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Abstract We study the upper-lower class behavior of weighted sums Y y_; ax Xk,
where Xj are i.i.d. random variables with mean O and variance 1. In contrast to
Feller’s classical results in the case of bounded X ;, we show that the refined LIL be-
havior of such sums depends not on the growth properties of (a,) but on its arithmeti-
cal distribution, permitting pathological behavior even for bounded (a,). We prove
analogous results for weighted sums of stationary martingale difference sequences.
These are new even in the unweighted case and complement the sharp results of
Einmahl and Mason obtained in the bounded case. Finally, we prove a general upper-
lower class test for unbounded martingales, improving several earlier results in the
literature.
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1 Introduction and Results

Let X1, X», ... be independent random variables with mean O and finite variances,
and let S, = Y 7_; Xk, s2 =Y 7_, EX7. By Kolmogorov’s law of the iterated loga-
rithm (see [15]), if

1/2
|Xa| < ensn/ (loglogs?) (L1)
with a positive numerical sequence ¢, — 0, then
limsup(Zs,% loglogs,%)_l/zSn =1 as. (1.2)
n—0o0

Here and in the sequel, loglog x is meant as loglog(x Vv e°). Condition (1.1) is best
possible: assuming only

1/2
| X, < Ksn/(loglogsrzl) /

with some constant K > 0, relation (1.2) is generally false (see Marczinkiewicz and
Zygmund [17] and Weiss [21]). A much more refined result was proved by Feller [8],
who showed that if

1X,| < Ks/(loglogs?)*? (1.3)
and ¢ : R* — R is a nondecreasing function, then
P{S, > sup(s7)i0.} =0 or 1 (1.4)
according as
o0 2
1(p) ::/ Tlo@)e D2 dt <co or = oo. (1.5)
1

As customary, we say that ¢ belongs to the upper or lower class with respect to S,
according as the probability in (1.4) is 0 or 1. Condition (1.3) is also best possible:
given any sequence a, — 00, there exists a sequence (X,,) of independent zero-mean
random variables satisfying (1.3) such that the sequence a, X, fails the test (1.4)—
(1.5). Specifically, Feller showed ([8], Theorem 5) that if

a, = 0((log10gs5)a), O<a<l,

then the test (1.4)—(1.5) remains valid, but the exponent —¢(¢)?/2 in the integral in
(1.5) should be replaced by a polynomial of ¢(¢) of degree [/ + 1, where [ is the small-
est positive integer with [ > 1/(1 — o). If @ approaches 1 (which means approaching
the Kolmogorov condition (1.1)), then / — oo and in the limiting case even the LIL
breaks down.

For unbounded (X},), the results are much less complete; for a sufficient condi-
tion for the integral test (1.4)—(1.5), see the Appendix of Feller [8]. For i.i.d. ran-
dom variables (X,) with EX; =0 and EX% =1, Feller [9] proved that EX| =0,
EX f =1, and

EX1I(1X1|>t) = O((loglogn)™") (1.6)
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imply (1.4)—(1.5) and the last condition is best possible. In particular, the test holds if
EX?loglog|X ;| < oo. (1.7)

This condition is also optimal in the sense that given any function ¥ (x) =
o(x2 loglogx), x — oo, there is an i.i.d. sequence (X,) with EX| =0, EX% =1,
and E¢ (| X1|) < 400 such that the test (1.4)—(1.5) fails. Note that Feller’s proof in
[9] is valid only under the assumption that the distribution of X is symmetric. Ein-
mabhl [4] was the first to remove this assumption; see Bai [2] for another proof of this
result, using ideas from Einmahl [4].

The purpose of the present paper is to study the upper-lower class behavior of
weighted sums §,, = ZZ:] ar X, where (X,,) is an i.i.d. sequence satisfying EX| =
Oand EX ]2 = 1. We will assume (1.7) to guarantee that the test (1.4)—(1.5) is satisfied
for a; = 1. In contrast to the case of bounded (X,,) discussed above, we will see that
in the weighted i.i.d. case the fine asymptotics of S, = ) ;_, ax Xk depends not on
the growth speed of (a,,) but on its arithmetical distribution. For example, we will see
that there exists a bounded sequence (a,) such that the test (1.4)—(1.5) fails for a, X,.
Our main result is the following:

Theorem 1 Let (ay) be a sequence of nonzero real numbers, s,% = ZZ:] a,%, and
assume that s, — oo and |a,| = O(S’i_a) for some 6 > 0. Let M(x) =#{k > 1:
|sk/ax| < x} for x > 0 and assume that

M(x) < x* asx — oo. (1.8)

Then for any i.i.d. sequence (X,) satisfying EX{ =0, EX% =1, and (1.7), the
weighted partial sums S, =Y ;_, ax Xk satisfy the test (1.4)—(1.5). Conversely, if
the last statement is valid, we have

Mx) K )cz(loglog)c)2 as x — 0. (1.9)

Here and in the sequel, < means the same as the O notation. A necessary and
sufficient condition for the weighted strong law of large numbers in terms of the
distributional properties of the coefficients was given by Jamison et al. [14]; a similar
criterion for the weighted LIL is implicit in Fisher [10]. (See also Weber and Lin
[20].) Adapting an argument of Jamison et al. [14], it is easy to show that there exists
a bounded sequence (ax) of positive numbers such that Y ;o a,% = 0o and

lim sup M(x)/(x2 logx) >1/2.
X—=>00
Thus, by the second half of Theorem 1, there exists an i.i.d. sequence X,, satisfying
EX| =0, EX% =1, and (1.7) such that a, X, fails the test (1.4)—(1.5) for some
positive bounded sequence (a,) with s,zl =30 a,% — 00.

It is important to note that in Theorem 1 we work under the minimal moment
condition (1.7). If we assume the stronger condition E X % (log|X1])Y < oo for some
y > 1, then it follows easily that S, = Y j_, ax X satisfies the integral test (1.4)-
(1.5), provided that |a,| = 0(s,1_5) for some § > 0, i.e., the arithmetic condition
(1.8) in Theorem 1 becomes unnecessary.
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In what follows, we give examples for irregular sequences (ay,) satisfying the arith-
metic condition (1.8). A good source of such examples is number theory, where the
irregularity of the sequence of primes provides the required properties of (a;). A
function f defined on the positive integers is called strongly additive if f(mn) =
f(m)+ f(n) for coprime m and n and f(p") = f(p) for prime pandr =1,2,....
Clearly, f(n) =>_ pin S (p) (here and in the sequel p denotes primes), which causes
f to behave rather irregularly.

Example 1 Let f > 0 be a strongly additive number-theoretic function with D12\, =

L) — 400 and assume that f(p) = o(D,), p — oo. Then the sequence
dp<N p p)s P q
a, = f(n) satisfies condition (1.8).

For example, we can choose f(n) = w(n), the number of different prime factors
of n. Additive functions f satisfying the assumptions of Example 1 play a prominent
role in the probability theory of additive functions, see, e.g., Erdés and Kac [7] or
Kubilius [16].

Another simple example for a suitable weight sequence in Theorem 1 is provided
by the realizations of stationary ergodic sequences.

Example 2 Let {§,, n > 1} be a stationary ergodic sequence of random variables
defined on some probability space (£2, F, P) satisfying 0 < E|&1|” < oo for some
p > 2. Then for almost every w € §2, the sequence a, = &,(w) satisfies condition
(1.8).

For example, let f : R — R be a measurable function with period 1 satisfying
0< fol | f(x)|? dx < oo for some p > 2. Then a, = f(2"x) satisfies (1.8) for almost
every x in the sense of the Lebesgue measure.

Our next theorem extends Theorem 1 for weighted sums of stationary martingale
difference sequences. Let {X,,n € Z} be a strictly stationary ergodic sequence sat-
isfying E[X,|Fn—1] =0 and EX? =1, where F, = o(Xj, j <n).Let (a;) be a
sequence of nonzero real numbers, put sn2 = ZZ:] a,%E (X ,%|.7-'k_ 1), and define M (x)
as in Theorem 1. To keep the arithmetical condition M (x) < x2 nonrandom, we will
assume that s,% ~ B,% a.s. with B,% = ZZ:I a,%, or, alternatively,

n
B2 aiX; —1 as. (1.10)
k=1

For a; = 1, the validity of (1.10) is immediate from the ergodic theorem, and in the
case where (X;) is an i.i.d. sequence, a classical theorem of Jamison et al. [14] pro-
vides necessary and sufficient conditions for the weighted strong law (1.10). In the
general stationary case, however, proving weighted strong laws is a difficult problem,
and one needs restrictive conditions for such results. Let (wx) be a sequence of pos-
itive reals and put W, = ZZ:] wg. We say that (wg) € W if W,, — oo and for every
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stationary ergodic sequence (Z;) with finite means, we have

n
w! Zwka —>EZ; as. (1.11)
k=1

Sufficient criteria for (1.11) will be given below. Using this terminology, we can
formulate now our result:

Theorem 2 Let {X,,, F,, n € Z} be a stationary ergodic martingale difference se-
quence satisfying EX % = 1 and (1.7). Let (ay) be a sequence of nonzero real numbers
with (a}) € W and assume that letting B2 =Y _, a? we have

lan| = O(B, %) for some § > 0.

Let M(x) =#{k > 1 :|By/ar| < x} for x > 0 and assume that M(x) <K x2 as
x — 00. Then the test (1.4)—(1.5) holds with

n
S,zZ = Za%E[X,a]:k_l].
k=1

Note that Theorem 2 is new even in the case a; = 1. By the ergodic theorem
(a,%) € W, and since B,% =n, we have M (x) = x2. Hence we get the following:

Corollary 1 Let {X,,F,, n € Z} be a stationary ergodic martingale difference se-
quence satisfying EX % =1and

EXlzloglog|X1| < 00.
Then the test (1.4)~(1.5) holds with s> =Y i _; E[X7|Fk—1].

In view of Feller’s results in [9], the moment condition in Corollary 1 is best
possible in the sense of the discussion following (1.7). Note that in Theorem 2 and
Corollary 1 the scaling s, in the upper-lower class test (1.4)—(1.5) is random, even
though s,, ~ B,, with a nonrandom B,,. This is a common feature of upper-lower class
tests for martingales, see the remarks in Jain et al. [13], p. 127.

For general (ax), a simple sufficient condition for the conclusion of Theorem 2 is

1 n—1

B—’%,;Ha,fﬂ —at|=0(), (1.12)

as one can verify by simple calculations, using the ergodic theorem. In particular,
(1.12) is satisfied if (a;) is nonnegative, nondecreasing, and regularly varying.

Theorem 2 will be deduced from a general integral test (Theorem 3) for martingale
difference sequences which has some own interest.
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Theorem 3 Let {X,,, F,, n € Z} be a martingale difference sequence with EX,% <00
(k € Z). Assume that B,% =Y il EX]% — 00 and that for some § > 0, the following
properties hold:

@ Yoo fF) T E[X I{|X,| < 8f (n)}] < 00;

(b) o2 f() T E[XalI{|Xn] > 8f (n)}] < 00;

© B 2Y i Xi—1 as;

() f7200) Y4y EIXZIXk] > 8f ()} Fi1]1— 0,

where
f (k) = By/(loglog By)'"2.
Then the test (1.4)~(1.5) is valid with s = Y} _| E[X?|Fx-1]-

The first to prove upper-lower class tests for martingales was Strassen [19], who
proved that if {X,,, F,,n € Z} is a martingale difference sequence with E X% < 00
(neZ),Sy=X1++Xp,ands2 =Y ;_; E[X7|Fx—1] — coa.s., then the integral
test (1.4)—(1.5) holds, provided that

[ X7 Ssn/(lOgsn)a, o >4. (1.13)
Philipp and Stout [18] weakened (1.13) to
|X,| < sn/(loglogs,)>?, (1.14)

and Einmahl and Mason [6] showed that the test (1.4)—(1.5) actually holds under
(1.3), a result which is optimal in view of Feller’s theorem. The crucial new idea
in [6] was to deduce the test (1.4)—(1.5) directly from the properties of the stopping
times in the Skorokhod representation for the partial sums Y ;_; X, bypassing the
strong approximation of the partial sum process, which had been used in all earlier
results in the field.

Results for unbounded (X,) are far less satisfactory. Using the truncation method
of Feller [8], pp. 399401, from the result of Einmahl and Mason it follows that the
test (1.4)—(1.5) holds provided that

o0
> s (loglogs)  E[XI{IXk| > Ksi/(loglogsi)*?}[ Fr1] < oo as. (1.15)
k=1

for some constant K > 0. Similar conditions (and sets of conditions) were given in
Jain et al. [13] and Philipp and Stout [18]. See also Einmahl and Mason [5] for anal-
ogous results for the Darling—Erd6s theorem. While (1.15) is sharp in the case of
bounded (X,,), it is far from optimal in typical unbounded situations such as station-
ary (X,), where it requires EX,%(Iog | X,])Y < oo for some y > 0. Our Theorem 3
requires in the stationary case only (1.7), which is optimal in the sense discussed
above. The improvement is achieved by using the method of Einmahl and Mason and
employing, in contrast to [13], [18], and [19], a nonrandom truncation, an idea used
first in the context of the LIL by Heyde and Scott [12].
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2 Proofs

The following lemma is a consequence of the general theory of summation, see, e.g.,
Hardy [11].

Lemma 1 Let d, >0, n=1,2,..., and assume that D, := ZZ:] dir — o0 and
d, = o(D,IZ_B) for some § > 0. If for some real sequence (x,,), the weighted averages
D1 S7E_ | dix converge to some x € R, then we also have

n
loglog D, Z dixi Ly @1
D, Pt loglog Dy,

Proof of Theorem 1 We will deduce Theorem 1 from Theorem 3, whose proof will
be given later. Assume that (X,,) is an i.i.d. sequence satisfying EX; =0, EX % =1,
and the moment condition (1.7) and assume that the arithmetic condition (1.8) holds.
Applying Theorem 3 for the martingale difference sequence a, X,,, the quantities B,%
and s,% in Theorem 3 reduce to the quantity s,% =3 a,% in Theorem 1, and thus it
suffices to verify the following four conditions:

oo

2.

n=1

(loglogs,)?E[XT1{1X1] < |sn/an|(loglogs,)~"/?}] < oo, (2.2)

LR
=-l>|=-l>

oo
Z (loglogsn)”zEUX]|I{|X1|>|sn/an|<loglogsn> 2} <00, (23)

n
s,I_ZZa,fX,%el a.s., (2.4)
loglog s, 2 2 —12
— ZakE[Xll{|X1| > |s/ax|(loglog se)~'/#}] — 0. (2.5)
k=1

The validity of (2.4) is an immediate consequence of (1.8) and the strong law of large
numbers of Jamison et al. [14]. To prove (2.2) and (2.3) introduce

N(x) = #{k >1: |sk/ak|(10glogsk)_1/2 < x}.
Let us note that |a,| = O(S,i_‘s) implies
loglogs, < loglog|s,/anl, (2.6)
and consequently each of the inequalities

2.2
2/(,2 2 S/ 2 2,2 2
sn/(anloglogsn)gx ) m<<x ) 8y /a, K x~loglogx

implies the next one. Thus, (1.8) implies that

N(x) < x? loglogx asx — oo. 2.7
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Clearly, the sum in (2.2) equals f ® x*A(x)dF(x), where F is the common distrib-

—0oX
ution function of the X,,’s, and

0o 4 >
) B dN(1)
n=1"" )

A(x) is an even function, and integration by parts gives for x > 0,

/wwz_l\’(x)+4/w¥dt. 2.8)

4 x4

(Since the total mass of N over (0, oo) is infinite, to make the proof of (2.8) precise,
one has to apply integration by parts over (x, T') and then let T — oo, using the fact
that [ N(1)/t°dt < oo and N(T)/T* — 0 by (2.7).) By (2.7) the right-hand side
of (2.8)is O(x 2 loglogx), and thus the sum in (2.2) is

oo o0
/ x*A(x)dF (x) <</ x?loglog |x|dF(x) < oo
—00 —00

by (1.7). Next, we prove (2.3). Let us note that by |a,| = O(S,{_‘S) we have

Isa/an|(loglogs,) "% = 5/ (2.9)

for sufficiently large n, and thus we can change finitely many of the a,’s so that
|sn/an|(log logs,,)_l/2 > 1 for n > 1. Consequently, we can assume that N(x) =0
for 0 < x < 1. Similarly as before, the sum in (2.3) is ffooo |x|B(x)dF(x), where

oo

|an| _
B(x) =)~ (oglogs)'2(Ix| > Isa/an|(loglogs) ™)

n

n=1

:/x dN(1) _ N@) +/x N(;) dt = O(xloglogx).
1 t X 1 t

Hence the sum in (2.3) is [ |x|B(x)dF(x) < [*o x?loglog|x|dF(x) < co by
(1.7). It remains to show (2.5). By (2.6) and (2.9) we get

n

loglogs _
— D GE[XTI{1X1] 2 Ise/ai|loglogsy) ™' /2}]
n k=1
« 92088 S G pray s iog X2 {14 > st/ loglog s )]
52 — loglogsi ! ! - ’

Using (1.7) and (2.9), it follows that
E[X?loglog XT1{|X1| > |sk/ax|(loglogsi)~"/*}] — 0,

and thus (2.5) is an immediate consequence of Lemma 1.
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To prove the converse part of Theorem 1, let (a,) be a sequence of real numbers
satisfying the assumptions of the theorem and assume that for any i.i.d. sequence
(X,,) with

EX; =0, EX}=1, EX3loglog|X1| < oo,
the partial sums 22:1 a Xy satisfy the test (1.4)—(1.5), but (1.9) fails. Let

N*(x) =#{k > 1:|s¢/ax|(loglogsp)'/* < x}.

Relation (2.6) shows that the inequality |si/ax| < x implies

Isk/ax|(loglog sx)'/? < Cx(loglog x)'/?

for some constant C, and consequently
M(x) < N*(Cx(loglogx)'/?).

Thus if (1.9) fails, then
N*(x) <« x*loglog x

cannot be valid, either. Thus there exists an increasing sequence (xj) of positive num-
bers with x; = 1/100 and x; — oo such that

N*(xx)/x} loglog x; — oo.

Then there exists a sequence ( fi) of positive numbers such that

o0 o
kax,floglogxk <00, kaN*(Xk)=OO-
k=1 k=1

In particular, Y 2, fr < oo, and thus by scaling (f;x) we can assume that
Y orei fi=1. For a fixed r > 1, define (fF) so that f* = fi +--- + f,, f5 =
o= f¥=0,and ff = f, forn > r. Clearly 300 | fix2 = (fi + -+ fr)xj +
S fax2 < X2+ 3, faxZloglogx, < 2 - 1074, provided that we choose r
so large that ), _. f,,x,2, loglogx, < 107*. Hence without loss of generality we
may assume that Z;’;l f,,x,zl <2- 1074, Let (Y,,) be ii.d. random variables with
P(Yy=x0) =P =-x0)=5fr k=1,2,..);clearly EY; =0, EY? <2-107%,
EY}loglog|Yi| < oo, and EN*(|Y;]) = cc. Let X, = cY,, where ¢ > 10 is chosen
so that EX% =1; clearly EX; =0 and EX%loglog|X1| < 00. Let F denote the
distribution function of Y. We claim that a,, X,, cannot satisfy the LIL

n
lim sup(2s,% log logsn)l/2 Zaka =1 as, (2.10)
k=1

n—o0

and thus the test (1.4)—(1.5) for a, X, also fails. Indeed, if (2.10) were true, then
using s,+1/s, — 1 (which follows from a, /s, — 0), we would have almost surely
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for sufficiently large n,

n
Zaka

k=1

< 4(s,21 loglogsn)l/z,

n—1
Zaka

k=1

< 4(s3 loglogsn)l/z,

and consequently
2 172 .
P(|a,,X,,| > 8(sn loglogsn) 1.0.) =0.

Thus by the Borel-Cantelli lemma and ¢ > 10

oo
3" P(1anXul = ¢(s2 loglogs,)'?) < . @.11)

n=1

However, the last sum equals

o
Y EI{|¥a| = Isn/an|(loglog s,) '/}
n=1

o0

=/OO |:Z I(jx| = |Sn/an|(loglogsn)1/2):| dF(x)

% La=1

Z/ N*(1x]) dF(x) = EN*(1¥1]) = oo,

—00

contradicting to (2.11). O

Proof of Theorem 2 We will deduce Theorem 2 also from Theorem 3. The verifica-
tion of conditions (a), (b) of Theorem 3 (which leads again to (2.2), (2.3)) remains
unchanged. The validity of (c) follows from (a,%) € W. Finally, verifying condition
(d) for § = 1 requires to show that

loglog B, —

= Za,%E[X,%I“XHz|Bk/ak|(1oglog3k)—1/2}|fk_1]—>0 as. (2.12)
n k=1

Let
Zi(m) == E[X}loglog X{I{|Xk| = | By /am|(loglog B) ™"/} | Fi_1].

By the assumption |a,| = O(B)~?), the inequality |Xx| > |By/ax|(loglog By)~'/?
implies | Xg| > cB,f/z, and consequently loglog X,% > cloglog By with some constant

¢ > 0. Thus the left-hand side of (2.12) is bounded by

n

loglog B a?
const - —2 2g "Z k 7,k
B; P loglog By
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with a constant independent of n. Observe that the sequence {Z;(m), k > 1} is sta-
tionary and ergodic for every fixed m, and thus by (a,%) € W and Lemma 1 we have
almost surely for every ¢ > 0,

n

loglog B 2
PEOBIN Yk Zi(m) — EZi(m) <6
By P log log Bi

if m is chosen large enough. Clearly {Z;(m), m > 1} is nonincreasing for every k,
and hence (2.12) follows immediately.

The fact that the sequence a, = f(n) in Example 1 satisfies condition (1.8) is
implicit in Berkes and Weber [3], where it is proved that under the same conditions on
f. the weighted i.i.d. sums Y, _ f (k) Xy satisfy the LIL under EX7 =0, EX] = 1.
Proving (1.8), i.e.,

M(t) :=#{n >1:) f2h) < tfz(n)} «L1? ast— o0, (2.13)
k<n

directly in this case seems to be difficult, and in Berkes and Weber [3] an indirect
argument was used, showing that (2.13) is equivalent to the validity of

M
EX4/ ) dy < oo
y=X2

y3
for all r.v.’s X with EX? < oo. The last relation can be verified by a randomization
argument (see [3], pp. 1229-1231) using elementary arithmetic properties of additive
functions.

To verify the statement in Example 2, let (§,) be a stationary ergodic sequence
with 0 < E|&|? < oo for some p > 2. Then one can find a probability space
(£2, A, P), a function f € LP(£2, A, P), and an ergodic transformation 7 : 2 — 2
such that the sequence (7,,) of random variables defined by 71, (w) = f(t" ) has the
same distribution as (§,). By a result of Assani [1] we have, letting g = f 2

lim Hn: g("w)/n 2 1/1) =/ gdP as.
Q

t—>00 t

Using the ergodic theorem, the last relation implies, letting D = |, of 2dP >0,

U Qi FAEF o2/ f (" w) < 1)

t—00 12

. #{n:Dn(1+0(1)/f2(1"w) <t%}
lim

—00 [2

=1 as.,

which shows that the sequence (7,), and thus also (&,), satisfies (1.8). On the
other hand, E|&|” < oo, p > 2, and the Borel-Cantelli lemma imply that |&,| =
O(n(l_‘”/z) a.s. with a suitable § > 0, and thus, using the ergodic theorem and
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EE£} > 0, it follows that

n (1-8)/2
1€n| = (Z$k> a.s.

Hence (&,) satisfies the coefficient condition |a, | = O(s,i_‘s) of Theorem 1. O

Proof of Theorem 3 We start with defining a truncated MDS {X}, 7/, k > 1} as
follows:

Xi =Xl {|Xe| <8 ()} — E[XaI{|Xi| <8f () }|FE_1 ], (2.14)

where

f(k) = Bi/(loglog By)'/*

is the function defined in Theorem 3. Here ]—',j‘ =o(X],....,X})ifk>1and 7] =
{0, §2}. (Note that starting with 7, relation (2.14) determines successively X7, F},
X3, 75, ....) Denote by S the partial sum X} + --- 4 X} and, similarly to s,%, set

ZEX \Fi ]

Finally set X;* = Xy — X; and S;* = X{* +--- + X;*. Clearly,

|E[XcI{1Xe] < 8f WO} Fio ]| = |E[Xxd {I1Xk| > 8f O} F ]| as.  (2.15)

O
Lemma 2 Under condition (b), we have
n
fn)~? Zx§1{|xk| >8f(k)) =0 as.
k=1
Proof We have
n n
YOXPHIXkl > 8f () =D XpIH{1Xi] > 8f ()}
k=1 k=1
n 2
< (kau{ml >5f(k)}> :
k=1
and thus the result follows from (b) and Kronecker’s lemma. Il

In the sequel, ¢,, ~ d,, means lim;,_, ¢, /d;, = 1.
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Lemma 3 Under conditions (a)—(d), we have

%2 p2,. .2
n ~ By ~s,; as.

Proof We will show that s*2 ~ B2 the proof of the second relation is similar. An
easy calculation gives

225 (X321 7]

=B, 2> E[X;I{IXi] <8f (0} Fp]
k=1

—B‘zz Xl <sr 0} F_ )™ (2.16)

By (2.15) we obtain
B (E[Xe {1Xed = of 0} 7))’
< 8(f()loglog Br) " E[IXelI{IXk] > 87 () }|Fi_y ]
and thus by Kronecker’s lemma and (b) the second term in (2.16) tends to zero. Set
Yi = XpI{|1 Xkl < 8f ()} — E[XFT{I1Xk| < 8f () }|Fp_,]-
Clearly (Yy) is an MDS, and since by (a)

D OBUEYE <) BIE[X{{IXk] <8f(k)}] < 00

k=1 k=1

the martingale convergence theorem and Kronecker’s lemma imply that
ZZk 1 Yx — 0 almost surely, i.e.,

B2 (XpH{IXkl < 8f ()} — E[XFI{I1Xk| <8f O }|Ff_,]) >0 as.

k=1

In view of (c), (2.16), and the last relation, it remains to show that

n
B2 Xp{IXk| > 8f ()} >0 as.,
k=1

which follows from Lemma 2. O

Lemma 4 Under conditions (a)—(b), we have

Zf(k) YEXI <00 as.

k=1
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Proof By (2.15) we have

> fEx;
k=1

=Y FOE(Xe{IXel <87 (0} — E[Xe {IXel <870 }| 7))

k=1

2

<D FRTHE[X{IXk] < 8 (0]

k=1
+158° () E|E[ Xk I {1Xk] < 8f (O }|FE_4]])

8

<> FOTHE[X{1Xk] < 8f (0] + 158° £ () E[|1 Xi | {1 Xk | > 8 (k) }]).

k=1

and the last sum is finite by (a) and (b). [l

Lemma 5 Under conditions (a)—(d), we have

loglog sy, (s
n

2
n

*2)—>O a.s.

S
Proof By Lemma 3 it suffices to show that
f(n)~ 2( *2)—>0 a.s.

We can write

n

sp—sit =Y (E[X}|Fio1] — E[X{*1Fi1))
k=1

# Y (EXAF ] - B ]) = 50+ 59 Gsay)
k=1

A straightforward calculation shows (using again (2.15)) that
|E[XE = X{?1Fit ]|
< E[XP{1Xt] > 8F (0} Feet ] + (E[ X, L {1 Xkl = 8F R} 1 ])°
+ 2 E[X, 1{1Xk] = 8f 0 Y1 Fer ]| | E[X I{1Xk| < 87 (0} |77y ]]
< E[X2{IXkl > 8f ()} | Firr ] + 38 (O E[|Xi 1{I Xkl > 8f ()} |77, ]-

Thus, conditions (d) and (b), in connection with Kronecker’s lemma and the Beppo
Levi theorem, imply that

fm™28P 50 as.
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It remains to prove
728 50 as.,

which follows from Lemma 4 by a similar argument, observing that £ (XZ‘2|]-';{_1) —
EX Zz|,7: +_1) is a martingale difference sequence and applying Kronecker’s lemma
and the martingale convergence theorem. g

By a standard argument in upper-lower class theory (see Feller [9], Lemma 1) we
can assume that the function ¢ in the test (1.4)—(1.5) satisfies

a+/loglogt < ¢(t) < by/loglogt (2.17)

for some positive constants a < b, and in particular ¢ tends to co. Recall also that ¢
is a nondecreasing function. Clearly we can write

B . o) (¢*) 172
)= (/)(1)4‘? with (t)—T-i-( 1 —l) , (2.18)

provided that ¢(¢) > 2. By another standard observation in the theory, I (¢) is finite
if and only if /(@) is finite. The next lemma shows it is enough to consider only
functions ¢ which are smooth in some sense.

Lemma 6 Assume that I(p) = 0o (< 00). Then there is a nondecreasing function
¢ > @ (< @) and an absolute constant A such that 1 (@) = oo (< 00) and

[p) =] <A- wi )I =yl if x<yand [y, 2y]N[x,2x]#0.  (2.19)

Proof Assume that I (¢) = co. Simple calculations show that

1 2x
¢(X)=;f p@)dt (x> xo)

will work. The case I(p) < oo can be treated similarly by defining ¢(x) =
fipe®ar. O

Next we observe that
|X¥ < Kps¥, (2.20)
where K, = 28f(n)/s} ~ 28(loglogs})~!/? by Lemma 3; also K, is F*

n—1"
measurable. By the martingale version of the Skorokhod embedding theorem
(Strassen [19]) we can assume that the sequence (X) is defined on a probability

space together with a standard Wiener process {W(¢), t > 0} such that

n
=W(T,), whereT, = Z Ty, (2.21)

m=1
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where 7, are nonnegative r.v.’s, 7, is F, -measurable (n = 1,2, ...), and
E[w|F = E[X21F,] as. (2.22)
Also we have for any r > 1,
E[tFr ] < LE[X|Fi ] as., (2.23)
where L, is a constant depending only on r, and moreover, for 7,, <t < T, 41,
|W(t) — W(T)| < Kng15)41- (2.24)

The last relation is a consequence of the construction of the Skorokhod stopping times
and plays a crucial role in the following lemma, implicit in the proof of Theorem 1.1
of Einmahl and Mason [6].

Lemma 7 Assume that {X, F;, n > 1} is an MDS with finite variances such that
s;“z = ke E[X,’;2|.7::7]] — 00 a.s. Assume that (2.20)—(2.24) hold with some
K, ~ const - (log lotc_;s,;“)’l/2 and K, is f:_l-measumble. If there exists a positive
constant K such that

loglog s;lk2
—a |

lim sup T,—s?| <K as., (2.25)

n—oo n

then for every positive and nondecreasing function ¢,

* * * . 1 7 I — ,
P(S¢> sk</7(sk2) io)= {O ZIEZ; - z

Note that the assumptions of Lemma 7 imply that s, ~ s, ;. Thus, it follows from

(2.24) and (2.25) that, for 7, <t < T,,+1 and for sufficiently large n,
|W(t) — W(T;,)| < const - v/t/(loglogn)!/? ass. (2.26)

Now the proof of Theorem 1.1 of Einmahl and Mason [6] can be followed almost
verbatim, observing that the argument still goes through if their assumption (1.3) is
replaced by (2.25).

The remainder of the proof of Theorem 3 will be divided into two steps. In the
first step we will show that the integral test (1.4)—(1.5) holds for the truncated MDS
(X7, .7-',:‘ ,k > 1}. Then we will show that if ¢ is monotone and satisfies the smooth-
ness condition (2.19), then

P(Sk > seo(s?) i.0.) = P(S} > sie(si?) i.0.). (2.27)
Now if I () = 00, the ¢ in Lemma 6 satisfies ¢ > ¢, I ($) = 0o, and thus
1=P(S§ > s;@(s;?) i.0.) = P(Sk > sk (s7) i.0.) < P(Sk > seg(sf) i.0.).
An analogous result holds if 7 (¢) < 0.
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Step 1. By Lemma 3 and Lemma 7 it suffices to show that
*2 2
|T, — 53| =o(f(n)?) as. (2.28)

Using the definition of s,’{z and (2.21), (2.22), we have

n n

Ty =52 = (m— EXP17 ) = Y - B[l ) as.

k=1 k=1
By (2.23) and Lemma 4 we have

3 F0E (w — Elwl F)?

k=1
(0.¢] o
<Y FOTER <L)y fRTEXE < oo,
k=1 k=1
and thus by the martingale convergence theorem the series
oo
Y F 7 (e — Elnl 7))

k=1

is a.s. convergent, implying (2.28) by the Kronecker lemma.
Step 2. Define ¢ as in (2.18) and set

Ruo= =i+ 05— 267)10)

Then we have, on one hand,
P(Sk > skp(sg) i.0.)
= P(S} + S > 57 @(s7%) + Ry 1.0.)
< P(S; > s;@(s¢%) i.0.) + P(IS*] > Ry i.0.)
and, on the other hand,
P(Sk > sk(p(s2) i.o.)
> P(S; > s;@(sp?) + IR — S¢¥| i.o.)
= P(S¢ > 5t9(s¢%) + 576 (512 ™" + 1R — Si¥ Lo.).

We now show that for any ¢ > 0,

—1) s g
P(IS;*| > eRpi0.) =0 and |Ri— S| < ——2s5;¢(st?) ™" as. (229)
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for some large enough «, which implies in view of the forgoing estimates that

P(St > ¢(si%)st +ksib(s%) " o)
)=

< P(Sk > (p(sk)sk i.o. (S,’{k > (,Z)(s,fz)s,’: i.o.).

(Here (p is obtained by 1terat1ng the operation in (2.18).) Since I (¢) = oo if and only
if 7(¢) = oo and I((p + /c/(p) oo, we get (2.27). To prove (2.29) we start with
showing that the dominating part in Ry is s /gZJ(s,f), ie.,

(Sk)

Sk

(@(s2)sk — @(s7%)si) = 0 as. (2.30)

In view of Lemma 3 and

) o FODOR S o
B(sP)se — 9575k = T 157 (B(5D) — 0 (617)).
Ak-i-sk

this will follow if

2
(Slz‘) (s —s,’fz)—>0 as. and @(s7)(@(s7) — é(s *2))—>O as. (2.31)

Sk

Now the first relation in (2.31) follows from Lemma 5 and (2.17), since (2.17) re-
mains valid for ¢. Note that ¢(r) ~ ¢(¢) by (2.18). As we noted earlier, we can
assume that ¢ satisfies (2.19). Clearly, since s,fz ~ sk, the intervals [sk, 2s ] and
[sk2 2s*2] will not be disjoint for any k > ko(w), where kg is almost surely finite.
Thus we get from (2.19)

RN TR TR G L
P(se)(@(s) —p(si7)) = A 2 (sf —s;%) forall k > ko
k

with an absolute constant A, and here the right-hand side tends to zero as we have
already noted. Thus we proved that the second relation of (2.31) is also valid, and
thus the dominating part of Ry is si /gZ)(s,f). Hence to prove the first relation in (2.29)
it suffices to show

1S9 =0 =X ) as, (2.32)
‘ o(sp)

which by Lemma 3 and (2.17) will follow if

S =o(f(k) as. (2.33)

It easy to see (cf. (2.15)) that E|X;*| <2 E[| X |I{|Xx| > 8f (k)}], and hence (2.33)
follows from condition (b) and Kronecker’s lemma.
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Since we proved that |S,’:*| = 0(Ry) a.s. and that the dominating part of Ry is

sk/fﬁ(s,%), we have in view of (2.17), Lemma 3, and ¢(¢) ~ ¢(¢) (t — 00),

|Ri =S¢ = IRl (1 + o(1))

s*
= ~sk2 (14 0(1)) <const- < kz a.s.
pGsi) @t

This proves the second relation of (2.29).
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