PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY
Volume 00, Number 0, Pages 000-000

S 0002-9939(XX)0000-0

LIPSCHITZ CLASS, NARROW CLASS, AND COUNTING
LATTICE POINTS

MARTIN WIDMER

(Communicated by Matthew A. Papanikolas)

ABSTRACT. A well known principle says that the number of lattice points in
a bounded subsets S of Euclidean space is about the ratio of the volume and
the lattice determinant, subject to some relatively mild conditions on S. In
the literature one finds two different types of such conditions; one asserts the
Lipschitz parameterizability of the boundary 0.5, and the other one is based on
intersection properties of lines with S and its projections to linear subspaces.
‘We compare these conditions and address a question, which we answer in some
special cases. Then we give some simple upper bounds on the number of lattice
points in a convex set, and finally, we apply these results to obtain estimates for
the number of rational points of bounded height on certain projective varieties.

1. INTRODUCTION

The counting of lattice points in a given bounded subset of the Euclidean space
R™ is an important issue in many parts of number theory and other branches of
mathematics. If the set, say S, behaves nicely then the ratio Vol(S)/det A of the
volume and the lattice determinant is a good estimate for the cardinality |S N A|.
In the literature there are two different approaches to formally define the term
“nicely”. The older one is associated with the name of Lipschitz. Roughly speaking
it says that the boundary 95 of S can be parameterized by a Lipschitz map with a
reasonably small Lipschitz constant. The second approach goes back to Davenport
and was further developed by Schmidt. Here one has to control the diameter of S
and the number of connected components of the intersection of each line with S
and with all of its projections on linear subspaces. Both conditions yield similar
counting results and it is therefore natural to ask how they are related. Masser and
Vaaler [9] pointed out that the Lipschitz condition certainly does not imply the
Davenport condition but that the other implication possibly holds in some form.
One aim of this note is to render this “question” precise and to answer it in the
case where S is convex or when n = 2 and some extra conditions hold. The proof of
the first assertion rests on John’s Theorem for convex sets and simple planimetrical
arguments, the proof of the second assertion relies on results from integral geometry
such as Poincaré’s formula.
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Masser Vaaler [9], and the author [15], [13] have introduced Lipschitz heights
and adelic Lipschitz heights and proved general counting results regarding these.
This led to asymptotic estimates for the number of: algebraic points of fixed de-
gree and bounded Weil height in projective space [9], [13] and on linear varieties
[14], algebraic numbers of bounded Weil height satisfying certain subfield condi-
tions [16], and connected algebraic subgroups of the torus of bounded degree [9].
It is likely that further applications will follow. But to apply the general counting
results from [9], [15], [13] one needs to verify that certain balls, associated to the
distance functions of the heights, have Lipschitz parameterizable boundaries. In
many applications these balls are convex. Therefore it is convenient to have a gen-
eral result, such as Theorem 2.6, which proves the required assertion of Lipschitz
parameterizability in all of these cases.

Moreover, we prove an estimate for |S N A| when S is convex. Estimates of this
type are well known and follow immediately from a result of Blichfeldt, but we will
give another proof, again relying on John’s Theorem. Finally, we illustrate the use
of such estimates by an example on counting rational points on certain algebraic
varieties.

2. DEFINITIONS AND RESULTS

Throughout this article n denotes an integer with n > 2, M and s will always
stand for a positive integer while L will denote a non-negative real number. By a
lattice in R™ we mean the Z-span of n linearly independent vectors vy, ..., v, in R™.
The determinant of the lattice is then given by the modulus of the determinant of
the matrix whose columns are vy, ..., v,. For a vector x in R™ we write |x| for the
Euclidean length of x. We will use vector and point synonymously. For a point P
in R™ and a real R > 0 we write Bp(R) for the closed Euclidean ball with radius R
centered at P. The successive minima Ay, ..., A, of a lattice A in R™ are understood
in Minkowski’s sense with respect to the unit ball By(1), i.e., fori=1,....n

A = inf{\; Bo(A) N A contains ¢ linearly independent vectors}.

The following definition has its origin in a paper of Davenport [4], in which a count-
ing theorem for lattice points of Z™ was proved. Later Schmidt [12] p.347 adjusted
the definition to handle more general lattices, and finally Gao [5] p.14 slightly re-
fined Schmidt’s definition, replacing “compact” by “bounded and measurable”. The
definition in [5] is as follows.

Definition 2.1. A subset S of R” is called of narrow class s if
(a) S is bounded, measurable and intersects every line in at most s intervals or
single points.
(b) The same is true for any projection of S on any linear subspace of R™.
Note that a set of narrow class 1 is simply a bounded convex set, and that a

connected subset of R? is of narrow class s if it satisfies condition (a). The Lipschitz
approach requires the following condition.

Definition 2.2. We say that a set S is in Lip(n, M, L) (or of Lipschitz class
(n, M, L)) if S is a subset of R", and if there are M maps ¢1, ..., ¢ : [0,1]7 7 —
R™ satisfying a Lipschitz condition

(21) |¢Z(X) - ¢Z(Y)| < L‘X - Y| for X,y € [03 1]n717i = ]-7 "'7M7
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such that S is covered by the images of the maps ¢;.

We call L a Lipschitz constant for the maps ¢;. The following theorem was
proved by Schmidt; first in a simpler version ([12] Lemma 1) and then (see [5]
p.15.) in the stated form.

Theorem 2.3 (Schmidt). Let A be a lattice in R™ with successive minima Ay, ..., Ap.
Let S be a set in R™ of narrow class s and assume S C By(R). Then we have
Vol(.S) R

< EeE—
detA | =1 (n,5) oréliafn A\
For ¢ =0 the expression in the maximum is to be understood as 1. Moreover, one
can choose ci(n,s) = (s + %3”71)"

ISNA| -

Unfortunately, the author is not aware of any published reference for Theorem
2.3. Therefore we will not make use of it. However, an analogous result was
obtained in [15] (Theorem 5.4) when the boundary of the set lies in Lip(n, M, L).

Theorem 2.4. Let A be a lattice in R™ with successive minima Ay, ..., \,. Let S
be a bounded set in R™ such that the boundary 0S of S is in Lip(n, M, L). Then S
is measurable and moreover,
Vol(S) L

< M .
detA | — c2(n) 021?<Xn VY
For i = 0 the expression in the maximum is to be understood as 1. Furthermore,
one can choose ca(n) = n3n’/2.

ISNA| -

It is easy to see that there are sets, which are not of narrow class s for any
s, but which have a boundary of Lipschitz class (n, M, L); e.g. take the square
[0,1/7] x [0,1/7] in R? where the edge on the w-axis is replaced by the curve
(z,23sin(1/z)) for 0 < z < 1/7. On the other hand it has been pointed out in [9]
p-438 that narrow class possibly implies some type of Lipschitz class. We propose
the following question.

Question 2.5. Let S be a set in R™ of narrow class s, and assume S lies in a ball
of radius R. Does there exist a natural number M = M(n,s) and a real number
C = C(n, s) such that 0S5 is in Lip(n, M, CR)?

Now suppose s = 1, which is equivalent to S is convex and bounded. Then it is
rather easy to see that 95 is of Lipschitz class (n, 1, L) for some value of L, but it is
not so obvious that one can choose L = C'R with a constant C = C'(n). However,
we have the following affirmative answer on Question 2.5.

Theorem 2.6. If S is a set in R™ of narrow class 1, which lies in a ball of radius
R then 08 is in Lip(n,1,8n°/?R).

If S C Bp(R) is of narrow class s then one can try to find convex sets K7, ..., K
such that 0S is covered by the union of the boundaries JK;. In this case one
can apply Theorem 2.6 with the convex sets Bp(R) N K; to deduce S lies in
Lip(n, M, 8n5/2R). Unfortunately M can not be bounded in terms of s and n only,
e.g. consider a ball with many “equidistributed” little spikes on its surface.

For n = 2 we can apply Poincaré’s formula from integral geometry to answer
a variation of Question 2.5. In this note a curve means a continuous map ¢ :
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[0,1] — R2. We say the curve ¢ is simple if ¢ is injective on (0, 1), closed if
©(0) = ¢(1). Finally, we say the curve ¢ = (p1,92) is piecewise smooth if there
exist finitely many reals 0 = ty < --- < ty = 1 such that both components of ¢
have a continuous derivative on (¢;,¢;+1) and right-sided (left-sided) derivatives in
t; (ti+1) exist for all 0 < ¢ < N. We call the image ([0, 1]) the path of the curve
. Let 9 be the group of motions ¢ in the plane. Any ¢ € 91 has the form

d(x,y) = (xcosd —ysinf + a,xsin + ycosf + b),

where —0o0 < a < 00, —00 < b < 00, 0 < 6 < 27. So each motion is determined by
an element (a,b,0) of 3-space. This space together with the equivalence relation
(a,b,0) ~ (a,b,0 + 27k) (k € Z) is the space of the group of motions, also denoted
by 9t. The exterior product

dK =daAdbAdf

is the unique (up to a constant factor) left and right invariant 3-form on 9t and is
called the kinematic density (see [11], p.85 for a reference).

Definition 2.7. A subset S of R? is called of tight class s if the following two
conditions are fulfilled.

(I) The boundary 9S of S is the path of a simple, closed, piecewise smooth
curve.
(II) Let I'g be a line segment. Then the subset My of M defined by

|0S N ¢(To)| > 2s has measure zero, i.e., / dK =0.
Mo

Condition (I) implies that a set S of tight class s is connected, and that 9S has
measure zero. This in turn implies that S is measurable, but unlike a set of narrow
class s it may be unbounded. Now suppose S is of narrow class s. A “typical” line
[ intersects S in j < s intervals, whose endpoints are the only boundary points of
S on [. Of course it can happen that 9S NI contains more than 2s points, but it
seems likely that the set 91, of motions ¢ with [0S N ¢(1)| > 2s has measure zero.
We can now state our approach to Question 2.5 in dimension two.

Theorem 2.8. Let S in R? be a set of tight class s, and assume S lies in a ball of
radius R. Then 0S is in Lip(2,1,27sR).

In fact we will prove that the arc length of 95 is bounded by 27wsR. This is best
possible, as we can see by the following examples: for s = 1 we take S as the circle
By(R), for s even we take S as a “worm” coiled s — 1 times around the slightly
smaller circle Bo(R — €), and for s > 1 odd the latter circle should be considered
the head of the worm and its tail is coiled s — 2 times around the head. Note also
that the inequality |0S| < 2wsR generalizes (at least for sets of tight class) the well
known fact that the arc length of the boundary of a convex set in Bp(R) C R?
cannot exceed |[0Bp(R)|. A reference for the latter can be found in [17] p.15.

Next we aim at giving some upper bounds on the number of lattice points in a
subset S of Euclidean space. Let us assume for a moment that S is a bounded convex
set in R™, A is a lattice in R™, and S N A is not contained in an affine subspace of
dimension n—1. For n = 2 Pick’s Theorem gives |SNA| < 2Vol(S)/det A+2. From
an article of Henk and Wills [6] the author has learnt that Blichfeldt [2] generalized
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this to arbitrary dimensions n, i.e., |S N A| < n!Vol(S)/det A + n. Unfortunately
the author was unable to get a copy of Blichfeldt’s article [2]. Henk and Wills
[6] have shown |S N A| < Vol(S)/det A + en(n — 1)IF(S)/ det A,,—1, where ¢ is a
universal constant, F'(S) denotes the surface area, and det A,_; is the minimal
determinant of an (n — 1)-dimensional sublattice of A. For our applications the
concrete dependence on n is not important. But we have to sum these estimates
over an infinite set of lattices, and thus the “+n” and even “+F(S)/ det A,,_1” may
cause problems. However, in dimension 2 a simple triangulation argument shows
that |S N Al < 6Vol(S)/detS. A higher dimensional version follows easily from
Blichfeldt’s result; S N A is not contained in an affine subspace of dimension n — 1
means we can find w,vy,...,v, in SN A, such that v; — w,...,v, — w are linearly
independent. Now the convex hull of w, vy, ..., v, lies in S and has volume at least
det A/n!. Thus |[SNA| < (n+1)!Vol(S)/det A. We will give another proof, relying
on John’s Theorem, but first we introduce some more notation. For a nonempty
subset H of R™ we define Ag to be the minimal affine subspace containing H.
Note that dim. Ay = 0 if and only if |[H| = 1. For 1 < j < n let us write Vol;
for the j-dimensional Lebesque measure. If S is a bounded convex set in R™ then
Vol;(S N A) is well defined for any affine subspace A of dimension j.

Proposition 2.9. Let A be a lattice in R™ with successive minima A1, ..., A\p,. Let
S be a bounded conver set in R™. Suppose |[SNA| > 1 and set l = dim Agnp. Then
we have

Vol; (S N Agna)

<
S VAL es() 5

One can choose cg(l) = 843 /2+1)

Now suppose |S N Al is not contained in an (n — 1)-dimensional affine subspace.
This means dim Agnpy = n and thus we deduce, using Minkowski’s Second Theorem,
the following corollary.

Corollary 2.10. Let A be a lattice in R™ and let S be a bounded convex set in R™.
Suppose S N A is not contained in an affine subspace of dimension n — 1. Then we
have

Vol(S)
det A~

SN A] <cqyln)

One can choose c4(n) = %cd(n)

Now let d be a fixed positive integer. We apply the latter result to deduce
an estimate for the number of rational points of bounded height on the algebraic
variety Vy C P2 x P? defined by

(2.2) zoyy + z1y] + ways = 0.

Let H, be the multiplicative Weil height on P™*(Q); so if P = (x¢ : ... : z,) with
coprime integers g, ..., x, then H,(P) = max{|xo], ..., |zn|}. We define the height
H on P?(Q) x P?(Q) via the Segre embedding o : P? x P? — P® as H(P,Q) =
Hs(o(P,Q)). Then we have H(P,Q) = Hy(P)H2(Q). Let N(Vg,t) be the counting
function

N(Va, t) = [{(P,Q) € Va(Q) : H(P,Q) < t}].
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Corollary 2.11. Fort > 1 and any € > 0 we have

94 ifd =1,
(2.3) t2 < N(Vg,t) < L t2T¢: ifd=2,
2 if d > 3.

The implicit constant in “<.” depends on € if d =2 and only on d if d # 2.

Of course the lower bound is trivial; just fix e.g. (yo :y1 :y2) = (1:0:0) and
count the points (0 : z1 : £3). The upper bound < %4 can easily be shown using
only Corollary 2.10. But for d > 1 we need also a general result of Pila.

3. PROOF OF THEOREM 2.6
The proof of Theorem 2.6 rests on John’s Theorem and the following lemma.

Lemma 3.1. Let S in R™ be a convex set, P a point in S and r, R positive reals
such that

Bp(r) €S C Bp(R).
Then the boundary dS is in Lip(n,1,8y/n — 1R?/r).
Proof. Let P = (C1,...,(n) and let
¢ :[0,27] x [0,7]""% — OBp(r)
be the standard parameterization of dBp(r) via polar coordinates such that
x1 =7rcosfy cosbycosbs---cosb, 1+ (1
29 =1sin 6 cos by cosbs - --cosb,_1 + (2

T3 = rsinfs cosfs---cosb,_1 + (3

Ty = rsin@,_1 4+ (u.

Of course for n = 2 this is to be understood as a map ¢ : [0,27] — IBp(r). Let
A, B be different points in R™ then we denote by [4, B] the line segment between A
and B (A, B are included). Similarly (A, B) denotes the line segment without the
points A, B. We claim that intersecting the ray, starting in P and containing (),
with 95, gives a parameterization @ of 95. It suffices to show that each such ray
contains no more than one boundary point of S. So assume such a ray contains two
distinct boundary points, say A and B, where A is closer to P. Now consider the
union of all line segments (B, F') starting in B and ending on any boundary point
F of Bp(r). Then each point of the line segment (B, P) lies in the interior of this
union. Due to the convexity of S this union of line segments is a subset of the topo-
logical closure of S, and since A lies in (B, P) we conclude that A lies in the interior
of S, a contradiction. This argument will be used once more at the end of the proof.

The next step of the proof is to show that ¢ is a Lipschitz parameterization with
Lipschitz constant (4/7)y/n — 1R?/r, so that after normalizing properly to get a
map as in (2.1) one gets the Lipschitz constant 8y/n — 1R?/r.

Let us write AB for the length of the line segment [A, B]. Let A, B,C be three
different points. Let 8 be the angle between the line segments [A, B] and [4, C],
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that is the value in [0, 7] such that cos 3 = (B — A,C — A)/(AB - AC), where (-,-)
denotes the Euclidean scalar product. If the points do not lie on one line then
we may consider the triangle A(A, B, C) with vertices A, B,C. Let ¢(01) = A,
©(02) = B be two distinct points on the boundary of S. We may assume

0<|0s— 61 < ——,
02 = 61 Wn—1

for otherwise we get automatically
E S 2R S (4/7T)\/TL - 1R|02 - 01‘

Denote by « the angle between [P, A] and [P, B], and write | - |;, for the {;-norm.
Then we have

a < |02 —041],,

which is a simple consequence of the triangle inequality in the metric space S*—!
(see p.17 in [3]). Hence

(3.1) agx/n—1\02—01|.

If A, B, P lie on a common line then either « = 7 and so |02 — 01| > 7/v/n—1
or A = B; both contradicting our assumptions. So the lines joining P, A and P, B
span a plane, say P. Write B for the interior of Bp(r) and L for the line joining
A and B. The line in P perpendicular to £, which joins P, intersects £ in a point
denoted by C'. The proof splits into the following three cases:

(1) £ does not meet B (C not in B).
(2) £ meets B between A and B (C'is in [A, B] and in B).
(3) The remaining case (A is in [B,C] or B is in [A,C], and C is in B).

We start with the first case. Now £ does not meet B is equivalent to PC > r.
The area of A(P, A, B) is PC - AB/2. It is clear that A(P, A, B) does not exceed
the area of a sector of Bp(R) NP with angle a, which is aR?/2. Thus

2
a5 <L
r
For the second case we have [A, B] contains C. Denote the angle between [P, C]
and [P, A] by a1, and the angle between [P, C] and [P, B] by as, so that & = a1 + s
and 0 < ag,ay < a < 7/2. Hence

AC = PAsinay < PAo; < Ray,
and similar BC < Ras, leading to
AB < Ra.

Since A, B lie on the boundary of S none of them can lie in B. Thus the re-
maining case occurs if either A is in [B,C] or B lies in [A,C]. Since C is in B
there is a positive € such that Be(e) lies in B. But now we use the same argu-
ment as in the beginning of the proof to show that due to the convexity either A
or B lies in the interior of S, a contradiction. Thus the remaining case is impossible.



8 MARTIN WIDMER

Recalling (3.1) and R > r proves that in all cases we have

5(61) — 3(02)| = AB < (4/m)/i— 1°10: 0]

Properly normalizing to get a map as in (2.1) gives an additional factor 27 and
completes the proof. O

We are now in position to prove Theorem 2.6.

Recall that a set of narrow class 1 is convex. Suppose the interior int(S) of S
is empty. Pick Py in S; then the points of S — Py cannot span R™ as a R-vector
space, else S would contain a small (nonempty) open parallelepiped. Hence S
lies in a hyperplane, and so S lies in a ball Bp/(R') in R"~! for some R’ < R.
So it suffices to know that Bp/(R’) lies in Lip(n,1,2R), which can be seen by
parameterizing a (n — 1)-dimensional cube containing Bp/(R'). From now on we
may assume int(S) # (. Therefore we have a point P; in int(S) and a real number
r > 0 such that Bp, (r) lies in int(S). On the other hand there is a point P,
such that S is in Bp,(R). The triangle inequality implies that S lies in Bp, (2R).
Applying Lemma 3.1 proves the existence of a Lipschitz parameterization of the
boundary. Unfortunately the Lipschitz constant L has a disallowed dependence on
r, and moreover, the exponent on R should be 1, not 2. We can overcome these
problems using John’s Theorem (see [7] or [1], p.242). It guarantees the existence
of an ellipsoid E, with center say P, such that

(3.2) ECSCn(E-P)+P.
After a translation by P and an orthogonal transformation we can assume that F

is defined by (z1/a1)? + -+ + (zn/a,)? = 1 with certain real numbers 0 < a; <
as < --- < ay,. Moreover, S lies in a ball of radius R, and thus so does FE. Hence

(3.3) O<ar<as<---<a, <R.

Let ® be the endomorphism which sends z; — x;/a; for 1 < i < n. Applying this
map to (3.2) yields

Bo(1) € @(5) € Bo(n).

Applying Lemma 3.1 with 7 = 1 and R = n yields a map ¢ : [0,1]"~! — R” with
the image containing 9(®(S)) such that

|B(x2) — B(x1)| < 8n°/%|x2 — x.

Since ® is linear and bijective the maps ® and its inverse ®~! are continuous. So
the boundary of S is the image under ®~1 of the boundary d®(S). Thus ®~1(3(+))
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is a parameterization of 95. Let us calculate a Lipschitz constant:
27 (P(x2)) — 27 H(@(x1))| = |27 ((x2) — B(x1))]
< sup |07 (2)||P(x2) — A(x1)]

j2|=1 ) »
n 1/2

= anlp(x2) — p(x1)]
< an8n5/2|xz —xq|
S 8715/2R|X2 - X1|.

This agrees with our claim and thereby completes the proof.

4. PROOF OF THEOREM 2.8

Let T'y,I'1 be the paths of two simple, piecewise smooth curves of arc lengths
ITol,|T1] (as the curves are simple the arc lengths depend only on the paths).
Poincaré’s formula tells us (see [11], p.111, eq. (7.11))

(4.1) / ndK = 4|To||T4),
m

where 90 is the group of motions ¢ in the plane, n = n(¢) = |I'y N ¢(To)| (possibly
infinite) is the intersection number of I'y and ¢(I'g), and dK is the kinematic
density. Maak [8] gave a generalization of formula (4.1), but Maak’s definition of
the intersection number n is different from ours, so that we prefer not to rely on his
result. Now 95 lies in a ball of radius R, say Bp(R). Suppose I'g is a line segment.
Let 9t = M4 (To) be the subset of M defined by n(¢) = |05 N ¢p(Ty)| < 2s. Then
condition (IT) of Definition 2.7 above implies

(4.2) / ndK = ndK.
m 0y

Moreover, n(¢) = 0 for any ¢ with ¢(I'9) N Bp(R) = 0. The measure of the set of
motions ¢ with ¢(Tg) N Bp(R) # 0 is not hard to compute (see [11], p.90, (6.33)),
and one finds

(4.3) dK =21 R? 4+ 47 R|T|.
¢(F0)Q?P(R)¢®

Now combining (4.1), (4.2) and (4.3) yields

4\Fo\|<95|=/ N ndK§2s/ . dK=2s/ L dK

#(T0)NBp (R)#£D $(D0)NB p (R)A£0 #(C0)NE p (R)#£D
= 25(2m*R? + 47 R|Ty|).
Thus we have |0S| < 2rsR + 72 R%s/|Tg| for any length |Tg|, and therefore |9S| <

2nsR. Tt is well known that the path of a rectifiable curve can be parameterized
by the arc length. Let ¢ be such a parameterization of 95, scaled from [0,]0S]]



10 MARTIN WIDMER

to [0,1], then we have |¢(t) — ()] < |0S||t — ¢/|. This shows that 95 lies in
Lip(2,1,27sR) and thereby completes the proof.

5. PROOF OF PROPOSITION 2.9

By definition Agn, is the minimal affine subspace containing S N A. For brevity
let us write A for Asnp. Now we have A = span{v —w : v € SN A} + w for
any w in A. In particular we can assume w € S N A. Thus we can find a basis
v] — w,...,uy —w of W =span{v —w :v € SNA} with w,vq,...,9p € SNA. Now
clearly (SNA) C A=W +w. Hence we conclude

[SOA=|(SN(W+w)NAN(W +w))|=|((S—w)NnW)N(ANW)|
=[S N A
where " = (S —w)NW and A’ = ANW. Of course S’ is convex and lies in some

R!. First suppose [ = 1. Then, as |S N A| > 1, we have Vol (S") > A;(A’) > A\; and
hence

[SNA| < (Voli(8)) /A1 + 1 < e3(1)(Voli (7)) /Ar.

From now on we assume [ > 1. Suppose S’ (as a subset of R') has empty interior.
Then S’ lies in an affine subspace of dimension [ — 1, and so does (SNA) C S’ +w.
But this contradicts the minimality of 4. Therefore we can apply John’s Theorem,
i.e., we can find an ellipsoid E, with center say P € S’, such that

ECS CI(E-P)+P.
There exists a translation ¢tp by P and an orthogonal map v such that ¢ o tp(E)
is defined by (x1/a1)? + -+ + (z;/a;)? = 1 for certain positive reals ay, ..., q;. Put
R = (ay---a;)"/". Moreover, there exists a linear endomorphism ® with det ® = 1

that sends E — P to Bo(R). Hence we have ®(E) = Bp/(R), with P/ = ®(P), and
therefore

(5.1) Bp/(R) C ®(5") € Bp(IR).

Note that 0 = w —w € S’. Using (5.1) and the triangle inequality yields ®(S") C
By(2lR). The linearly independent lattice points v1 — w, ...,v; — w all lie in S” and
thus

A} < max{|P(vy — w)l, ..., |P(v; — w)|} < 2R

for the successive minimum A} of the lattice ®(A’). Applying Theorem 2.3 with
®(S"), ®(A') and using 2R > A} we conclude

_ Vol(Bp(IR)) (2IR)'~ 2R
= det B(A) NN N

However, due to the lack of a published reference, we will apply Theorem 2.6 instead.
From Lemma 3.1 we see that dBp:(IR) lies in Lip(l,1,8v/l — 1IR), which gives

Vol(Bp (IR)) (8VI—1IR)!

deran) W by

|S"NA| = [2(5) N @A) < [Bp (IR) N ©(A))] +a(l,1)

| NA| <

Next we observe
Vol(Bp:(R)) < Vol(®(5")) < Vol(Bp:(IR)),
Vol(®(S")) = Vol(5") =Vol;(SN A).
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Writing ¢, = 1+ ¢2(1)(4v/1 — 1)11! and applying Minkowski’s Second Theorem we
conclude

Vol(Bp/(IR)) Vol(Bp/(R)) Vol; (SN A)
S/mA/< / :/ll < /ll )
| =ewon) @ T aar =9 dan
Finally, we use Minkowski’s Second Theorem once more, together with

)\1(A/) . )\Z(A/) >\ ">\lv
and the result drops out, after noting that (21)'c}/Vol(By(1)) < 84 31/2+1),

6. PROOF OF COROLLARY 2.11

For a vector y = (yo,y1,..,Yn—1) € Z™ we write Wy for the orthogonal com-
plement of yR in R". Put Ay = Wy, NZ" and y¢ = (yd,v{,...,yl ;). Ifyis
primitive (i.e., y # 0 and ged(yo,y1,...,Yn—1) = 1) then Ay is a lattice of rank
n — 1 with det Ay = [y[. Let Aj be the set of primitive vectors in Ay, and set

[¥loo = max{|yol, [y1l, s [yn—1]}-

We fix a primitive vector y € Z* and we count all primitive vectors x satisfying
(2.2) and |x|oo = H((zo : @1 : x2)) < t/H((yo : y1 : y2)) = t/|¥|co. Then summing
over all primitive vectors y we see that

(6.1) NVu< S ‘[—|yt|7|yt]3m\;d

yezsd
y primitive

Let us first estimate the number of (x,y) with zoz12z2 = 0. By symmetry we can

assume x9 = 0. Then the term in our sum above becomes

[ t t
Voo [¥]oo

We write (yo,y1) = m(y,y}) = my’ with coprime yj, y;. Note that if yo =y1 =0

then yo, = +1 and so we have < t? of these points (x,y). Thus we can assume

my' # 0. Now Aga 4y = Ay is a 1-dimensional lattice with determinant ly"d|.

(6.2) 2N

(& y)

This means that any primitive vector (2o, x1) in Ay.a has length |y’ |, and moreover,

there are only 2 primitive vectors in each Aya. So (6.2) is either 0 or 2, and if it

is 2 then: v2t/|y|oo > |(z0,71)| = [y > |¥%00- AS |Y]oo = m|y’|oc We conclude

¥ |oe < (v/2t/m)"/ @+ This shows that the total number of points (x,y) with

xor1x2 = 0 and my’ # 0 is
[t]

(t]
) D i MLIEL) DR

Cylee Tyleo

y=(myf.my],y2) m=1 y=(myp.my],y2)
ly2|<t ly2|<t
lyd 11y 1< (VB /m)t/ (dF+D) lyd 11y, 1< (V2 /m)t/(d+D)
The latter is
< f: #(t fm)?/ (@+D) = 142/ (d+D) % ~2/(d+1) o t*log(2t) : ifd=1,
m = m
= = 2 ifd> 1.

It remains to estimate the number of points (x,y) that satisfy zoxiz0 # 0. We
note that for fixed xg, z1, xo with xgx129 # 0 the equation xoyg + xlyf + xgyg =0
defines an affine irreducible variety over R of dimension 2 and degree d. To see this
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it suffices to show the irreducibility of f(z) = ¢ +y? — 1 in C[y][z]. But the latter
follows from Eisenstein’s criterion. Next we need an upper bound for the term in
the sum of (6.1). Now either [—t/|y|so,t/|¥]oo]® N A3, is not contained in a line,
or all points lie on one single line (passing through the origin). In the former case
we can apply Corollary 2.10 to deduce the upper bound <« t2|y|_(d+2), and in the
latter we have at most 2 primitive vectors x. Hence the number of points (x,y)
that satisfy xgxixe # 0 is

(6.3) < Y ‘d+2+ >

y primitive y primitive
[¥loo <t [¥loo <t

with

1: if Aya 0o < t,
=} o 217

0: otherwise.
The simple calculation

(6.4) >

y primitive
[¥loo <t

[t]
2 |{y, ¥l = 2 2 —d
‘y|d+2 —Z T pdrz <<t Z od+2 =t Ze
e=1

shows that the first sum in (6.3) is bounded from above by the right-hand side
of (2.3). To estimate the second sum we need an upper bound on the number of
primitive vectors y with Aj(Aya)|y|ec < t. We distinguish two cases. For brevity
we write 7 = 7(t) = tB —4d+2)/(5d=1) "\, for A1(Aya) and Ag for Aa(Aya).

Case 1: Ag/M\ < 7.

Here we find

ly| < (det Aya)/4 < (MA) YL < (A A7)V d = NI/ Ar1/d,

As we have \i|y| < A\|y|eo < t we conclude |y| < #2/(4+2)71/(d+2) * This means
that we have at most

« {6/(d+2) 13/(d+2) _ 46/(d+2)+3(3d> —4d+2)/((d+2)(5d—1)) _ 49d/(5d—1)

possibilities for y in case 1, and this in turn proves Corollary 2.11 in case 1.

Case 2: Aa/M\ > 7.
Here we have

£ Ayl > A (Ad)/? > A ()t = AT/

and therefore \; < t#/(42)7=1/(d42)  Now let & = (20,21, 2) be a primitive vector
in Aya with |x| = A; and @oz122 # 0. Thus we have |x| < t4/(#+2)7=1/(d+2) "anq
the height bound gives |x||y| < t. Now for each fixed vector x as above we count
the number of primitive vectors y such that x is a minimal vector of Aya and
|x||ly| < t. Then we sum these upper bounds over all primitive vectors x with
x| < t4/(d4+2)7=1/(d+2) and zoxyx9 # 0. So the number of vectors y is

. o . d d d t
< E {y primitive; xoyg + z1y7 + x2y5 = 0, |y| K |
x primitive
zopzlmz#()
|t/ (4+2) 7 1/ (d+2)
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The term in the sum above is certainly < t2/|x|?. Similar as in (6.4) this yields the
upper bound < ¢2+4/(d+2)7-=1/(d+2) for the number of vectors y, and this in turn
proves Corollary 2.11 for d = 1. However, for d > 1 we apply a general result of
Pila (Theorem A in [10]) to deduce the better bound <. (t/|x|)**/@+¢ for the term
in the sum above (here we used the fact that for fixed zg,z1, o with zozi2e # 0
the equation zoyd + z1y + 229§ = 0 defines an affine irreducible variety over R of
dimension 2 and degree d). This gives the upper bound

<. t1+2(d2+1)/(d(d+2))+57_—(2d—1)/(d(d+2)) — 49d/(5d—1)+e
for the number of vectors y, and thereby completes the proof of Corollary 2.11.
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