for 0 < x < 1 and the relations
re~t~CEL t—r ~ k2 we get

¢
Lo_2v 20200 g

my T - T T
120/3 o 1\ 120/3 1\
<r 1+—) <r 1+ —
et I (e ) = (1 ) 220
t_
< p120/8 oy <_ 2tf> < CK¥0/B exp(—CkT)
< Ck™3,
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where 7 = 9 — (0 + 1)y > 0 by the choice of gp. By the periodicity of f and fol fdx =0
we clearly have for any real L and A > 1

L+1 1
' [ rowaa| <2 [
L

0
and thus (2.24) shows that the last expression of (2.23) cannot exceed

>

v Aol oot <on
m my

ZIEAk v

Hence we proved (2.22) and thus (2.20).

It is now easy to complete the proof of Lemma 2.4. By (2.18) and well-known
properties of conditional expectations we have

|E (IDy, — Ti? | Fret)||, = E|Dy — Ti]* < Ck3
and thus by the Markov inequality
P{E(|Dy — Ti| | Fr—1) > k™ 2} < P{E(|Dx — T|* | Fr—1) > k™) < CE™™

Together with (2.20) this yields (2.19).

Set Dy = Dy — E (Dy, | Fx_1); clearly (Dy, Fi) is a martingale difference sequence
and hence orthogonal. Also,

|E(Dy, | Fr—1)|| < | E((Dr = Tk) | Fr—1)|| + | E(Tk | Fr—1)|

2.95
<||Dp —Ti| + Ck 2 < C(k™* + k72 (225)

by (2.18) and (2.20). By the assumptions of Theorem 2.1, >"77 , T}, converges in Lo(T)

norm and thus

n
||2Tk||—>0 as m,n — oo.
k=m

Consequently, using the orthogonality of Dy, (2.18) and (2.25) we get
—9 —
PIEEARD S XEID oD o BT
k=m k=m k=m k=m

<D Dl +C ) k<D T +C DY kP —0
k=m k=m k=m k=m
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as m,n — oo. Thus > 7, Eﬁi < oo and thus the martingale convergence theorem
implies that Y, Dy is a.e. convergent. Now >, E(Dy | Fj_1) is a.e. convergent by
Lemma 2.4 and the Borel-Cantelli lemma, further ), (7, — Dy) is a.e. convergent by
(2.18) and the Beppo Levi theorem. Thus ), T} is a.e. convergent; for the same reason
> T} is also a.e. convergent, where

T, = Z e f(nyx).

vEA]

Hence setting

SN = Z Cuf(nl/x)7 Nk = 22[29]
v<N i<k
we proved that Sy, is a.e. convergent. To prove the theorem it remains to show that
My, — 0 a.e. where

Mk: max ‘SN_SNk|~
Nk§N<Nk+1

Let D denote a constant such that |f| < D. Then by using Ny ~ Ck?t, Nyi1 — Nj ~
2k¢ and 7 ,(c) = o(1) we get

N1
My <D > e| < Crigle) = o(1).
v=Nr+1
Hence Theorem 2.1 is proved. [

Proof of Lemma 2.1. Let us write f = f; + fo where

N

fi = Z(ak cos 2mkx + by sin 2nkx),  fo = f — f1,
k=1

N is an integer to be specified later. If g(z) = f(Ax) then we have g = g1 + g2, where
91(z) = f1(Az), g2(z) = f2(Az). Evidently

| cos Bz — [cos Bz | < B/m, |sin Sz — [sin fz],,| < B/m

for any # > 0 and thus using

N
g1(z) = Z(ak cos 2mkAx + by, sin 2wk Ax)
k=1
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and the linearity of the operation g — [g] and the fact that ||[g].|| < |lg]| we get

N

91 = [g91)m] < D 2wk (k] + [bx|)m ™!
k=1

N 1/2 i 1/2 i 1/2
< 2mAm™! <Z k2> (Z ai,) + (Z bi) < CAm~'N®/?
k=1 k=1 k=1

with some constant C' depending on f. Further, by the periodicity of f and f; we have

(2.27)

1 A A]+1
o2~ Lol < 2lgal* =1 | forafde =ax~ [ paePar < ant [T eyt
0 0 0

( 1
Ar—1 2 N _
JRCEEY ACKEL TEFAENEY
(2.28)
Using relations (2.27)-(2.28) we get

lg = [glmll < CAM™IN?/2 4 () (2.29)
whence the statement of the lemma follows by choosing N = [(m/A)/3].

We turn now to the nonlacunary case, i.e. the case when no growth condition on
(ng) is assumed. As we already indicated, in this case the number-theoretic struc-
ture of the sequence (ny) will play an important role in the convergence behavior of
> rey ¢k f(ngx). Before formulating our results, we first recall a useful notion from the
theory of orthogonal series. Let (f,) be a sequence of functions belonging to L?(0,1)
and let a;j, = fol fi (@) fr(z)dz. We call (f,) quasi-orthogonal when the quadratic form
defined on ¢2(N) by: (z,)n — > h.k @h,kTrTx is bounded. The important consequence
of this property is that for any sequence ¢ = {c,,n > 1} € {5, the series ) cpfy
converges in L?(0,1).

A sequence ¢ = {c,,n > 1} € ly will be said universal if the series »_ ¢,
converges almost everywhere for every orthonormal system of functions (¢,),. By a
theorem of Schur [O], p.56 if c is universal, then the series ) ¢, f,, converges almost
everywhere for any quasi-orthogonal system of functions (f,,). Typical examples of uni-
versal sequences are those produced by the general results from the theory of orthogonal
series, like the Rademacher-Menshov theorem, implying that a sequence (¢, ) is universal
if Yo7, ci(log k)? < oo. The notion of quasi-orthogonal system is therefore of particular
relevance in the study of the convergence in mean and/or almost everywhere of series
Y cnf(ngz). In this direction, we will establish the following general result. Here, and
in the sequel, let L(x) =log(x Vv 1) for z € R.
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Theorem 2.3. Let f € L*(T) with [y f(x)dz = 0. Let (ng) be an increasing sequence
of positive integers and assume that there exists a sequence (Cy) of positive integers
such that

> ri(Cr)? < 0 (2.30)
k=1
and o
sup Ci 3 (n’;:k)L ((nh’::) k) < . (2.31)

k>h

Then the series o ¢, f(ngx) converges a.e. for any universal sequence ¢, in particular
Y5, R (log k)? < oc.

The following theorem describes what happens if condition (2.31) of Theorem 2.3

is not assumed.

Theorem 2.4. Let f € L*(T) with [y f(x)dx = 0. Let (ny) be an increasing sequence
of positive integers and assume that there exists a sequence (Cy) of positive integers and

a positive nondecreasing sequence () such that Ao /A = O(1) and

> r5(Cr)? A < 00 (2.32)
k=1
sup Cj, Z (nh,nk)L <(nh7nk)ck) < Aw. (2.33)
1<h<N he k<N Ny 2

Then Y p, ¢ f(nkx) converges a.e. provided Y oo, c2(log k)? N\ < oc.

Choosing the sequences (Cy) and (Ag) optimally in Theorem 2.4 requires a ”bal-
ancing” act, but giving up a little accuracy, such sequences are easy to find: first choose
(Ck) so that (2.32) holds with Ay = 1 and then choose Ay so that (2.33) holds.

The following analogue of Theorem 2.4 is easier to formulate and prove, but still
have useful applications.

Theorem 2.5. Let f € L*(T) with [ f(z)dz = 0 and with Fourier coefficients sat-
isfying a, = O(k™%), by = O(k™%), a > 1/2. Let (ny) be an increasing sequence of
integers and let (\) be a positive nondecreasing sequence such that Ao /A, = O(1) and

N
sup Z (np,nk)™ < AN
1<h<N i
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Then Y, i f(nkx) converges a.e. provided Y -, c(logk)*\y < oc.
Before proving Theorems 2.3-2.5, we give some applications.

Corollary 2.3. Let f € L*(T) with [ f(z)dz =0 and r¢(n) = O(n=*). Let (ny) be
an increasing sequence of coprime integers such that ny, > k" with some 8> 1+1/(20).
Then Y ve, ek f(ngx) converges a.e. for any universal c.

Corollary 2.3*. Let f € L*(T) with [, f(x)dz = 0 and with Fourier coefficients
satisfying ar, = O(k~%), b = O(k™%), a > 1/2. Let (ny) be an increasing sequence of
pairwise coprime integers such that Y po n, ¢ < co. Then Y .- cpf(nkx) converges
a.e. for any universal c.

The assumptions of Corollaries 2.3 and 2.3* on f are different, but the conclusions

are similar.

Corollary 2.4. Let f € Lo(T) have Fourier-coefficients O(1/k) (for example, let
fe BV(O 1)) and let (ny) be a sequence of integers such that for any d > 1 we have
> dins L' < A/d with an absolute constant A. Then > oo cif(ngx) converges a.e.
pmmded

o0
Zc logk logni < .
k=1

Corollary 2.5. Let f € L*(T) with [ f(z)dx =0 and r¢(n) = O(n~*). Then the

series Y poq ¢k f(kx) converges a.e. provided

o0
Zcik” < o0 for some v > 1/(1+ 2a).
k=1

Corollary 2.5%. Let f € L*(T) with [ f(z)dz = 0 and with Fourier coefficients
satisfying a, = O(k™%), by = O(k™*), 1/2 < a < 1. Then Y, ci.f(kx) converges
a.e. provided

i 2k (log k)?

k=1
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Corollary 2.6. Let f € Lo(T) have Fourier-coefficients O(1/k) (for example, let
f€BV(0,1)). Let ng, = k", r > 2. Then Y po, cpf(ngx) converges a.e. provided

oo

Z c; (log k)? < oo.
k=1

Corollary 2.6*. Let f € Lo(T) with [y f(x)dx = 0 and with Fourier coefficients
satisfying ar, = O(k~%), by = O(k~%), a > 1/2. Let ny, = k", where r is an integer with
r>1/a. Then Y, cpf(ngx) converges a.e. provided

Z cz (log k)? < oo.
k=1

Proof of Theorem 2.5. We follow the proof of Theorem 1.1 with minor modifications,
using the same notations. The assumption > -, ¢z (logk)?*\; < oo and the estimates
in the second line of (1.18) with v = 2 show that Y7, v? [ Z2dx < oo and thus
Sore V2 Z% < oo almost everywhere. Hence (1.17) implies that the first expression
in (1.16) converges to 0 almost everywhere as m,n — oo, and thus the partial sums
Zizl ¢k f(ngx) converge a.e. Now (1.16) and the Rademacher-Mensov inequality (see
e.g. Zygmund [Z]) imply
2

t dt
[I‘ 2N+1?2§2N+1 Z cf(nit)
Y (2.34)
2N+1 2N+1 .
S 03)\2N+1 Z ci (10g 2N)2 S 04 Z Ci (]og k)Q)\k
k=2N 41 fmoN 41

Summing these relations for N = 1,2,... and using >, , ci(log k)?\; < oo, it follows

that
2
m

max Z cef(ngt) | — 0 a.e.

2N +1<m<2N+1
- k=2N41

completing the proof of Theorem 2.5.

Proof of Theorem 2.4. Let fi, = [flc, (nk-). By the Cauchy-Schwarz inequality we get

Do lerlllf () = SOl =D lewlllF ) = e Ol = Y lenlr3(Cr)
k=1 k=1 k=1

1/2

o 1/2 o
< (Zci)\k> (Zr}(ckf/Ak) < 00
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by the assumptions of Theorem 2.4. Tt follows that Y r- , |k | f(nit) — fi(t)] converges
a.e. and thus the series Y - | ¢ f(nit) converges almost everywhere if and only if the
series -, ¢ fi(t) does. The problem thus reduces to the study of the last series, and
to do this, we will analyse the correlation properties of the functions f;. Define, for any
non-empty interval 7 of T,

f__MMAf(M. (2.35)

Then
[fle, (@)= > fix(@) (),

welly,
where II,, denotes the partition of [0,1) defined by the subdivision
[(]_1>/Cn7]/cn) Jg=1...,Ch (236)

Since [ f(f)dt =0, we have
fle, (@)= > fFFx(#@)(x) - |#]] (2.37)

and consequently for h < k we get

o fi) = > 3 (e (nay}) — 7l xa (g d) — 171). (2.38)

7 €Iy, ' €10y,

where the indicators are extended with period 1. Thus the calculation reduces to esti-
mating the correlation for indicators of intervals. Let 0 < a < b < 1. It is classical to
expand the indicator function x([a, b))(z) in a Fourier series, and one gets

b —p— —2imnb _ _—2imna) ,2imnx
x(ab) @) =b—a+ 3 (5—){e e e
nezZ*

=b—a (2.39)

=1
+ Z —{ sin 2mnx (Cos 2mnb — cos 27ma) +cos 27m:1:( sin 27rnb — sin 27ma) },

™
n=1

for almost all xz. Now, let 0 < a <b<c<d <1 Put g = x(a,b), v = x(cd)),
and @ = ¢ — (b—a), ¢ =1 — (d — ¢). We study for given positive integers h and k the
correlation of the functions @, = @(hz), 1, = ¥(kx). Put for u,v € T and integer n,

5n(u7v) — e—Ziwnv . e—21’7rnu.
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Then,

-1
plha) = ) | (5—)e* "0, (a, b)
nez*
- -1
¢(k$) _ Z (2i7rm)6217rmkm5 (C d),
€Z*

so that

wha¢k Z Z 47T2mn a b)(s_ (C d)/ 2iﬂ(nh—mk)xdx

neZ* mez*

= Y (@b m(cd).

Amemn
m,nEZ*
nh—mk=0

The equation nh — mk = 0 has solutions given by n = uk/(h,k) and m = ph/(h, k),
pw=1,2.... Thus,

<95h, @Ek>

S 1
Z M_ Oputs) (hte) (@3 D)0 (i) (€5 ) + 8ty (i) (@5 D)8 ey (€5 d) -

B (2.40)
It remains to compute 6, (a,b)d_,(c,d) + d_n(a,b)d(c,d). But, a plain calculation

shows
dn(a,b)0—_m(c,d) + 6_pn(a,b)dm(c,d)
= 2{ cos 27 (nb — md) — cos 27w (nb — mc) — cos 2w (na — md) + cos 2w (na — mc)}
= 2sin 2mm(d — ¢){ sin 27(2nb — m(c + d)) — sin 27 (2na — m(c + d))}
= 4sin 2rm(d — ¢) sin 2n(b — a) cos 2w (n(a + b) — m(c + d)).

Therefore,
(Bn, Uk
(k) ~1 . ph(d—c) . . pk(b—a) p(k(a+b) — hic+d)) (2.41)
— 7T2 Z E Sin QWW S1n 27TW Ccos 27 (h, k) .

n=1

It follows that

}@h,@[;k)‘ < (. k) i %!sin%rMHsinQW—’uk(b_ a)’




Now, if h((};k)) >1

> L =) oy < MA=9) 1 ,
g =T Z)ugc k] (- o)

o M
) < h((d’_)) u< h((l;,_ )
and,
1  ph(d
2 ;(“ [(h’k] D A (k) < (o) _oMd=<)
n>Ra=s > 7 1 <C (k) 2 [h, K]
Thus
o~ 1 ph(d—c) hd—c) . (hk
u«z=:1 #2( [h, k] A(h k) <C B ] log h(d —)c)' (2.43a)
If h((};lk)) <1, then 1< % and
o~ L phld =) h(d — h(d —
;Mz( B (k) < Clh k) < O Eh, k)@ . ([h,k]C) o1
In both cases we get
N i ) hd—c) ¢ (hk)
EH ng NE)<C X L<h(d—c)>' (2.44)
Therefore,
()| < Cmin 4 A= p (k) klb=a) ¢ (hk
Return now to (2.38). We deduce from (2.45)
|<X7'T(nhy) — |7, x5 (ney) — |7r/|>| <C nh|7‘T/‘ L<(nh7nk)>
that [y ] =N ]
so tha
[Uns gl <€ 32157 32 17 I (("h’",’“)>
Telly ' eIl 7’L nk] np, |7T|
<C ) |f Z \/ flu du\ ("h’”k)CNk>
welly, 7' eIl ?’Lh nk np
<Olflh Y |74 g (L )Gy o
rell), |7T| [TL nk] Nhp
< ol g2 Cn_ g ((nn)Ch
< IR = S E ().
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Therefore, for h < k

(i )| < €l L2l (e )Gy (247

Nh
Thus using (2.33) we get

N

2 N N N
/r (Z Ckfk) dx = Z (fns Fr)encr Z fhafk Ch +cp) < (Z Ci) AN
k k:

which corresponds to relation (1.16) in the proof of Theorem 1.1. The argument is now
completed by following the proof of Theorem 2.5.

Proof of Theorem 2.3. This is a special case of the previous proof for A\, = O(1).

Proof of Corollaries 2.3, 2.3*. Since 8 > 1+ 1/(2a), we can choose v > 0 such that
20y > 1 and B > v+ 1. Let Cx = k7, then (2.30) is trivially satisfied and the expression
n (2.31) is at most

sup Z —L (Cr) < Kh" Z k=P logk = 0RO~V logh) = O(1).
h21 3 5 " k>h

for some constant K. Hence Corollary 2.3 follows from Theorem 2.3. A similar calcu-

lation shows that Corollary 2.3* follows from Theorem 2.5.

Proof of Corollary 2.4. This is immediate from Theorem 2.5 and estimate (1.22) in
Section 1.

Proof of Corollary 2.5. Let C,, = n” where v will be determined later. Observe that

o, i (h, k:)L ((h, 7;;)@;) <log C, i w (2.48)

k
k=h k=h

Fix a d|h and compute the last sum in (2.48) for those h < k < n such that (h, k) = d.

This restricted sum clearly cannot exceed

d 1
Ch Z ESC’R ng’nlogn.

1<k<n,d|k 1=1



Now summing for all d|h, we have to multiply the result with the number of divisors of
h, which is known to be at most A(e)h® < A(e)n®, and thus the first sum in (2.48) is
at most A(e)n°C, log Cy, logn = O(n?*¢). Similarly,

A (%) - R () e S

k<h k<h k<h

Fixing again d|h and summing for k with (h, k) = d, the last sum contains at most h/d
terms, all of which are < %Cn, and thus the sum is < C,,. Summing now for d|h means
again multiplying with at most A(e)h® < A(e)n® and thus the right side of (2.49) is
at most A(e)nC, log C,, = O(n?Y*2¢). Thus choosing A\, = n772¢ condition (2.32) of
Theorem 2.4 is satisfied. Now r¢(Cj) = O(C, ) = O(k~7%) and thus (2.30) will hold
if v = 1/(1 4+ 2a). As e can be chosen arbitrarily small, Corollary 2.5 follows from
Theorem 2.4.

Proof of Corollary 2.5%. This is immediate from Theorem 2.5 and the last statement of
Lemma 1.1.

Proof of Corollaries 2.6, 2.6*. Let ni = k" for some integer r > 2. Clearly (ng,n;) =
(k,1)" and thus Corollary 2.6 follows from Theorem 2.5 and the first statement of Lemma
1.1. The proof of Corollary 2.6* is similar.

To conclude this chapter, we prove a maximal inequality providing a further way
to prove a.e. convergence results for Y7 | ¢ f(ngz).

Theorem 2.6. Let f € Ly(T) with [ f(t)dt =0 and put

Sn(x) =Y enf(kx).

k<N

Then for an arbitrary sequence (my) of positive integers we have

1 my N
[ maxisut@lde < 3 lenlrslmi) + 43 (o + (S DY (250
- k<N =1 k=d,

where d; = inf{k : my > 1} is the inverse function of my and A is an absolute constant.

If f(x) = sin 27wz or cos 2wz, Theorem 2.6 reduces to Hunt’s inequality [Hul]

1

o MSN

N
max |Sy(z)|dx < C( Z )2 (2.51)
k=1
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and in fact Theorem 2.6 is easy consequence of Hunt’s result. If the Fourier-series of
f is absolutely convergent, i.e. Y ;= (Ja;| + |bi|) < oo, then choosing my so large that
Sore R(my)? < oo, the right hand side of (2.50) is at most C’(Zgzl c2)1/2 and thus
the statement lemma reduces again to (2.51). In particular, it follows that if the Fourier-
series of f is absolutely convergent (for example, if f belongs to the Lip 1/2 class), then
> e i f(kx) converges a.e. provided ¢ € ¢2. This result is due to Gaposhkin [Gap4].
In contrast to Theorem 2.3, Theorem 2.6 loses the number-theoretic connection, but in
the case np = k it leads, despite the simplicity of its proof, to sharper results than the
quasi-orthogonality method of Theorem 2.3, as the applications below will show.

Proof of Theorem 2.6. For simplicity we assume that the Fourier-expansion of f is a pure
cosine series (i.e. b; = 0); the general case can be treated similarly. write f = fir + gx

where
mp 0o
fe(x) = Zal cos 27lx, gk(x) = Z a; cos 27lz,
=1 l=mr+1
then
Sn(x) = T](Vl) + T](V2)
where
T](\,l): chfk(k‘x)7 T](V2): chgk(kx).
k<N k<N
Clearly
2
TR < Y lenllgn(ka)]
k<N
and thus
(2)
max [Ty < 3 lekllge(ka)]
k<N
Hence )
max \T( Ndo < Jewlllgr(ka)lls < 3 lexlrs (ma). (2.52)
k<N k<N

On the other hand,

T(1)| = Z Cr Zal cos 2rklz| = Zal Z cp cos 2mklx| < Z la;| Z ¢, cos 2mklx| .

k<N I= I=1 k=d, k=d,
Thus
my M
1
max |T1$/1)| < E |a;| max E ¢k cos 2wklx
M<N l M<N |
- —d,
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and thus using Hunt’s inequality we get

. N 1/2
max |T( )|da: < AZ |y (Z ci) (2.53)

=1 k=d;

where A is an absolute constant. The lemma now follows from (2.52) and (2.53).
We give now some corollaries of Theorem 2.6.

Corollary 2.7. Let f € BV (0,1). Then Y .-, cx.f(kx) converges a.e. provided

Zc (logk)? < 0o for some > 2. (2.54)
k=1

Corollary 2.8. Let f € Lip,(T) for some 0 < o < 1/2 and let [, f(t)dt = 0. Then
Sore cxf(kx) converges a.e. provided

oo

Z Ak (log k)P < o0 for some B > 1+ 2. (2.55)
k=1

Corollary 2.9. Let f € Lip; j5(T) and let [ f(t)dt = 0. Then Y ;" ¢ f(kx) converges

a.e. provided

Zc (logk)? < 0o for some B > 2. (2.56)
k=1

Corollary 2.8 was proved earlier by Gaposhkin [Gap2], while Corollary 2.9 improves
Theorem 3 of Gaposhkin [Gap2].

Note that in the case f € Lip,(T) the convergence condition is much stronger for
0 < a < 1/2. It is possible that in the case 0 < o < 1/2 a condition

oo

ch (log k)7 < oo (2.57)
k=1

suffices for the a.e. convergence of Y ;- | ¢x f(kz) but this remains open. On the other
hand, Theorem 3 of [Be5| shows that for any 0 < a < 1/2 there exists f € Lip,(T)
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with [ f(t)dt = 0 and a real sequence (cj) such that (2.72) holds for any v < 1 — 2a,
but >°27, ckf(k::v) is a.e. divergent.

To prove the corollaries, assume first that f € Lip,(T) with some 0 < a < 1/2.
(As we noted above, in the case o > 1/2 the series Y ., ¢ f(kxz) converges a.e. for any
(cr) € l2 by Gaposhkin’s theorem, so there is no convergence problem.) The Fourier
coefficients of f satisfy (see Zygmund [Z] p. 241)

2n+1

Z (a2 4+ b3) < 27 2ne

k=27+1

whence it follows immediately that

> (aj +b}) < Cn72° (2.58)
k=n
and .
Z lag| + |bp)E* Y2 (logk) ™ < oo for any v > 1. (2.59)
k=1

The cases 0 < a < 1/2 and a = 1/2 are treated differently, so we separate them.

(A) In the case a = 1/2 we note that r;(n) = O(n~1/2) by (2.54) and thus by (2.56)
and the Cauchy-Schwarz inequality the first term on the right side of (2.50) is bounded
by

1/2

1 1
C c —C’ cr|(log k B2 <C ———
D lerl e =€ 3 lenlllog k) e gmk(log 07

k<N k<N

which remains bounded if my = k(logk)!*=7 ¢ > 0. Then d; ~ [(logl)~*5=#) and
since by (2.56) we have 3, - c2 < C(log N)~P, the second term on the right hand side
of (2.50) is bounded by

mN

CZGCLZ‘ + |bl|)(10g dl)—ﬁ/Q

=1

which remains bounded by (2.55), since logd; ~ logl and (3 > 2.

Observe that if f is of bounded variation, then its Fourier coefficients satisfy |ax| =
O(k™1Y), |bx| = O(k™1), and thus relations (2.54), (2.55) are satisfied with o = 1/2.
Hence the above proof also shows the validity of Corollary 2.7.
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(B) In the case 0 < aw < 1/2 we choose now my, = k(log k)™ with 7 to be determined
later; then d; ~ [(logl)~". By (2.54) we have R(n) = O(n™%) and thus setting ¥ (k) =
k'=2%(log k)P, (2.58) and the Cauchy-Schwarz inequality shows that the first term on
the right side of (2.50) is bounded by

1/2

1 e 1 !
C Z \ck|m% =C Z ek |Y(k) me (k)12 <C Z m22p(k)

k<N k<N k<N

which remains bounded, in view of the definitions of mj and ¥(k), if 5+ 2a7 > 1. On
the other hand, Y .-, c2t)(k) < oo implies D k>N ci < Cy(N)~!, and thus the second
term on the right hand side of (2.50) is bounded by

mn

C Y (lau] + [be])eb(di) 2. (2.60)

=1

Substituting the values of ¥(k) and d; and using (2.55), we see that the sum in (2.60)
remains bounded if f—(1—2a)7 > 2. We thus proved that if the sum in (2.58) converges
and my, = k(log k)7, then the left hand side of (2.55) remains bounded if

B> max(2 + (1 — 2a)7,1 — 2a7). (2.61)

The right hand side (2.61) reaches its minimum for 7 = —1 with minimal value 1 + 2a,
completing the proof.

3. Almost sure convergence—Necessary conditions.

Let f € L*(T) with [ f(¢)dt = 0 and Fourier expansion

f~ Z(ak cos 2kx + by sin 2wkz).
k=1

Recall that by Wintner’s theorem (Theorem A in Section 1), the series ) c,f(nx)
converges in the mean for all (c,) € £? iff

Z on/n®  and Z wn/n® are regular and bounded for s > 0. (3.1)

In Section 2 we showed that (3.1) also implies the a.e. convergence of Y oo ; ¢k f(njx)
provided (ny) satisfies the Erdés gap condition (2.11) with 5 < 1/2. The following
result describes the situation when (3.1) fails.
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Theorem 3.1. Let f € Lip,(T), [ f(t)dt = 0 and assume that (3.1) is not valid.
Then for any € | 0 there exists ¢ € £? and a sequence N = {ny,k > 1} of positive
integers satisfying

Ng+1/nie > 1+ ¢p (k> ko)

such that the series Y, ci f(nigx) is a.e. divergent.

This result is sharp: if (ny) grows exponentially (i.e. ngi1/ng > ¢ > 1) then
>p i f(ngz) converges a.e. for any ¢ € £2 by Kac’s theorem (see Theorem D).

We note that the theorem remains valid, with minor modifications in the proof,
if instead of f € Lip,(T) we assume only f € L?(T). However, as the positive result

concerns the Lipschitz case, we will prove the converse also for that case.

For the proof we need two simple lemmas.

Lemma 3.1. If (3.1) fails, then for any N > 1 there exist real numbers {ag.N),j =
1,..., N} such that

/ iag.N j$)>2dx>(i )L(N)

j=1 j=1

where L(N) — oo.

Proof. This is obvious, since by Wintner’s theorem relation (3.1) is equivalent to the
existence of a constant C' > 0 such that for any N > 1 and any real sequence (a;) we
have

/1 Zaj ]x>2dx§0<ia§>.
0 J=1 j=1
[ |

Now, given f € Lip,(T), choose the integer B so large that (B — 1)a > 10. Then we
have

Lemma 3.2. Let 1 < p; < q1 < p2 < g2 < ... be integers such that pyy1 > Bq. Let
I, I, ... be sets of integers such that I, C [2P* 2] and each element of Iy is divisible
by 2P+, Let b;k), j € Iy be arbitrary coefficients with |b§.k)] <1 and set

Xp=Xpw) =Y W fGw)  (k=1,2,..., weT).

Jel)
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Then there exist independent r.v.’s Y1,Ya, ... on the probability space (T, B, \) such that
EY, =0 and
|Xk—Yk| §2_k (ka’o)

Proof. Let Fj, denote the o-field generated by the dyadic intervals
U, = [v27 8% (v + 1)27B%] 0<v<2Bu (3.2)

and set
§=&0)=E(f()IFk), JEI
Vi =Yi(w) =) b‘gk)fj(W).
JEIL
By |f(z) — f(y)| < Clz — y|* we have

(W) — fjw)| < Cr2~B-Daee < 0y9=10% 4 [
and since I has at most 29% elements, we get
X — V3| < Cp-29027100 <97k for k> k.

Since pr4+1 > Bgy and since each j € Ix41 is a multiple of 2P#+1  each interval U, in
(3.2) is a period interval for all f(jz), j € Ir+1 and thus also for &;, j € I41. Hence
Y% +1 is independent of the o-field Fj and since F; C F2 C ... and Y}, is Fj measurable,
the r.v.’s Y1, Y5, ... are independent. Finally E§; = 0 by fT fdx =0 and thus EY; = 0.

Turning to the proof of Theorem 3.1, let 1 (k) grow so rapidly that L((k)) > 2F
and let (ry) be a nondecreasing sequence of integers to be chosen later. We define sets

y Ty yFrg )T TR )

of positive integers by
1% = 9" {1,2 Y(k)} 1<j<rg, k>1
j 3 Ly ey ) >) > Tk, el

where cgk) are suitable positive integers. (Here for any set {a,b,...} € R and \ €

R, Ma,b,...} denotes the set {A\a, A\b,...}.) Clearly we can choose the integers cg-k)
inductively so that the intervals in (3.3) satisfy the conditions of Lemma 3.2. By Lemma,
3.1 there exist, for any £ > 1, coefficients {a,(,k), 1 <v <y(k)}, ZZ}L’? a% — 1 such

that, setting

(k)
X0 = X B () = 3 ol f(10)
v=1
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we have

E(X®)* > Ly(k).

Let
(k)
XPw)y=x®25 w), 1<j<n,

Clearly the X J(-k) have the same distribution, and consequently
E (X")? > Ly(k).

By Lemma 3.1 there exist independent r.v.’s Yj(k) (1<j<rk k=1,2,...) such that
EYj(k) =0 and

k k
S —y®P <K (3.4)
k7j

for some constant K > 0. Hence by the Minkowski inequality

B () > CL((k) (35)

for k > ko. Also |Yj(k)| < |XJ(-]€)| + K < Const.1(k) and thus setting

1 Zm (k)
Jy = Y.
C L) R
Tk
5 _ (O
o2 E(;:l:YJ ) > SriL (k)

we get from the central limit theorem with Ljapunov’s remainder term

P{Z >1} > P{ Sy 2ak} > (1-®(2) - Cﬁmw(k‘))w

j=1
>1-®(2) —o(1) >0.02, (k> ko)

provided 7 grows so rapidly that 7”,1/2L(¢(k))3/2 > (k)% Since the Zj are inde-
pendent, the Borel-Cantelli lemma implies P{Zk >1 i.o.} =1, ie. Zk21 Zy, is a.e.
divergent, which, in view of (3.3), yields that

oo 1 Tk (k) ' '
1; (riL(y(k))1/2 ;Xj is a.e. divergent. (3.6)
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Let now

N = [j U . (3.7)

k=1 j=1

Then the sum in (3.6) is of the form Y .=, ¢; f(n;z) where
ST JRECRIS S E
i=1 k=1 k=1

Finally, denote by 1 + pj the smallest of the ratios (j +1)/j, 1 < j < (k) — 1; clearly
pr > 0. Given € | 0 one can choose 7y growing so rapidly that

pe>em . k=1,2,.... (3.8)

Now if ng and nsyq belong to the same set Ij(.k) then clearly s > r,_1 and thus by (3.7)
we get ns+1/ns >1+px>1+¢e,,_, > 14, Since ns+1/ns > 2 if ng and ng41 belong
to different [ j(-k)’s, we proved that (ny) satisfies

ng1 /e >1+ep (k> ko). (3.9)
This completes the proof of Theorem 3.1. [

There are few results concerning the bounded case, namely the case when in the
series Y, cif(nix), f is not smooth but only bounded. We first consider the case of
primes and prove the following result.

Theorem 3.2. Let P := (Py) be an increasing sequence of prime numbers. Let ¢ =
{ck,k > 1} be a sequence of positive reals such that

Zci<oo, ch:oo.

k k

Then there exists a function f € L(T) with [ f(t)dt = 0 such that the series
Sorey cuf(Pyx) diverges on a set with positive measure.

Theorem 3.2 will be deduced from the following

Theorem 3.3. Let P := (Py) be an increasing sequence of prime numbers. Let ¢ =
{ck, k > 1} be a sequence of positive reals such that

Eci<oo, Eck:oo
k k
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Put C,, = Zk<n cx and consider the weighted sums

Snf = Ci > enf(Prx).

" k<n

Then there exists a function f € L*(T) with [ f(t)dt = 0 such that the sequence

{S.f,n > 1} diverges on a set with positive measure.

Proof of Theorem 3.2. Assuming that Theorem 3.3 is valid, there exists a bounded
measurable function f such that (S, f), does not converge almost everywhere. Then the
partial sums ), . ci f(Pre) do not converge almost everywhere either. Otherwise, this
would imply, in view of the assumption that the series ), ¢ diverges, that (S, f(x))n
tend to 0 almost everywhere, a contradiction. Hence the result. [

To prove Theorem 3.2, we use Bourgain’s entropy criterion in L* which we recall

here.

Lemma 3.3. ([Bo|, Proposition 2]) Let {S,,n > 1} be a sequence of L*(n) — L ()
contractions satisfying the following commutation assumption:

(H) There exists a family € = {T},j > 1} of p-preserving measurable transformations
of X, commuting with S,, (S,T;(f) = T;Sn(f)) such that for any g € L*(T),

J
1
lim. Hi Y Ty —/ gdAH1 ~0. (3.10)
i=1 T
Moreover, assume that
u{Sn(f) converges asn — oo} =1 for all f € L=(u). (3.11)

For any § > 0, let N;(8) denotes the minimal number of L?(u)-open balls centered in
the set {S, f,n > 1} and enough to cover it. Then,

C(9) = sup N¢(9) < o0. (3.12)
feLe(u), Ifll2=1

If the Tj’s are defined as at the beginning of Section 2, we know that S,T;(f) =
T;S,(f) and for any g € L*(T), limy_ o H%ijl T;qg — ngd)\H2 = 0. This, plus a
plain approximation argument and the fact that barycenters of contractions are again
contractions, finally imply (3.10). This means that assumption (H) is satisfied in our
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case. For proving Theorem 3.3, we will also need the lemma below, which is taken from
[Wel], (see Lemma 5.1.6 p. 76).

Lemma 3.4. Let R,T,p be three positive integers such that R > T(4p? — 3). Let
(H,||.||) be a Hilbert space. Let B ={f,, 1 <n < R} be a finite subset of H such that
fnll <1, 1 <n < Rand ® = {¢p,, 1 <n <R} an orthonormal system of H. We
assume

1
<fna ¢n> > - p (1 <n< R) (a)
Then B contains a subset B’ satisfying
1
Card (B') >T and inf f—gll > —. (b)
f.9€B’, f#g 2p

Proof of Theorem 3.3. Let {Ty, N > 1} be integers such that Ty — Tv—1 increases to
infinity with N. Define

My = {u — Py PN oy € {0, 1} and (ary y11,- - ary) 7 (o,...,())},

(3.13)
Let Ty_1 < R <Ty. Then,

<8R(fN) fN> ! ! 1/2 Z Z ch equev

CR [9Tn—T
R [2TN=Tn-1 — w€lly velly k<R

Let u,v € IIy and £k < R. Then <€upk,€v> = 1, if and only if uP, = v. Noting

— pYTN-1tl ATy _ pPTnoa+r By . .
u=FPp "y ...PpN,v=FPp " ... Pp Y, this means that:

NN —1+1 ary _ pPTa_q1+1 BTy
PPN paTy  prNett | plty

This equation has solutions if and only if & belongs to the interval [Ty _1,Tn], and then
the solutions are given by

ap=0, Br=1 aj = By, otherwise.
Hence,

2To~To1=1 71 1
<fN(Pk)7fN> = 2T97T9_1 _1 Z Z (314)

Consequently, for any integer N > 1 and any Ty _1 < R < Ty

<SR(fN) fn)
1 1
— 1

C’ > erlfn(Pr), fv) = > alfn(Pe), fn) > 1 (3.15)

k<R Cr k<R
keITN_1,TN]

The proof is completed by applying Lemma 3.4 and the entropy criterion in L. [
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The next two theorems will concern subsequences N generated by infinitely many

primes.

Theorem 3.4. Let P = {Py, Pa,---} be an increasing sequence of positive pairwise
coprime integers, and denote by C(P) the infinite dimensional chain generated by P.
Let ¢ = {cg, k > 1} be a sequence of positive reals such that the series Y, ¢ diverges.

Define for any measurable function f : T — R the weighted sums

Suf(x) = ! S ot

ZjeC(P)ﬂ[l,n} € JEC(P)N[1,n]

Assume that
ZjeC(P)m[%Pfi,Pfi]) Cj

lim sup > 0. (3.16)

oo Djec(P)n[L, P2 €

Then there exists a bounded measurable function f such that (S, f)n does not converge

almost everywhere.
From Theorem 3.4 one can obtain

Theorem 3.5. Let P = {Py, Ps,---} be an increasing sequence of positive pairwise
coprime integers, and denote by C(P) the infnite dimensional chain generated by P. Let
c = {ck, k> 1} be a sequence of positive reals such that

Zci<oo ch:oo.

k k

Assume that condition (3.16) is satisfied. Then, there exists a bounded measurable
function f such that (3 <, ckf(Px.))n does not converge almost everywhere.

The proof of Theorem 3.5 is similar to the proof of Theorem 3.3, so it is omitted.

Proof of Theorem 3.4. The proof uses Bourgain’s ideas in [Bo]. Let s be some fixed
positive integer. Put for any integer 7' > 0

Ar={n=pP---P* : Pl <n<Pl™ a>0,i=1,---,s}. (3.17)
By replacing aq by a1 + 1, one can easily verify that

1(Ar) < 8(A741) (3.18)
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As for n = P/ -+ P € Ap, necessarily 0 < ag + -+ + a5 < T, we also deduce
§(Ar) <T°. (3.19)
Then, for any d > 0, there exists an integer 1" > 0 such that

1(Arya) < 24(A7), (3.20)

Indeed, otherwise, #(Ar4q4) > 24(Ar) for any 7', would imply for any integer n
8(Anq) > B2",

where B is some positive constant, which contradicts to (3.19). Choose d such that
P# < P,. Any element j € C(P) such that j < P{ can be thus expressed as j =
P .. PO with r < s. Put for any i =0,---,d

T

1

f(l) (x) N eQiﬂn:c, (321)
ﬂ(AT'H)% n€EAT4;
and let
f=r.
Next, put for any ¢ =0, - - -, [%l]
(2i-1) (21)
PO At | (3.22)

7 ,

and let for any integer j, f;(x) = f(jz). The set of functions f() is a sub-orthonormal
system of L?, the same property holds true for the system of functions ¢;. Moreover

Il =1 foramy j.
Let 1 <i<[4],j€ [P} ", P¥INC(P), and examine f;. Let n € Ap. Then nj may be
written as follows nj = Plﬁ L... PP Moreover

PTH2i-1 < s o pTH2i41,
It follows that we have the following implication
ne€ Arand j € [Pfi_l,Pfi] NC(P) = nj€Aprioi1UApig;.
We may thus write .
fi(x) = 2D)3 mze%emm,
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where D C Apio;—1 U Arye; and §(D) = §(Ar). Hence,
1 1

[H(AT)Ji(AT+2i—1)]% MEDNAT 42,1 [ﬁ(AT)ﬁ(AT+2i)]% meDNAT2;
1 1
—f(Ar) = —
Z S T =

and so for any 1 < i < [g], PYl < j < P

1
(i, 91) 2 5- (3.23)
Further, (f;,¢x) >0 for any j and k. Thus,
1
jGC(P)ﬂ[l,Plzl] J JEC(P)N[1,P2i])
1
> > — > cj(fi, &)
JECPNLPETY jee(p)nis P2 Pe))
1 2 jecP)niipy, Py
2 Zjecm)m[LPfi] Cj
We have obtained for any i =1, -, [4]
12 jec(P)n 1 p2i p2i] Cj
(Sppe(f), i) = g = CEA B (3:24)

T2 Yjecp)ni,pr G
Now, by assumption

LjecrnPp G

lim sup
i—00 Zjecm)m[LPfi} €
We may find an increasing sequence (i), of integers as well as a positive real ¢, such
that

ZjeC(P)ﬂ[%Pf”,Pf”} €

> 2¢ A=1,2..)

ZjeC(P)ﬁ[l,Pfi*] ¢G

Consequently, for any A such that i) < d,

<Sp12i>\ (f)a ¢z>\> > C. (325)
Let p be a positive integer such that pc > 1. Lemma 3.4 applied with the choices
R=[2], T =[[2]/13] with D = (X | ix < d) and p shows that

_ D, c
N(Spp(fi < [5).5) > T. (3.26)
But d is arbitrary, thus
) c
sSup N((Ssz(f)JZ 1)7§>:OO'
fer=>= |lfll2<1
Applying now Bourgain’s entropy criterion in L* concludes the proof. [
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4. Random sequences.

In this section we investigate the convergence of the series >~ | ¢ f(ngz) where (ny) is a
random sequence of real numbers. Specifically, we will investigate the model when ny =
X1+ ...+ X, where the X are independent, identically distributed random variables
defined on some probability space (2,4, P). We will not assume that X; is integer
valued or X; > 0; we assume only that the the distribution of X; is nondegenerate. If
the random walk {>"7_, X, n > 1} is transient, we have |ny| — oo a.s. On the other
hand, if the random walk is recurrent and X; is nonlattice, (nj) is dense in R with
probability 1.

We begin our investigations with the study of random trigonometric sums of the

form
o0

Z cnettSn (@) (4.1)

n=1

where (c) € lo; the terms of this sum are functions defined on the product space Q x T,
endowed with the product probability P x .

Theorem 4.1. Let X; be nondegenerate with characteristic function ¢ and let S, =
> p_q Xk be the corresponding random walk. Then for any ¢ € ?? and any real t for
which

p = max([e(t)], [o(20)]; lp(=t)], [o(=20)[) <1 (4.2)

the series (4.1) converges with probability 1. Consequently, the series (4.1) converges
for almost all (t,w) € T x Q, provided c € (2.

Since X; is nondegenerate, (4.2) holds for all but countably many t’s. If X; is
nonlattice, then |p(¢)] < 1 for all ¢ # 0; otherwise there exists a ¢y > 0 such that
lp(t)| = 1 if and only if ¢t = ktg, k € Z. If X; is degenerate, then S,, = cn with some
constant ¢, and the statement of Theorem 4.1 reduces to Carleson’s theorem, which is
of course not contained in our result. But it is interesting to note that for all other
random walks, the above formulated "random” version of Carleson’s theorem is valid.
This seems paradoxical at first sight, since the random walk S, can be recurrent, e.g. it
is possible that S,, = 0 for infinitely many n. However, by the theory of random walks
the set H = {n : S,, = 0} is thin (e.g. it has O(n'/?) elements in the interval [0,7]) and
Theorem 4.1 shows that >, o |ck| < 0o even if -7 |ex] = o0.

For the proof of Theorem 4.1 we will need the following convergence result of
probability theory, first observed by Stechkin in the context of orthogonal series (see
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e.g. Gaposhkin [Gapl pp. 29-31]). For the present version, see Billingsley [Bi] p. 102,
Problem 6; for an alternative proof see [We2], Theorem 2.1.

Lemma 4.1. Let {&;,i > 1} be a sequence of random variables satisfying the assumption

«

Y
E D> &g <> w], 0<i<j<oo,

i<I<j i<I<j

where {u;,i > 1} is a sequence of nonnegative reals such that the series Y ;o w; con-
verges and o > 1, v > 0. Then the series >_,~, & converges almost surely. Moreover,
for a > 1,we have

o0 a/
I f}ﬁ' Sooalll, <o w)™,

i<I<j =1

where the constant C' depends on a only.

Applying Lemma 4.1 with v = 4, a = 2, uy = ¢, for proof of Theorem 4.1 it
suffices to prove the following

Lemma 4.2. For any real c1,...,cny we have
N 4 . N 2
E wh| < —— 2. 4.3
] < e (B 9

where p is defined by (4.2).

Proof. In the case p = 1 the lemma is obvious, so we can assume p < 1. Clearly for any

real ¢1,...,cy we have
N
E| E cpetIr [t = E cjckclcmEe”(Sj_S”Sl_Sm). (4.4)
k=1 1<j,k,l,m<N

We now claim that
|E€it(:|:Sj:|:Sk:I:Sl:|:Sm)| < p(|j—k\+|l—m|) (G>k>1>m). (4.5)

provided in the last exponent there are two positive and two negative signs. Clearly we
can assume that the sign of S; in (4.5) is positive; otherwise we replace ¢ by —t. There
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are 3 cases:

(a) [Be (=St Sm5n)| = Bt =) [[Be 55| = Jop(t) T~ F | (1)
< pUi—hl+lt=m]).

(b) B S mSE S| = R I |[Be 75| = [ ()T o)
< plli=kl+lt=ml)

(c) |E€it(sj+5k*Sl*Sm)| _ |E6z‘t(sj7Sk)+2it(sk75l)+it(sl,5m)|

= |90(t)|j_k|<p(2t)|k_l|<p(t)]l_m < p(|j—k\+|l—m|)7

proving (4.5). Thus splitting the sum on the right hand side of (4.4) into 24 subsums
corresponding to a fixed relative order of j, k,l, m and in each such sum renaming the
indices 7, k, [, m so that they will be nonincreasing in the renamed order, we get

N

E|) cpe™rt <24 > lejllekllerl|em |pFIFIE=mD, (4.6)
k=1 N>j>k>1>m>1

Summing the right hand side of (4.6) first for those indices (7, k, [, m) for which j—k =r
and [ — m = s are fixed, we get by Cauchy’s inequality

Z ek llcktrllemllemrslp™

1<k,k4+r,m m+s<N

<prte Z |ckl|chtr| Z | |Cm+s]

1<k,k+r<N 1<m,m+s<N
1/2 1/2 1/2 1/2
r+s 2 2 2 2
<p > > G > < D s
1<E<N 1<k+r<N 1<m<N 1<m+s<N
2
r+s 2
<p E Cj
1<j<N

Now summing for » and s we get Lemma 4.2.

We turn now to the convergence of the series (4.1) in LP(T x Q) for p > 2. For
simplicity, we consider the case p = 4.
Proposition 4.1. Let X = {X, X;,i > 1} be a sequence of independent, identically

distributed, lattice random variables defined on some probablility space (2, A, P). We
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assume that the random walk S,, = X1+ ...+ X,,, n > 1 is transient. Then,

E/ | ch 62”0‘5’“|4da < 4G(0,0)<Z |ck|2>
T k=1 k=1
+6 Y laillellerlal

1<i<k<iI<j<n

{P{Sk—S = £(S; = S)} +P{Sp — S; = (S, — S)) — 2(S, — Sk)}}
Proof. Let aq,...,a, be complex numbers. Then,
\Zai\4 = (D> aag)(Y ) wa)
i=1 i=1 j=1 k=1 l=1
= <Z|azlg+z Z a;a; + a;a; )(Zlakl2+z Z apay + agay )
1=1 j=i+1 k=11l=k+1
= <Z ’ak‘2)2 + 2(2 \ak|2) Z Z apa; + akal
k=1 k=11=k+1

+ Z Z Z Z (aiaj + a;a;)(ara; + ara)

i=1 j=14+1 k=11=k+1
n 2
— (Zm,ﬁ) + A+ B.
k=1

21maS -
X g(w), i=1,..

Apply this in our case: ay = cse .,n. The sum A equals to

A= 2(2 ]ck]2> S 3 (e oSO8 gy 2o SI@) =Sk
k=1 k=1l=k+1

By integrating over 2 x T, with respect to P x m, we obtain an expression, which is
equal to

n

A=2(Ylel?) > (araP{Si =S} +aaP{s = —5}).

k=1 1<k<i<n

As (fn, fm)Pxx = P{S};n—n) = 0} and since the system {f,,n > 1} is easily seen to be
a quasi-orthogonal system, it follows that

A <4G0,0)( D lexl?). (4.7)

k=1
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Now, the sum B equals to

Z Z (ai@jemm(si(w)fsj(w)) i aiajema(sj(w)fsi(w)))

1<i<i<n 1<k<I<n

X <Oék66l€2”ra(sk(w)_sl (w)) + dkalteﬂa(Sl (w)—Sk (w))) ]

Integrating this expression over 2 x T, with respect to P x m, we find a sum of the
type
B= > > vuvunP{S—8==%(S;-5)},

1<i<ji<n 1<k<I<n
where v; = «; or ;. Consider six cases.

i) (1 <k <1<i) Thesum differences S; —S; and S; — S}, are independent, and

we find in this case a contribution given by

Z Z ’yi’yj’yk”ylP{Sj—Si:ﬂ:(sl—sk)}.
1<i<j<n 1<k<I<i
i1) (1 <k <i<l<j) There are two subcases: S; — S, =95; —S; and S} — S =
—(S; = 8i). Writea=1i—k, b=1—14, c=j — 1. This corresponds to a + b= %(b+ c).
—ifa+b = b+c, then S; — S, = S; — S, which are independent sum differences.
Hence a contribution equal to

Z Z Yivi e nP{S; — Sk =S; — Si}.

1<i<j<n 1<k<i<l

—ifa+b=—-b—c, thena= —c—2band S; — S, = —(5; — S;) — 2(S; — S;), which are
independent sum differences. Hence a contribution equal to

Z Z Yivi e N P{S: — Sk = —(S; — S) —2(S1 = Si) }.

1<l<j<n 1<k<i<l
i) 1<k<i<j<li<n) Writea=1i—k,b=j—1i, ¢c=1—j. The equation
S; — S; = £(S; — Sk) corresponds to a + b+ ¢ = +b.
—ifa+b+c=>b, then a+c =0 and (S; — Sk) + (S; — S;) = 0 where S; — S} and

S; — S; are independent sum differences. Therefore, this produces a contribution equal
to

S v nP{(Si -5 > 8- 8}

1<j<I<n 1<k<i<j
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—ifa+b+c= —b, thena = —c—2borelse S; — S, = —(5 —5;) —2(5; — 5;)
where S; — Sk, S; — §; and S; — S; are independent sum differences. This produces a
contribution equal to

Z Z Yivi e nP{S;i — Sk = — (S — ;) —2(S; — Si) }.

1<5<I<n 1<k<i<y

w) (1<i<k<l<j<n) Writtea=k—1i,b=1—k,c=j—1 The equation
S; — S; = £(5; — Si) again corresponds to a + b+ ¢ = £b.
—ifa+b+c=>b,then a+c=0and (S; —S5;) + (S; —S;) = 0 where S;, — S;, S; — 5
are independent sum differences. This produces a contribution equal to

Z Z Yiv; e P{(Sk — Si) + (S; — S1) = 0}.

1<I<j<n 1<i<k<l

—ifa+b+c = —b, then a = —c—2band S, —5; = —(5;—5;) —2(S; — Sk) where S, —5;,
S;—S; and S; —S), are independent sum differences. This produces a contribution equal

to

S0 v nP{Sk— 8 =—(S; — S) —2(S — Sk) }-
1<I<j<n 1<i<k<l
v) (1<i<k<j<l<n) Writea=k—i,b=j—k, c=1—7j. The equation
S; — Si = £(5; — Si) corresponds here to a +b = (b + c¢).
—ifa+b=0>b+c, then a = cand S, —S; = Sy — 5; where S, — S;, S; — §; are
independent sum differences. This produces a contribution equal to

S Y v wmP{S - S =8 -5}

1<j<i<n 1<i<k<j
—ifa+b= —b—c, thena = —2b—cand Sy —95; = —(5,—5;)—2(S; — Sk) where S;, —5;,

S;—S; and S; — S, are independent sum differences. This produces a contribution equal

to

S v nP{Sk— S =—(S — S;) —2(S; — Sk)}.

1<j<l<n 1<i<k<y

vi) (1 <i < j <k <l<mn)Thesum differences S; —95; and S;— S, are independent,
therefore in this case we find a contribution

S Y v nP{S; - Si = (S - Sk)}.

1<i<j<n 1<k<I<i
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Summarizing the above estimates, only two types of sums appear:

Z Yivi e P{Sk — Si = £(S; — 9 }. (S1)

1<i<k<l<j<n

and

Z Yivi e P{Sk — Si = (S; — S1) — 2(S; — Sk) } (52)

1<i<k<I<j<n

The proof is completed now by counting the number of occurences of these sums, and

using (4.7). |

We shall deduce from Proposition 4.1 a more explicit estimate of the fourth moment.
We will use the following transform. Let v = {v,,n > 1} be a bounded sequence of non
negative reals. Put for any z € Z

W =3 WP {Sun =2},

u>h

By the transience assumption, these quantities are well defined since ) -, P{S., =
z} < G(0,0) for any z € Z. In particular, if v is nonincreasing, we get from the above
equality:

T < 60,0071
In the case of the Bernoulli random walk, this is however read directly. As P{S,_; =
2z} =0if 2<0or z >u— h, one has

2 (u=v+z+h) >
7;[11 - Z YuP{Su-n = 2} - Z%+z+hP{Sv+z =z}
u>z+h v=0

o0
= Z Vorapn2 OTHCEL
v=0

v

Using now the formula ) o~  CZ, 2" = W valid for |z| < 1, gives the relation

i 2=tz =2
v=0

for any z > 0.

Proposition 4.2. Assume that P{X >0} = 1. Leta = {ay, k > 1} and c = {cx, k > 1}
be two sequences of reals such that |ag| < cx for any k and c is nonincreasing. Then
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n+m
4
E/ ‘ E :ak eZzwaSk‘ dov
T k=m

n+m m—+n m—+n

< 4G(0,0)< 3 ci) +48{ AT DD cf}.

k=m l=m m<i<l =m I>m+n

Corollary 4.1. Assume P(X > 0) = 1. Then the series Y -, ax €™ % converges in
LA(P x \), provided that the series

AOIES

>1 1<i<l

converges. In particular the series > oo k™° e2 ™Sk converges in L*(P x ) for any
a>3/4.

Proof of Proposition 4.2. By Proposition 4.1

n—+m n+m

E/ > a5 o < 46(0,0) (Y &) +6((SD) + (52))
T k=m k=m
where
(51) = Z CiCjCkClP{Sk — S ==£(5; — S’l)}
m<i<k<l<j<m-+n
(52) = Z cicicraP{Sy — S; = (5; — S1) — 2(S, — Sk) }

m<i<k<l<j<m-+n

Consider first the sums of type (S1), the others will be in turn treated similarly. Write

Z CZ'CjCkClP{Sk — Sz = S]' - Sl} =
m<i<k<l<j<m+n
= Z Z cickP{Sk - 5; = z} Z cjclP{Sj -5 = z}
z€Z m<i<k<m+n k<l<j<m+4n
= Z Z cickP{Sk_i = z} Z cjclP{Sj_l = z}
z€Z m<i<k<m+n k<l<j<m+4n
As
Z cjc P{Sj_l = z} < Z cl(chP{Sj_l = z}) = Z clcl[z],
k<l<j<m+4n m<Ii<m+n j>l m<I<m+n
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we get by putting this into the previous relation

Z CZ‘CjCkClP{Sk—SZ‘ :Sj —Sl} S
m<li<k<I<j<m+n
m+n m+n m+n
S (Y ad) ¥ el Tariso=a) < (3 ad) Y el
z€Z l=m m<i<m+n k>1 z€Z l=m i=m
< Z CICi Z CEZ] CEZ].
m<i,l<m-4+n z€Z

The sums related to the factor P{Sk —Si=—(5;— Sl)} are treated similarly; the latter
probability being not 0 only if P{Sk -5, = 0} = P{Sj -5 = O}, and its value is then
P{S, —S; =0}P{S; — S, =0}. Thus

Z CiCjCkClP{Sk -5 = _(Sj - Sl)}

m<i<k<l<j<m-+n

= Z CickP{Sk - Si = 0} Z CleP{Sj - Sl = O}

m<i<k<m+n k<l<j<m+4n
S Z CickP{Sk - Si = 0} Z C] ZCJ'P{S]' - Sl = 0}
m<i<k<m-+n k<l<m4n 352>l
< Z cickP{Sk -5, = 0}( Z clcgo})
m<i<k<m+n m<Il<m+n
m+n m+n m+n m4n
< Z ci(chP{Sk -5, = 0})( Z clcgo]> < Z cic£0]< Z clcl[o]>
i=m k>1 l=m i=m l=m
m—+n 2
(3

Now, consider the sums of type (S2):

> cicjcket P{SK — S; = (S; — S1) — 2(S1 — Sk)}

m<i<k<l<j<m-+n

= Z Z Ci Cj Ck, C[P{Sk_i = Zl}P{Sl_k = ZQ}P{Sj_l =21+ 222}
21€Z m<i<k<I<j<m+n
29€Z
n+m

<> 2l
hE =
m—+n m-+n
X { Z ckP{Sk_i = zl} Z cl(z |Cj|P{Sj_l =21+ 2z2}>P{Sl_k = zg}>}
k=i 1=k >l
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< Z Z ci{ Z ckP{Sk_i:zl} Z ccl[21+222]P{Sl_k222}>}.

Z1€Z 3=m i<k<n+m k<I<n+4+m

Consider on L?(T), the operator U defined for h ~ Yoenhze: by Uh ~ %" hoyie..
Let g =Y oo, axeg. It follows that

n+m n+m n+m n+m
z] |z 1 i ;112
Z CiC; Z Cz[ }CE } <4 Z Z ClCiCly2Ciyr =4 Z aci(U'g,U'g) = 4” Z cl-UlgH
i,l=m zeN i,l=m zeN i,l=m i=m
and
n+m
z1+2z
S X ablsi—a) X ad (s - )
21€Z j=m i<k<m+n k<l<m+4n
z9€Z
n+m
<2 Z Z Ci{ Z cxP{Sk_; =z} Z 242, P{SI_k = Zz}}
21€Z 3=m i<k<m-+n k<l<m+4n
z9€Z
n+m
<2 Z Z Ci{ Z ek P{Sk—i =21} Z ClClt 2y 422, P{SI_) = 22}}
21€Z j=m i<k<m-+n I>k+2z2
z9€Z
n+m
<4 Z Z Ci{ Z cP{Si_; = Zl}ck+zgck+z1—|—3z2}
z1EN 4=m i+2z1 <k<m+4n
z9€EN

<4y ey, Ck;{ > P{Si= 21}} D ChinCita

i=m k=m z1<k—1 z9EN
n—+m
S it —a] Y et
i,k=m m<i<m-+n
Consequently,
n+m n+m 2
/ ‘ Za e2z7rosz‘ dOé<4GO O <Z )—|—48{<Zci) —|—H Z CzUZgHQ}
=m k=m m<i<m+n
As
m+n m+n (m+n)Al
Y alUlg=> Y caer=>Y aal Y. )
i=m =m [>1 I>m =m
m+n
= Z elcl( Z Ci)—f—( Z Ci) Z ey,
l=m m<z<l m<i<m-+4n I>m+n

o7



one has
m—+n m-+n m—+n

|22 el =32 (D0 e+ (e 3o &
1=m l=m m<i<l 1=m I>m+n
Hence
n+m
E/ ’ Z ap eZzwaSk’4da
T k=m
n+m m+n m+n
< 4G(o,0)( 3 ci) +48{ AT DD cf}.
k=m l=m m<i<l i=m I>m+n

We now turn to the study of convergence of Y 7~ | cx f(Skx) for general f € L*(T),
Jp f(t)dt = 0. In the case when the distribution of X, is absolutely continuous, the
exact analogue of Theorem 4.1 holds, namely we have

Theorem 4.2. Let X1 have a bounded density concentrated on a finite interval. Let
f € Lip,(T) for some a > 0 with [ f(t)dt = 0 and let c € 2. Then for any fized
z # 0, Y ro, cuf(Skx) converges with probability 1. Consequently, for almost every
we€Q, > crf(Sk(w)x) converges for almost every .

In the case when X; has a lattice distribution, the situation is more complicated.
The following theorem describes the Bernoulli case.

Theorem 4.3. Let X take the values 0 and 1 with probability 1/2 each. Let f € L*(T)
with [ f(t)dt =0 have Fourier series

WK

(ay, cos 2wkx + by, sin 2wkx)

f~

>
I

1

and assume that the Dirichlet series Y ann™°, Y b,n~° are reqular and bounded in

the half-plane R(s) > 0. Let

L+u

we)= |3l
u<~logk £=L

Then the series Y, co f(Se(w)x) converges in mean P-almost surely provided ¢ € £* and
Tr(c) = o(1).
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For the proof of Theorem 4.2, let

$(@) = sup [P(Sy<z)—a
0<z<1

and note that by Theorem 1 of [Scl] we have
Y(n) < Ce (n>1) (4.8)
for some constants C' > 0, A > 0.

Lemma 4.3. Let kg < k1 < ... < k, be positive integers and let U be a uniform r.v.

independent of the sequence X1, Xo, .... Then there exists ar.v. A with |A| < (k1 —ko)
such that A is a function of U and Xy, 41, ... Xy, and the vector (Si, — A, ..., Sk, —A)
has uniform coordinates and is independent of (X1,..., Xk, ).

This lemma is implicit in [Sc2] and can be obtained along the following lines. Let
Y = Sk, — Sk, then |P(Y < t) —t| < ¢(k1 — ko) for all ¢t and thus by Lemma 3
of [Sc2] there exists a uniform r.v. Y™, which is a function of U and Y such that
Y —Y*| < (ki — ko). Let A=Y — Y™, then
(Skl —A,...,Skr —A) = (Skl —Y—i—Y*,...,Skr —Y-I—Y*)
= (Skl —Y,...,SkT —Y)—i—Y* =7Z4+Y".

Here the vector Z is obviously independent of ¥ = Xy 41 + ... + Xj, and thus also
of the uniform r.v. Y*, which is a function of Y and U. Thus adding Y* to the
components of Z, we get a vector whose components are uniform (see Lemma 1 of

[Sc2]), the independence of Z + Y* and (Xq,...,X),) follows also from Lemma 1 of
[Sc2].

Proof of Theorem 4.2. We prove the statement for x = 1. Let f € Lip,(T), a > 0 with
Jp f(t)dt = 0. By (4.8) we have

Bf(S,) - / F@)da] < Cre™n (0> 1), (4.9)

Set & = f(Sk) —Ef(Sk). By (4.9), for any bounded sequence (¢ ) the series > ¢x f(Sk)
and > ci& are equiconvergent, and thus it suffices to prove that > cx&y is a.s. conver-
gent provided (cg) € f2. In view of Lemma 4.1, this will follow if we show that

E(iv:ckgk)4 gK(icif (4.10)

59



for any real (c,)_, with a suitable constant K. We claim that
E(&r&i&mén)| < AeCURIFIn=m (1 <1 < m < ). (4.11)
By Lemma 4.3, there exists a r.v. A with |A| < (I — k) such that the vector

(Si— A, Sm — A, S, — A) =: (5,5, 5"

m? n

is independent of Sj and thus the r.v.’s

X =f(S) —Ef(S) and Y = (f(5) = Ef(S))(f(S5,) —Ef(Sm))(f(S,) —Ef(Sn))

are independent. Since E(X) = 0, it follows that

E((£(SK) — ES(SO)(S) = BSOS (S,) = BF(Sm))(f(S1) — B (Sh))
—E(XY)=EX)E(Y)=0. (4.12)

In view of |A| < ¥(I — k) and the boundedness and Lipschitz property of f it follows
that replacing S, S),, S, by S, Sm, S, in the first expectation in (4.12) results in a
change of at most C(l — k) of the expectation and thus we see that the expectation
in (4.11) is at most Cy(I — k). A similar argument shows that the left hand side of
(4.11) is at most Cip(n —m), and thus the left hand side of (4.11) is also bounded by
C((l — k)p(n —m))*/2, which proves (4.11) in view of (4.8).

It is now easy to verify (4.10). By (4.11), the left hand side of (4.10) is bounded by

‘ Z CrpCiCmene” CU—kIHIn—ml)| (4.13)
1<k<I<m<n<N

Summing (4.13) first for those indices (k, [, m,n) for which [ —k = r and n —m = s are
fixed, we get by Cauchy’s inequality

—C(r+s)

E Cm, Cm+s

E CkCk+rCmCm+s€
1<k,k+r,m,m+s<N

1<k<k+r<N 1<m<m—+s<N
1/2 1/2 1/2 1/2
—C 2 2 2 2
cormn( ¥ &)Y a)( T )T )
1<k<N 1<k4r<N 1<m<N 1<m+s<N
2
—C(r+s) 2
se ( ) Cj) :
1<j<N
Now summing for r and s we get (4.10). [ |
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Proof of Theorem 4.3. Set 69 = 0, Ay = 0 and for any integer k > 1,

(Sk = mf {n 2 1 : Xn+51+_”+5k_1 = 1},

Ap =01+ ...+ 0.

Then, the random variables 0y are iid and P{d, = m} = 27 for all k and m. Further
A =1inf{l >1: 5, =k}. Let w € Q, then

Z Cgf Se ZYhf h:L‘ (kZO,l...)

<A1 (w)

where we put

o= Y . (k=0,1...) (4.14)

Ap<l<Api

and for A, < L < Ak:—i—l;

> erf(Selw ZYhf (ha)+ Y cof(kx) (k=0,1...) (4.15)

(<L AR<(<L

We first work the sums
k
z) =Y Y f(h) (k=0,1..)) (4.16)
h=0

Let y = {Y%,k > 0}. It follows from Theorem A in Section 1 that if f is such that the
Dirichlet series (1.4) are regular and bounded in the half-plane R(s) > 0, the sequence
{O(c,z),k > 0} converges in mean, P-almost surely provided that P{y € ¢} = 1. We
shall prove the following Lemma.

Lemma 4.4. For any c € (2, the series Z;O:(j EY,E converges.
Proof. We introduce the discrete Laplace transform of the sequence {|c¢|,¢ > 0}. For
any ¢ > 0, we put:

be = f(lcl) : Z exf2715E, (4.17)

and put b = {bs,¢ > 0}. From the definition it is clear that it is already defined for
bounded sequences, in fact even for sequences growing less than geometrically. Clearly,
lce] < by, 1/2 < b‘;jl <2,and Y0 b <332, |ce| < oo. Further, by convexity,

Blee)® < 38(/ecl). (4.18)
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Indeed, let 0 := 5277 /271~ Then 6 < 3 and by convexity

= 0b(|cel?) < 3b(|ce]?).

B(leel)? Z |Ck! " < 922 \Ck|2

A useful consequence of (4.18) is thus the implication: ¢ € 2 = b € /2, since
>rso Blled)? < 33772 Bllee)? < 93202, leel*.
Computing EY;? we get,

EYk2 = Z ZP{Ak :m,5k+1 :n}< Z C£>2,
m=kn=1 m<t<m+n
= Z ZP{Ak =m, 041 = n} Z c?
m=kn=1 m<tl<m+n
+22 ZP{AkZm,(Sk_H ZTL}( Z CgCA>,
m=kn=1 m<L<A<m+n

)

Thereby,
S =2 Y P{Ar =m0k = n}( > CEC)\>7
m=kn=1 m<t<A<m+n
=2 Z CyCx Z P{Ak = m}( Z 2—n)
k<t<A<oo m</t n>A—m
=2 Z CoC Z P{Ak = m}2_()‘_m).
k<l<A<oo m</{

Note that the random walk A = {Aj,k > 0} is transient. Thus the Green function
G(0,2) = Y re o P{Ar = z} is finite [S] for every x € Z. Moreover ([Br] Proposition
3.39 p. 56 and Theorems 3.33, 3.34 p. 54),

L :=supG(0,z) < oco.
z>0

Consequently,

ZS”—2Z > cen Y P{A=mja O

k=0 k<t<A<oo m</t
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<2 ) CeC,\ZZP{Ak m}2-(A=m)

0<f< A< 00 m<l k=0

<2 Y e Y GOm2T ™ <an N ey Y 27O

0<l<A<0 m</t 0<l<A<0o0 m</

<AL ) a2 MO <AL Y e Y a2 <an Y b

0<L< A< 00 0<f<oco £<A<oo
Therefore
25(2)<4L >
0< <0
Now,

$W _ ZZP{Ak_m(sk_H—TL} >

m=kn=1 m<e<m-+n

—ikc% Y P{Aar=m}( Y 27

{= k<m<¢ n>f—m

? Z P{Ak m}Z’(‘Z’m).

{=k k<m<¥

Mg

Thus,

ZS(U ZZCZ Z P{Ak m}2_(€_m),

k=0 k=0 {=k k<m<¥

Z%Z S P{Ay=m)2 ),

{=0 k<l k<m<{

<2LZ > 2t m><4chg

m<t

Putting together the two last estimates gives

ZEYk _Z (5 + 82y <16L N 2.
k=0

0<t<0

Now, recall that by = 3(|ce|). And by (4.18), b7 = B(|ce])? < 38(Jce|?), so that a € 45

implies b € {5, whence we get the convergence of the series >/~ EY?.

The following intermediate result is a straightforward consequence of the preceding

lemma.

Lemma 4.5. Assume that f satisfies the assumptions of Theorem 4.3. Then for any

c € (2, the sequence {O(c,z),k > 0} converges in mean, P-almost surely.
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Now we pass to the study for Ay < L < Agy1, k=0,1... of the ratio

Z Cg) f(kx).

AR<t<L

o0

By the strong law of large numbers Ay ~ kEé; almost surely and Eé; =)~ m2™™.
Further, by the Borel-Cantelli lemma

P{0; <~vlogk wultimately} =1,

for some constant . It follows that with probability one

2
max / ‘ Z coef(Se(w)x) — Ok(c,z)| dr < T,?(c)||f||%, ultimately

AL<L<A
b= o (<L

and Theorem 4.3 is proved.
5. Discrepancy of random sequences {S,x}.

Given a sequence s = {s,,n > 1} of real numbers, the discrepancy of s mod 1 is defined
by

NDn(s) = sup ‘Z1—N|J|‘ (5.1)
Iclo,1) ' =
sp€l

Clearly, Dy (s) measures how far the distribution of s is from the uniform. In particular,
s is unformly distributed mod 1 in the Weyl sense if and only if Dy (s) — 0 as N — co.
In this section we study the discrepancy of the sequence

£ =¢&(w,z) = {{Sn(w)z},n>1},

where {u} denotes the fractional part of of u, for almost all x and w. As in the previous
section, S, = 22:1 X} is a random walk, where Xj, are i.i.d. random variables. Letting
fap(t) = Lop(t) — (b — a), the discrepancy of {S,z} can be written as

Zfab (Skz)

which is closely related to the convergence problems studied in Section 4. As we will see,

Dy =— sup
N0<a<b<1

the behavior of Dy has a completely different character according as the distribution
of X is lattice or it has an absolutely continuous component.
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Starting with the lattice case, a number of discrepancy estimates were proved in
the recent work [We3]. In this case, the diophantine approximation properties of x
naturally play a crucial role. In what follows, we will follow the approach in [We3] with
significant simplifications due to the type of problem investigated. We first prove the
following result:

Theorem 5.1. Let X = {X,X;,i > 1} be a sequence of independent, identically
distributed, lattice random variables defined on some probablility space (2, A,P). We
assume that the random walk S, = X1 + ...+ X,,, n > 1 is transient. Then, for any
T>5/2,

Dy (€)% O(N*W log” N). (5.2)

To clarify the meaning of Theorem 5.1, recall that by classical results of Cassels
[Cs] and Erdés and Koksma [EK], for any increasing sequence (ny) of positive integers,
the discrepancy of {ngz} is O(N~'/21og” N) for almost every x and for any 7 > 5/2.
Of course, this implies Theorem 5.1 in the case X > 0 a.s. In the general transient case,
ny can be negative and |ny| is not necessarily increasing, but we have |nx| — oo a.s. and
thus with probability one, every term of (ny) is repeated only finitely many times. This
is a situation similar to that in the results of Cassels [Cs] and Erdés and Koksma [EK],
but one should observe that repetitions in a sequence of real numbers can change the
discrepancy of the sequence drastically, even if we permit only finitely many repetitions
of each term. The heuristic meaning of Theorem 5.1 is that repetitions in the sequence
Sy, are sufficiently limited so that the discrepancy behavior of {S,z} remains the same
as in the strictly monotone case.

It is worth mentioning that the constant 5/2 in the theorems of Erdés, Cassels
and Koksma has been improved to 3/2 by R.C. Baker [Ba]. Of course, this raises the
question if Theorem 5.1 also holds with 7 > 3/2 instead of 7 > 5/2. In the remark after
the proof of Theorem 5.2 we will show that the constant 5/2 can be improved to 7/4 if
the characteristic function ¢ of X satisfies |p(t) — 1| > C|t| for |t| < to; this is satisfied
e.g. if X has a finite, nonzero mean. The argument there can be easily generalized for
other classes of random variables X. Whether Theorem 5.1 holds with 7 > 3/2 for all

transient X remains open.

For the proof of Theorem 5.1, we need some lemmas. Put for any integers N > 1,
m > 0:

On(m,x) =Y e¥mmsne, (5.3)



Lemma 5.1. For any two integers N > P > 1, one has the following estimate:
E/ |On (m, ) — Op(m,z)|*dz < Cx(N — P),
T

where the constant C'y depends on X only.

Proof. Since

E/ |On(m,z) — @p(m,m)‘2dx
T

= E/ Z e2mmUSk =Sz gy — Z P{S) = S},
T

P<k,<N P<k <N
and
> P{Sk =5}
P<k<N
=(N-P)+2 3 P =0r< (V=P {142} P{Sy = 0h},
P<k<t<N A>1
the result follows from the transience assumption of the random walk. [

Let L : N — N be increasing. Put for any positive integer n and = € T,

L(n)
1
Un(z) =) E‘@n(h,xﬂ. (5.4)
h=1
Lemma 5.2. For any two integersn > > 1,
L
E/ |Un(z) — Ug(:r;)|2da: < C’X{(n — 0)log® L(¢) + nlog? (_n)} (5.5)
T L(f)
Proof. Clearly,
L 4 Ly
U(z) = Un(@) = Y 3 (19e(h,)| = [@n(h2)]) = Y +On(h,2)] = A~ B.
h=1 h=L()+1
By the Cauchy-Schwarz inequality and Lemma 5.1,
ORISR )
27\ < 1 1 B < . 2
E/TA ) < (}; h)(; hE/T 100(h, ) — O, (h, )] dx) < Cx(n — £)log? L(0),
L(n) 1 L(n) 1 ) L(n)
2 < — — < 2
E/TB as( Y )X hE/T\@n(h,xﬂ dz) < Cxnlog G
h=L(£)+1 h=L(£)+1

Lemma 5.2 thus follows. |
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Lemma 5.3. Assume that ¢ — log L({) is concave. Then for any T > 3/2,

U, = O(nl/Q(log L(n))log™ n) (5.6)

Proof. The concavity assumption implies that for any n > ¢ > 1 we have

log L(n) — log L(¢) < log L(n)
n—4{ - n

Thus by Lemma 5.2

E [ |Un(z) - Uslz)| de
/T (5.7)

< Cxlog L(n){(n — ) log L(f) + nlog [L’((Z; } < Cx(n — 0)log? L(n).

Hence,
E/ Un(2) — Us(@)[2dz < Car(n — £)log? L(n), E/ Un(2)[2dz < Cxnlog? L(n).
T T

Let a > 1/2. By the Chebysev inequality,

1/2

P x M{|Us| > [2°1og? L(27)]"*p®} < Cxp~2,

and thus the Borel-Cantelli Lemma yields
a.s. 1/2 4
Uso| 2 O([27 10g? L(2)]/*p*)
Now, investigate the oscillation of U,, over the interval [27,2PF1). Put
1/2

U = Un/[ 2P log? L(QP)}

Then
¢

n

ElU, - U < C( )
Applying Lemma 3.4 of [We2], gives
| s [0l < Com

2P <n,m<2pr+1

Let 7 > 3/2. By Tchebycheff inequality,

P{ sup |U,—U|> [2"log? L(2)]"*

T 2—2T1
py<Cp 7,
2P <m,m<2P+1 }

which implies by the Borel-Cantelli Lemma

sup  |U, — Uy 2 O([27 log? L(27)]?p7)

2P <m,m<2P+1

Combining our estimates easily gives the result. [

67



The next result is the classical Erdds-Turan inequality ([Har], Theorem 5.5, p. 129):
there exists an absolute constant C' such that for any positive integers L and N

NDN() L+1+CZ_}Z szhsn.

We apply this inequality for s =&, L = L(N), n < N, and find
NDy(§) < N/L(N) + CUy. (5.8)
Applying Lemma 5.3 to (5.8) gives for any 7 > 3/2,
NDy(£) & (’)(N/L(N) + [Nlog? L(N)]* log” N). (5.9)
Choosing L(N) = N establishes Theorem 5.1. [
We pass now to another discrepancy result complementing Theorem 5.1.

Theorem 5.2. Let (X, X;,i > 1) be an i.i.d. sequence with E|X| < oo and character-
istic function ¢. Let S, = X1+ ...+ X,, and let Dy(a,w) denote the discrepancy of
the sequence {Sk(w)a}r<n. Let L(N) be a nondecreasing function such that N/L(N)
18 also nondecreasing and set

L(N) 1
Gy (a) = L( +\/_Z ot
Then for any fixed o
Dy(a,w) = O(GQIJ\Q(O[) (log N)1/4+6) for a.e. w.

Proof. Let Ty (n,w, ) = Y, o, €™5+(@)e By the Erdés-Turdn inequality we have for
any r > 1

T

nD, (a,w) < C(; + Z %|Th<n>waa)’)

h=1
and thus
n Ln) 1
nD(a,w) < C (1o + 3 1 Th(nw, a)l).
L(n) }; h
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Consequently

L(2 k)
2k:
max nD,(a,w) < ( —|— Z hlmax |Th (r,w a)|> (5.10)

1<n<2k <r<2k

By the fourth moment estimate in the first line of p. 364 of the paper of Blum and
Cogburn [BC] we have

1
E.|Th(n,w, o) < C—-———n?
s O < O =g hap
The same moment bound holds for the translated sums »_ ., <k<m+n e?mihSk(w)e and
thus applying Lemma 4.1 we get
E, T3, ( e ! 4+
max _—
@ gpggn D= T a2
or equivalently
1
T <C
| max, [Ti(r,w,0) 1 < Ot
m
Tl e TR W TIVE
Substituting this into (5.10) it follows that
2" 1
Dy(a,w)|ls < (J(Qk 2’<) < 02 G ().
Thus
E, Dy, !
PL{ max nD,(0.w) > 25k Gon (a)} < Do BB <ngat nDU( Q)T ey

1<n<4k - 16F k142 Gy ()4

Hence the theorem follows from the monotonicity of Gy and the Borel-Cantelli lemma.

Remarks. It is interesting to compare the bound obtained in Theorem 5.1 with the
one obtained in [We3]. The two bounds are very similar: the only difference is that
instead of the expression

1 L(N) 1 1/2 3/2+e 4
ﬁ(}; hy1—¢(ha)|> (log ) (4)
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in the remainder term in [We3], the bound in Theorem 5.1 contains

LY ) e
V_N<;; h|1—¢<ha>r”2>(bgm | )

The two expressions are incomparable: one can easily give examples when one is better
than the other, and conversely. In the metric case (i.e. when we wish to estimate the
discrepancy of {S,,(w)a} for almost every (w, )), the situation simplifies considerably,
and both expressions can be easily evaluated. Assume for simplicity that the random
variable X has a finite, nonzero mean c; then its characteristic function ¢ satisfies
o(t) =1+ict + o(t) as t — 0, and thus |p(t) — 1| > C|t| for |t| < to. Hence (A) can be

bounded by
L(N)

(X i) o (5.11)

By a well known theorem of Khinchin, almost every a has type < v with ¢(z) =
(log x)1 ¢ (see [KN] for definitions and the exact formulation) and thus choosing L(N) =
N'/2 and using Excercise 3.12 on page 131 of [KN], we get that

Dy(a,w) = O(N~Y2%(log N)>/?*¢)  for almost every (w, ) (5.12)

which is exactly the bound in Theorem 5.1. (Of course, Theorem 5.1 is more general,
since it assumes only the transience of S,.) In case of the bound (B), the estimate in
[KN] cannot be directly used, but a trivial modification of the proof of Lemma 3.3 in
[KN] shows that if the type of a is < 1), then

;éh 1/2_O<V +Z 2h>

Using this, (B) yields the metric bound
Dy(a,w) = O(N~Y2(log N)7/4*%)  for almost every (w, ) (5.13)
which is better than (5.12), but is very likely far from optimal.

We turn now to the study of the case when the random variables generating the
random walk S,, are absolutely continuous. In this case Schatte [Sc2] proved that for
any fixed = the discrepancy of {Syx} is O(y/log N/N) a.s., and he also proved an LIL
for the partial sums of I(S,x) where [ is the indicator function of a fixed interval. These
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results obviously raise the question if the discrepancy of {Siz} is O(y/loglog N/N) a.s.,
and below we show that the answer is affirmative.

Theorem 5.3. Let X1, Xo,... be i.i.d. random variables with a bounded density con-
centrated on [0,1] and let S, = X1 + ...+ X,, (mod 1). Then for every x and almost

every w, the discrepancy of the sequence {Si(w)xz} is O(y/loglog N/N).

For the proof we let, as in Section 4,

P(x) = sup [P(S, <) -zl
0<z<1

and note that by Theorem 1 of [Scl] we have
Y(n) < Ce A" (n>1) (5.14)
for some constants C' > 0, A > 0.

Lemma 5.4. Let f = I(44) — (b —a) for some 0 < a < b <1. Then
M+N 2
B( > f(s0) <clay (5.15)
k=M1

for any M > 0, N > 1 where ||f] = (fol f?(x)dz)'/? and C is an absolute constant.
The conclusion remains valid if f is a Lipschitz function with fol f(z)dz = 0.

Proof. In what follows, C' denotes positive absolute constants, possibly different at
different places. We first show

[Ef(Sk)f(S)l < Col—k)Ifl (k<) (5.16)
Indeed, by Lemma 4.3 there exists a r.v. A with |A| < (¢ — k) such that S, — A is a

uniform r.v. independent of S;. Hence

Ef(S— A) = / f(x)dz = 0
0

and thus
Ef(Sk)/(Se — A) = Ef(S)Ef(S; — A) = 0. (5.17)
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On the other hand,
[Ef(Sk)f(Se) — Ef(Sk)f(Se — A)]

<E(If(SKI 1£(Se) = F(Se = A)]) < (BS2(SK) > (BIF(Se) — f(Se = A1)
(5.18)
Since X7 has a bounded density, by Theorem 1 of [Scl] the density ¢, of S,, exists for

all n > 1 and satisfies ¢,, — 1 uniformly on [0, 1]. Thus
P{S, € I} <C|I| (n>1) (5.19)

for some constant C' > 0, whence we get

1

EF(S) < C [ fa)ds = O (5.20)

0

On the other hand,
E|f(Se) — f(Se — A)> = E[(q,0)(Se) — I(a)(Se — A)%. (5.21)

The difference on the right-hand side differs from zero only if one of Sy, and S, — A
is inside (a,b) and the other is outside of the interval. In this case Sy is closer to the
boundary of (a,b) than |A|, and since |A| < (¢ — k), the probability of this event is at
most CY (¢ — k) by (5.19). Thus (5.21) yields

E[f(Se) = f(Se = D) < Cy(l — k) (5.22)
which, together with (5.18)—(5.21), gives
[EF(Sk)f(Se) = Ef(Sk)f(Se = A)| < Cp(£ = k).

Thus using (5.17) we get (5.16). Now by (5.16) and (5.13)

< CN|fID 2 <CNJ||f]

>1

' S EBAS)AS)

M+1<k<t<M+N

which, together with (5.20), completes the proof of Lemma 5.4. For Lipschitz functions

f the argument is similar.

Lemma 5.5. Let f = I, — (b —a) for some 0 < a < b < 1. Then for any M > 0,
N >1,realt > 1 and | f|| > N~/ we have

tloglogN) n 1
LfIM2 2N’

M+N
P{| 32 fis0] = s ogton )2} < exp (- € (5.23)

k=M+1
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Proof. We divide the interval [M + 1, M + N] into subintervals Iy,..., Iy, with L ~
N19/20 where each interval I, contains ~ N/20 terms. We set

M+N

> S =mA+-. A+

k=M+1

where

m =Y f(Sk).

keI,
We deal with the sums ) 79; and > 72,41 separately. Since there is a separation
~ N1/20 between the even block sums 7;, we can apply Lemma 4.3 to get

N2j = 775} + 775;7

where
m; = > f(Sk—Ay)
kels;
nsy =Y (f(Sk) = f(Sk — A))
kels;

where the A; are r.v.’s with |A;| < ¢(N'/20) < N710 and the r.v.’s n3; j = 1,2,...
are independent. Relation (5.22) in the proof of Lemma 5.4 shows that the Lo norm of
each summand in 737 is < Cip(N1/20) < CN~10 and thus for ||f|] > N~'/4 we have

I35 1l < CN=* < C|IfFIN*. (5.24)

Thus
< C|fINTT

)ZUS;

and therefore by the Markov inequality

oS

< Ct2|| fII7*(Nloglog N) M| f PN~ < 72N~

> t]| £]|Y/4(N loglog N 1/2>
>t f|I7* (NN loglog N) (5.25)

Let now [A\| = O(N~1/16) then [An3;] < C|A|N'/20 < 1/2 for N > Ny and thus using
e’ <14z + 2 for |z| < 1/2 we get, using Ens; = 0,

E(expk(zngﬁ')> B HE(e’\";j) < HE(l + Ang; + )\2773]2)
J J J
= H(l + /\2Engj2~) < exp ()\2 ZE?]S?)
j J
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By Lemma 5.4
25|l < CILFIIMENT/0

which, together with (5.24) and the Minkowski inequality, implies
5,1 < CUFP/2N 0

and thus the last expression in (5.26) cannot exceed

exp (X2C|] ZNWO) < exp(A2C| f|INV).

Thus choosing
A = (loglog N/N)"/2| ||~/

(note that by || f|| > N~/* we have |A\| = O(N~'/9)) and using the Minkowski inequal-

ity, we get
P{ Z”ﬁkj
J

< exp{ NIV log log N2 + AQCHfHN}

> ¢ £]/4(N log log N>1/2}

= exp(—|| f|~'/*tloglog N + C| f||~'/*loglog N)
< exp(=C'||f|~"/?tloglog N)

completing the proof of Lemma 5.5.

Using Lemma 5.5, the proof of Theorem 5.3 can be completed by a standard dyadic
chaining argument. We will actually follow here an argument from [P2], which goes back,
in turn, to Erdos and Gal. For any h > 1, 1 < j < 2k let goglj) denote the indicator
function of the interval [(j — 1)27",j2") and put

M+N ‘
F(MN,jh)=| Y (o (S) —27")|.
k=M+1

We note first that if 27 < N < 2"t1 then there exist integers my with 0 < m, < 27~¢
(1 < /¢ <mn) such that

F(0,N,j,h) < F(0,2",5,h) + Y F@"+me2" 27 5, h)+ N2 (5.27)

%nﬁéﬁn
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Next we observe that if 0 < a < 1 has the dyadic expansion

o
a=) 27  £=01
j=1

and H > 1 is an arbitrary integer, then the indicator function g, of [0, a) satisfies

H-1 H—1
> on(x) < on(x) + o ()
h ; h+1 A
where g, is the indicator function of [ Z 7,5 ;277 ) and op is the indicator
J= J=1

function of Z £;27, Z £;277 + 2_H> For ¢, = 0 clearly o, = 0 and for ¢, = 1,

on, coincides w1th one of the go(J ) Also, oy coincides with some of the gp(J ). Hence it
follows that for any N > 1, H > 1 there exist suitable integers 1 < j, < 2" 1<h<H
such that

Z SD(]h) + N27H —
k<N (5.28)

where the () means that the summation is extended only for those h < H such that
e, = 1. Given now N > 1, define n by 2" < N < 2"*! choose H = 2™/2 in (5.28) and
get, using also (5.27),

Z (ga(Sk) - a)

k<N

< Y {F<0,2"7jh,h>+
hsans® (5.29)

+ F(2n+m52£,2£_1,jh,h)} +2v/N.

n<ti<n

Formula (5.29) estimates the sum ) (g4(Sk) — a) by means of the dyadic “building
k<N

blocks” F(0,2", jx, h), F(2" + me2¢, 2¢71, j,, h) and thus it remains to estimate these

quantities. Let

o(n) = 10(N loglog N)'/2
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and introduce the events

G(n.j.h) = {F(0,2",5.h) = 27"/5p(2)}

H(n, j,h,t,m) = {F(z" +m2°,27Y 5 h) > 2—h/82<f—"—3>/6¢<2”)}

h§2n/2 j§2h

H, = U U U U H(n,j,h,{,m).

h<2n/2 j<2h %nﬁfﬁn m<2n—¢

Note that
N-1/4 < 9—(h+1)/2 < ||90§Lj) . 2—h|| < 9—h/2

and thus applying Lemma 5.6 with M =0, N = 2" and ¢t = 1 we get
P(G(n,h,j)) < Cexp(—2"*1logn) + 27"

Thus
PG, <C Z 2" exp(—2"*logn) + C27" Z oh <
h§2n/2 h§2n/2

< Cexp(—2logn) + C27"/2 < Cn~2.

Similarly, using Lemma 5.5 with M = 2" + m2¢, N = 2¢=1 ¢t = 200=0/3 we get
P(H(n,j, h,¢,m)) < Cexp(—2"42n=0/310g n) 4 22(6=1)/39—n

whence

P(H,) < Cn™?

by a simple calculation. Hence the Borel-Cantelli lemma shows that there exists, for
almost every w, an index ng = ng(w) such that for n > ng the expressions F'(0,2", jn, h)
and F(2" 4+ m,2¢ 21 45, h) in (5.29) are bounded by the quantities 27"/8(2"), resp.
2~h/8(t=n=3)/6(5(27) (regardless the value of j;, and my) and consequently

PACOETDIESDS {2"‘/8+ 2 2‘h/82“‘"‘3>/6}<,o<2“>+

E<N h<2n/2 in<e<n
+2VN < Cp(N)
completing the proof of Theorem 5.3. [
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