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Abstract Let X1,X2, . . . be a sequence of random variables. Let Sk = X1 +· · ·+Xk

and assume that Sk/bk converges in distribution for some numerical sequence (bk).
We study the weak convergence of the random processes {Λn(z), z ∈ R}, where

Λn(z) = 1

n

n∑

k=1

I

{
Sk

bk

≤ z

}
.

We consider the same problem when the normalized partial sums Sk/bk are replaced
by other functionals of the sequence (Xn). In particular, we investigate the case of
sample extremes in detail.
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1 Introduction

One of the classical results on Brownian motion is the following arc-sine law of

Lévy [14]. Let
d= denote equality in distribution, and let Aρ , 0 < ρ < 1, denote the

generalized arc-sine distribution with density

aρ(x) = sinπρ

π
xρ−1(1 − x)−ρ, 0 < x < 1.

Theorem A (Lévy’s first arc-sine law) Let {W(t), t ≥ 0} be a standard Brownian
motion. Then

∫ 1

0
I
{
W(t) ≤ 0

}
dt

d= A1/2.

If X1,X2, . . . are independent and identically distributed (i.i.d.) random variables
with EX1 = 0 and EX2

1 = 1, then by Donsker’s invariance principle (cf. [3]) we
obtain that

1

n

n∑

k=1

I {Sk ≤ 0} d−→ A1/2, (1.1)

where Sk = X1 + · · · + Xk , and
d−→ denotes convergence in distribution. Due to the

strong dependence between the partial sums Sk , the law of large numbers for the
averages of I {Sk ≤ 0} does not hold. However, Erdős and Hunt [10] observed that if
the Cesàro averages are replaced with logarithmic averages, then we have

1

logn

n∑

k=1

1

k
I {Sk ≤ 0} → 1/2 a.s. (1.2)

Recently, the following more general result has been proved.

Theorem B (Almost sure central limit theorem) Let X1,X2, . . . be i.i.d. random vari-
ables with EX1 = 0 and EX2

1 = 1. Then

sup
z∈R

∣∣∣∣
1

logn

n∑

k=1

1

k
I

{
Sk√
k

≤ z

}
− Φ(z)

∣∣∣∣ → 0 a.s., (1.3)

where Φ(z) denotes the standard normal distribution function.

Under E|X1|2+δ < ∞, relation (1.3) was proved independently by Brosamler [6]
and Schatte [17]. Assuming only finite second moments, (1.3) is due to Fisher [12]
and Lacey and Philipp [13].

Theorem B was extended by Berkes and Csáki [2] to the logarithmic averages

Λ∗
n(z) = 1

logn

n∑

k=1

1

k
I
{
hk(X1, . . . ,Xk) ≤ z

}
, (1.4)
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where hk : R
k → R are measurable functions such that

hk(X1, . . . ,Xk)
d−→ G (1.5)

with a nondegenerate distribution G. They showed that Λ∗
n(z) converges a.s. if the

dependence of hk(X1, . . . ,Xk) on its initial o(k) variables becomes negligible for
k → ∞. This condition is satisfied for normalized partial sums, extremal statistics,
U-statistics, ordered samples, local times, etc. A simple example when the analogue
of (1.3) fails is the Darling–Erdős theorem for the maximum of normalized partial
sums of i.i.d. random variables.

Since the almost sure result (1.2) has a distributional analogue (1.1), the question
arises if the almost sure central limit theorem (1.3) has a weak convergence version,
i.e., if the sequence of processes

1

n

n∑

k=1

I

{
Sk√
k

≤ z

}

converges weakly. The same question arises for the averages

Λn(z) := 1

n

n∑

k=1

I
{
hk(X1, . . . ,Xk) ≤ z

}
, (1.6)

where hk : R
k → R are functionals such that (1.5) holds. Since we can write

Λn(z) =
∫ 1

0
I
{
Rn(t) ≤ z

}
dt,

where

Rn(t) = hk(X1, . . . ,Xk) if t ∈ [
k/n, (k + 1)/n

)
, 0 ≤ k ≤ n − 1, (1.7)

one might expect that the weak convergence of Rn(t) to some limiting process R(t)

(i.e., the functional version of (1.5)) implies the weak convergence of Λn(z). How-
ever, as we will show in Example 2.1 below, even the much stronger assumption
Rn(t) → R(t) a.s. for all t ∈ [0,1] is in general not sufficient to imply the weak
convergence of Λn(z) to

∫ 1
0 I {R(t) ≤ z}dt . A weak invariance principle for Rn(t)

implies only the convergence of the finite-dimensional distributions of Λn(z), and to
obtain the weak convergence of Λn(z), we have to make additional conditions on the
path properties of the limit process R(t), see Theorem 2.2. For example, the weak
convergence holds for normalized partial sums hk(X1, . . . ,Xk) = Sk/bk of i.i.d. ran-
dom variables, martingale difference sequences, and stationary Gaussian sequences,
while Theorems 2.3 and 2.4 yield convergence criteria when the limit process R(t)

is a general Gaussian or normalized Lévy process. To give a nonlinear example, we
show that Λn(z) converges weakly in the case of extreme-value statistics of i.i.d.
random variables.

Our paper is organized as follows. In Sect. 2 we state our main results and consider
several examples. We also study the distribution of Λ(z) when z is fixed. We provide
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a formula for the first and second moments of Λ(z) when the weak limit of Rn(t)

is Gaussian. In case of extreme values, we provide explicit expressions for EΛp(z),
p = 1,2, . . . . Section 3 contains the proofs.

2 Results

Before we state our results, we introduce some basic notation.
As usual, D[a, b] denotes the space of càdlàg functions defined on the interval

[a, b], i.e., all functions x : [a, b] → R such that limt↘t0 x(t) = x(t0) and limt↗t0 x(t)

exists. The symbol
D[a,b]−→ indicates the weak convergence of random elements in

D[a, b] with respect to the Skorokhod topology (cf. [3]). Note that if x ∈ D[a, b]
and if [c, d] ⊂ [a, b], then x can be considered as an element of D[c, d] by restrict-
ing its domain of definition. If x ∈ D[a + ε, b − ε] for every 0 < ε < (a + b)/2,
then we say that x ∈ D(a,b). The convergence in D(a,b) means the convergence
in D[a + ε, b − ε] for all 0 < ε < (a + b)/2. Since Λn(z) and Λ(z) are defined

on R, we will also consider the convergence Λn(z)
D[R]−→ Λ(z). This means that

there exists a strictly increasing and continuous distribution function T such that

Λn(T
−1(u))

D[0,1]−→ Λ(T −1(u)). At the endpoints u = 0 and u = 1, we set T −1(0) =
−∞ and T −1(1) = ∞. Using the fact that Λn and Λ are (random) distribution func-
tions, we assign the values 0 and 1 when the argument is −∞ or ∞.

We can assume without loss of generality that all random variables and processes
introduced so far (and later on) can be defined on a common probability space
(Ω, A,P ). If (S, S) is a measurable space and R : Ω → S is A − S measurable,
then P induces a probability measure on (S, S) denoted by PR−1 and defined as
usual by PR−1(A) = P(R−1A).

For some random processes {Rn(t), t ∈ (0,1)} in D(0,1), let

Λn(z) =
∫ 1

0
I
{
Rn(t) ≤ z

}
dt. (2.1)

If Rn(t) is defined as in (1.7), then Λn(z) reduces to the averages in (1.6). The ba-
sic assumption throughout this paper will be the existence of some limiting process
{R(t), t ∈ (0,1)} in D(0,1) such that

Rn(t)
D(0,1)−→ R(t). (2.2)

A typical limit is R(t) = t−αW(t), where α ≥ 1/2, and W(t) is standard Brownian
motion. Note that this R(t) is not an element in D[0,1], and this is why we assume
the weak convergence in D(0,1). Put

Λ(z) =
∫ 1

0
I
{
R(t) ≤ z

}
dt. (2.3)

Our first theorem gives the convergence of the finite-dimensional distributions.
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Theorem 2.1 Let Λn(z) and Λ(z) be given as in (2.1) and (2.3). Assume that (2.2)
holds, and let z1, . . . , zM be arbitrary real numbers. Then

{
Λn(z1),Λn(z2), . . . ,Λn(zM)

} d−→ {
Λ(z1),Λ(z2), . . . ,Λ(zM)

}
(2.4)

whenever

P
(
R(t) = zj

) = 0 for any t ∈ (0,1) and 1 ≤ j ≤ M. (2.5)

Theorem 2.1 provides conditions which imply that the finite-dimensional distrib-
utions of the processes Λn(z) converge to Λ(z). If we want to extend this result to

Λn(z)
D[R]−→ Λ(z), we need to show that the sequence {PΛ−1

n , n ≥ 1} is tight. As the

following example shows, relation (2.2) in general does not imply Λn(z)
D[R]−→ Λ(z),

even if the finite-dimensional distributions converge.

Example 2.1 In this example, Rn and R have values in [0,1], hence it is sufficient
to consider Λn and Λ as elements in D[0,1] instead of D[R]. Let ξ be uniform in
[1/3,2/3] and define for n ≥ 3,

Rn(t) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

2t if t ∈ [0, (ξ − 1
n
)/2);

ξ − 1
n

if t ∈ [(ξ − 1
n
)/2, ξ);

ξ + 1
n

if t ∈ [ξ, (ξ + 1
n

+ 1)/2);
2t − 1 if t ∈ [(ξ + 1

n
+ 1)/2,1].

Obviously Rn(t) converges pointwise to R(t), where

R(t) =

⎧
⎪⎨

⎪⎩

2t if t ∈ [0, ξ/2);
ξ if t ∈ [ξ/2, (ξ + 1)/2);
2t − 1 if t ∈ [(ξ + 1)/2,1].

Now we have

Λn(z) =
∫ 1

0
I
{
Rn(t) ≤ z

}
dt =

⎧
⎪⎪⎨

⎪⎪⎩

z/2 if z ∈ [0, ξ − 1
n
);

ξ if z ∈ [ξ − 1
n
, ξ + 1

n
);

(z + 1)/2 if z ∈ [ξ + 1
n
,1];

and

Λ(z) =
∫ 1

0
I
{
R(t) ≤ z

}
dt =

{
z/2 if z ∈ [0, ξ);
(z + 1)/2 if z ∈ [ξ,1].

It follows that Λn(z)
f.d.d.−→ Λ(z), but Λn(z) does not converge in D[0,1].
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Due to the fact that the functions Λn(z) and Λ(z) are monotone and bounded, the
tightness solely depends on properties of the limiting process {R(t), t ∈ (0,1)}. This
observation is made more precise in the next theorem.

Theorem 2.2 Let Λn(z) and Λ(z) be given as in (2.1) and (2.3). Assume that (2.2)
holds and that

P
(
R(t) = z

) = 0 for any t ∈ (0,1) and z ∈ R. (2.6)

If for all 0 < ε < 1/2, the sample paths of

Λε(z) =
∫ 1−ε

ε

I
{
R(t) ≤ z

}
dt (2.7)

are continuous on R, then Λn(z)
D[R]−→ Λ(z).

In order to apply Theorem 2.2, we need criteria to check the continuity of Λε(z).
For example, using Kolmogorov’s classical continuity criterion (see, e.g., [3]), it suf-
fices to verify

sup
z∈R

E
∣∣Λε(z + h) − Λε(z)

∣∣2

= sup
z∈R

E

(∫ 1−ε

ε

I
{
R(t) ∈ [z, z + h]}

)2

= o
(
h1+β

)
for h → 0 (β > 0). (2.8)

Using Theorem 2.2 and this criterion, we obtain a simple integral criterion when R(t)

is a Gaussian process.

Theorem 2.3 Let Λn(z) and Λ(z) be given as in (2.1) and (2.3). Assume that (2.2)
holds. Further assume that the limiting process {R(t), t ∈ (0,1)} in (2.2) is Gaussian
with σs = √

ER2(s) and ρ(s, t) = Corr(R(s),R(t)). If for every ε > 0,

∫ 1−ε

ε

∫ t

ε

ds dt

σsσt

√
1 − ρ2(s, t)

< ∞, (2.9)

then Λn(z)
D[R]−→ Λ(z).

Theorem 2.3 contains many important examples. The following corollary high-
lights the most important special case, which motivated this paper.

Corollary 2.1 Assume that X1,X2, . . . are i.i.d. with EX1 = 0 and EX2
1 = 1. Then

1

n

n∑

k=1

I

{
Sk√
k

≤ z

}
D[R]−→

∫ 1

0
I

{
W(t)√

t
≤ z

}
dt,

where {W(t), t ≥ 0} is a standard Brownian motion.
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Corollary 2.1 can be extended to a large class of dependent random variables. We
illustrate this fact by the following:

Corollary 2.2 Assume that X1,X2, . . . is a martingale-difference sequence with fi-
nite second moments. Let Fn = σ(Xk, k ≤ n) and define σ 2

n = E[X2
n|Fn−1]. Fur-

ther set B2
n = Var(Sn) and s2

n = σ 2
1 + · · · + σ 2

n . Assume that s2
n/B2

n

P−→ 1 and that
B2

n = nαL(n), where L is a slowly varying function at infinity, and α is a positive
constant. Finally let {W(t), t ≥ 0} be a standard Brownian motion. If the Lindeberg
condition

B−2
n

n∑

k=1

EX2
kI

{
X2

k ≥ εB2
k

} → 0 for all ε > 0

holds, then we have

1

n

n∑

k=1

I

{
Sk

Bk

≤ z

}
D[R]−→

∫ 1

0
I

{
W(tα)

tα/2
≤ z

}
dt.

As another application of Theorem 2.3, we consider partial-sum processes of
strongly dependent sequences converging to a fractional Brownian motion. Re-
call that a fractional Brownian motion is a Gaussian process {BH (t), t ≥ 0} with
EBH (t) = 0 and

Cov
(
BH (s),BH (t)

) = 1

2

(
t2H + s2H − (t − s)2H

)
, 0 ≤ s ≤ t.

The constant H ∈ (0,1) is called the Hurst index. We note that B1/2(t) is a standard
Brownian motion.

Corollary 2.3 Let X1,X2, . . . be a stationary Gaussian sequence with EX1 = 0 and
assume that for some 0 < H < 1,

Var(Sn) = n2H L2(n) for n → ∞,

where L is a slowly varying function at infinity. Then

1

n

n∑

k=1

I

{
Sk

kH L(k)
≤ z

}
D[R]−→

∫ 1

0
I

{
BH (t)

tH
≤ z

}
dt,

where BH (t) is a fractional Brownian motion with Hurst index H .

In all our examples so far, the limit process R(t) was a Gaussian process. To con-
sider different situations, let X1,X2, . . . be i.i.d. random variables belonging to the
domain of attraction of a stable distribution Gα , i.e., assume that there are constants

an and bn such that Sn/bn − an
d−→ Gα . As is known, the characteristic function ϕ

of Gα has the form

ϕ(t) = exp

{
iγ t − c|t |α

(
1 + iβ

t

|t |ω(t,α)

)}
,
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where

ω(t,α) =
⎧
⎨

⎩
tan(πα

2 ) if α �= 1,

2
π

log |t | if α = 1,

and c,α,β , and γ are constants (γ is a real, c ≥ 0, 0 < α ≤ 2, −1 ≤ β ≤ 1). We
refer to α as the characteristic exponent of the stable law. Note that if α �= 1, we can
assume without loss of generality that an = 0 (cf. Feller [11], Theorem 3, p. 580), and
hence P(Sn ≤ 0) → Gα(0). Letting ρ = Gα(0), it follows from a classical result of

Spitzer [19] (see Doney [8] for an improvement) that 1
n

∑n
k=1 I {Sk ≤ 0} d−→ Aρ, and

thus the occupation time distribution for the sequence (Xn) is the generalized arc-sine

distribution. By Skorohod [18] we have S[nt]/bn
D[0,1]−→ Lα(t), where {Lα(t), 0 ≤ t ≤

1} is a stable process with Lα(1) having distribution Gα . (For the properties of stable
processes, we refer to Borodin and Ibragimov [5].) As a simple calculation shows, in
the case of the partial-sum functional hk(X1, . . . ,Xk) = Sk/bk , the limiting process
in (2.2) is the normalized stable process Lα(t)/t1/α . The following theorem extends
Theorem 2.3 to the case where, instead of a Gaussian process, the limiting process
R(t) in (2.2) is a normalized Lévy process.

Theorem 2.4 Let Λn(z) and Λ(z) be given as in (2.1) and (2.3) and assume that
(2.2) holds. Further assume that R(t) = L(t)/bt , where L(t) is a Lévy process, and
bt is a normalizing function such that the distribution of R(t) does not depend on t .
Finally assume that �(z) = dP(R(t) ≤ z)/dz exists and is uniformly bounded. Then
if for every ε > 0,

∫ 1−ε

ε

(∫ t

ε

bt

bt−s

ds

)
dt < ∞, (2.10)

we have Λn(z)
D[R]−→ Λ(z).

Corollary 2.4 Assume that X1,X2, . . . are i.i.d. random variables. Assume that
Sn/bn converges weakly to some stable distribution with characteristic exponent α.
Then

1

n

n∑

k=1

I

{
Sk

bk

≤ z

}
D[R]−→

∫ 1

0
I

{ Lα(t)

t1/α
≤ z

}
dt,

where Lα(t) is a stable process with characteristic exponent α.

Motivated by the arc-sine law and the almost sure central limit theorem, all our
examples so far were related to partial-sum processes. In what follows, we give an
example involving nonlinear functionals of the sequence {Xn}. Let X1,X2, . . . be
i.i.d. random variables with common distribution function F(x) and set

Mn = max{X1,X2, . . . ,Xn}.
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If P(Mn/bn − an ≤ x) converges to some nondegenerate limiting distribution G(x)

(“is attracted to G”), then by the classical theory, G belongs to one of three different
types of limiting distributions. As an illustration, we consider here the case where

G(x) =
{

0, x ≤ 0;
exp(−λx−α), x > 0 (λ,α > 0).

(2.11)

If Mn is attracted to the G above, then we can choose the constants as

an = 0 and bn = inf
t≥0

{
1 − F(t) ≤ 1/n

}
(2.12)

(see, e.g., Bingham et al. [4], Sect. 8.13). Dwass [9] and Resnick [15] proved that

M
nt�/bn
D[0,1]−→ E(t), (2.13)

where {E(t), t ∈ [0,1]} is the extremal process of type G. The finite-dimensional
distributions of E(t) can be characterized as follows: If 0 = t0 < t1 < t2 < · · · <

tk ≤ 1, then

(
E(t1), . . . ,E(tk)

) d= (
U1,max{U1,U2}, . . . ,max{U1,U2 . . . ,Uk}

)
, (2.14)

where U1, . . . ,Uk are independent with P(Ui ≤ x) = Gti−ti−1(x).

Theorem 2.5 Assume that X1,X2, . . . are i.i.d. random variables and define Mn =
max{X1, . . . ,Xn}. Assume further that Mn/bn

d−→ G, where G is given in (2.11),
and bn is given in (2.12). Then

1

n

n∑

k=1

I

{
Mk

bk

≤ z

}
D[R]−→

∫ 1

0
I

{
E(t)

t1/α
≤ z

}
dt,

where E(t) is an extremal process of type G.

2.1 Distribution of the Limiting Process

The purpose of this section is to investigate the distribution of the random variables
Λ(z) defined in (2.3). In the case of partial sums of i.i.d. random variables with mean
0 and variance 1, R(t) in (2.2) equals W(t)/

√
t , and

Λ(z) =
∫ 1

0
I
{
W(t)/

√
t ≤ z

}
dt. (2.15)

By Lévy’s arc-sine law we have Λ(0)
d= A1/2, but computing the distribution of Λ(z)

for z �= 0 seems to be a much harder problem. The combinatorial approaches used by
Andersen [1] and Spitzer [19] seem not to carry over to this case.

In this section we will compute EΛp(z) for some special functionals hk in (1.7).
Our first observation is that if the distribution of R(t) does not depend on t , then
EΛ(z) = P(R(1/2) ≤ z).
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Fig. 1 The graph of
EΛ2(z) − EA2

Φ(z)
shows that

for z �= 0, Λ(z) has not the same
distribution as AΦ(z) , although
the differences are very small

Lemma 2.1 Assume that {R(t), t ∈ (0,1)} is a Gaussian process with ER(t) = 0,
R2(t) = 1, and Corr(R(s),R(t)) = ρ(s, t). Then

EΛ2(z) =
∞∑

n=0

γn

n!
(
Φ(n)(z)

)2
,

where γn = ∫ 1
0

∫ 1
0 ρn(s, t)ds dt , and Φ(n)(z) is the nth derivative of the standard

normal distribution function.

Returning to the special case (2.15), a reasonable conjecture is that Λ(z) is gen-
eralized arc-sine. Since in this case we have EΛ(z) = Φ(z), this would mean that

Λ(z)
d= AΦ(z). In order to get evidence for this conjecture, we used Lemma 2.1 and

computed EΛ2(z) and compared it with EA2
Φ(z)

= Φ(z)(1 + Φ(z))/2. If the conjec-
ture were true, the functions have to coincide. However, the computations (see Fig. 1)
disproves this conjecture, although the difference is very small.

It remains open whether it is possible to extend Lemma 2.1 and get explicit rep-
resentations for higher moments. The following lemma gives such a formula for the
moments of Λ(z) = ∫ 1

0 {E(t)/t1/α ≤ z}dt , when E(t) is the extremal process of type
G with G given in (2.11). In this case the moments uniquely determine the distribu-
tion of Λ(z) (cf. Feller [11], Sect. VII.3]).

Lemma 2.2 Let G be given as in (2.11), and let E(t) be an extremal process of type
G. Let Λ(z) = ∫ 1

0 I {E(t)/t1/α ≤ z}dt . Then if p ≥ 2,

EΛp(z) = Gp(z)(p − 1)!
p−2∏

k=0

∫ 1

0
ukeuλz−α

du.

3 Proofs

3.1 Convergence of the Finite-Dimensional Distributions and Tightness

Lemma 3.1 Assume that (1.7) and (2.2) hold. For 0 < ε < 1/2, define Λε(z) as in
(2.7) and set Λε

n(z) = ∫ 1−ε

ε
I {Rn(t) ≤ z}dt.
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(A) In order to prove (2.4), it is enough to show that, for all 0 < ε < 1/2,

{
Λε

n(z1),Λ
ε
n(z2), . . . ,Λ

ε
n(zM)

} d−→ {
Λε(z1),Λ

ε(z2), . . . ,Λ
ε(zM)

}
. (3.1)

(B) In order to prove Λn(z)
D[R]−→ Λ(z), it is enough to show that, for all 0 < ε < 1/2,

Λε
n(z)

D[R]−→ Λε(z).

Proof We will show part (B); the proof of part (A) is similar but easier. Recall that

Λε
n(z)

D[R]−→ Λε(z) means Λε
n(T

−1(u))
D[R]−→ Λε(T −1(u)) for some strictly increasing

distribution function T . Obviously,

sup
u∈[0,1]

∣∣Λε
n

(
T −1(u)

) − Λn

(
T −1(u)

)∣∣ ≤ 2ε and

sup
u∈[0,1]

∣∣Λε
(
T −1(u)

) − Λ
(
T −1(u)

)∣∣ ≤ 2ε.

Hence, for every bounded and uniformly continuous function f : D[0,1] → R

and every η > 0, there is some ε > 0 such that Ef (ΛnT
−1) ≤ η + Ef (Λε

nT
−1).

Thus by the weak convergence of Λε
n and the Portmanteau theorem we have

lim supn→∞ Ef (ΛnT
−1) ≤ η + Ef (ΛεT −1) ≤ 2η + Ef (ΛT −1). Similarly we ob-

tain lim infn→∞ Ef (ΛnT
−1) ≥ 2η + Ef (ΛT −1). Since these estimates hold for

every η > 0, the statement is proven. �

Proof of Theorem 2.1 Let (z1, . . . , zM) ∈ R
M be such that (2.5) holds, and let

(λ1, . . . , λM) ∈ R
M . Let 0 < ε < 1/2 and consider the mapping τε : D[ε,1 − ε] → R

with

τε(x) =
M∑

i=1

λi

∫ 1−ε

ε

I
{
x(t) ≤ zi

}
dt.

If xn and x are elements of D[ε,1 − ε] with xn → x in the topology of D[ε,1 −
ε], we know that xn(t) → x(t) for almost all t ∈ [ε,1 − ε]. Hence I {xn(t) ≤ z} →
I {x(t) ≤ z} for {t ∈ [ε,1 − ε] : t ∈ Nc ∩ x(t) �= z} (N is a set of Lebesgue measure
0 depending on xn and x, and Nc is its complement). This shows that xn → x in the
topology of D[ε,1 − ε] implies τε(xn) → τε(x), provided that the time x(t) spends
in {z1, . . . , zM } has Lebesgue measure 0, i.e.,

∫ 1−ε

ε

I
{
x(t) ∈ {z1, . . . , zM}}dt = 0.

Let ρε denote the Skorokhod metric on D[ε,1 − ε]. Since R ∈ D(0,1), we can con-
sider R as an element of D[ε,1−ε] by restricting its domain of definition. We showed
that τε is PR−1 a.s. ρε-continuous if

PR−1
{
x ∈ D[ε,1 − ε]|

∫ 1−ε

ε

I
{
x(t) ∈ {z1, . . . , zM}}dt > 0

}
= 0,
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which is

P

{∫ 1−ε

ε

I
{
R(t) ∈ {z1, . . . , zM }}dt > 0

}
= 0.

Since the last relation is implied by (2.5), by the mapping theorem (see Billings-

ley [3], Theorem 2.7), we have τε(Rn)
d−→ τε(R). Since this is true for every

(λ1, . . . , λM) ∈ R
M , we get (3.1) by the Cramér–Wold theorem. Hence the result

follows from part (A) of Lemma 3.1. �

Proof of Theorem 2.2 Theorem 2.1, (2.6), and Lemma 3.1 yield that Λε
n(z)

f.d.d.−→
Λε(z). Hence, according to part (B) of Lemma 3.1, it is enough to show the tightness
of Λε

n(Φ
−1(u)), 0 ≤ u ≤ 1, where Φ(x) is the standard normal distribution func-

tion. (Instead of Φ(x), we can use any continuous and strictly increasing distribution
function.) The tightness will follow if we show that for every δ > 0,

lim
K→∞ lim sup

n→∞
P

{
sup

0≤u,v≤1
|u−v|≤1/K

∣∣Λε
n

(
Φ−1(u)

) − Λε
n

(
Φ−1(v)

)∣∣ > δ

}
= 0. (3.2)

Since Λε
n(Φ

−1(u)) → Λε
n(Φ

−1(0)) = 0 a.s. (u → 0) for all η > 0, there is a ∈ (0,1)

such that

P
{
Λε

n

(
Φ−1(a)

)
> δ/6

} ≤ η. (3.3)

Similarly, Λε
n(Φ

−1(u)) → Λε
n(Φ

−1(1)) = 1 − 2ε a.s. (u → 1), and therefore, for all
η > 0, there is some b ∈ (0,1) such that

P
{
1 − 2ε − Λε

n

(
Φ−1(b)

)
> δ/6

} ≤ η. (3.4)

We note that

sup
0≤u,v≤1

|u−v|≤1/K

∣∣Λε
n

(
Φ−1(u)

) − Λε
n

(
Φ−1(v)

)∣∣

≤ 2Λε
n

(
Φ−1(a)

) + 2
(
1 − 2ε − Λε

n

(
Φ−1(u)

))

+ 2 sup
a≤u,v≤b

|u−v|≤1/K

∣∣Λε
n

(
Φ−1(u)

) − Λε
n

(
Φ−1(v)

)∣∣.

Let ui = a + i(b − a)/K , 0 ≤ i ≤ K . Now

sup
a≤u,v≤b

|u−v|≤1/K

∣∣Λε
n

(
Φ−1(u)

) − Λε
n(Φ

−1(v))
∣∣

≤ 2 max
0≤i≤K−1

∣∣Λε
n

(
Φ−1(ui+1)

) − Λε
n

(
Φ−1(ui)

)∣∣.
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By the convergence of the finite-dimensional distributions we have

{
Λε

n

(
Φ−1(a)

)
,Λε

n

(
Φ−1(b)

)
, max

1≤i≤K−1

∣∣Λε
n

(
Φ−1(ui+1)

) − Λε
n

(
Φ−1(ui)

)∣∣
}

d−→
{
Λε

(
Φ−1(a)

)
,Λε

(
Φ−1(b)

)
, max

1≤i≤K−1

∣∣Λε
(
Φ−1(ui+1)

) − Λε
(
Φ−1(ui)

)∣∣
}
.

By the almost sure continuity of Λε(z) on [Φ−1(a),Φ−1(b)] we get that, for all
δ > 0,

lim
K→∞P

{
max

1≤i≤K−1

∣∣Λε
(
Φ−1(ui+1)

) − Λε
(
Φ−1(ui)

)∣∣ > δ/6
}

= 0.

Hence, combining the last relation with (3.3) and (3.4), we have

lim
K→∞ lim sup

n→∞
P

{
sup

0≤u,v≤1
|u−v|≤1/K

∣∣Λε
n

(
Φ−1(u)

) − Λε
n

(
Φ−1(v)

)∣∣ > δ

}
≤ 2η.

Since this is true for any η > 0, relation (3.2) is proven. �

3.2 Proof of the Main Results

Proof of Theorem 2.3 Since R(t) is Gaussian, P(R(t) ≤ z) is a continuous function
of z for every t ∈ (0,1). By Theorem 2.2 and the continuity condition (2.8) it is
enough to show that

E

(∫ 1−ε

ε

I {R(t) ∈ [z, z + δ]}dt

)2

=
∫ 1−ε

ε

∫ 1−ε

ε

P
((

R(s),R(t)
) ∈ [z, z + δ]2)ds dt = o

(
δ1+η

)
, (3.5)

uniformly in z and with some η > 0. The density fs,t (x, y) of the vector (R(s),R(t))

is bivariate normal, and hence

fs,t (x, y) ≤ 1

2πσsσt

√
1 − ρ2(s, t)

for all (x, y) ∈ R
2.

This obviously implies that

P
(
(R(s),R(t)) ∈ [z, z + δ]2) ≤ δ2

(
2πσsσt

√
1 − ρ2(s, t)

)−1

.

Hence, if (2.9) holds, then (3.5) follows if we choose η < 1/2. Thus we have

Λε
n(z)

D[R]−→ Λε(z). Since the argument is true for all 0 < ε < 1/2, Theorem 2.3 fol-
lows from Lemma 3.1. �
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Proof of Theorem 2.4 We proceed as in the proof of Theorem 2.3. Assume that s < t .
From our assumptions we get for fs,t (x, y), the joint density of (R(s),R(t)), that

fs,t (x, y) = �(x)
bt

bt−s

�(bty/bt−s − bsx/bt−s) ≤ sup
x∈R

∣∣�(x)
∣∣2 bt

bt−s

.

Now the result follows from (2.10). �

Proof of Theorem 2.5 First we note that bn = n1/αL(n), where L(n) is slowly vary-

ing as n → ∞ (cf. Bingham et al. [4], Theorem 8.13.2]). Hence M
nt�/b
nt�
D(0,1)−→

E(t)/t1/α . Note that the distribution function of the limiting process does not depend
on t and is continuous. By Theorem 2.1 we get

1

n

n∑

k=1

I {Mk/bk ≤ z} =
∫ 1

0
I
{
M
nt�/b
nt� ≤ z

} f.d.d.−→
∫ 1

0
I
{
E(t)/t1/α ≤ z

}
dt.

Our goal is again to establish (2.8) with R(t) = E(t)/t1/α . It can be easily seen that
it is sufficient to show that, for every h > 0 and for sufficiently small η > 0,

sup
z≥h

∫ 1

0

∫ t

0
P

(
E(s)/s1/α ∈ [z, z + δ],E(t)/t1/α ∈ [z, z + δ])ds dt = o

(
δ1+η

)
(3.6)

as δ → 0. If h = 0, then (2.8) trivially follows from (3.6) because of R(t) ≥ 0. Since
the distribution of R(t) (which does not depend on t) is continuous, it is sufficient to
show (3.6) for every h > 0.

Relation (2.14) shows that, for 0 ≤ s < t ≤ 1, we have

P
(
E(s) ≤ x,E(t) ≤ y

) =
{

Gs(x)Gt−s(y) if x ≤ y;
Gs(y)Gt−s(y) if x > y.

We assume throughout that s ≤ t . Since λ in (2.11) has no influence on the following
arguments, we assume for simplicity that λ = 1. Now we have to distinguish between
the cases (i) (z + δ)s1/α > zt1/α and (ii) (z + δ)s1/α ≤ zt1/α . Under assumption (i),
we get by some algebra that

P
(
E(s)/s1/α ∈ [z, z + δ],E(t)/t1/α ∈ [z, z + δ])

= [
Gt−s

(
(z + δ)t1/α

) − Gt−s
(
zt1/α

)] × [
Gs

(
(z + δ)s1/α

) − Gs
(
zs1/α

)]

+ [
Gs

(
(z + δ)s1/α

) − Gs
(
zt1/α

)]
Gt−s

(
zt1/α

)

=: H1(s, t, z, δ) + H2(s, t, z, δ).

Under (ii), we have the simpler relation

P
(
E(s)/s1/α ∈ [z, z + δ],E(t)/t1/α ∈ [z, z + δ]) = H1(s, t, z, δ).
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Thus (3.6) will follow if, for every h > 0,

sup
z≥h

∫ 1

0

(∫ t

ri

Hi(s, t, z, δ)ds

)
dt = o

(
δ1+η

)
(i = 1,2), (3.7)

where r1 = 0 and r2 = t ( z
z+δ

)α . Using the mean-value theorem and the explicit form
of G, we obtain

∫ t

0
H1(s, t, z, δ)dt ≤ δ

∫ t

0
e−(1−s/t)(z+δ)−α − e−(1−s/t)(z+δ)−α

dt

= δt
(
L(z + δ) − L(z)

)

with L(z) = zα(1 − G(z)). Observe that supz≥0 |L(z + δ) − L(z)| = O(δα∧1). Thus,
if η is chosen sufficiently small, we get (3.7) when i = 1.

Next we consider H2. A straightforward calculation shows that
∫

{(z/(z+δ))α≤s/t≤1}
H2(s, t, z, δ)ds

= t

[
zα

(
G(z + δ) − G(z)

) −
(

1 −
(

z

z + δ

)α)
G(z)

]
.

First we assume that α ≤ 1. By the mean-value theorem we get that

1 −
(

z

z + δ

)α

≥ αδ(z + δ)−1

and

zα
(
G(z + δ) − G(z)

) ≤ δ zαG′(z) = αδz−1G(z).

Since G(z) ≤ 1 and z ≥ h, we obtain by combining our previous results that

sup
z≥h

∫ 1

0

∫

{(z/(z+δ))α≤s/t≤1}
H2(s, t, z, δ)ds dt ≤ 1

2
αδ

(
z−1 − (z + δ)−1) = O

(
δ2).

The case α > 1 can be treated similarly. �

Proof of Corollaries 2.1 and 2.2 We only have to prove Corollary 2.2, which is the
more general one. We set B0 = 0 and define

ξn(t) = Sk

Bn

if t ∈ [
B2

k /B2
n,B2

k+1/B
2
n

)
, 0 ≤ k ≤ n.

Brown [7] showed that under the assumptions of Corollary 2.2, the polygonal line
process obtained by connecting the points of discontinuity of ξn(t) with straight lines
converges to a standard Brownian motion. The argument there can be easily trans-

posed to ξn(t)
D[0,1]−→ W(t). Let

ηn(t) = Sk

Bn

if t ∈ [
k/n, (k + 1)/n

)
, 0 ≤ k ≤ n.
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Hence ηn(t) = ξn(gn(t)), where gn(t) = B2
tn�/B2
n = (
nt�/n)αL(
nt�)/L(n). By

the uniform convergence theorem for regularly varying functions (cf. Bingham et
al. [4], p. 6) supt∈[0,1] |gn(t) − tα| → 0 (n → ∞). In order to prove that the measures
generated by the processes {ξn(t), t ∈ [0,1]} are tight, Brown [7] showed that, for
every ε > 0, we have

lim
δ→0

lim sup
n→∞

P

(
sup

0≤s<t≤1
|s−t |<δ

∣∣ξn(t) − ξn(s)
∣∣ > ε

)
→ 0.

(The argument remains valid for the broken line process.) This immediately implies

that supt∈[0,1] |ξn(t
α) − ηn(t)| P−→ 0, respectively ηn(t)

D[0,1]−→ W(tα). Now we set

Rn(t) = ηn(t)
B
nt�
Bn

= Sk

Bk

if t ∈ [
k/n, (k + 1)/n

)
, 0 ≤ k ≤ n.

It is clear that Rn(t)
D(0,1)−→ W(tα)/tα/2. Hence the limiting process R(t) = W(tα)/tα/2

is Gaussian with σs = 1 and Corr2(R(s),R(t)) = (s/t)α , for s ≤ t . Since condition
(2.9) holds for every α > 0, the result follows from Theorem 2.3. �

Proof of Corollaries 2.3–2.4 The proofs are the same as the proof of Corollary 2.2
with a corresponding invariance principle for the partial-sum process. In order to get
the weak convergence of the partial sums in Corollary 2.3, we use Taqqu [20, Lemma
5.1]. It remains to show (2.9). After a change of variables s = t − h condition (2.9) is

∫ 1−ε

ε

∫ t−ε

0

dhdt√
1 − ρ2(t − h, t)

< ∞, (3.8)

where

ρ(t − h, t) = 1

2

[(
1 − h

t

)H

+
(

1 − h

t

)−H

− h2H

(t − h)H tH

]
.

It can be easily seen that the integrand in (3.8) is only large when h → 0. By some
routine analysis we obtain uniformly in t ∈ [ε,1 − ε] that

1 − ρ2(t − h, t) ∼
(

h

t

)2H

as h → 0.

Hence (3.8) holds.
Finally, for Corollary 2.4 we use Theorems 2.4 and 2.4 in Borodin and Ibragi-

mov [5]. The verification of (2.10) is elementary and therefore omitted. �

3.3 Distribution of the Limits

Proof of Lemma 2.1 Assume that (X,Y ) are jointly Gaussian with Corr(X,Y ) = ρ.
A convenient way to compute Ef1(X)f2(Y ) is to use the Hermite expansions of f1
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and f2 (cf. Rozanov [16, p. 182]). We obtain

Ef1(X)f2(Y ) =
∞∑

n=0

ρn

n! α(1)
n α(2)

n ,

where α
(i)
n are the Hermite coefficients of the corresponding functions fi , i.e.,

α(i)
n =

∫ ∞

−∞
fi(x)φ(x)Hn(x)dx (i = 1,2)

with

Hn(x) = (−1)nex2/2 dn

dxn
e−x2/2,

and φ(x) is the standard normal density function. (Of course, we need to assume that
the Hermite expansions of fi exist.) Hence

EI
{
R(s) ≤ z

}
I
{
R(t) ≤ z

} =
∑

n≥0

ρn(s, t)

n!
(
Φ(n)(z)

)2
.

�

Proof of Lemma 2.2 By (2.14) we have

EΛp(z) = p!
∫ 1

0

∫ tp−1

0
. . .

∫ t1

0
P

(
Et0 ≤ zt

1/α

0 ,Et1 ≤ zt
1/α

1 , . . . ,Etp−1 ≤ zt
1/α

p−1

)

× dt0 . . .dtp−1

= p!
∫ 1

0

∫ tp−1

0
. . .

∫ t1

0
Gt0

(
zt

1/α

0

)
Gt1−t0

(
zt

1/α

1

)
. . .Gtp−tp−1

(
zt

1/α

p−1

)

× dt0 . . .dtp−1

= p!G(z)

∫ 1

0

∫ tp−1

0
. . .

∫ t1

0
e(t0/t1−1)λz−α

. . . e(tp−2/tp−1−1)λz−α

dt0 . . .dtp−1.

The result can be easily obtained by changing variables si = ti−1/ti . �

References

1. Andersen, E.: On the fluctuations of sums of random variables. II. Math. Scand. 2, 195–223 (1954)
2. Berkes, I., Csáki, E.: A universal result in almost sure central limit theory. Stoch. Process. Appl. 94,

105–134 (2001)
3. Billingsley, P.: Convergence of Probability Measures. Wiley, New York (1999)
4. Bingham, N., Goldie, C., Teugels, J.: Regular Variation. Encyclopedia of Mathematics and its Appli-

cations. Cambridge (1987)
5. Borodin, A., Ibragimov, I.: Limit Theorems for Functionals of Random Walks. Proc. Steklov Inst.

Math. (1995)
6. Brosamler, G.A.: An almost everywhere central limit theorem. Math. Proc. Camb. Philos. Soc. 104,

561–574 (1988)
7. Brown, B.: Martingale central limit theorems. Ann. Math. Stat. 42, 59–66 (1971)



126 J Theor Probab (2010) 23: 109–126

8. Doney, R.: Spitzer’s condition and ladder variables in random walks. Probab. Theory Relat. Fields
101, 577–580 (1995)

9. Dwass, M.: Extremal processes. Ann. Math. Stat. 35, 1718–1725 (1964)
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