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Abstract

In many applications Monte Carlo (MC) sequences or Quasi-Monte Carlo (QMC) se-
quences are used for numerical integration. In moderate dimensions the QMC method
typically yield better results, but its performance significantly falls off in quality if the
dimension increases. One class of randomized QMC sequences, which try to combine the
advantages of MC and QMC, are so-called mixed sequences, which are constructed by
concatenating a d-dimensional QMC sequence and an s — d-dimensional MC sequence to
obtain a sequence in dimension s. Okten, Tuffin and Burago proved probabilistic asymp-
totic bounds for the discrepancy of mixed sequences, which were refined by Gnewuch.
In this paper we use an interval partitioning technique to obtain improved probabilistic
bounds for the discrepancy of mixed sequences. By comparing them with lower bounds
we show that our results are almost optimal.

1 Introduction and statement of results

A common notion to measure the regularity of point distributions is the so-called star dis-
crepancy. Roughly speaking, the star discrepancy compares the relative number of elements
of a point set, which are contained in an axis-parallel box, to the volume of this box, and
finally takes the maximal deviation over all possible boxes. The Quasi-Monte Carlo method
for numerical integration is based on the fact that the difference of the integral of a function
and the arithmetic mean of the function values at certain sampling points can be estimated
by the product of the variation of this function and the discrepancy of the set of sampling
points. Therefore point sets having a small star discrepancy can serve as a tool for numerical
integration, a method which is frequently used for the evaluation of high-dimensional integrals
in applied mathematics. Many constructions of low-discrepancy point sets only provide good
bounds for the discrepancy if the number of points is large (in comparison with the dimen-
sion). This led to the development of the so-called randomized Quasi-Monte Carlo method,
which tries to combine the advantages of the (deterministic) Quasi-Monte Carlo method and
the advantages of the (random) Monte Carlo method. For an introduction to discrepancy
theory and its applications in numerical mathematics we refer the reader to the books of Dick
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and Pillichshammer [4], Drmota and Tichy [5], Kuipers and Niederreiter [13] and Glasserman
[6].

To formulate our results in a precise way we need some notation. We write (56(1), e ,x(s))
for the coordinates of a point = € [0,1]*. We write z < y if 2@ < y(i) for 1 <i<s We
write 0 and 1 for the points (0,...,0) and (1,...,1) in [0,1]*. For a € [0,1]® we define an
s-dimensional interval [0, a] as the set {z € [0,1]° : 0 < x < a} (which is an s-dimensional
axis-parallel box).

Let (z1,...,2n) be a sequence of points in the s-dimensional unit cube. The star discrepancy
Dy, of (z1,...,xyN) is defined as

N
1
Dy(x1,...,xN) = sup |— Tig.a(zn) — A([0,a])] .
Vo) = sup |5 Lo = A(0.a)

Here and in the sequel A denotes the Lebesgue measure. For simplicity we write D} (xr,)
instead of D} (z1,...,zN). If (x,),>1 is an infinite sequence, we write D} (xy,) for the dis-
crepancy of the first N elements of (z,)n>1.

The importance of discrepancy theory in numerical mathematics is based on the Koksma-
Hlawka inequality, which states that for a sequence (x1,...,zxN) of points in [0,1]® and a
function f having total variation Var f on [0,1]® (in the sense of Hardy and Krause)

N 1
N 2 o) = [ )

=1

< Dy(xy,) - Var f.

There exist many constructions of so-called low-discrepancy sequences, i.e. sequences (2, )n>1
for which
Dy (z,) < (log N)*N~! as N — oo (1)

(this should be compared with a result of Roth [21] which states that every infinite sequence
of points from [0,1]° has discrepancy > (log N)*/2N~! for infinitely many N; this has been
slightly improved by Beck [2] and Bilyk, Lacey and Vagharshakyan [3], but the precise mini-
mal asymptotic order of the discrepancy is still an open problem). Sequences of this type are
only of practical use if the number of sampling points N is “large” in comparison with the di-
mension s; in particular the right-hand side of (1) is increasing for N < e®. On the other hand,
the so-called Monte Carlo method (which uses i.i.d. randomly generated points instead of de-
terministic points) gives an probabilistic bound of asymptotical order N —1/2 independently of
the dimension. This led to the development of randomized QMC integration schemes, which
try to combine the advantages of (random) MC and (deterministic) QMC. There exist several
methods for “randomizing” QMC rules; see for example Hickernell [11], Matousek [15], Owen
[19] and L’Ecuyer and Lemieux [14]. In this paper we consider s-dimensional sequences which
are constructed by concatenating the coordinates of a d-dimensional QMC sequence and an
s — d-dimensional MC sequence. Sequences of this type are called “mixed” sequences, and
have been investigated e.g. by Spanier [22], Okten [16][17] and Rosca [20].

Let (¢n)n>1 be a d-dimensional QMC sequence, and let (X,,),,>1 be a sequence of i.i.d. random
variables having uniform distribution on [0,1]*~%. We write (,,),>1 for the sequence which



consists of the points z;,, = (Gn, Xpn), le. x, = (qﬁll),...,q,(ld),Xy(Ll),...,X,(f*d)) for n >
1. Okten, Tuffin and Burago [18] showed that for such a sequence, under the additional
assumption D3} (gn) — 0, for arbitrary ¢ > 0

for sufficiently large N (in [18, Theorem 5] the exponent —2¢2N appears, but as Gnewuch [9]
remarks, the proof only gives —¢2N/2). Their paper contains no information on the size of
the values of N for which (2) holds. Gnewuch [9] showed that

P (Di(2n) < Di(gn) +€) > 1= 2N (s,8/2)e = 2, 3)

where N (d, §) is defined as the smallest number M for which there exists a set I' of M points
in [0,1]® such that for all y € [0,1]® there exist z,2z € T' U {0} such that z < y < z and
A([0, 2]) = A([0,x]) < 6 (the set T is called a §-cover of [0,1]*, and the number N the covering
number). By [7, Theorem 1.15]

N(s,8) < (2e)*(6~ +1)%,
and therefore (3) implies
P (D% (zn) < Di(qn) +2) > 1 — 2(2)°(2/e + 1)%e = N/2, )

In dimension s = 2 Gnewuch [8] proved a stronger upper bound for covering numbers, and
conjectured that in all dimensions

N(s,8) < 2575 + 0,(67%).

(where o5 means that the implied constant may depend on s). This would lead to an im-
provement of (4).

We will also need the notion of d-bracketing covers: Let § € (0,1]. A finite set A of pairs
of points from [0, 1]® is called a d-bracketing cover of [0, 1]%, if for every pair (z,z) € A the
estimate A([0,z]) — A([0,z]) < § holds, and if for every y € [0,1]° there exists a pair (z, 2)
from A such that x < y < z. The number ./\/'[ 1(s,6), which is called the bracketing number,
denotes the smallest cardinality of a d-bracketing cover of [0, 1]*. By [7, Theorem 1.15]

Nii(s,6) < 227 Les (67 + 1),

Gnewuch’s result (3) has the advantage of being valid for all N > 1. However, (2) is asymp-
totically stronger than (3) (as IV increases, for fixed ). On the one hand, the purpose of this
paper is to show an improved version of (2), which is almost optimal. On the other hand, we
want to show that the factor e~* in (3) and (4), which essentially comes from the necessity
to discretize the discrepancy with respect to a grid of precision &, is not necessary and can
be replaced by ~° for an appropriate constant . This might be surprising at first sight:
the impact of the necessity to discretize the discrepancy with respect to a certain (possibly
extremely close-meshed) grid does not depend on the accuracy of this grid.

More precisely, we will prove the following theorem:



Theorem 1 Let (¢,)n>1 be a d-dimensional sequence, and let (X,)n>1 be a sequence of i.i.d.
random variables having uniform distribution on [0,1]*~%. Let (x,)n>1 denote the mized
sequence which consists of the points x, = (qn,Xpn). Then for every n > 0 there exists a
constant v = ~(n) such that for every e > 0

P (D (xn) < 2Dk (gn) + ) > 1 — 4o 207N, 5

In (5) we can choose
v = e [41082(3/n)+2logy 7] (6)

As a direct consequence of Theorem 1 we obtain the following corollary, which is an improve-
ment of the result of Okten, Tuffin and Burago (2).

Corollary 1 Assume that D} (gn) — 0, and let n > 0 be given. Then for arbitrary € > 0
P (D% (z,) <) > 1— e 21N
for sufficiently large N.

Proof of Corollary 1: Let n > 0 be given, and let 7 be so small that (1 — %)% > 1 — 5. Since
D3, (gn) — 0 we have D3 (gn) < ne/2 for sufficiently large N. Thus by Theorem 1

P(Dy(zn) <€) > P(Dy(zn) <2DN(gn) + (1 = 7)e)
1 — y(ij)se 2= (A=D2)*N
> 1-— 6—2(1—7))52N

v

for sufficiently large IN. This proves the corollary. O

Remark 1: Theorem 1 and Gnewuch’s result (3) both give probability zero for ¢ < s1/2N-1/2,
It is clear that a result like Theorem 1 can not give a positive probability for all possible
d>1, s >dand e > 0, since this would imply (by choosing d = 1 and (¢1, ..., qx) such that
D} (gn) = 1/N) the existence of an s-dimensional sequence (z1,...,zy) with discrepancy
< 2/N + ¢ for arbitrary s and N, which is in conflict with Roth’s result. In fact the bound
sl/2N—1/2 might be crucial: it is know that for all N > 1 and s > 1 there exists an N-element
sequence having discrepancy < 10s'/2N~1/2 but it is unknown how far this upper bound is
from optimality. For more information we refer to [1], [10] and [12].

Remark 2: Gnewuch [9, Remark 3.4] showed that in every bound of the form
P(Djy(#n) < Div(gn) +€) 2 1= f(s,)e™= 2

the function f(s,e) has to grow at least exponentially in s (this follows from a general result
of Heinrich, Novak, Wasilkowski and WozZniakowski [10]). Using exactly the same argument
it can be easily shown that every function f(s) replacing the factor v* in our Theorem 1 (for
some fixed 1) has to grow at least exponentially in s. Thus the only possible improvement of
Theorem 1 with respect to s is a reduction of the base v of the term ~°.



Remark 3: For any dimensions d > 1 and s > d it is impossible to find constants n > 0 and
~ > 0 such that for arbitrary e > 0

P (D% (zn) < 2D%(qn) +€) > 1 — 45 204me*N

for sufficiently large N. Thus the exponent 2(1 — 7)e2N in Theorem 1 can not be improved
to 2(1 +n)e2N (a proof of this remark will be given at the end of this paper).

Remark 4: Our corollary shows that it is possible to obtain an asymptotic order of e~ 2(1-me*N
(for € fixed, as N — o0) for arbitrarily small n > 0. However, as 7 gets smaller the necessary
value of the constant « in (5) and (6) increases , and in particular v — oo as n — 0. We are
not able to decide whether it is possible to improve Theorem 1 to

P (Di(zn) < 2Dk (gn) + ) > 1 — 4% %N

for some constant . Summarizing these results, we know for every n > 0 that an asymptotic

2p . . 2N . . . .. 2
order of e 2(=M"N ig possible and e 204" N ig impossible, while the “critical” case e =26V
remains open.

Remark 5: There are two differences between Theorem 1 and Gnewuch’s result (3). On the
one hand, our bound for the discrepancy is 2D%;(gn)+¢ instead of D} (¢, )+¢. The additional
term D7} (gn) comes from the interval partitioning method which is used in our proof, and it
seems that this extra term can not be avoided. In applications this should not cause problems,
since the deterministic sequence (¢, )1<n<n is chosen in such a way that D% (gy,) is very small,
whereas € can not be arbitrarily small (see Remark 1). On the other hand, we can avoid the
factor e7° from Gnewuch’s result, which can have a significant contribution particularly for
large values of s.

2 Preliminaries

We will use Hoeffding’s inequality and Bernstein’s inequality, two classical inequalities from
probability theory.

Hoeffding’s inequality: For Zi,...,Zxy being independent random variables, satisfying
a<|Z, <ba.s. forsomea<b, b—a<l,

‘

Bernstein’s inequality: For Zi,...,Zy being independent random variables, satisfying
|Z, —EZ,| <1 as.,

N
> (Zn—EZy)
n=1

> t) < 2e72

N 2
t
P(Z(Zn—ﬂ-zzn) >t> <2exp | — =
= 2 (LN EZ) +2t/3

The following lemma will be needed for the proof of Remark 3:



Lemma 1 Let (Z,)n>1 be independent, fair Bernoulli random variables. Let n > 0 be given.
Then there exists an €9 = €o(n) such that for every fized € € (0,e¢9) for all sufficiently large
N

N

n=1

Proof: To simplify notations we assume w.l.o.g. that eN is an integer. Let n be given, and

set
N

n=1

By Taylor’s formula we have for sufficiently small €
log(1/2 +¢) > log1/2 + 2¢ — (1 + n)e?

and
log(1/2 —¢) >log1/2 — 2 — (1 + )&

By Stirling’s formula for sufficiently large N
L7 I S
N/2+eN) = 2V2rN(N/2+eN)N/2+eN)(N/2 — eN)(N/2=eN)

o\ IV NN
> ()
a (N/2 + eN)N/2H+eN) (N /2 — eN)(N/2=N)
and therefore, also for sufficiently large N,

1/N
N /

N\ 1
1/N __
S P </<:>2_N

k=N/2+4eN

N 1 1/N
> _
> ((wsen)ov)
NN

> 677752 1/N
N (N/2 4 eN)N/24eN) (N /2 — e N )(N/2=eN) QN

o ! )
(1/2 +e)(1/242)(1/2 — £)(1/2-2)2
> e exp ( —(1/2+¢e)log(1/2 +¢) — (1/2 —¢)log(1/2 — €) — log 2)

> ¢ exp (— (1/2+¢)(10g 1/2 + 26 = (1 + 7)e?)
—(1/2 — €)(log 1/2 — 2 — (1 +1)e2) — log 2)
= ¢ exp ( -2+ 77)€2>.
Thus for sufficiently large N

pzexp(—2(1—|—?7)62N). O



3 Proof of Theorem 1

We use a refined version of the dyadic partitioning technique in [1]. Let N > 1,6 > 0,7 > 0
and a parameter p > 10 be given (u will be chosen as a function of 7, see equation (26)
below). For simplicity we assume that p is an integer.

Let (gn)n>1 be a d-dimensional sequence, and write D for the (d-dimensional) star discrep-
ancy of (gn)i<n<n. Let Xi,..., Xn be iid. random variables defined on some probability
space (£, A,P), having uniform distribution on [0, 1]*~%, and write (z,,)1<n<n for the mixed
sequence which consists of the s-dimensional points x,, = (g, X;,). We will use the estimate

(2¢)% (2% + 1) < k=D, (7)

which holds for all k£ > u (since we assumed g > 10, and since of course s > 2).

Assume now that

e>27H (8)
and let T be a 272/-cover of [0, 1]* for which
2us
#F < (26)3(22u + 1)3 < 6(2u—1)s < 67

Then, using Gnewuch’s method from [9] and Hoeffding’s inequality we can easily show that

P (Di(zn) < D+e+272) > 1-2e 2N (#T)

> 1-— 62use—252N,
which by (8) implies
P (Diy(xn) < D4+ e271) > 1 — 25 2N, (9)
For the rest of the proof we assume that instead of (8)
e<2H (10)
holds (which is the much more difficult case). Additionally we assume that

N
NoIE (11)

(this additional assumption will be dropped later). Let

>

K =K(e):= min{k >1: 27k2p71/2 ga}.

Then
2—K/2K—1/2 S c S 2 . 2_K/2K_1/2, (12)

and g > 10 implies
K> up+15 > 25. (13)

By (12) and (13) we have 27X > £2. Thus by (10) and (11)

K <logy(e7%) <logy(2N/sp) < logy(N/10) < 2NV < 32N < 2712 N, (14)



For u < k < K — 1 let T'y be a 27 *-cover of [0,1]*, for which

#T < (2€)° (2% +1)°. (15)
Let Ak denote a 2~ -bracketing cover of [0, 1]* for which

#Ax < (20)°(2F +1)°. (16)

Such sets I'y, and A exist by a result of Gnewuch [7, Theorem 1.15]. For notational conve-
nience we also define

'k ={z€]0,1°: (z,y) € Ak for some y € [0,1]°}

and
T = {y € [0.1)°: (2,y) € A for some @ € [0,1)°}

For every z € [0, 1]® there exists a pair (px,px+1) = (px(z), pr+1(2)) for which (px,pri1) €
Ak such that px <z < pg41 and

MO, prca) = A0 i) < 5 (17)

For every z € [0,1]° and k = K, K — 1,...,u+ 1 we can recursively determine points py_1 =
pr—1(z) € T'p—1 U {0}, such that pr_1(z) < pi(z) and

A[0:24]) = M0, pi) < 55
For notational convenience we also define
Pu—1 = 0.
We define for z,y € [0, 1]

[0,y\[0,2] ifz#0
[0, 9] if £ =0, y#0.
0 ifx=y=0.

[x’y] =

Then the sets

Ii(z) == [pe(7), pra1(2)], p—-1<k<K,

are disjoint, we have
1

K- K
U L@ clozc | ),

k=p—1 k 1

and for all z,y € [0,1]°

[y

K

k=p—1 k=p—1

For p—1 <k < K we write Ay, for the set of all sets of the form I (z), where x can take any
possible value from [0,1]*. Then by (7), (15) and (16), Ay contains at most

#ppq < (19)



clements. All elements of Ay, where i < k < K, have Lebesgue measure bounded by 27*.
The elements of A,_1 can have Lebesgue measure between 0 and 1.

For any k € {u,..., K + 1} we will represent the numbers p € I'y in the form (ug,vy), where
ug € [0,1]% and vy, € [0,1]*~¢, such that p;, has the coordinates (ulgl), .. ,ulgd),vlgl), ... ,vlgs_d)).
We write Uy and Vi for the intervals [0, ux] and [0,vg], and (Ug, Vi) for the sets Uy x Vj, =
[0, p]. Every x € [0,1]® uniquely determines points py € T'y, 1 < k < K + 1, and hence the

according values of I, ug, vk, U, Vi are also uniquely defined.

For two sets I,_1 € Ax_1 and I € Ay we write I_1 < I} if there exists an z € [0,1]® such
that Iy = Ix(z) and Iy = Ip_1(x). For every I € Ag, p < k < K there exists exactly
one element [, of Ax_q for which Ip_1 < I. Every I} € A, u < k < K uniquely deter-
mines sets I,,_1,...,Ip_ysuch that I, 1 <--- < I;_1 < I. Whenever I, is fixed we will write
I, 1 ...,I)_ for these sets, which are uniquely determined, and p;, u;, v, U, Vi, p <1< k—1
for the according values, which are also uniquely determined.

Every I, € A, p <k < K, is of the form

(Uk+1, Ver )\ Uk, Vi) = ((Ug41\Uk) X Vir1) U (Uk, X (Vier1\Vi))-

Every I,_1 € A,_1 is of the form [0,p,] = (Uy, V,.).

Px+1

Pk

p,u+1

Py

Vy+l

Figure 1: An illustration of our construction in the case d = 1, s = 2. A point z € [0, 1]
is given and determines points py,pu+1,...,Px+1 and sets I, 1 < I, < -+ < Ig. For
exemplification we have also marked the sets U, and V), ;1. Every set I, p < k < K, is of
the form (Uk41, Vi) \(Uk, Vi) = ((Uk41\Uk) X Vi) U (Uk X (Vi1 \Vio))-



Step by step we construct a function S(I) for intervals I from A,_1,..., Ak, such that for
every I the function value S(I) is a subset of {1,..., N} (we explain the necessity of this
function S in the footnote!).

Firstly, let I,—1 € A,—1. Then I,,_; is of the form (U,,V,), and we can find [NA(U,) — ND]
indices n from {1,...,N} for which ¢, € U,. This is possible since the discrepancy of
(gn)1<n<n is bounded by D, and hence the interval U, of Lebesgue measure A(U,) contains
at least [NA(U,) — ND] points of (¢,)i1<n<n. Denote this set of indices by S(I,,).

In the next step let 1, denote an element of A,. Then I, is of the form (U, V,,)\I,—1, where
I, 1€ A,_1and I,y <1, Wecan find |[NA(U,+1\U,)| indices n which are not contained
in S(I,—1) but for which ¢, € U,y1. We write S(I,41) for this set of indices.

Generally, assume that the function S is defined for all intervals in Ay, for k = u—1, u, ..., m for
some m. Let I, 11 denote an element of A,,41. Then I,,, 11 is of the form (Up, 42, Vinyo)\({u—1U
I,U---Ul,), where I, € Ay for k =p—1,...,mand I, 1 < -+ < L, < Ipy1. We can
find [NA(Um+2\Umn+1)] indices n which are not contained in Uy, ; S(Ix), but for which
Gn € Upmy2. We write S(Igy1) for this set of indices.

Proceeding in this way we define the function S for all elements of A,_1,..., Ag.

Additionally we define for every I, € A, u < k < K,
R(Iy) =S(y—1)U---USUk-1),

where [, 1 < -+ < Ij.

Then
K—1 K—1
# |J S) = [NMUL) = ND1+ > [INAUg1\Us)]
k=p—1 k=up
K—1
> NA| {J Ueni\U | = ND = (K — p)
k=p

= NAUk)—-ND — (K —p)

v

N
> Mue(gn) —2ND — (K — p),
n=1

and accordingly

K N
i U S(Ik) > Z]IUK+1(Qn)_2ND_(K+1_M)'
k=p—1 n=1

LQur proof is based on the decomposition of the unit cube into parts, and the fact that an arbitrary
interval can be written as an union of sets of quickly decreasing Lebesgue measure. However, in our situation
this method can only be directly applied if the number of elements of (gn)i1<n<n in a subset U of [0,1]%
is & A(U)N. Unfortunately, this is not necessarily the case: the sets U we consider can be written in the
form UT\U™~ for some axis-parallel boxes UT and U~. Thus, if the discrepancy D of (g,)1<n<n is large in
comparison with A(U), the number of elements of (gn)i1<n<n, which are contained in U (which can be any
number from [NA(U)—2ND, NA(U)+2N D)) can be much larger than NA(U) (and this may hold not only for
one, but for several of the sets which we need in our decomposition!). To solve this problem, we distribute the
indices {1,..., N} to the sets in our decomposition in an appropriate regular way, instead of assigning them
directly to the sets to which they actually belong.

10



Thus

N
Z ]I[O,m](xn)
n=1
N
> D Mo (@n)
n=1
N
= > Ty (gn) - Lue (X)
n=1
K-1 N
= Z ]lUu(Qn) ' ]qu(Xn) + Z Z (]lU,C_H\U,C (Qn) ' ]le+1(Xn) + ]]‘Uk (Qn) : ]lvk_H\Vk (Xn))
k=p n=1
K-1
> Z ]lV;L(Xn) + Z Z ]lvlc+1 Z 1Vk+1\Vk n) (20)
neS(Iu-1) k=p \neS(Iy) neR(Iy)
and
N
> g (an)
n=1
N
< Z ]lUK+1(Q7l) : ]IVK+1(X77«)
n=1
< > Lo pre)(@n) | +2ND + (K +1 - p)

neUE:,u,fl S(Ik)

K
Z ]qu(Xn)‘FZ Z Ly, (X Z ]le+1\Vk n)

nes(Iy-1) k=p \nesS(ly) neR(Iy)
+OND + (K +1— p). (21)

IN

Let I,_1 € A,—1 and define

Z=7ZI1)= > 1y (X))
neS(lu-1)

Then by Hoeffding’s inequality
P(|Z —EZ| > eN) < 2¢~2°N. (22)

Now assume that I, € Ay for some k, p < k < K. Then the random variable

Z:Z(Ik) = Z ]le+1 Z ]le+1\Vk )

nES(Ik) neR Ik,)

(which is a sum of independent random variables) has expected value

YAV + D AVipr\Va)

neS(ly) nER(Iy)

11



and variance

Do AV = AVir)) + Y AV \Vi) (1 = A(Vis1\ Vi)

neS(Iy) neR(L)

< D AV DL AVen\W)
neS(Iy) neR(Iy)

< AVigr) - #STk) + A(Vig1\Vi) - #R(1)

< NAUk+1\Up)A(Vi11) + NA(U) A(Vier1\ Vi)

= NA(Ix)

< N27F

We apply Bernstein’s inequality and obtain for ¢ > 0

2
P(lZ-EZ| >t) <2 —_—— .
( |>1) < eXp( 2—k+1N+2t/3>
If we let
_ 6kY2eN
T 5.9k/2 7
then by (12) we have
2t/3 < 24N
~ 15-2k7

and therefore

36ke2 N
P(|Z-EZ|>t) < 2 B N
( >t < eXp( 25(2+24/15)>

26—%521\//5_

Let
Bu-1= U (1Z2(Iy—1) —EZ(Iy—1| > eN)
IEA#,1

Then by (19) and (22) we have
P(B,_1) < 2e 2" N/5chs,
For p < k < K define

6/<:1/25N>

B.= | <’Z(Ik) —EZ(I;)| > R
I]geAk;

Then by (19) and (24), and since >N > us/2 > 5s,

K K K
Z]P’(Bk) < Z 2672]“52]\7/56’?3 < Z 26*1662]\7/5 < 367u€2N/5 < 367252N.
k=p k=p k=un

Overall we have

K
2 2 2
P U Bk S 36—25 N + 26—25 NGSMS S 36—26 Neusl
k=p—1

12

(23)

(24)



Thus by (12), (14), (17) and (21) we have with probability at least 1 — 32" Neis for all
xz € [0,1]°

N
Z]I[O,a:](xn)
n=1
K
< Z ]qu(X")+Z Z ]le+1 Z ]le+1\Vk n)
n€S(Tn1) k=n \neS(ly) neR(Iy)

+2ND + (K +1—p)

K
E Z ]lV#(Xn)"'Z Z Ly, (X, Z ]]'Vk+1\vk n)

<
nES(I ,1) k=p \nesS Ik:) nER(Ik)
6L1/2 P
+eN 1+Z 75 +2ND +27#2:N
K
= E > Ty (Xn) | +eN [ 1427424 ) " ag!/?27%2 | + 2N D
neUr—,_1 S k=p
) K grl/2
< NX([0,pgs1]) +eN [ 1427 +Z i | T2ND (K +1-p)
X P K grl/2
< NA[0,2]) + N2 K 4N [ 14274 +ZW +2ND)
k=p
1/26—K/2 2 - k1/2
< NX[0,z]) +eN | 1+ K227 K/2 4 9=/ +Z i | T2ND
%,_/

§5“1/227,u/2

< NX([0,2]) +eN (14—7”1/22*#/2) LaND

Similarly by (12), (14), (17) and (20) we have with probability at least 1 — 3e72"Neks for all
x € [0,1]

N
> Lpai(@a) > NA(0.x]) —eN (1+7u227/2) —2ND.

Therefore we have, with probability at least 1 — 3e—2"N ers,

Di(zn) < 2D+¢ <1 + 7M1/22*ﬂ/2) . (25)

This holds under assumptions (10) and (11). Now it is easy to see that (25) also holds without
assuming (11), since in this case 1 — 3¢ 2=°Ne#s < 0 (cf. Remark 1). Comparing this result

13



with (9), which holds under assumption (8) we see that (25) holds with probability greater

than or equal to
1— 67262N62,us_

Now let 1 be given. Set
= [4logy(3/n) + 2log, 7] (26)

and
7 =(n) = 2 = ¥ [41og2(3/n)+2log, T

Then p > 10. Some calculations show that for y € (0, 1]

V4logy(3/y) +2logy 7 <

< |~

and consequently

-2
<1 + 7\/410g,(3/y) + 2logy 7 - 2~ (41082(3/y)+2log 7)/2)

(1+74yy/97 n
(L+y/2)7"
1—y. (27)

Thus by (25) and (27) for ¢ > 0

AVAR VARV

-2
P(Dy(zn) > D+¢e) < e exp <—252N <1 + 7M1/22_W2> )

< 756—2(1—77)52N7

which proves the theorem. O

In conclusion we prove Remark 3 on the asymptotic optimality of the probability estimate

1— ,Y(n)se—Q(l—n)e2N.

We show that this lower bound can not be replaced by

1 7(77)56—2(1+n)a21\f

for any positive 7, no matter how large the constant v(n) is chosen. More precisely, let d > 1,
s > d and n > 0 be given, and assume that it is possible to find a constant + such that for
every sequence (gn)n>1 and every € > 0 for sufficiently large N

P (Dy(xn) <2DN(gn) +€) > 1 — 2 N(+) (28)

Chose 7 so small that
(1+7)* < (1+n), (29)

and let (¢5)n>1 be a d-dimensional sequence for which D3 (¢g,) — 0. Write I for the indicator
of the s-dimensional box of the form [0,1]¢ x [0,2!/(*=9)]. Then I has Lebesgue measure 1/2.
Let X,,, n > 1 be ii.d. random variables having uniform distribution on [0, 1]*~¢, and write

14



(n)n>1 for the mixed sequence. Then xz,, € I if and only if X,, € [0, 21/(5_d)]. The random
variables

Lr(zn) = L 91/-a))(Xn)

are independent, fair Bernoulli random variables. Thus, if € is chosen appropriately small, we
have by Lemma 1

N
N ) - )
P <kz—1 Li(an) 2 5 + 1+ 77)€N> > e 2N

for sufficiently large N. Since D} (g,,) — 0, this implies

P (Di(xn) > 2Dk (qn) +) > e 2 N0+’ (30)

for sufficiently large N. By (29)

e—2e” N (1+4)?

N
and hence (30) implies
P (D (2n) < 2Dy (gn) +&) < 1 — A% 25N

for sufficiently large IV, which is a contradiction to (28).
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