ON A FAMILY OF ¢-BINOMIAL DISTRIBUTIONS

MARTIN ZEINER

ABSTRACT. We introduce a family of g-analogues of the binomial distribution,
which generalises the Stieltjes-Wigert-, Rogers-Szego-, and Kemp-distribution.
Basic properties of this familiy are provided and several convergence results
involving the classical binomial, Poisson, discrete normal distribution, and a
family of g-analogues of the Poisson distribution are established. These results
generalise convergence properties of Kemp’s-distribution, and some of them are
g-analogues of classical convergence properties.

1. INTRODUCTION

In [7] Kemp studied many g-analogues of the classical binomial distribution, in
particular she investigated Kemp’s distribuion, the Rogers-Szego and the Stieljes-
Wigert distribution, which all are of the form

P(X:x):C’a-{ﬂ q'mQ@x r=0...n,0<80,
q

where 1
nl __ (@da an ) _ n- i
|:k:|q B (Qa q)k(‘];q)n—k d ( 7q)n E}(l q )

are the g-binomial coefficient and the ¢-shifted factorial, and where C,, is a normal-
ising constant. In this paper we are interested in the convergence properties of this
family of ¢-binomial distributions. We will see that the behaviour in the case @ = 0
is very different from the case a > 0. For Kemp’s distribution (i.e. « = 1) the
limit distributions are the Heine distribution and the discrete normal distribution.
This was done by Gerhold and Zeiner [5]. We will show that these results can be
generalized to the case a > 0.

This paper is organised as follows: In Section 2 we give the definitions of the
g-binomial distributions mentioned above and sum up their basic convergence prop-
erties. Afterwards we introduce the family B of ¢-binomial distributions we are
interested in and a family of ¢-Poisson distributions. Afterwards we study basic
properties of the family B in Section 3. In Sections 4-5 we investigate sequences of
random variables X,, with X,, ~ B(a, 0,,n,q). In particular we show that there are
analogues to the convergence of the classical binomial distribution to the Poisson
distribution and the normal distribution, and that the limits ¢ — 1 and n — oo can
be exchanged. Section 4 deals with convergent parameter sequences, in particular
with the case of constant parameter and constant mean, and contains a detailed
analysis of the behaviour of the RS-distribution in the limit 6,, — 1. In Section 5
we examine the case of an increasing parameter sequence 6,. We show that, if
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« > 0 and 6,, grows not too fast, the normalised X,, converge to a discrete normal
distribution.

2. PRELIMINARIES
Throughout this paper we use the notation of [4]. Kemp’s distribution K B(n, 6, q)
was introduced in [7] and is defined as
TL:| exqa:(:rfl)/Z
q

(_97 q)n ’

For properties and applications of this distribution see [5, 6, 9, 11]. In the limit
q — 1 Kemp’s distribution converges to a binomial distribution:

0
KB(n,0,q) - B — .
(n’ ’Q) <n7 1 + 0)
If n goes to oo, Kemp’s distribution tends to the Heine distribution H(6), which
probabilities are given by

P(XKB—I)—|: O§m§n70<0

T

qx(zfl)/an

P =) = (4,9)«

6!](79)’ €T 2 07

where
1

eq (Z) (Z, q)oo
is a g-analogue of the exponential function, since e4((1 — g)z) — e*. The Heine
distribution converges to the Poisson-distribution in the sense that H((1 — ¢)8) —
P(6) for ¢ — 1 and can therefore be seen as a g-analogue of the Poisson distribution.

Kemp [9] also introduced two other g-analogues of the binomial distribution,
namely the Rogers-Szegd- (RS) and the Stieltjes-Wigert-distribution (SW), which
probabilities are very similar to those of Kemp’s-distribution:

, 2e€C\{qg7": i=0,1,2,...},

P<XRS$)CRS|:Z:| 0%, 0<z<n, 0<90,
q

n
P(Xsw = 1) = csw{ ] FEVEE, 0<z<n, 0<0,
x
a
where Crs and Csy are normalising constants. For ¢ — 1 these distributions
tend to a binomial distribuion with parameter J;e' In the limit n — oo the RS-
distribution converges for § < 1 to an Euler distribution with parameter 6, which
is given by

where
Eq(z) = (=2, @) 0, z €C,

is an other g-analogue of the exponential function, since E,((1 — ¢)z) — e*. More-
over, we have e4(2)E4(—z) = 1. The Euler distribution is a g-analogue of the
Poisson distribution since E((1 — ¢)8) — P(0).

Because of the similarities of these distributions we introduce a family B of ¢-
analogues of binomial distributions which covers the distributions mentioned above
as special cases: We say a random variable X is B(«, 0, n, q)-distributed iff

1,00
o [0

For a = 0 this is the RS-distribution, o = % gives a K B(n,0q'/?, q)-distribution
and o =1 a SW(n, 0q, q)-distribution.

P(X =2)= z=0,...,n, 0<6, 0< a.
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Moreover, we define a family P of g-analogues of the Poisson distribution by

qO(CL‘20£L‘ 1
PX =0 =G, w05
where 0 < 6 < 1if @ = 0, and 0 < 0 if @ > 0, and EY is a g-analogue of
the exponential function (which was introduced by [3] and studied by [1] and also
appears in [2]) defined by

(1) o)=Y e

= (4:9)=

since E¢((1 — ¢q)z) — e*. We then write X ~ P(a,0,q). For a = 0 we obtain the
Euler distribuion, and o = % gives a H(fg'/?)-distribution. The sum in (1) has a
different behaviour for @« = 0 and o > 0: In the case o = 0 it is convergent only
for 0 < |z| < 1, but for @ > 0 it converges for all z € C. This is why we restricted
the parameter 6 in the definition of our g-Poisson familiy. Consequently there is
a big difference in the behaviour of the RS-distribution and the other members of
this g-binomial-family. So we will often distinguish between @ = 0 and « > 0 in

the convergence results.

3. PROPERTIES OF THE FAMILY B

As noted above we study basic properties of our family B. We show that it is in
fact a g-analogue of the binomial distribution and logconcave. These properties hold
for the family P too. Then we give a characterisation of a B(«, 8, n, g)-distribution
and a random walk model for B and then we turn to the study of the behaviour of
the mean of a B(«, 0, n, ¢)-distribution in dependence on n, # and «. In the present
section we always allow o > 0.

The following two theorems show that our families B and P tend to the classical
binomial and Poisson distribution. This generalises the results for the Kemp-, SW-,
RS-, Heine, and Euler distributions.

Theorem 3.1. For ¢ — 1 we have

0
B(a,0,n,q) - B (n, H—@) .

Proof. By definition,
B
EZ:O [Z]qqazﬂgy
6 LA ¢
ZZ:O (2)99 (I1+0)~

- — ) (—) . O
() () ()

Theorem 3.2. In the limit ¢ — 1 we have P(a, (1 — q)0,q) — P(6).

Proof. By definition,

P(X =2) =

_>

— — exp(—0). O
@0, ER((—gp o P

Kemp showed in [9] that the RS-, SW-, and Kemp-distribution are logconcave,
ie.,

P(X =z)=

CPX=2+1) P(X=z+2)
AR = px =y PX=azD "
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for x =0,...,n — 2. We can generalise this as follows:
Theorem 3.3. B(a,0,n,q) is logconcave.
Proof. We have
V05 (g, 9)a (0 Dne 407 2(q, @)at1 (4 Dr—a

Az) = —

(@, D)a41(0, Dn—2-19°"0" (¢, @)at2(q; Q) n—a—2g*@HD* g+

0 <q2aw+a (1 o qnfw) (1 _ qnffﬁfl) q2o¢x+3a>

1— qx+1 1— qa:+2

_pgoate (LD oA - (Lt gt A0 )
(1—g"t) (1 - ¢"%2)

For ao = 0 we have A(z) > 0 by [9], and the numerator is increasing in « since
1— qn—z—l _ qx+1 + qn _ qn—m—l (qm-i-l _ 1) _ (qw+1 _ 1) >0
forz <n—1. (]
In the same way we obtain the same property of the family P.

Theorem 3.4. P(a,0,q) is logconcave.

For the Heine- and the Euler-distribution this property was proven by Kemp [8].

In [10] Kemp characterised some g-analogues of the binomial distribution as the
conditional distribution of U|(U 4+ V = m) where U and V are independent random
variables. We can characterise our family B in an analogous way and generalise
some of Kemp’s results.

Theorem 3.5. A B(a, 8/, m, q)-distribution is the distribution of U|(U+V =m),
where U and V' are independent, iff U has a P(«, B,0)-distribution and V' has an
Euler-distribution with parameter .

Proof. The proof runs along the same lines as the proofs in [10]: If U and V have
the postulated distributions, then

:C9 q AT
(@ @)u (@ Q) m—u

N o\
—c————— () ¢,
(@) u(q Q)m—u <>\> 1

To prove the other implication, we need the following theorem ([12]):
Let X and Y be independent discrete random variables and

clx,c4+y) =PX=z|X+Y =zx+y).

P{U=ulU+V =n)

If
c(x+y,v+y)(0,y)  hlx+y)

c(z,z+y)ely,y)  hlx)h(y)’
where / is a nonnegative function, then

f(@) = fO)h(x)e™,  g(y) = g(0)k(y)e®,

where a is an arbitrary parameter and

0<f(x)=P(X =2x), 0<gly)=PY =y), k() = h(ZC/();((;a)y)'
Here we have ’
c(u+v,u+v)c0,v) (g)““’ g (ut)?  h(utv)
clnu el ) e (3) g (§) g RGO
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where
qOé’U.2
h(u) =
(u) (9,9)u
Thus k(v) = (0/))"/(q,q), and
qauzeau
P(U=u)=C ,
( ) =6 (4, 9)u
fet\" 1
P(V =v)=C ,
( ) =G ( A ) (2,9)v
yielding a P(«, e, g)-distribution and an Euler distribution. O

We now give a random-walk-model for the family B (the models for the Kemp-,
RS-, and SW-distribution given in [9] are special cases of this model). Let a, and
b, denote the probabilities to move up and down and choose

ay = C’yq%‘w (1 - q”fz) and by = c(1—q")

for x = 0,...,n. Then B(a,v¢~%,n,q) is a stationary distribution. To see this,
note that for a stationary distribution we must have

PX=z)=PX=z)(1—a; —b)) +P(X =24+ 1)bp1 + P(X =2 — D)a,_;.
So we have to show that
Alz) = -P(X =x2)(az + b)) + P(X =2+ 1)byp1 + P(X =2 —1)ay,_1 =0
if X ~ B(a,v¢g~% n,q). For 1 <z <n—1 we have

A(x) =C < [Z:| qamﬂyzqfax (C(l o qz) + C’}/qzaz(l _ qnfz))
+

n alz—1)2 _ x— —o(x— a(x— n—x
L—J gD el gl ey gPale=l) () gnoet)
q

n 2
a(z+1)* z+1, —a(z+1) 1 — &t
+ L N Jqq 7 c(l—gq )) :

Using the relation
n n
1— n—z+1) _ 1— g%

we obtain that the terms with 4% and 4**! vanish. Similarly A(0) and A(n) can
be treated.

Now we study the means; for this purpose let us denote by u, (v, 6, q) the mean
of a random variable X ~ B(«,0,n,q). The following lemmas are devoted to the
behaviour of p,(c,8,q) in dependence on n, o and §. The first result shows that
the means are increasing in n.

Lemma 3.6. For all a > 0 p,(«,0,q) is increasing in n.
Proof. For 0 < x <y <n we have

gt <qV.
By elementary calculations, this can be written as

1 1
1— qn+1—x < 1— qn+1—y'
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This is equivalent to

N AR

P I B <E e L

Multiplication with §+¥¢*@*+¥*) vields

{n—!—l} [n] Yo=Y g ) 4 [TH'I] {n] 2§+ g )
r Y 1qltlq

< {nle} [”} gx+yqa(12+y2)_|_ {nJrl] {n] y9r+yqa(r2+y2)_
Y 14171

and

Now we sum over all pairs (z,y) with = < y:

Z” 1 Z 1
|:n + :| awqam |: :| yay ay = |:n + :| aw aa} |:n:| ayqayQ .

T Y T Y

z,y=0 q z,y=0 q q

THY T#y

By adding the terms for z = y and an extra-sum we get

- 1
9n+1qa(n+1)2zy|:7;:| 0vq ay? +ZZ |:TL-|— :| i [Z:| yeyqay2

y=0 z=0y=0
< (n 4 Doty m TS S [”“] 07q" { ] g’
y=0 Yy z=0y=0 q

This can be written as
n+1 n n+1 n
z=0 x q y=0 y q q y=0 Yy q
and so we have
« n n 2
oot 00 Sy e
n « n+1 T ax?
Zy 0 [ ] ayq v Zx:O [ 1—1] q9 q ’

The means are increasing in the parameter 6 too:

Lemma 3.7. The means pu,(c,0,q) are increasing in 0 for all a > 0.

Proof. We show that %,un(oz, 6,q) > 0. Differentiating gives

9 Zx OI[ ] 91 az? B
80 ZI o [ ] quax2 -
>0 H 6o Zy 0Y H 6v—1qov” *Zzzox[Z]thI”Q Zy oyH gv—1qov"

(S 1, 6700)

Thus it suffices to show that

(zmq9><z[ | e Zy ] e

x=1
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The left-hand side can be written as

n 2 n
sz [n] q2az292(x—1) i Z xy[n} [n] qa(12+y2)9r+y—2 =: A; + B
Tlq TlelYlg

=1 x,y=0
zFy

and the right-hand side as

n

2 n
ng [n} q2am202(x—1) n Z 22 {n} [n} qa(ﬂc2+y2)9w+y—2 =: A + Bs.
P Tlql¥lq

r=1 x,y=0 Y
zF#Y

Since A1 = A, it suffices to show that By < Bs. For this purpose we consider the
pairs (z,y) and (y,z) with < y: In B; we have the term

Tlql¥lq
and in By
o e
qlY1q
Since 2zy < 22 + y? for x # y, we have (2) < (3) and so By < Bo. O

For « the situation is a little bit different:

Lemma 3.8. p,(a,0,q) is decreasing in o if a € (0,1] and increasing in o if
a>1.

Proof. Assume o > 1 (in the same way we can treat the case 0 < o < 1). We show
that %un(a, 0,¢q) > 0. This is equivalent to

Z |:7L:| ezqozIQ Z y3 |:’Il:| quay2 IOg o> Z T |:7L:| ezqozIQ Z y2 |:’Il:| qua?f IOg Q.
x Yy x Yy
q y=0 q q y=0 q

x=0 =0

So it is sufficient to show that

Z |:TL:| |:’)’L:| qa(x2+y2)ax+yy310ga> Z |:TL:| |:n:| qa(12+y2)91’+’y$y21oga.
m,y:quyq x,y:quyq

T#Y TH#Y
Considering the pairs (z,y) and (y, ), it is sufficient that 23 +y3 > xy?+yz?. This
is true because this can be written as (y?> —2?)(y —2) = (y +2)(y —2)? > 0. O

Finally, a straightforward calculation shows that our family B is closed under
reversing, i.e., n — X has the same form as X.

Theorem 3.9. If X ~ B(a,0,n,q) then n — X ~ B(a,0~1q=2%" n, q).

4. CONVERGENT PARAMETER

In this section we consider sequences X,, ~ B(c,0,,n,q) where the parameter
sequence 0, tends to a finite limit as n — oco. This will lead to the family P as
limit law. In particular we prove that the convergence of the classical binomial
distribution with constant mean has a g-analogue. But in the case @ = 0 and
0, — 1 these results fail. In this case we obtain - depending on the limit of 6, - a
uniform distribution or exponential-like distributions. In the following we need the
two auxiliary results below.
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Lemma 4.1. For a > 0 we have for all z € C

Z [n} q‘”2zz — Ega(z), as n — oo.
x
=0

For o = 0 this holds for |z| < 1.

Proof. We estimate the difference

- qamz xr - n OLZE2ZE
Y 3 [ s 3

x=0 (Q7q)z =0 r= n+1(

*qu i H wanl

Estimating in the first sum the g¢-shifted factorial by the g-exponential function
yields

<eglq) Y, (@°"|N)" +Z |z|”” <1H(1q““>>;

r=n+1 i=1

the same estimate we use for the second sum, split it and compute the first sum to
obtain

(an|z|n+1 g az? T n—1i
< ea(a) | T gy Zq 2] 1—H(— )

i=1
n R x .
D SRR (80 (Ve
r=[%] i=1
The first term is obviously o(1). Estimating the products gives

12
<eg(q) [o)+ [1=T](1 - ¢~ qu |2|® + Z " 2|

i=1 z=|12]
and further
ENEN S et e N (g2 )
<eglo) o)+ (1= (1=gt) ) S elr + S0 (0°18)2))
=1 =3

the latter sum is o(1) as before, thus

=o(1) +0(n?q") Y ¢ |2[" = o(1).

Lemma 4.2. Assume a > 0 and let (0,) be a sequence of real numbers with limit
0 >0. Then

. S n az’pr _ 20
nlgl;o zgzo LC] qq 0y = E,%(0).
If 0 < 1, this holds for a =0 as well.

Proof. For small € > 0 and n large enough we have

n

S o s ol PO

=0
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hence, with use of Lemma 4.1,
2 I S n
E;* (0 —¢) = nlggoz L]q

< lim supz {ﬂ ”2% < ILm Z {Z] ¢ O+¢e)”
=0

n— oo q

Oéfl?2 _ T 3 3 . n 04:132 x
g (0 —¢) §hnrg10réf;[x] qr oy

q

= E20‘(0 + s).
By continuity of E2°‘ the lemma follows. O

The first result is a generalisation of the fact that Kemp’s distribution converges
to the Heine distribution (see [11]).

Proposition 4.3. If X,, ~ B(«,0,,n,q), a > 0, then for n — oo
X, — Pla,,q),
if 0, — 0. This still remains true in the case « =0 and 6 < 1.

Proof. This follows immediately from the fact that

>

for n — oo and from Lemma 4.2. O
In the case @« = 0 and € > 1 the situation is slightly different:

Proposition 4.4. If X,, ~ B(0,0,,n,q), then forn — oo, if 0, — 0 > 1,

n—X,—=P(0,%,4q),

which is an Euler distribution.

Proof. Define Y,, =n — X,,. Then

[ ]ﬁﬁ v 2], 0" L0 1
[ ] ZZ:O [Z]q(g;y (¢,9)= Zy 0 (g, 2) 6~

by Lemma 4.2. (|

P(Yn = x)

In particular we are interested in sequences X,, such that the limits ¢ — 1 and
n — oo can be exchanged. The propositions above immediately yield

Corollary 4.5. For each o > 0 let X,, ~ B(a,0,(q),n,q) with 0,(q) — 6(q).
Additionally assume that 0,(q) — A/n and 0(q)/(1 —q) — X as ¢ — 1. Then we
have the following commutative diagram:

B(a7071(Q)7naQ) n_>—°0> P( (1 - q)e(Q)7Q)

q%ll lq—)l

A
Bn3) P(X)
One very natural way to choose the parameter sequence is to set 0,(q) = ﬁ,
q

A>0.

The convergence B(«, 0,,(q),n,q) = P(a, (1—q)0(q), ¢) still remains true for o =
0 if we require (1—¢)0(¢q) < 1. Moreover, the commutative diagram remains correct
for given X\ > 0, if we restrict ¢ to values greater than or equal to max(0,1 — %)

The next result is a g-analogue of the convergence of the classical binomial dis-
tribution with constant mean to the Poisson distribution.
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Theorem 4.6. Fiz i > 0 and a > 0. Consider a sequence of random variables
X, ~ B(a,0,,n,q) with parameter sequence 0,, = 0,(q, u) chosen such that the
means [, of X, are equal to p. Then we have

(i) The sequence X,, converges to the limit law P(«,0,q), where 0 is the limit
of the sequence 0,,.
(ii)) As g — 1, X, tends to a binomial distribution with parameters n and p/n.
(iii) In the limit g — 1, P(w,0(q, 1), q) converges to a Poisson distribution with
parameter L.

Thus the following diagram is commutative:

B(a,0,(q, 1), n,q) —— P, 0(q, 1), q)

q%ll J{q—)l

B(n%)  — P

Proof. First we check, that for given p,q and large n there is a unique 6,(q),
such that p,(0,(q),q) = p. The function p,(6,q) is continuous and increasing
in 0 (see Lemma 3.7). Moreover limg_,g pt(6,q) = 0. From Corollary 5.1 we
see that for sufficiently large n and suitable 0, ,(0n,q) > 5. Consequently
there exists a unique solution 6,,(q) of u,(0,q) = p. By [14, Lemma 3.3], 0,(q)
converges to a limit (q), where 6(q) is the unique solution of 1 (6, q) = u. Hence
B(a,0,(q),n,q) = P(a,0(q),q) by Lemma 4.2.

Again by [14, Lemma 3.3] we get that 0, (¢q) — ;% for ¢ — 1 and so Onle) - _,

1+9n(‘1)
£ Consequently B(a,0,(q),n,q) = B (n, £).
It remains to check that 0(q)/(1—q) converges to u for ¢ — 1 (then P(«, 8(q),q) —
P(p)). The value 6(q)/(1 — q) is the unique solution of s ((1 — ¢)8,q) = p. More-
over, poo((1 — q)f,q) converges pointwise to 6 for ¢ — 1, so we can apply [14,

Lemma 3.3]. O

In the case @ = 0 an analogous result holds for X,, or n — X,, depending on the
values of the parameters, i.e., if (g, #) < 1 then the theorem holds for the sequence
X, and if 6(q, u) > 1 then this is true for n — X,,.

Now we turn our attention to the case a = 0. To finish the analysis of the
RS-distribution we consider 6,, — 1. It is worthwhile to point out that the limit
distributions only depend on the growth rate of the parameter sequences and are
independent of ¢q. This is why we will distinguish three cases in dependence on the
speed of the convergence of the parameters 6,, to the limit 1. First we will provide
a result of fast growing 6,,. In order to do so we start with an auxiliary result.

Lemma 4.7. If f(n) <n, 0, <1 and f(n) = co and 05 1 for n — oo, then
forkeN

‘ k41
Z [n} il ~ eq(q)f]({jﬂb#17 n — oo.
o<i<f(n) L'da +

Proof. Write

n [/ f(n)] n f(n)—[\/f(n)]-1 "

kot -kt -kt

) H M=y H oY H g
0<i<f(n) - -4 =0 a i=|/F(n)]+1 4

+ Y m qikeg.

n—|vn]<i<f(n)
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The first and the third term on the right-hand side can be estimated by

(VT + 1) f () (,9)

(Q7 Q) [n/2] (Qa Q)n— [n/2]

and are therefore negligible. The middle term can be bounded by

f(n)=y/f(n)] -1 f(n)=1y/f(n)]-1
— (QEQ)n) o) 3 < 3 {"} p
4,9 4,9 - i
LV ()] +1 n—[y/f(n)]-1 L/F(m))+1 LWFm)l+1 a
f(n)=[y/f(n)] -1
>,
[V f(n)]+1

and has the asserted asymptotic. O

(¢, Dn
(4D 02 (@ Dn—ns2)

This lemma implies that under the assumption 6] — 1 the limit law is uniform

on the interval [—v/3,v/3].

Theorem 4.8. If X,, ~ RS(n,0,,q) with 8,, <1 and 67 — 1, then (X, — un)/on
converges for n — oo to the uniform distribution on the interval [—\/3, V3.

Proof. We start with an asymptotic of the means and the variances. By Lemma 4.7
we have
n 2
Yo 00 et n

MZZMHW“wmmzi

and

D i P S

TSL A T AT
From these two fact one can easily see that the support of the limiting distribution
is

lim [~ pin /0, (0 = pin) /on] = [=V3,V3].

n—roo

Now we compute

[],0 1 n
P(X <z)= lim Z = =1 > He’“
nTree _Hn <k bn < g Z’L =0 [ ] 0 ”_>°° Z [ ]q " 0<k<opz+pn k q
lim ! eq(q)(onT + py) = lim 1( n x—i—n) ! x+1
= On n) — — |\ —= — = — -,
n—o0 eq(q)n a\d H n—oon \ 24/3 2 24/3 2
which is the distribution function of the uniform distribution on [—+/3,v/3]. O

Using the fact that a RS(n, 0, ¢)-distribution corresponds to a (n—RS(n,1/6, q))-
distribution or following the above proofs we immediately get the following corol-
lary:

Corollary 4.9. If X,, ~ RS(n,0,,q) with 6, > 1 and 07 — 1, then (ju, — X,,) /0o

and (X, — pn)/0n converge for n — oo to the uniform distribution on the interval

[~v/3,V3].

Now we turn to the case that 6] — ¢ with 0 < ¢ < 1. For this purpose we
start with the following lemma, which supplements [14, Lemmas 4.4 and 4.5] and
is crucial for the analysis of the variances.
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Lemma 4.10. For 6, <1andf, - 1,0" - cwith0<c<1and f(n)/n~pB>0
we have

n 1 2
) 1—c+cloge— sclog”c
§ 20" ~ —2 8075008 €5

3
= log” ¢
as n — 0o.
n 1 2
. 1—c+cloge— zclog”ec
KL] 20! ~ —2e,(q) 1g3 2008 €3
i=0 q og ¢
as n — 00.

Proof. Using

zn:izti _ =1 —t+t"+2nt"(1 —t) + n2t"(1 — )2 + 7 H1)
i=0 (t - 1)3

we obtain for the first sum

n 3
ZZQQZ ~ (=2 4 2¢ — 2¢clog ¢ + clog® ¢) ns .
Pt log” ¢

The second sum follows immediately as in [14, Lemma 4.4]. O

Now we are able to establish the convergence result in this case.

Theorem 4.11. If X,, ~ RS(n,0,,q) with 0, < 1, 8, — 1 and 0 — c with
0<c<1, then (X, — un)/on converges to a limit distribution X with
alc,x) _ 1
PX <a)= "™,
c—1

where

\/(0*1)2 —clog®c n 1—c+cloge
(c—1)loge * (c—1)loge

alc,x) =

and © € [—y1,72] with
1—c+cloge c—1—1loge

"= Y2 = .
\/(c—l)z—clogQC \/(0—1)2—clog20

Proof. Using [14, Lemmas 4.4 and 4.5] and Lemma 4.10 we get for the means i,

and

Z?;oiei[?]q (1 —c+cloge)n? loge _l—c+clogc

= ~

n n — — n
g S 0[7] . log? ¢ (c—1)n (c—1)logec

2
n

Tl
XL,

—2(1 — c+cloge — 3clog® e)n®  loge (1—c+cloge)? 5
- log® ¢ (c—1)n (c—1)2log?c
+1-2c—clog’c ,

(c—1)2log?c "

As an immediate consequence we get that the support of the limit distribution

and for the variances o

[=71572] = lm [—pn /0w, (0 = pn) /o]



ON A FAMILY OF ¢-BINOMIAL DISTRIBUTIONS 13

is as stated in the theorem. Now we compute the distribution function of X:

Hk 1 n
P(X <z) = lim = lim —————— { } oF.
Jim, EZ Zl“} =, 2 i

n— o0
k—pin eq(q) loge ! k<onx+pin

On

Since o,x + pn, ~ na(e, ) we have further

1 n
P(X <z)= lim ————— {}65’/
oo €¢I(q) loglcn kgr%(:c,z) F g

ae,x)
C —1
Togc neq(q)  cxlem) —q

= lim = ,
n—oo  eq(q) fo_gin c—1
what completes the proof of this theorem. O

Again we get the following immediate consequence:

Corollary 4.12. If X,, ~ RS(n,0,,q) with 6, > 1, 6,, — 1 and 0,, — ¢ with
1 <é¢< oo, then (un — Xp)/on and (X, — pn)/on converge to a limit X, whose
distribution is given in Theorem 4.11 with ¢ =1/¢ resp. é.

Finally we study the case that 0™ = ¢ with 0 < ¢ < 1 and f(n) =o(n). The
analysis of this case is very similar to that of the previous case. So we start again
with a lemma which is useful to find the asymptotic behaviour of the means and
variances.

Lemma 4.13. Let f(n) — oo for n — oo, @ =0, 00" S cwitho < c< 1
and. Then

— log” ¢
and
n 3
n| 5. n
Z [} 129n ~ eq(q)‘lf( 3)
i—o L'dq og ¢
Proof. Similar to [14, Lemma 4.8]. O

The following theorem shows that in this case the limiting distribution is an
exponential distribution.

Theorem 4.14. If X,, ~ RS(n,0,,q) with 6, <1, 6, — 1, 01" = ¢ with f(n) =
o(n) and 0 < ¢ < 1, then (X,, — pn)/0on converges to a normalised exponential
distribution with parameter A =1, i.e.,

P(X<a)=1—-e*"1 z>-1

Proof. From [14, Lemmas 4.4 and 4.8] and Lemma 4.13 we get

o LC NN 7] ) L 00 R 0l

log ¢ " log?c log?c  log?c

Hn ~~
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Computing the distribution function of the limit distribution yields

P(X <z)= lim > %
nee k<onT+pn Zi:o [z]qa’z

. 1 n
n—00 —eq(q)n k
loge ™ g gl gy i) =04

1tz

. 1 —c¢=Toge Yeu(q) log c
= lim ———f(n)eq(q) ————
n—oo  loge " eq(q) f(n)
Ltz —x—1
=1—c-Tge =1—¢ . U

Corollary 4.15. If X,, ~ RS(n,0,,q) with 0,, > 1, 0, — 1, 05™ — ¢ with f(n) =
o(n) and 1 < ¢ < oo, then (pn, — Xpn)/on converges to a normalised exponential
distribution with parameter A = 1.

5. UNBOUNDED PARAMETER

Now we turn our attention to sequences of random variables X,, with X, ~
B(a,0,,n,q), where the parameter sequence 6,, = 6,(q) tends to infinity. We
start with fast growing parameters 6, i.e., 6, = ¢~2**~9() with g(n) convergent
or g(n) — oo. Due to the reversing property 3.9 we conclude immediately from
Lemma 4.2:

Corollary 5.1. Let X,, ~ B(a, 0,1, q) with 6, = g—2°"—9("),

(i) If g(n) — v then for o> 0 we have n — X, = P(a,q¢77,q) .
(ii) If g(n) — oo then for all a« > 0 we have n — X,, — &o.

Now we consider parameter sequences 6,,(¢) = ¢~/ with f(n) — oo and 2an—
f(n) = oo for n — oo and a > 0. These assumptions will be on force throughout
the section. We will prove in Theorem 5.7 that a suitable chosen subsequence of
the normalised sequence of random variables X, converges to a discrete normal
distribution. Theorem 5.2 and Lemmas 5.3 and 5.4 are devoted to the asymptotic
behaviour of the sequence () of means. Afterwards we study the sequence (o0,)
of variances in Lemmas 5.5 and 5.6 and then we establish the convergence result.

To simplify notation, we define

45
Yi(2) = Z Z[ (n)n } goteta)”, ¥y = 34(1),
z=0 I‘ J -t q
n— I_%J -1
— n ala—(a+1))? .
= S e ) o L Dm0,

q

© 2

BR(2) = Y 2get = w1,
=0

B5(2) 1= Y gl @y (1),
x=0

where a = {@}
«
Now we turn to the study of the sequence of means.

Lemma 5.2. For n — oo we have

fhy = V;(Z)J + c(a, o, q) + o(1),
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where
S a(a—x)? ala+z)?
szlw(q( ) —q(“)

S (T )
Proof. We have to study the behaviour of

ZZ:O T [;L} qqoz:c2q*f(n)w

Yo [] 0 a0

c(a,a, q) =

. . (n)? .
For this purpose we expand the fraction by qu and analyse the denominator D
and the numerator N separately.
" [n]  (c2ae+sm)?
q Ao ;
—o LP1q

n
=0 x q

splitting the sum into two parts gives

x

n

n (=2aa+f(n))?2 n (=20@+f(n)?
= q 4o —+ E q 4o .
z q z q

o= | 42 |41

By reversing the order of summation in the first sum and shifting the summation
index in the second sum we obtain

(—20 |_ f(n) J +f(n)+2m)2

2a

(720¢|_%J —Qa—2az+f(n))2

* :,;Z:o L+L(”)J+1Lq : ’

qoz(af(erl))2 )

This tends to

> 2 > _ 2
(4) eq(q) <Z getm)” 4y " gelem (et ) =y
x=0 x=0

since we can bound the first sum as follows:

0 | L |
a(a+x n a(a .'L'2
eq(Q)Zq(+)ZZ[f(n) ]‘JH)
=0 =0 LQO‘J q
342 ]
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estimating the g-binomial coefficient yields

(n)

(1- L) I )

(@.9)y 4 =

> 2
= eq(a) Y a"
=0

Here we used that

Similar arguments hold for the second sum. Now we turn to the numerator N.
" [n 2 F(m?
N = ax —f(n)x-‘r%
>t ,
=0 q

we split the sum again, reverse the order of summation resp. shift the summation
index and get

“E 1) g L

q

e f(n) n ;
+ + ) 11 n a(af(a:+1)).
R R | AT L

Using the same arguments as above yields

_ V(n)

2c

(5)
Combining (4) and (5) we obtain

oo ala—(z 2 [eS) alate)? ala—(z 2
| £ 322, gla=(@+D) *Zx=0x<q (a+2)? _ gala—(a+1) )
=120 | F S (@t 1 gata-@rD)?)

Simplifying the fraction yields the theorem. O

J 7 eg@) (S () — 52 (@) + eal@)SF +o(1).

+o(1).

Now we provide an estimate for the O(1)-term in the preceding theorem.

Lemma 5.3. Let c(a, a,q) be defined as in Theorem 5.2. Then
(i) 0 <¢(a,a,q) < 1,
(ii) e¢(a,,q) =0<=a=0,
(iil) c(a,,q) +¢(l —a,a,q) = 1.
Proof. Since for all z > 0
(6) qa(—a+ac)2 > q(x(a,-"-zv)z7

0 < ¢(a, «, q). Moreover, c(a,a,q) = 0 iff in (6) equality holds for all z > 1. But
this is the case iff (x —a)? = (v +a)? for all 2. So c(a,a,q) = 0 iff a = 0. For (i) it
remains to show that

Zm (qoz(—a-‘rar:)2 _ qa(a+z)2) < Z (qa(—a+x)2 + qa(a-i-x)z) + qaaQ.

=1 z=1
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We can rewrite this as
o0 oo

Y@= 1) = 3 (@ + )¢t <o,

=1 x=0
The left-hand side is increasing in a, and for a = 1 we have

oo (oo}

D= 1)g" =B (w + g =0,

z=1 x=0

Since 0 < @ < 1, (ii) follows.
To see (iii), note that the denominators of ¢(a, , ¢) and ¢(1—a, «, ) are invariant
under the substitution a — 1 — a. Then add the numerators:

s 2 2 > 2 2
Su (qau—a—w) _ go(-ata) ) +3 e (qam—w) _ golete) ) ,
x=1 x=1

by splitting the first sum and shifting the summation index we obtain

S oo
— Z(x + 1)qa(a+x)2 _ Z(x _ 1 a(a—z)? + Z ( ala—z)? qa(a+x)2)
=0 =2

2 > 2 —1)? a(a—x)?
_ qaa + an(aJr:r) + qa(a 1) + Zq ( )

_ Z ( a(at)? a(af(a:Jrl))Q) ’

which is exactly the denominator of ¢(a, a, q). O
Lemma 5.4. Let c¢(a,,q) be defined as in Theorem 5.2.

(i) If a > 0, then {MJ +cla,a,q) € Z.
(ii) If a =0, then

NS Nt

e
"< { ifn < £

«

«
Proof. Lemma 5.3 implies (i). To see (ii) we use

_fn) 2 f(n) 2
f(n) oo™ “T[x-&-@} " =22 5”[“") —x]qqm
= + o 4
Hn 20 > 1) n 9+ Zn,m " oz?
20 [%_J o+ Im] 4
Now consider the case n > f : We have to prove that

f(n)
2 o n 2
L’Jrf”)] " =z Zw{f(”)x} a
=1 20 q

We will see that for all 1 < z < %7 the term on the right-hand side is less than
or equal to the corresponding term on the left-hand side (there are enough terms
on the left-hand side by our assumption), i.e.,

f(n = | f(n .
v+ B ], T B -,

f(n)
2

Our assumption implies

n—m—M—i-l—i—iZ

—xz+1+7 for 0 <i<2x—1.
2c
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Taking the product over all ¢ on both sides yields

f(n) f(”) f(n) f(n)
<1 _qnxm+1> <1 _q +z> > (]_ —q 2a x+1> (]_ _ qx+ 2c )

and therefore

1 1
>

(¢:9)  fn) (4,9) n  (@Dim) (@9 fm)
T+ 5 n—r— —T n—"55 +

2 2c 2c

and this leads to the assertion in this case immediately.
The case n < L ( ) can be treated similarly. O

In [5] Gerhold and Zeiner studied the behaviour of the means of Kemp’s g-
binomial distribution in the limit ¢ — 0 and ¢(a, a, ¢) in the limit ¢ — 1. We will
do the same analysis here. First we will show that for ¢ — 0

0 ifo<a<i
Pn — —2(1 + 5 ta=3
1 ifi<a<l

For this purpose we estimate ¢(a, «, q):

qoc(lfa)2 + 2qa(2fa)2 4 ZzO:S :L.qoc(afzr)2 _ Z;O xqa(a+a:)2
qaa2 + qoz(afl)2 + Z;ozl qa(aJr:v + Z — qa(a )

2 2 00 a(l—z )2
qa(l—a) + 2qa(2—a) + 2123 zq (1—z)% _ Zm:1 xq® a(l+x)
R DI PORT
qoc(l—a)2 4 2qa(2—a)2 ) 2;0:2 qazz
qaa2 + ch(a—l)2 +92 220:2 qax2

14 2qa(3—2a) 4 2q—oz(1—a)2 220:2
qa(—1+2a) +1+ 2q—a(1—a)2 ZZ.;2 qax2 .

cla,a,q) =

.’/C2

For a € [0, 3) we have 2a — 1 < 0 and therefore the denominator tends to infinity
while the numerator goes to 1. Consequently ¢(a, v, ¢) — 0. Lemma 5.3 (iii) implies
that c(a,a,q) — 1 if a € (3,1) and ¢(3,a,¢) = 3. Moreover, from the estimates
in the proof of Theorem 5.2 we get easily that the o(1)-term vanishes in the limit
q— 0.

In the limit ¢ — 1 we have ¢(a, a, q) — a. To see this, apply the Euler-Maclaurin
formula to

fHa) =g P77 and  gt(a) = aqh P
first, which yields
fr
R0 _I;+%+R;
£>0
with
o0 o0 1 )
If = /f+(x)dx and RJf = / (x — |z] — 2) T (z)dz
0 0

Computing I;.r gives

_B2 Blo
pe VB (et (o255 )
! 2y/—Alogq ’
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where erf(z) denotes the error-function. Similarly, we get for g™ (x)

et =1+ 2O 4 gy

2
>0
with

oo

I = /g+(x)dx and RS = 7(;3 —|z] — ;) gt (x)dx.
0

0
Computing 15 gives

_B2 Blo
I+ B —Bﬁq 14 (l—l-erf (72\/%)> _1 1

g 4A\/—ATogq 2 Alogq’

In an analogous way we treat the functions
f_( ) = qsz_B’” and g (x) =xq
and g~ (0) = g*(0) = 0. Putting things together we

Az?— Bz

Note that f~(0) = f¥(0) = 1
obtain with A = o and B = 2«
Ig —i—Rg_—I;—R;‘

+ — + — —a?
If +If +Rf +Rf +q

cla,a,q) =
f 2
B 4A _ +
_ 2A\/—qATg+R - Ry
fq 4A + —a?2
—ATond +Rf +Rf +4q
> /—Alogq (p—
et (Ry — RJ)

B
a+ qia
1+q¢% V=L e (R; + R} +q*“2)

Thus it remains to show that /=Togq(R; — R]) and /—log q(Ry + R}') both
tend to 0. We have

RJT = / (x — |z - 1) qA””2+B”” log ¢(2Az + B)dz.
0

2

The integral

oo

J = B/ ((E _ LxJ _ ;) qu;QJerdx
0

is bounded uniformly for all ¢ € [0, 1), since qA”fz"’BQ’ is decreasing in :

1 1
1 _Z+;O
3 o zHitl
1
Ax“+Bzx Ax“+Bzx
</<x—LmJ 2) dx+z / <x—LwJ—2) d
0 =0 %Jri
=.J;
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Thus (—log q)3/2J; — 0. With the same idea we want to estimate

T 1\ aue
Jo = 2A/ <x — |z] — 2) A" B pdg,
0

Az’+Bz

Unfortunately h(z) := ¢ x must not be decreasing in z for x > 0. Differen-

tiating gives
B (x) = g B (14 (242 + Bz)logq) .
Obvious h’'(0) > 0 and lim,_,_o A'(z) = lim,_0o h'(x) = —o0 since logq < 0.

Consequently there exists a single positive root r of h'(z). For ¢ near at 1 we have

r <1/y/—Alogq since

h’(l)—lJrlogq( 24, D )
v—Aloggq Alogqg +/—Alogq
Bv—logq

1 .

Thus h(z) is decreasing for x > r. Split J, into integrals over [0, [r]] and [[7], 00).
The second integral is bounded by same arguments as above. The first integral can
be estimated trivially by

=1-2+

[r1 [r1
24 / (m — |z] — ;) T Brdr| < A / x < A[r]?.
0 0

Therefore y/— log qR}|r — 0 for ¢ — 1. Analogously we get /—log gy — 0. In
order to show that the term with

7 1 2 2
R = / (ac —|z] — 2> (qAI B | AT B2 og g(242 + B)) dx

vanishes, it remains to consider the integral

yi 1 2
J3 = / (x — =] — 2) ¢ TBT g2,

0

Again we compute where H(z) := xquIQH% is decreasing. We have

H'(z) = ¢**"+B% (22 + (242° + Ba?)logq)

and therefore lim, , o, H'(z) = +o0, lim, oo H'(z) = —oc0 and H'(0) = 0. Since
H"(0) > 0, there exists a single positive root s of H'(x). Moreover s < 1/v/—Alogq
since

B

1 2 2
H - 1 -
(V—Ak%q) v—Ak%q_%qu<(—Ak%QP“ Ak%q)
2 2 B

= - - —<0.
V—Alogq +/—Alogq A~
Thus H(x) is decreasing for z > s. Split the integral into integrals over [0, |s]],

[Is],[s]] and [[s],00). The third integral is bounded as above. The second integral
is trivially bounded by 3[s]?. And the first integral - the increasing part - we
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estimate with the same ideas as for the decreasing part:

ls)=1 41

1 . .
0< Z / (x —|z| - 2) A7 BT g2y
i=0

1 2
= / <33 — |z] — 2) gAT BT 24,

3 |s)—2 3HiT1
_ L\ Ae?4Ba 2 L\ Ae?+Ba 2
_/(x—LgcJ—2)q“’ mxda:—&—z SC—L.CCJ—§ g TP rtde
0 =01
Ls] )
4 / <.’E _ LxJ _ 2) qAa:2+Ba:x2dx

lsl—3
ls]—2
<0+ Z 0—|— |s]?
Therefore /— log qR;r — 0 for ¢ — 1. In a similar way we find \/—loggR,~ — 0.

After this analysis of the means, we turn our attention to the sequence of vari-
ances.

Lemma 5.5. For n — oo we have

0721 = ¢)(@a «, Q) - C(CL, «, Q)Q + 0(1)7

where

212 ( a(a—z)? + qa(a+x)2) )

x=1

d(a,a, q) :

Proof. By definition we have

D N
ZZ:O [Z]qqar —f(n)z

Now we proceed as in the proof of Theorem 5.2 and study the numerator N after

E(X?) =

n

Fm)?

expansion by ¢ ol

~ n 2_ f(m)?
N=) M g I e
q

=0

we split the sum and reverse the order of summation resp. shift the summation
index and get

E 1))

oy (W;(?J“H ) }qw(m)g
x=0
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which can be written as

_ V(")J "o V(")J 1 (2) + 1 (2?) + Ta(e?) + V;(Z)JQ Sy + %

2 2

+2 {f(”)J Sa(z) + 259 (z) + 2 V(”)J .

2 2

Using similar arguments as above yields
=[5 vt (2[5 o 242 e o[

+ 35°(2?) + 2 (2?) + B5° + 225@(95)) +0o(1).

Thus

B (X2) = Q";(Z)Jw (o) (2| 52 | 5 -2 | B2 sy 42 | 2 o0t >)>
+6(a0,0)

Since

| Jz_eq@ (2|52 | =@ -2 | 42 @) -2 | 2 | o)
0
+ c(a, @, q)% + o(1),

we obtain

o2 = ¢(a,a,q) — c(a, o, q)* + o(1). O

Lemma 5.6.
¢(a, o, q) > ca, a, q).

Proof. We have to show that

Zzo . 72 <qa(afz)2 + qa(a+z)2) Z;OZI T (qa(af:v)2 _ qa(a+z)2>
D e qalate)® 437 | gole=a)? ~ D oarg qlat®)® 437 | galama)?

A sufficient condition for this is

PONEE S (q‘““*@? + qO‘(‘l“)"‘) DO (qa<a7r>2 n qa(a+z)2>
VL Sl § SRV S ST

We show that

(i $2 (qa(a—x)2 + qa(a-‘rgc)z)) <i qa(a+x)2 + i qoc(a—ac)2> >
x=1 =1 =1
00 2
> (Zm (qa(aﬂc)2 + qa(a+w)2)> )
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Expanding gives

> 2 2 > 2 —a)?
Z m2qa(ac+a) qa(y+a) + Z x2qa(w+a) qa(y )

z,y=1 z,y=1
Z 582 a(z—a) (era) + Z x qaz a)? a(y a)?
z,y=1 z,y=1
0o o
> Z mqa(a:-&-a)zyqoc(y-&-a)z + Z xqa(x—a)zyqa(y—a)Q
z,y=1 z,y=1
> 2 2
123 agete’ygetv-a?,
z,y=1

Now we consider the pairs (z,y) and (y,x) again and obtain

qua(m+a)2 a(y+a)? + y2qa(z+a)2qa(y+a)2 + qua(m+a)2qa(y7G)2 + y2qoc(:z:7a)2qa(y+a)2
+ .’E2 a(z—a)? qoz(y-i-a)z + y2qa(z+a)2qa(y—a)2 + qua(x—a)2qa(y—a)2 + qua(a:—a)zqa(y—a)z
> Qxyqa(m+a)2qa(y+a)2 + 2$yqoz(z—a)2qoz(y—a)2 + 2$yqa(x+a)2qa(y—a)2
+ 2Iyqa(mfa)2qa(y+a)2 )

This is true since 22 + y2 > 2xy. O

Now we are able to establish the next convergence result. For this purpose recall
that c(a, o, q) and ¢(a, a, q) depend on the fractional part of f( . Since convergent
variances and convergent fractional parts of means are requlred for convergence to
a discrete distribution, we will choose a subsequence (ny) of (n) such that {f (n) }
remains constant.

Theorem 5.7. Let (ny) be an increasing sequence of natural numbers and X, ~
B(a, g7 ny.q) such that {%} = a constant. Recall that we always assume
f(n) = o0, 2an — f(n) = oo and o > 0. Then (X,, — pin,)/0n, converges for
k — oo to a normalised discrete normal distribution, i.e., they converge to a limit

X with

a(z—a)?

P(X_i(x—c(a,oz,q))> -1

ZOO_, qa(gc—a)2 ’
where o = limg_yo0 0, and c(a, o, q) is defined as in Theorem 5.2..

Proof. For simplicity we write in the following n instead of nj. First we note that
Lemmas 5.5 and 5.6 imply that the sequence of variances (02) converges since

{f (1)1 is constant by assumption. We define

ln] ifa>0
H(pn) = 3 Lpn) ifa=0,n> L0
[tin] ifazO,n<%Z)
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Since H () = % — a, we have

P(Xn = H(pn) +2) = [f)ch

n g —ata) =i () (H2 ~ata)
w 0]
2« q

n n 2_
S [ g T
77“4722 +a(w7a)2

— | f(n n n ay2—f(n
200 a+w q Zy:O [y} qq vi=fny

a(z—a)?
q
—e
o0 eq(q) 2o, (qo(ate)® 4 gala=(a+1)?)
2
I
Z;C:_OO qo‘(a+r)2
—a 2
gt
Z;O:_OO qa(zfa)z
normalising we get the theorem. .

For a = % this theorem reduces to the convergence property of Kemp’s binomial
tribution established in [5]
Using Jacobi’s Triple Product we can rewrite the infinite sum as

s3]
Z qa(x—a)z — qaa2 (q2a7q)oo (_qoz—Zoza,q)oo (_qa+2aa,q)oo )

T=—00

In the limit ¢ — 1 these discrete normal distributions converge to the standard

normal distribution, see [13].

1]
2]
3]

(4]

[5]

7]

(8]

(10]
(11]
(12]

(13]
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