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Abstract Selection from finite sets is a basic procedure of statistics and the partial
sum behavior of selected elements is completely known under the “uniform asymptotic
negligibility” condition of central limit theory. The purpose of the present paper is to
determine the asymptotic behavior of partial sums when the central limit theorem fails.
As an application, we describe the limiting properties of permutation and bootstrap
statistics in case of infinite variance.
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450 1. Berkes et al.

1 Introduction

Selection from a finite population is a basic procedure of statistics and large sam-
ple properties of many classical tests and estimators are closely connected with the
asymptotic behavior of sampling variables. Typical examples are bootstrap and per-
mutation statistics, both of which assume a sample X1, X», ..., X, of i.i.d. random
variables with distribution function F and then drawing, with or without replacement,
m = m(n) elements from the finite set { X1, ..., X, }. The usefulness of this procedure
is due to the fact that the asymptotic properties of many important functionals of the
random variables X i"), o X ,(,fl ) obtained by resampling are similar to those of the
functionals of the original sample X1, ..., X,. Permutation and bootstrap statistics
can be used, for example, to simulate critical values in statistical tests where the limit
distribution of the test statistic contains unknown parameters or the convergence is
too slow to use asymptotic results.

In the case when the the random variables obtained in the selection procedure sat-
isfy the uniform asymptotic negligibility condition of classical central limit theory,
the limiting behavior of their partial sums can be described easily. For each n let

Tipn <Top =< - "= Tpn

be a sequence of real numbers and denote by X Yl), X é"), X ,(,'f ) the random vari-
ables obtained by drawing, with or without replacement, m elements from the set
{z1.n,...,xyn} Define the partial sum process

Lmi]

Znm(®) =" XE.") for0 <t <1, (1.1
j=1
DI0,1]

where | -] denotes integral part. Let —— denote convergence in the space D[0, 1] of
cadlag functions equipped with the Skorokhod J; -topology. The following two results
are well known.

Theorem A Let

n n
ij,n =0, Zgj%n =1 (1.2)
j=1 j=1

and
lrfnja;n |Zjnl — 0 (1.3)
and draw m = m(n) elements from the set {x| p, . .., Ty n} with replacement, where
m/n — ¢ for some c > 0. (1.4)
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Then

D
Zom® 22 Wier) forn — o,

where {W(t),0 <t < 1} is a Wiener process.

Theorem B Assume (1.2) and (1.3) and draw m = m(n) elements from the set
{z1.n, ..., 2y n} without replacement, where m < n and (1.4) holds. Then

DJo,1
Zn,m (1) 204 B(ct) forn — oo,
where {B(t),0 <t < 1} is a Brownian bridge.

In the case of Theorem A the random variables X Yl), o X ,(,',1 ) are i.i.d. with mean
0 and variance 1/n and they satisfy the Lindeberg condition

m
lim > E[(X{")*1{|X{"| = e}]] =0 foranye >0, (1.5)
n—00 4 ! J J

J:

since the sum on the left hand side is 0 for n > no(¢) by the uniform asymptotic
negligibility condition (1.3). Thus Theorem A is an immediate consequence of the
classical functional central limit theorem for sums of independent random variables
(see [20]). Theorem B, due to Rosén [18], describes a different situation: if we sam-
ple without replacement, the r.v.’s X g"), X ,(,f ) are dependent and the partial sum
process Z, n(t) converges weakly to a process with dependent (actually negatively
correlated) increments.

Typical applications of Theorems A and B include bootstrap and permutation sta-
tistics. Let X, X», ... be i.i.d. random variables with distribution function F with
mean O and variance 1. Let {X i"), X ,(1;’ )} be the bootstrap sample obtained by
drawing m = m(n) elements from the set {X1, ..., X,} with replacement. Clearly,
X g"), X ,(,',1 ) are independent random variables with common distribution F, () =
n-! Z:': 1 1{X; < t}, the empirical distribution function of the sample X1, ..., X,.
Define

Evd 1 z 2 1 . T \2
X,,:;;Xk and onzgkg(xk—x,z)

and apply Theorem A with the random finite set

Xl_yn Xn_yn
s , 1.6
{ o1 on/1 } (1.6)

where the selection process is independent of the sequence X1, Xo, .. .. It is easily
checked that the conditions of Theorem A are satisfied and it follows that if (1.4)
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holds, then conditionally on X = (X1, X», ...), for almost all paths (X1, X»,...),

lmt] DIo.1
Z(X(”) X)) 220 went =1.

O—n\/_

This fundamental limit theorem for the bootstrap is due to Bickel and Freedman [5]. On

the other hand, drawing n elements from the set {X7, ..., X, } without replacement,
we get a random permutation of X1, ..., X, which we denote by X1, ..., Xxz(n).
Again we assume that the selection process is independent of X1, X5, .... It is clear

that all n! permutations of (1, 2, ..., n) are equally likely. Applying now Theorem B
with the set (1.6), we get that for almost all paths X = (X1, X»,...),

i Dlo, 1]
Z(Xﬂk) X,) ——= B =1,

o,,f

an important fact about permutation statistics.

The aim of the present paper is to prove analogues of Theorems A and B in the case
when the uniform asymptotic negligibility condition (1.3) does not hold, i.e. the ele-
ments of the set {x1 ,, ..., Tx ,} are not any more “small”. This happens in statistical
inference if the underlying distribution has infinite variance. Clearly, in this case the
limiting behavior of the partial sums of the selected elements will be quite different.
If, for example, the largest element =, , of the set {x1 ,, ..., Z,.,} does not tend to
0 as n — oo, then the contribution of x, , in the partial sums of a sample of size n
taken from this set clearly will not be negligible and thus the limit distribution of such
sums (if it exists) will depend on this largest element. A similar effect is well known
in classical central limit theory (see e.g. Bergstrom [4]), but the present situation will
exhibit substantial additional difficulties. To simplify the formulas, we will assume
throughout this paper that

n
> xja=0, (1.7)
j=1
ZTjn —>y;j and z,_jy1, —> z; forany fixed jasn — o0 (1.8)
for some numbers y;, z;, j = 1, 2, .... We will also require that
n—K
hm lim sup Z a: =0. (1.9)

K—o0
n—00 =K +1

Condition (1.8) is no essential restriction of generality: if we assume only that the
sequences {x;,, n > 1}, {xy_j11,4, n > 1} are bounded for any fixed j, then by a
diagonal argument we can find a subsequence of n’s along which (1.8) holds. Then
along this subsequence our theorems will apply and if the limiting numbers y;, z; are
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different along different subsequences, the processes Z, ,, (¢) will also have different
limits along different subsequences. This seems to be rather pathological behavior,
but it can happen even in simple i.i.d. situations, see Corollary 1.4 below.

The role of condition (1.9) is to exclude a Wiener or Brownian bridge component
in the limiting process, as it occurs in Theorems A and B. To see this more clearly, let
r = r(n) denote the median of the set {1, 2, ..., n} and assume that z; , = 1/4/n for
[logn] < j <r,xzj, = —1/y/nforr < j <n — [logn] and otherwise x;, = 0.
Then (1.7) and (1.8) are valid with y; =z; =0, j = 1,2, ..., but from Theorem A
it follows that if we select with replacement, Z, ,,(t) converges weakly to the Wiener
process.

We are now ready to formulate our results. We start with the case of selection
without replacement, since the limiting process is simpler in this case.

Theorem 1.1 Let, for eachn = 1,2, ...,
Tin ZX2on =" ZTpn (1.10)

be a finite set satisfying (1.7)—(1.9) and

o0 o
Zy% < oo and Zz? < 00. (1.11)
j=1 j=1

Let Xg"), e, X,(,f) be the random elements obtained by drawing m = m(n) < n

elements from the set (1.10) without replacement, where (1.4) holds. Then for the
processes Z, ,(t) defined by (1.1) we have

Dlo,1
Znm (1) CLDY R(ct) forn — oo

where
o0 (0.¢]
Rt =Dy =0+ D z;(85@0) — 1)
j=1 j=1
and {§;(1), 0 <t < 1}, {8;?(t), 0<t<1}, j=1,2,...areindependent jump pro-
cesses, each making a single jump from 0 to 1 at a random point uniformly distributed

in (0, 1).

Theorem 1.2 Let, for eachn = 1,2, ...,
Tipn SXop =" X Tpn (1.12)

be a finite set satisfying (1.7)—(1.9) and (1.11). Let X%n), R X,(,:l) be the random ele-
ments obtained by drawing m = m(n) elements from the set (1.12) with replacement,
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where (1.4) holds. Then for the processes Z, y,(t) defined by (1.1) we have

DJo,1
Zym(1) —[——]> R(ct) for n — oo

where
R(t) =D yj@;(0) =)+ D zj(85 (1) — 1)
j=1 j=1

and {8;(t), t > 0}, {8;‘(0, t >0}, j=1,2,...are independent Poisson processes
with parameter 1.

We now give several applications of Theorems 1.1 and 1.2. Let X, X», ... belong

to the domain of attraction of a stable r.v. &, with parameter 0 < « < 2. Thatis, letting
Sp = > i1 Xk, we have

(Sn — an) /by~ &4 (1.13)

for some numerical sequences (ay), (b,). The necessary and sufficient condition for
this is

P(X{>t)~pL@)t™*, P(X| <—t)~qL(®)t™ ast— oo (1.14)
for some numbers p > 0,¢q > 0,p + ¢ = 1 and a slowly varying function L.

Let X1, < X2, < --- < X, be the ordered sample of {X1, ..., X,} and apply
Theorems 1.1 and 1.2 for the random set

Xl.n _Yn Xn,n - Yn (1 15)
T, sy T, s .

where X, = % ZZ=1 X 1s the sample mean and 7,, = maxj<x<p | Xk|. The normali-
zation T}, is due to the fact that the random variables X ; are outside of the domain of
attraction of the normal law. Then we get

Corollary 1.1 Let X1, X», ... be i.i.d. random variables with partial sums S, satis-
fying (1.13) with some (ay), (b,) and a stable random variable §,,0 < o < 2. Let
Xgn), e, X,S?) be the variables obtained by drawing m = m(n) < n times without

replacement from the set {X1, ..., X} such that the selection process is independent
of X1, X2, ...and (1.4) holds. Let

Lmt]

ZE () = Ti Z(x}") —X,) fortel0,1]. (1.16)
n =1
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Then
Px (22 ,(6) < 7) —5> Pg(R(ct) < 2) forn — oo (1.17)
for any real x, where

o0 oo

1 1
R0 = 37| =4 2 g @0 =0 +p" >

' &5 —1)

*)1/
=14 o
Here Z; = ni+---+nj, Zj =nj+-- ~+njf, where {n;, n;‘., j € N} are independent
exp(1) random variables, . = (Z1, Z}, Z2, Z3, .. .),

M =max{(q/20)"". (p/ )" (1.18)

and {§;(1), 0 <t <1}, {8;’.‘(1‘), 0<t<1}, j=1,2,...areindependent jump pro-
cesses, each making a single jump from 0 to 1 at a random point uniformly distributed
in (0, 1), also independent of {Z, Z;f, j € N}

Corollary 1.2 Corollary 1.1 remains valid lein), ceey X,Sf) are obtained by drawing
withreplacement fromthe set{X1, ..., X,}. Inthis case {§;(t), t > 0}, {8;‘ (1), t = 0},
j =1,2,...will be independent Poisson processes with parameter 1.

Note that the right hand side of (1.17) is a random variable, defined on a possibly
different probability space than the r.v.’s X1, X», . ... In other words, the limit dis-
tribution in Corollaries 1.1 and 1.2 is random. In case of the bootstrap statistics, this
phenomenon was first noted by Athreya [1], who proved Corollary 1.2 in the case
m = n, t = 1 (with a different representation of the limit). Another representation of
the limit in the bootstrap case (still different from ours) was given by Hall [13]. In the
case m = n and under additional regularity assumptions on the centering sequence a,,,
Corollary 1.1 was obtained in Aue et al. [2]. Note that the process {R(¢),0 < < 1}
obtained in the case of selection without replacement satisfies R(0) = R(1) = 0 and
thus it gives a nongaussian “bridge”, having the same covariance (up to a constant)
as Brownian bridge. Similarly, in the case of selection with replacement, R(¢) has the
same covariance as a constant multiple of W (¢).

Corollaries 1.1 and 1.2 determine the limit of Px{Z, , (t) < z} computed con-
ditionally on X, i.e. under fixed sample elements X1, X7, .... It is natural to ask
if Z, ,,(t) converges unconditionally as well. In case of selection without replace-
ment, the answer is obvious: continuing the selection until all elements of the set

are drawn (i.e. m = n), the vector (X E"), X ,(1")) is a random permutation of the
vector (X1, X2, ..., X,) and thus its distribution is the same as that of (X, ..., X,,).

Consequently, Tn’1 Zk<m(X,(€n) — X,,) converges weakly to a stable process, more
precisely to the a-stable analogue of the Brownian bridge. In the bootstrap case the
unconditional limit process of the normalized partial sums is an a-stable process with
independent stationary increments. This can be proved by direct calculations using
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characteristic functions; an elegant proof follows from the theory of infinite dimen-
sional stable distributions, see Ledoux and Talagrand [15, Chapter 5]. The authors
thank Professor Thomas Mikosch for this observation.

It is worth mentioning that Corollaries 1.1 and 1.2 remain valid in the limiting case
a = 0,1.e. when X has slowly varying tails. Let X, X», ...bei.i.d. random variables
satisfying

P(Xy>t)~pL() and P(X; <—1)~(1—p)L({) (1.19)

fort — oo and some nonincreasing slowly varying function L (z) withlim;_, oo L(¢) =
0. Using Theorems 1.1 and 1.2 we get the following:

Corollary 1.3 Let X1, X2, ... bei.i.d. random variables with slowly varying tails sat-
isfying (1.19). Let Xgn), e, X,(,'f) be the variables obtained by drawing m = m(n) <
n times without replacement from the set {X1, ..., X,}, where (1.4) holds. Define
Zy o (t) by (1.16). Then

PX(ZE,,() < 2) —5 Py(R(ct) < )
for any real x with
R(t) = —I{U > p}3(t) — 1) + I{U < p}(8*(t) — 1).

Here U is a uniform rv. on (0, 1) and {§(t), 0 <t < 1} and {§*(¢), 0 <t < 1} are
independent jump processes, both making a single jump from 0 to 1 at a uniformly
distributed point on (0, 1), independent of U.

Here again, as throughout in our paper, the selection process is independent of the
sample (X1, ..., X,).

Corollary 1.3 remains valid if we sample with replacement. Then, however, §(¢)
and 8*(¢) are independent Poisson processes with parameter 1, independent of the
uniform r.v. U.

Our next corollary describes a situation when relation (1.8) fails, i.e. the sequences
Zjn and x,— 41, do not converge for fixed j. Let Xy, X5, ... be i.i.d. symmetric
random variables with the distribution

P(X; =225 =27¢FD g =12, ... (1.20)

This is the two-sided version of the St. Petersburg distribution. The distribution func-
tion F(x) of X satisfies

1—F(x)=2"% for2¥!' < <2k
which shows that G (z) = x(1 — F(x)) is logarithmically periodic: if « runs through

the interval [Zk, 2]““), then G () runs through all values in [1/2, 1) and G (log, ) is
periodic with period 1. Thus (1.14) fails and consequently F does not belong to the
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Non-central limit theorems for random selections 457

domain of attraction of a stable law. The partial sums Sy = >_}_; X have aremarkable
behavior: for any fixed 1 < ¢ < 2, the normed sums n~ 'S, converge weakly along the
subsequence ny = Lc2k ] to an infinitely divisible distribution F, such that F, = F I*C
and Fp = F|. The class F = {F,, 1 < ¢ < 2}, can be considered a ‘circle’, and in
each interval [2¥, 2K+1) the distribution of n1S, essentially runs around this circle
in the sense that n=1S,, is close in distribution to F,. with ¢ = n/2*. This phenomenon
was discovered by Csorg6 [10], who called this quasiperiodic behavior ‘merging’. As
the following corollary shows, merging will also take place in the behavior of permu-
tation and bootstrap statistics. For simplicity, we consider the case when we draw n
elements from the sample (X1, ..., X,). Let ¥(2),0 < z < oo denote the function
which increases linearly from 1/2 to 1 on each interval (2j, 2j+1], j=0,%£1,£2,....

Corollary 1.4 Let X1, X3, ... be i.i.d. random variables with the distribution (1.20).

Let X gn) s (n) be the elements obtained by drawing n times with replacement from
the set {Xl, ey X } and let Z7(t) be defined by (1.16) withm = n. Let 1 < ¢ < 2.
Then for ny = |c2%] we have

Px(Z:, () < 2) -5 Py(R(1) < )
for any real x, where
S Yy (P Y-S Lol Z s -
Rc(t)— ;Z] (C)(S,a) n+ Z:‘,Z (c)(a,-u) 1)

with

. [ Y(Zijo) ¥ (Zi/e) ] |
Z1 ZT

Here Zj = n1 +- +n]andZ*—n1+ —i—n where {n;, n j,]eN}arelld
exp(1) random variables and {5;(t),0 <t < 1}, {8*(t) 0<t<l1},j=12,.
independent jump processes, each making a szngle Jjump from 0 to I at a umformly
distributed point in (0, 1).

Just like in the case of partial sums, the class R, of limiting processes is logarithmi-
cally periodic, namely Ry, = R, and for a fixed n with 2k < 5 < 2k*1 the conditional
distribution of Z}(¢) is close to that of R.(¢) withc =n/ 2k,

Corollary 1.4 remains valid if we draw X", ..., X" without replacement from
the set {X1, ..., X;;}. Then §;(¢) and 8; (t) are independent Poisson processes with
parameter 1.

2 Proofs

We will prove Theorems 1.1 and 1.2 in the case m = n; the proofs in the general case
require only trivial changes. For studying the sample (X in), X ,(1")) we introduce
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random variables {85") ), ..., e (1)), where 85-”) (t) counts how many times x ; , has
been chosen among the first |nf| sampled elements:

8;-") (t) =k if zj, is chosen k times among the first [nf] elements

for j = 1,...,nand k € {0,1,..., [nt]} when drawing with replacement and
k € {0, 1} when drawing without replacement. Obviously the distribution of the 8;.") (1)
depends on the selection method. If we draw without replacement, the 8;")(0 only

take the values O or 1, as an element can be chosen at most once during some time
interval. Clearly

|nt] n n
TAGEDY x§”> => xj,,,sj.")(t) => xj_y,,é;.")(t), Q2.1
j=1 j=1

j=1

as 27:1 xj, = 0 and the sﬁ.n) are equidistributed. Here E;n)(t) = EE.”)(I) — Es;”)(t)
is the centered version of 8;’1) (1).

Note that in Theorems 1.1 and 1.2 we did not assume that the elements of the set
(1.10) are different. If, e.g. 1 , = x2,, in the selection procedure x1 ,, 2 , should
be considered different elements of the set (1.10) and ef") (t) and sg’) (t) denote how
many times these (otherwise equal) elements were selected in the first |nf] steps.
Clearly, the representation (2.1) remains valid in this case.

The following two subsections cover the two different sampling methods.

2.1 Selection with replacement

Since we draw |nf] times with replacement from a set with n elements, the vec-
tor {85")(t), ., e (1)) follows a multinomial distribution with pj = 1/nforj =
1,...,n and |nt] draws. Obviously the marginal distribution of 85.")(t) is binomial
with parameters 1/n and [nt]. In particular, this implies £ 85-’1)(0 = |nt]/n.

In order to prove Theorem 1.2 we need several lemmas, which will be stated next.
We first show that under the assumptions of Theorem 1.2 only the very small and very

large order statistics will contribute asymptotically to Z, (z). This will be shown in
Lemmas 2.1 and 2.5.

Lemma 2.1 If (1.9) holds, then

n—K
lim limsup P (| > 2,8 (0)=6) =0

K00 n—oo j=K+1
forall6 >0and0 <t < 1.
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Non-central limit theorems for random selections 459
Proof We get, using the properties of the binomial and multinomial distribution,
~0 ) @) n— ,
E (gj (;)) :Var(sj (z)) — )= forj=1,....n
and
( (")(t)s(")(t)) = Cov (8;")0)8,5'1)(0) —% forl <j <k<n.
Furthermore we have
n—K
El > 2. 0| =0
j=K+1
and
n—K n—K
Var [ 3w 0) = X w50 )
j=K+1 Jk=K+1
n—1 "X an ]
=lnt]—— > @5, Z
j=K+1 Jk=K+1
k#j
-K
lnt] & > an ]
S g S
j=K+1 Jjk=K+1
2
|_an n—K ) LntJ n—K
= 2 T e | 2w
j=K+1 j=K+1
n—K
2
= 2 T
j=K+1
The statement of Lemma 2.1 now follows using the Markov inequality and (1.9). O

The following consequence of the proof of Lemma 2.1 and relation (2.1) will be

convenient in applications of our theorems.

Corollary 2.1 Let Zn (t) denote the analogue of Z,,(t) when the set {z1 ,, ..., ZTnn}
is replaced by another set {T| ,, ..., Znn}. Then assuming (1.7) for both sets (but

without assuming (1.8) or (1.9)), we have for any 0 <t < 1

E(Zy(t) = Zu(1)* < D (@) — Ejn)*.

j=1

@ Springer



460 1. Berkes et al.

An analogous statement holds in the case of selection without replacement.

In what follows, let dist(X) and dist(X|Y) denote, respectively, the distribution
of the random vector X and its conditional distribution relative to the random vec-
tor Y. The following lemma, due to Berkes and Philipp [3], will be crucial for our
approximation argument.

Lemma 2.2 Let {X;, k > 1} be a sequence of random vectors with values in 7.¢
defined on an atomless probability space. Suppose that

P(p(dist(Xk| X1, ..., Xp—1),dist(Xy)) > &) < e forallk > 1, 2.2)

where p denotes the Prokhorov distance. Then there exist independent random vectors
{Yy, k > 1} with values in 74 such that X} < Y and

P (| Xy — Yi| > 6¢) < 6¢ forallk > 1.

Lemma 2.2 is implicit in Theorem 2 of Berkes and Philipp [3], which assumes a
mixing condition, but the proof uses only (2.2).

The following lemma shows that in the index range j € {1,...,K,n — K +
1,...,n} for K “not too large” (roughly for K < ./n) the dependent random vari-

ables 8;-") (t) can be approximated by independent binomial random variables.

Lemma 2.3 If (1.9) holds, then for every 0 < t < 1 and n > 2/t there exist

independent random variables 85.") (), j = 1,2,...n, with binomial distribution
B(|nt], 1/n), such that

K
1 3
P> aine™ 0 =50 £ 0) < o1 g1 2.3)
j=1 "
and
- (log n)>
P X wn(e"m-0lm) £0) scr ' K222 4
j=n—K+1 ' '
forallK =1, ..., |n/4], where C is an absolute constant.

Technically, relations (2.3) and (2.4) are valid for 1 < K < |[n/4], but they give a
trivial bound for K > const \/n/(log n)3/2. We will use the lemma for constant K.
(n)
n—j+1
dependent g (t) with the independent 85.") (1), we use Lemma 2.2 and thus we need
an estimate for the difference

Proof Let, for j > 1, yp;_1 = 8;’1)(1‘) and y2; = ¢ (t). To approximate the

[P (Vk+1 = ak+1ly1 = ait, ..., vk = ar) — P(yk41 = ar41)|.
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Non-central limit theorems for random selections 461

We are drawing | n7 | times with replacement from the set (1.10)and ¢ (k = 1, ..., n)
counts how many times the corresponding element was drawn from the set and follows
a binomial distribution:

ag _ [nt]—ai
P(yr =ar) = (LZZJ) (%) (nn—l) for 0 < ap < |nt].

On the other hand, letting a®) = Zl 1 a; we see that

P(yks1 = aksilyi = ar, ..., v = ag)
|nt] —a® 1 P [nt]—a® —ap4
:( k41 )(n—k) ( n—=k )

for0 < ap1 < |nt] —a®. Obviously y4 1 = 0 in the case of a® = |nt].

Consider first the case a; < Cylogn, 1 <i < n for some positive constant C. By
the assumption 1 < K < n/4 of the lemma, it suffices to consider the case k < n/2.
Letting

(lnt] —a®)---(Int] —a® —apqq1 + 1)

T =
[nt]---(lnt] — ak41 + 1)
we get
|P(Vi+1 = ity = at, -« Vi = ap) — P(Vkt1 = ag1)|
|_I’ltJ _ a(k) 1 G+l ke —1 Lntj—a(k)—akH
()G (55
|nt] I\ fp — 1\ ) =aier
Ak+1 n n
Lnt] g1 k=1 I_ntj—a(k)—akH
(ak+1) ( k) ( —k )
( )ak+1 ( 1)LntJ —Qj+1
Lnt ]\ (n —k — 1) n1=a® = 1 1
< _— T _
- (ak+1) ( n—=k ) (n — k)@k+1 nk+1

n—k—1 L"tJ_a(k)_ak+1 n—1 |nt]—ak+1
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Using the mean value theorem, we get

1 1 1 1 1
- < — I T-1+ -
(n—

(n — k)%k+1 nk+1 (n — k)%+1 k)k+1 n%+1

1 | (lnt)=a® —a + 1 o
(n — k)+1 [nt]

|nak+1 — (I’l — k)ak+l|

(n — k)+1p%-+1

1 | (Lntj—(k~|—1)C1 1ogn)cll°g”
(n—kyast [nt]

aanukH*lk

(n — k)ak+lnak+l

(k+1)Cilogn  kCilogn
|nt] n(n — k)+1

= (n — k)%k+1 Cilogn

1 6kCi(logn)?
(n/2)%+1 nt '

Similarly, we get

n—k—1 lnt]—a® —ar 1 n— 1\ -k
‘( n—k ) - ( n )
n—k — 1\ =W a0\ ltl=a®—ag
= ‘( n—k ) B ( n )
n—1 lnt]—a® —ar 1 n— 1\t —ak
) ()
< (lnt] —a® — ak+1)(; B 1)+(n _ 1) anJ—a<k>—ak+1(1 ~ (n _ 1)a<k>)
n—k n n n

k a®
< (Int] —a™ —axi1)
n

T

+

Putting together the previous estimates and using

(Lnl‘]) < n% gy ! < 2(n/2)

ak+1

we obtain for k <n/2,a; < Cilogn,1 <i <n

2.5)

_1, (logn)?
|P(Vkr1=aks1lyi=al, ..., vie=ar) — P(Vkr1=ar+1)| <Cat ]kT'
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Observe now that

P (yx41 > Crlognly; = ay, ..., Yk = ax)

lnt] —a® 1\ (n—k—1\li—a®=i
- > ("G5 (55)

j>Cilogn

n’ 1 . B
2. gy s 2 r=n” 26)

j>Cilogn j>Cilogn

provided the constant C; is large enough. Similarly we get
P(y; > Cilogn) <n™ 1<j<n. .7

Putting together (2.5)—(2.7) we obtain

D P =l =ai,....n=a) = P(yes1 = j)l
J

logn)? logn)?
— Z + Z S C3 t_lkw +I’l_2 S C4t_lkw'
n n

j<Cilogn j>Cjlogn

This implies that for any atom A = {y; = ay,...,. % = ax} witha; < Cplogn
(1 < i < k), the Prokhorov distance of dist(yx+1|A) and dist(yx41) is at most
Cy t_lk(log n)3n—L. Letting B denote the union of such atoms, by (2.7) we have

(log n)3
n

P(B°) < P (max(y1,...,y) > Cilogn) < kn~? <t k—=—
Thus we proved that for k < n/2

Cogm)®

. . —1 (10gn)3 1
P\ p (dist(Ye+11vks - - - » Y1), dist(yk+1)) = Cst kT < Cst p

Clearly, forn/2 < k <n — 1 we have

o (dist(Veg11vk, -+ -5 Y1), dist(yr41)) < 1

and thus applying Lemma 2.2 we get that there exist independent random variables

Y& k=1,...,n,such that y,* 4 vk and

1, dog n)3) (logn)?
n

P(IVk—)/k*l > Cet™ < Cot 'k—=" 1 <k<n)2
n
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Since the variables y; and y;* take only nonnegative integer values, the last relation
implies

 log n)?
n

Py #¥) < Cot™! 1<k<n/2,

as one can see separately in the cases when Cgt ™'k (logn)*>n~! is < 1 or not. Letting
8;.")(1) = 7/2*]._1 and 8,(1”_) i+ (1) = yz*j, we get the statement of the lemma. O
The next lemma is a generalization of Lemma 2.3 for the finite dimensional distri-

butions of & (t). We will formulate it in the simpler form that will be needed in the
proof of Theorem 1.2.

Lemma 2.4 If (1.9) holds, then for everyn and all0 < t; < --- <ty < 1 there exist
independent, identically distributed random vectors (85.")01), e, 85.")(@1)),
j=1,...,n such that

(5;")(“)’ o S;n)(td)) 4 (QWU,n,t),..., 0QU,n,ty))

and

K
P | max Zx,n (85.")(t1) — 55.")(0)) >5] —>0
j=1

n
Pmax| > :cj,n(ej.”)(t,)—aj.")(z,)) >s5)] =0
j=n—K+1 ' '

forall§ > 0, K > 1andn — oc. Here U is a uniform random variable on [0, 1] and
O(u, n, t) is the quantile function of the B(|nt], 1/n) distribution.

An explicit formula for Q(u, n, t) is

0 if u < po(n,t)

1 if po(n,t) <u < pi(n,t)
Ou,n,t) =

nt] if plas—1(n,t) <u

with pi(n, t) = ZI;':O (L’”J) (l)j (ﬂ)w_j, but we will not need this fact.

J n n
Proof By applying the same procedure as in Lemma 2.3 to the random vector

(85")(1‘1), el s;") (t7)) instead of 85.")(1‘), Lemma 2.4 can be proven with some minor
changes. O

Let 55.")(1) = 85.") @) — E8§”)(t). The following lemma is the equivalent of
Lemma 2.1 for the S;") (1) (instead of the é;n)(t)).

@ Springer



Non-central limit theorems for random selections 465

Lemma 2.5 If (1.9) holds, then

n—K
lim limsup P | > 2,8 ()| 28] =0

T oo j=K+1
forall >0and0 <t < 1.
Proof The proof can be carried out as in the case of Lemma 2.1. O

We are now ready to complete the proof of Theorem 1.2.

Proof of Theorem 1.2 We first prove the convergence of the finite dimensional distri-
butions. To simplify the formulas, we consider the one-dimensional case; the changes
needed for the d-dimensional case will be stated at the end of the proof. By Lemma 2.1
we have

n
lim sup £ [ dist > z;,&" (1), dist > 2jn"(0) | = B(K) (2.8)
e j=1 jell,KUln—K +1,n] '

with B(K) — 0 as K — oo, where £ denotes the Lévy distance. We used the fact
that if for two random variables & and n we have P(|§ — n| > ¢) < &, then we also
have L(dist&, distn) < ¢. Lemma 2.5 furthermore tells us that (2.8) remains valid if
we replace 2" (1) with 5" (1). We know that £ (1) — 5 (1) = /(1) — 8! (v),
therefore Lemma 2.3 implies that for any fixed K

£ dist > T j,,,éj.") (1), dist > T j,,,Sj.”)(t) —0 (2.9
jell,KJUn—K+1,n] jell,KJU[n—K+1,n]
as n — oo. Observe that for any real sequences {c;}, {c;.} and any A > 0

_ 1 _
P > (cj 5" ()] = 1 =5 > |Cj—c;-|E’8§-n)(t)’
jell,K10ln—K+1,n] jell,K1Uln—K+1,n]

1
=5 2. gl

whence by a proper choice of A we get

£ | dist > cj 8" (1), dist > ¢} 5 ()
Jjell,K]U[n—K+1,n] Jjell,K]JU[n—K+1,n]
172

<V2 Z lej — ¢l

jell,Kluln—K+1,n]
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Consequently, by (1.8)

£ | dist > )8 (1),
jell,KlUln—K+1,n]
K K
dist | >y 80 + D 2800 (0 || — 0 (2.10)
j=1 j=1
as n — oo. Hence, letting §;(7), 8;’.‘(0, j = 1,2, ... denote independent Poisson

processes with parameter 1, it suffices to show that
[ & K
£ dist| D g8+ D 2800 ]
j=1 j=1

K K
dist | Dy =0+ > ;@0 -0 || —0 (2.11)

| j=1 j=1

as n — oo for any fixed K and that the second distribution in (2.11) converges to the
same expression with K = oo. To prove the first statement let us note that a sharpened
form of the Poisson approximation of the binomial due to Le Cam [14, p. 187] implies
that

DUPE () =1) - P@j(1) =] < Cyn! (2.12)
=0

for any j > 1, n > 1 with an absolute constant C7. This implies that
|P(3§">(r) € A)— P3;(1) € A)| < Cyn™!
for any set A C {0, 1, ...} and therefore
p(dists " (1), dists; (1)) < Cin™",
proving (2.11). The convergence of the distributions in the second line of (2.11) is an

immediate consequence of condition (1.11), E(5; (1) — 12 = E(S;‘ ) —1)%=rtand
the Kolmogorov two series theorem, implying the a.s. convergence of the series

> [5G0 -0+ 2,650 -]
j=1

By a theorem of Lévy (see e.g. Breiman [8, p. 51, Problem 16]), the distribution of
the last sum is actually continuous. As weak convergence of distributions to a contin-
uous limit implies that the corresponding distribution functions converge pointwise,
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Non-central limit theorems for random selections 467

we have proved the convergence of the one-dimensional distributions in Theorem 1.2.
The proof of the corresponding statement for the multi-dimensional distributions uses
the same arguments, we just need Lemma 2.4 instead of Lemma 2.3. Therefore we
omit the details. O

So far we proved the convergence of finite dimensional distributions of Z, (). To
prove the tightness of Z, (¢) in D[0, 1] it suffices, in view of Theorem 15.6 on p. 128
in Billingsley [6], to show that

E(Zy(s) = Zu(t))(Zn(t2) — Zn(8))* < C(y —11)* forallty <s <.  (2.13)
To prove (2.13) we first observe that by (1.8) and (1.9) we can find a constant ¢ > 0
such that Zl}:l :c?n < cforall n. Letting /1 := |ns| — |nt1] and l» := |ntr| — |ns],
we get [recall EXE") = 0by (1.2)],

Lns ] 2

EZu) = Zo@)? =E| D> X"
Jj=lnn]+1

=1 E ((X2) + 1t — DEXY

n
= — l‘jn E —C.
n “ ! n
j=1

A similar inequality holds for E(Z,(t2) — Z, (s))? and thus by the independence of
the two differences on the left hand side of (2.13) we get

111
E (Zy(s) = Zu(0))* (Zu(12) = Zy(s))* =~

In the case of 1, — 1] < % at least two of the 3 numbers ntq, ns, nt, lie between two
consecutive integers and thus one of the differences in (2.13)is 0. If 1, — 71 > % then

we get
[l I +1 2 nty —nt; + 1 2 5
e () (et e

n n n

which completes the proof of (2.13).

2.2 Selection without replacement

In the case of selection without replacement, the variables 8;11) (t) only take the values

0 or 1. Therefore the distribution of a single 85.”) (¢) is Bernoulli with P(sﬁ.") =1 =
|nt]/n, while for the vector (5%”)(1‘), e (t)) we have

P (85")(0 =ar,..., e (1) = “”) - 1/(L:tJ)
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provided all a;’s are 0 or 1 and >, a; = |nt]; otherwise the probability is 0. As
in the case of selection with replacement, we get E 85.’1) (t) = |nt]/nforl < j <mn;

let é;”)(t) = 8;.") (1) — Esj.")(t). In the sequel we formulate lemmas which are the
permutation analogues of the lemmas in the proof of Theorem 1.2.

Lemma 2.6 If (1.9) holds, then

n—K
lim limsup P Z xj,néﬁ-”)(t) >§5] =0

K—oo
n— 00 =K +1

forall6 >0and0 <t < 1.

Proof From the joint distribution of 8;”)(0 it is easy to obtain

2
E((5;">(;))2) - L’;_”_ (%) <1 forj=1,....n

and
E (2" 0z )
2
_ |nt] |nt] —1 _ |nt | =_|_ntj(n—|_ntj) forl<j<k<n
n n-—1 n n?(n —1)
This implies
n—K n—K
Var [ > j,néﬁ") ") <3 2,
j=K+1 j=K+1

and therefore the Markov inequality together with (1.9) yields the statement of the
lemma. o

Lemma 2.7 If (1.9) holds, then for every n and each 0 < t < 1 there exist indepen-
dent, identically Bernoulli distributed random variables 8}")0), j=1,...,n with

P((S;”)(t) = 1) = |nt|/n, such that

S o) o) K?
P> w) (sj" 0)— 38" (z)) #0) =30— (2.14)
j=1
and
n K2
Pl Y wm(e0-5"w0) #£0) < 30— 2.15)

j=n—K+1

forallK =1,...,|n/4].
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Proof Wedefinefor j > 1therandom variablesy,; 1 = 8;11)(2‘) andy,; = 5,(1”_),'4-10)-

For the approximation of the dependent & " () with independent 8§") (t), we use again
Lemma 2.2 and thus we need to estimate the differences

|P(yk = arlyr = ai, ..., Vi1 = ak—1) — Py = ap)|.
Clearly
Lnt]
Pykr1=1) =
n
and

|nt] — a®

Pykpi=llyi=ay,...,vk =a) =
n—=k

with a; € {0, 1} for 1 <i < kanda® = 3*_ a; (< |nt)). By K < |n/4] we have
k < n/2, which implies

lnt] —a® ‘ k+1 4k
— —t <

< —
n—k n—k~ n

Since ||nt]/n —t| < 1/n, we conclude for az4+1 = 1

S5k
|P(Vit1 = arr1lyi = a1, ..., vk = ax) — P(vk1 = agq1)| < -

and consequently the same is true for ax+; = 0. Hence

. . S5k
p (dist(Vit11vk, - - -5 Y1), dist(yr41)) < -

and thus Lemma 2.2 yields the existence of independent Bernoulli random variables
5;”)(1), j=1,...,n, with P(8§'1)(t) = 1) = [nt]/n such that

P( e 8 )] = 30")5ﬂ

n
(I

The variables aﬁ.n)(t) and 8;”) (t) only take values in {0, 1}, hence the statement of the
lemma follows. O

and

30k 30k

(n) (n)
Ep— j+1(t) 8 ]+1(t)‘ _) = 7
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As in the case of drawing with replacement, we will now formulate a generalization
of Lemma 2.7 for the finite dimensional distributions of 8;11) (1).

Lemma 2.8 If (1.9) holds, then for everyn and all 0 < t; < ... < tg < 1 there exist
independent, identically distributed random vectors (8;'1) (t1), ..., 8;") (td)),
j=1,...,n, such that

(5. 87 ) £ U < lan)/n). .. U < nta)/n)).

where U is a uniform random variable on [0, 1] and furthermore

K

) (n) _sm -

P max Z}x,,,, (e =5 an)| = 8] -0
]:

and
n
P | max Z Tjn (85.")01) - 55-”)(1‘1)) >8] -0

1<l=d | .
Jj=n—K+1

are satisfied for all § > 0, K > 1 and n — oo.

Proof As in Sect. 2.1, the application of the same procedure as in Lemma 2.7 to the
random vector (8;11)([1 ) AP s;") (td)) instead of aﬁn)(z‘) will prove Lemma 2.8. O

Let 55.") @) = 5;") (t) — E 8;"). The next lemma is the analogue of Lemma 2.6 for
the independent random variables S;") (1).
Lemma 2.9 [f (1.9) holds, then

n—K
lim lim sup P Z xj,ng;'n)(t) =8| =0

K—o00
n— 00 j=K+1

forall6 >0and0 <t < 1.
Proof The proof can be given as the one to Lemma 2.6. O

Proof of Theorem 1.1 The proof of Theorem 1.1 can be given along the lines of the
proof of Theorem 1.2, where Lemmas 2.6-2.9 replace Lemmas 2.1 and 2.3-2.5 and

one uses simple modifications due to the different distributions of 8;") () and 6 (7).
O

The following lemma yields the tightness in Theorem 1.1.
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Lemma 2.10 If (1.8) and (1.9) hold and t, t5 € [0, 1], then
E (Zn(s) = Zu(t))* (Zu(t2) — Zu(5))? < C(ta — 11)? forallty <s <ty (2.16)

and Z, (t) is tight.

Proof As in the proof of inequality (2.13), we use Z'}:l xfn < ¢ for all n and

consequently Z?:l x4 . = ¢2. With these inequalities, Z?:l zjn = 0 and using

Iy :==|ns| — |nt1] and [ := |nty| — |ns] we get

E (Zu(s) — Zu(t))* (Zn(12) — Zu(5))?

) 2/ ) " 2
_ n n
(3 ) (3w
j=lnt1]+1 j=lns]+1
Lns) Lnta)

(1) 3 () 3 1) 3o )
> X E(xxxx”)

i.j=lnti]+1kI=[ns]+1
=ni E((x{™M2xd™)?)
+ il — 1) +11(; — DL]E ((Xin))zxén)xén))

+0,(; — Dh(s — 1) E (Xi”)xg")xg”)xgm) .

Now

2
n n
D (XROE) = 3 s = (2, ) =2

Q=1 i=1
o
n
n(n— D —2) ‘E (<xg">)2x;">x;">)] = > 2wk
i\ k=1
ik

n
2
= Z Zj yTjn(—Tin — Tjn)
i,j=1
i#]
n n n
— 3 . 2 22 2
- _Zli,n(_xls”)_zxi,n z ,Lin <2c,
i=1 i=1 j=1

J#
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nn — ) —2)(n — 3) ‘E (Xin)Xén)Xén)Xgn))‘

n

= Z TinTjnTk,nTln
i\ k=1
i#j#Fk#l

n

= E xi,nzj,nxk,n(_xi,n —ZTjn — xk,n)
i\ k=1

i) Fk

n
2 2
=13 - Z T, Tjn(—Tin —xjn) || <6
i,j=1
i#]

The estimates above imply forn > 6

E (Zu(5) = Zn(11))* (Zn(12) — Zy(s))?
<2 hilp 22 hibb(h+1—2) 602 Ly —Dh(—-1)
nin—1) nn—1)(n—-2) nn—1)m-—2)(n—3)

L1 Ly +1 122 I +5h\?
<2212 g2 LY 2 Lt 2) +48¢2 12 < 30¢2 (—‘ i 2) :
n n n n

As in the proof of (2.13), the left hand side of (2.16) is equal to O if 1, — ] < % If
Hh —1 > rlw we obtain

h+1D - nty —nty + 1
n

<2(tz —11)

and therefore (2.16) is shown. By applying the Markov inequality and Theorem 15.6
(p. 128) by Billingsley [6] the proof of the lemma is completed. O

2.3 Proofs of the corollaries

Proof of Corollaries 1.1 and 1.2 Let X1, X3, ... bei.i.d. random variables such that,
letting S, = >"}_; X, we have

(Sn — an) /by~ £, 2.17)

for some numerical sequences (a;), (b,) and an @-stabler.v. &,. By the classical theory
(see e.g. [12] or [11], Chapter XVII) the sequences (ay,), (b,) can be chosen to satisfy
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bn bn
nbn_z/azzdF(sc)e C, ap =n/9:dF(:c) (2.18)
—by, —b,

for some C > 0. As a consequence, we have
an/nb, — 0 and a>/nb> — 0. (2.19)

Clearly, the first relation of (2.19) follows from the second one and the second rela-
tion follows from (2.18) upon observing that (fit xdF (2))? = o(fit 22d F (z)) for
t — oo for any distribution F with infinite second moment. Actually, as is shown in
Feller [11, Chapter XVII], in the case « # 1 we can choose a,, = 0 (after centering
the X ; at expectations for o > 1 which is no restriction of generality), and thus (2.19)
becomes trivial, but in the case « = 1 the centering factor a,, can be nonlinear and the
situation is more delicate.

Let 7,, = maxj<k<n | Xk|, X, =n"! ZZ:] X. Formally, Corollaries 1.1 and 1.2
are obtained by applying Theorems 1.1 and 1.2 for the random set

Xin—X, Xon— X,
H,,:[ n —7n  Znn "], (2.20)

T, T,

where X1, < X2, <--- < X, »is the ordered sample of (X1, ..., X,). However, to
avoid certain technical difficulties in verifying conditions (1.8) and (1.9) for H,,, we
will use an indirect approach by first applying Theorems 1.1 and 1.2 for a perturbed
version of H,,. As in the proof of Theorems 1.1 and 1.2, we will assume again m = n;
the general case requires only trivial changes. Let Z} () in Corollaries 1.1 and 1.2
be denoted in this case by Z(z).

Write

Yn by Sy —an an
(= 4+ ). 2.21
T, T, ( nby + nbn) ( )

It is known (see e.g. [7]) that both b, /T, and T,,/b,, are bounded in probability and

thus (2.17), (2.19) and (2.21) imply X,/T, — 0. Fix now an integer L > 1. By
Csorg6 et al. [9, p. 109], we have

1
- (Xjn 2 €L L1UIn = L+ 1))
n

_d) _ql/oz _ql/oz pl/ot pl/ot
ZVET g @z e

where Z; = n1+---+1nj, Z;f =]+ ~+r}}‘ and (1) and (njf) arei.i.d. sequences of

exp(1l) random variables, independent also of each other. The last convergence relation
remains valid if we divide both sides by their maximum norm, i.e. with 7, /b, resp. M,
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where M is the random variable defined by (1.18). Thus using X,/ T}, N 0 we get
that

Xin—X
(M:je[l,L]U[n—LJrl,n])
Ty

i) L _ql/a _ql/oz pl/a pl/a 2.22)
M T’ Ve’ (7o (zaja | :
Z, Z, (Z7) V49
Next we show that
n—K

lim limsup P (7,72 > (X;,—X,)*=¢e| =0 foranye > 0. (2.23)

K—00 p—soo

j=K+1
We write
n—K n—K 5
D XKjn=X)*= D [(Xju—an/n) — Xy —an/m)]
j=K+1 j=K+1
n—K n—kK
< D> Xjn—an/m)? +20X, —an/nl| D (Xjn—an/n)
j=K+1 j=K+1
+n|Xy —an/nf?
=L+ DL+
Clearly,

1Sy —an\?
b;213=;(”b—a”) = op(1)
n

by (2.17). To estimate /1 and I, we note that for any fixed K > 1,

1 n—K J 1 n—K J
™ D Xjn—an | > AIK). = D X5, > AK) (224
"\ j=K+1 " j=K+1

where A1(K) — 0 a.s., A2(K) — 0 a.s. for K — o00. (See Csorgd et al. [9].) Now
by (2.19)

n—K
Zj=K+l Xjn—a

by

2
b;zlg = ;

Sp — ay

" +o(1)
o ,
bn
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and
—K 2
2a 2K a
2 _ n . _ _ n
b, "I, = _% . E nb,% E Xjn—ay (_n +1) b
j=K+1 j=K+1
=+ Is+ Ie.

By (2.19) we have I = o(1) for any fixed K, while (2.24) and (2.19) take care of the
estimate of /4 and /5 and thus (2.23) is proved.

The just proved relation (2.23) implies that for every ¢ > 0 there exist positive inte-
gers L = L(¢g), ngp = no(¢e) and for any n > ng a set A, = A, (¢) in the underlying
probability space such that P(A,) > 1 — ¢ and

n—L
Tn_2 z (Xjn— X,)? <& onA, forn > n. (2.25)
j=L+1

By Jensen’s inequality, the last relation implies that

n—L
> (Xjw—Xu)| = (em)'/? on A, forn > no. (2.26)
j=L+1

Let 'H,, 1 denote the set obtained from H,, in (2.20) by replacing all elements with
indices L + 1 < j < n — L by 0. Since the sum of the elements of H, is 0, (2.26)
shows that the average 1,1 of the set H, 1 satisfies |, | < (¢/ n)l/ 2 and conse-
quently nn L < €on Ay Hence if H , denotes the set obtained by subtracting 7,1
from each element of Hp. 1, the Euclldean distance of the vectors H, 1 and H* L is
at most \/¢. By (2.25) the Euclidean distance of H,, and H,, 1 on A, is also at most
/€. It follows that the distance of H,, and H; ;, is at most 2./« and thus Corollary 2.1
yields forany 0 < ¢ < 1

EX(Zi(t) — Z} (1)* < 4e on A, forn > ny, (2.27)

where Z3(¢) and Z* , (t) (0 < t < 1) denote the partial sum processes of random
elements sampled (w1th or without replacement) from 7, resp. H , . Note also that
Z;j ~ jas.and Z;‘ ~ j a.s. by the strong law of large numbers and thus letting
RL (t) denote the analogue of R(¢) in Corollaries 1.1 and 1.2 when the infinite sums
are replaced by their Lth partial sums, we have by 0 < o < 2

Ez(RL() = R0’ = O D (2" +(Z)7*) | =or(1) as. (228)
j=L+1

By (2.27), (2.28) and the Markov inequality, the Lévy distance Lx of the conditional
distributions of Z*(¢) and Z;:,L(t) relative to X is < 2¢/3 on A, for n > ng and the
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476 1. Berkes et al.

Lévy distance Lz of the conditional distributions of R(¢) and Ry (¢) relative to Z is
or (1) a.s. for any fixed 0 <t < 1. Since ¢ > 0 was arbitrary, it suffices to prove that
given any integer L > 1, Corollaries 1.1 and 1.2 hold with Z;(¢) replaced by Z;; ; (1)
and R(t) replaced by R (¢).

Fix L > 1. By (2.22) and the Skorokhod—Dudley—Wichura theorem (see e.g. [19]),
on a suitable probability space one can redefine the vectors X = (X Lns s Xnon)s
n =1,2,..., without changing their distributions, together with a sequence 11, nT,
n2, 15 . .. of independent exp(1) random variables such that the convergence in dis-
tribution in relation (2.22) can be replaced by a.s. convergence. Define X after the
redefinition as X = (X(l) XA .). Clearly, this redefinition does not change the dis-
tribution of the r.v. on the left hand side of (1.17). Since after the redefinition the first
and last L elements of H, converge a.s. to finite limits, the average 1, 1 of H,, 1,
satisfies |1, .| = O(1/n) a.s. Thus the set H;L satisfies conditions (1.7) and (1.8)
with probability 1, with limiting numbers

b= =Mz M ez, L,

where M is defined by (1.18) and all the other y;, z; are equal to 0. Also, since the
elements of the set HZ’ ; with indices L + 1 < j < n — L are equal to —nj,, the
sum of the squares of these elements is at most nnﬁy ;. = o(1) a.s. and thus condition
(1.9) is also satisfied a.s. Applying Theorems 1.1 and 1.2 for the set H; ; completes

the proof. O
Proof of Corollary 1.3 Let X1, < X2, < --- < Xp , be the order statistics of the
sample (X, ..., X,) and let My ,, M2, ..., M, , be the elements of the sample
(X1, ..., Xy) arranged in decreasing order of absolute value. Since 1 — F () 4+ F (—t)

is slowly varying, Theorem 2.3 in Maller and Resnick [17] implies that

P
M2,n/M1,n — 0.

Consequently, for any fixed integer K > 1 and n — 0o we have

1
Ml,n

(Xl,nvu-vXK,n» Xn—K+1,ns~~’Xn,n)
L (U > p).0.....0.{U < p})

where U is a uniform random variable on the unit interval (0, 1) and / denotes indicator
function. The last relation implies

Xl,n XZ,n XK,n Xn—K—H,n Xn,n
Tn 9 Tn EARAR AR Tn 9 Tn EARAR AR ] Tn
L (~I{U > p}.0,...,0, I{U < p}). (2.29)

By the Skorokhod-Dudley-Wichura theorem the vectors in (2.29) can be redefined such
that we get almost sure convergence. By Theorem 2.3 in Maller and Resnick [17] the
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partial sums S, = > }_; Xy satisfy S,/ M , o and consequently X,/ T, L 0.
The proof can now be completed as in the case of Corollary 1.1. O

Proof of Corollary 1.4 Let W be the function defined before the formulation of Cor-

ollary 1.4 and let F -y = sup{t : F(t) < z} be the inverse of the distribution
function F of X;. Clearly

F i@ ==2"=—27'w(@) forze*27%D) k>2
and by the symmetry of the distribution of X
F_l(x) =(1- x)_llll(l —x) forl/2 <x <1
at points of continuity of F. We also have \11(2”‘ T) = \Il(x) for all k € Z. Let, as in

the formulation of the Corollary, Z; = ny +---+nj, Z% =nj +--- + n where
N1, N2, ...and nT, n;‘, ...are 1ndependent sequences of i.1. d exp(1) random varlables

and put
Z.
xt =F (=), 1<j<n
J: Zn+1
Let further X, < ... < X, be the ordered sample of X1, ..., X,. As is well
known (see e.g. [16]), the vectors (X1, ..., Xnn) and (X1 e ...,Xj:,n) have the

same distribution. Now

_ Z Zni Zy
wer () =S ()
Zn+1 Z, Znt1

provided Z;/Z,+1 < 1/2 which holds for any fixed w if n > ng(w). By the strong
law of large numbers Z,1/n — 1 a.s. whence it follows

Tn= —Z—\If (Z ) (1+o0(1)) as. (2.30)

and similarly, for every fixed w for n > no(w)

-1
X:n:F](Zn)z(l_ Zn) \IJ<1— Zn)zzn+lq](n)1+l)
’ Zyti Zyi1 Zyt1 NMn+1 Zyt1
n

="y ('7”“) (14 0(1)) as. 2.31)
Nn+1

Since Z; = n; and 75,41 are independent, relations (2.30) and (2.31) show that
—X7 ,/n and Xn /N are asymptotically independent and equidistributed; the same
holds for the vectors ——(X ) and 1 (X
K >1asn — oo.

X, ») for any fixed

ln>--- n—K+1,n> ">
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Now along the subsequence n = n; = |c2¥] for some constant 1 < ¢ < 2 we
obtain, using (2.30) and U2k z) = U(x),

k
1 Z
“Lme - ——W (—1) a.s.
i 7y c

Similar formulas apply for X}f’nk /ny for any fixed j > 1 and also for the variables

;l"k_ j +1’nk/ nj on the other end for any fixed j; in the latter case, Z; should be
replaced by Z* and a.s. convergence by convergence in distribution. Thus letting
T, = maxi<;<p |X | and using the asymptotic independence of the ordered sample

elements at the two ends of the sample, we get for any fixed K > 1

1
_(Xl,nk5"~7XK,l’lkvX}’lk*K*l’],nk?""Xnk,nk)
Ty,
z 4 Zy zZ;
oo [ v(®) () v(F) v (@)
s T S s e T 5 g ey N (2.32)
M Z Zx 7 Z
where

W (Z/c) V(Zf/c)
z, 'z

M = max

Observing also that X,,/ T}, LN 0, the proof can be completed exactly as in the case
of Corollary 1.1. O
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