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Abstract. The number of spanning trees of a graph, also known as the complexity, is com-
puted for graphs constructed by a replacement procedure yielding a self-similar structure. It is
shown that under certain symmetry conditions exact formulas for the complexity can be given.
These formulas indicate interesting connections to the theory of electrical networks. Examples
include the well-known Sierpiniski graphs and their higher-dimensional analogues. Several
auxiliary results are provided on the way — for instance, a property of the number of rooted
spanning forests is proven for graphs with a high degree of symmetry.
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1. Introduction

The number of spanning trees of a finite graph or multigraph X, also known as the
complexity ©(X), is certainly one of the most important graph-theoretical parameters,
and also one of the oldest. Its applications range from the theory of networks, where
the number of spanning trees is used as a measure for network reliability [8] to theo-
retical chemistry, in connection with the enumeration of certain chemical isomers [4].
Kirchhoff’s celebrated matrix tree theorem [12] relates the properties of an electrical
network to the number of spanning trees in the underlying graph. There is a large
variety of proofs for the matrix tree theorem, see for instance [3, 6, 10], and several
extensions and generalizations have been provided in the past. One of them, due
to Moon [16], which gives a general formula for spanning forests, will be of vital
importance within this paper.

In view of the large number of interpretations and applications, it is not surpris-
ing that many papers deal with exact formulas for the number of spanning trees in
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certain graph classes. Cayley’s well-known enumeration of labelled trees [5], which
is equivalent to the enumeration of spanning trees in a complete graph K,,, can be
seen as the starting point for this path of investigation: Cayley’s theorem states that
1(K,) = n"~2, and this formula has been generalized in many ways. Further examples
of closed formulas include those for wheels, fans, ladders, prisms, and other special
families. A collection of formulas can be found in Berge’s book [2].

Recently, Chang, Chen, and Yang [7] studied the complexity of Sierpiriski graphs
and their higher-dimensional analoga; they determined explicit formulas for small
dimensions and conjectured a general formula (see [7, Conjectures 6.1 and 6.2]).
This is motivated by applications in statistical physics, where the complexity is of
use in the study of lattices (cf. [20]). The quantity

h= lim log (T(Xn))7
v,

where X, is an increasing sequence of graphs (such as finite sections of a lattice) ap-
proaching an infinite graph, is a useful descriptor in this context. In [14] this quantity
is termed free entropy and its relation to the simple random walk is studied.

In the present paper, we will prove the conjecture of Chang, Chen, and Yang,
and extend the result to a considerably larger class of graphs of self-similar nature
obtained from a recursive construction that was essentially described in [22], where
enumeration problems are treated from a more general point of view.

Even though these fractal-like graphs are quite popular in the study of electrical
networks and random walks (see the lecture notes of Barlow [1], Kigami’s book [11],
and the references therein), it seems that the enumeration of spanning trees (espe-
cially exact enumeration) has been somewhat neglected up to now in spite of the
obvious connections. The main result indicates the relation between the tree count-
ing problem and electrical networks, Laplacians and random walks, as the number of
spanning trees involves the so-called resistance scaling factor (equivalently, the spec-
tral dimension). Using the method of “spectral decimation” (see [19]), it is possible
to determine the spectrum rather explicitly by iterating rational functions for certain
examples. However, “spectral decimation” is a restricted tool: On the one hand it is
not always applicable — Example 2.3.2 is one instance where it does not work — on
the other hand some additional work is needed for each example considered.

Finally, let us mention that there are several notions of self-similarity for graphs.
The one used in [9] is a broad generalization of the notion used here. A different
notion of self-similarity was developed in [17].

2. Self-Similar Graphs

2.1. Construction

In the following we describe a replacement procedure for graphs, which is a sim-
plification of the construction considered and explained in [22]. Briefly, given a graph
X, anew graph Y is constructed by amalgamating several copies of X. This replace-
ment procedure is the basis for an inductive construction of self-similar graphs.
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Let G be an edgeless graph with 0 > 2 distinguished vertices given by a map
n: ®— VG (®=1{l,...,0}). Let s > 2 substitutions be defined by injective maps
Gi: ® = VG fori € S ={1,...,s}. For any multigraph X and any injective map
¢: ©® — VX a new multigraph Y together with an injective map y: ® — VY is con-
structed as follows.

For each i € S, let Z; be an isomorphic copy of the multigraph X, so that the vertex
sets VZ1,..., VZ;, and VG are mutually disjoint. The isomorphism between X and Z;
is denoted by {;: VX — VZ;. Let Z be the disjoint union of G and Zy,..., Z;, and
define the relation ~ on VZ as the reflexive, symmetric, and transitive hull of

N

U{(ei(h), &Gi9())): j€ O} CVZXVZ.

i=0
Then the multigraph Y is defined by its vertex set VY = VZ/~ and edge multiset

EY = {{[v], w]}: {v,w} € EZ},

where [v] denotes the equivalence class of a vertex v. The map y: ® — VY is defined
by w(i) = In(i)] € VY.

If the pair (Y, ) is constructed as above from (X, @), then we write (¥, y) =
Copy(X, @). Since we fix G, 1, and {c;: i € S}, the dependence on these items is
suppressed. Note that Y is the amalgamation of s isomorphic copies of X: Fori € S,
define Z; by

VZi={P:veVZ} and EZ={{P],[w]}: {v.w}€EZ}.

Then Z; is isomorphic to X and the isomorphism is given by

Ci: VX — VZ’, V= [C,(V)]

The subgraph Z; is called the i-th part of Y. On the i-th part of Y distinguished vertices
are given by ® — VZ;, j — Gi(9(j)) = [0i(j)].

2.2. Assumptions

We say that a graph X is strongly symmetric with respect to a vertex subset D, if
those automorphisms of X stabilizing D act on D like the alternating or symmetric
group.

We always assume that the initial data G, 1, and o©; satisfy the following condi-
tions:

(C) Connectedness: If (Y, y) = Copy(X, ¢) and X is connected, then Y is connected,
too.

(S) Strong symmetry: If (Y, y) = Copy(X, @), where X is strongly symmetric with
respect to (), then Y is strongly symmetric with respect to y(®).

Set (Y, y) = Copy(X, @), where X is a connected graph. Define the constant K by

K=s(0—1)+1—|VG|.
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Then k > 0 has a geometric interpretation: If H is a subgraph of Y, so that the restric-
tion of H on each part of Y is a spanning tree, then the cyclomatic number of H is K.
It is easy to derive the following recurrences:

VY| =s([VX| —8) + VG| =s([VX| - 1)~k +1 and |EY|=s|EX].

If ¢(X) and ¢(Y) are the cyclomatic numbers of X and Y, respectively, then ¢(Y) =
sc(X)+x.

2.3. Examples

2.3.1. Sierpinski Graphs
Fix some d € Ny and let s = 0 = d + 1. Define the edgeless graph G by

VG = {xeNg+1: Zx,:z}

and the map n: ® — VG by n(i) = 2e;, where e, is the i-th canonical basis vector of
R, In addition, set 6;(j) = e;+€; € VG fori € S and j € ®. Note that @ = § =
{1,...,d+1}. Itis easy to see that

1 1 1
|VG|:2(d+2)(d+l) and K=d(d+1)+l—2(d+2)(d+l):2d(d—1).
The usual finite d-dimensional Sierpifiski graphs are then constructed as follows: Let

Xo = K411, 90: ® — VX be injective, and inductively define (X,,, @,) by (X, 9,) =
Copy (X,—1, ©,—1) for n € N. See Figure 1 for the case d = 2.

n(3)
X1
G Xo
I AN
n(1) 7(2)

Figure 1: Initial data and finite 2-dimensional Sierpiriski graphs.

2.3.2. Austria Graphs

The “Austria” graphs are studied in [13] (their shape resembles a map of Austria).
Let®=2,5s=4,and VG = {1, 2, 3,4}. Define n and G1,..., G4 as follows

i m(i) o1(i) 02(i) o3(i) o4(i)
11 1 2 4 4
24 2 3 2 3
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Obviously, we have k¥ = 1. The finite Austria graphs are inductively constructed by
Xo = Kz and (X, ¢,) = Copy(X,—1, 9,—1) for n € N, see Figure 2 for an illustra-
tion of the initial data and some finite Austria graphs. The orientation of each of the

YA

X1

X, N

Figure 2: Initial data and finite Austria graphs.

four substitutions (defined by G1,..., 64) can be flipped. For example, 6 could also
be defined by 61(1) =2 and 6;(2) = 1. Note that two distinct choices yield differ-
ent graph sequences Xo, X1,... (the specific configuration can be identified in X3).
Here the substitutions Gy, ..., 64 are chosen in such a way that the vertex degrees in
Xo, X1,. .. are uniformly bounded.

3. Electrical Networks

Let F be a finite non-empty set and X be a multigraph with vertex set VX = F. In
addition, let ¢: EX — (0, o) be conductances on the edges of X. Then the pair (F, ¢)
is called an electrical network. The Laplace operator (or Laplacian) A: RF — RF
of a network (F, ¢) is defined by

AN =), (f)—fB))ele).
ecEX
e={x,y}
For B C F, denote by Hg : R® — R the linear operator, so that Hg g:F—Ris
the harmonic extension of g: B — R, i.e., AHf g|p\5 = 0 and Hf g|p = g, and write
II;: f — f]p for the canonical restriction onto B.

Two networks (F, cr) and (G, c¢g) with @ # B C F NG are called electrically
equivalent with respect to B, if they cannot be distinguished by applying voltages
to B and measuring the resulting currents on B. In terms of the associated Laplace
operators Ar and Ag electrical equivalence means IT;ApHfy =TI AHS.

Let D C VX = F be a non-empty vertex subset, so that X is strongly symmetric
with respect to D, and let ¢: EX — (0, o) be the unit conductances on X: c(e) =1
for all edges e € EX. It is easy to show that there exists a number p such that the
network (F, ¢) is electrically equivalent to (D, p~'cp) with respect to D, where cp
are the unit conductances on the complete graph with vertex set D. The number p is
called resistance scaling factor of X with respect to D.
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3.1. Resistance Scaling in Self-Similar Graphs

Besides the obvious parameters s, 6, and K there are two further intrinsic param-
eters of the initial data: The resistance scaling factor A and the tree scaling factor u.
The first one will be introduced in the following. The existence and meaning of the
second one form the content of Theorem 4.1. We remark that the notion of resistance
(or conductance) scaling is used frequently in the context of self-similar graphs, see
for instance [1,11,15].

Let X be a connected multigraph and ¢: ® — VX be an injective map, so that X
is strongly symmetric with respect to @(®). Additionally, set (¥, y) = Copy(X, @).
Denote by p(X) and p(Y) the resistance scaling factor of X with respect to ¢(®) and
of Y with respect to (@), respectively.

Lemma 3.1. With the above notation the quotient p(Y)/p(X) is independent of the
specific choice of the multigraph X and will be denoted by A, called the resistance
scaling factor of the initial data.

Proof. We define A by A = p(Y'), where (Y, y) = Copy(X, @) and X is the complete
graph with 0 vertices. For general multigraphs X we have to prove that p(Y) =
Ap(X): Since p(X) is the resistance scaling factor of X, each copy of X in ¥ can be
replaced by a complete graph with constant conductances p(X)~!. Therefore p(Y) =
Ap(X) by definition of A.

3.2. Examples

3.2.1. Sierpiniski Graphs

It is not difficult to derive the resistance scaling factor p(X;) of X; with respect to

its distinguished vertices: p(X;) = Zﬁ As p(Xp) = 1 with respect to @y(0), the
resistance scaling factor A of the initial data in this case is given by A = Zﬁ

3.2.2. Austria Graphs

The resistance scaling factor p(X;) of X; with respect to its distinguished vertices
is given by p(X;) = g Therefore, A = g

4. Main Results

Let X be a connected graph which is strongly symmetric with respect to ¢(®). Set
(Y, ) = Copy(X, ¢) and denote by p(X) and p(Y) the resistance scaling factors of
X and Y with respect to ¢(®) and y(®), respectively.

Theorem 4.1. There exists a number u, the tree scaling factor, depending on the
initial data only, such that

where T: R* — R? is given by T(a, b) = (Aa, ua*b*).
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Let X, be a connected graph which is strongly symmetric with respect to @o(0).
We define a sequence of pairs (X,,, ¢,) inductively by

(Xn+1; (Pn+1) = COPY(XVM (Pn)
Note that the cardinalities of VX, and EX,, are given by

sT—1
|VX,| = 5" (|VXo| — 1)—Ks_1 +1 and |EX,|=s"|EXo|.

The next theorem follows by induction from the previous one.

Theorem 4.2. The complexity ©1(X,) of X, is given by

s"—1-n(s—1)

tX) =25 60 (X)) T (%)

Note that this can be rewritten in terms of the spectral dimension which is related
to the resistance scaling factor by the formula

_ 2log(s)
* log(sh)

The spectral dimension is a useful descriptor in the spectral theory of self-similar
structures as well as in the study of random walks and Brownian motion.

Furthermore, there are s possibilities to embed X}, in X,,+1. Hence for each infinite
sequence 1 = (11, 1,...) € SV, there exists an infinite limit graph X..(1), so that the
embeddings

1 15] n
Xo — X ‘—>X2---‘—>Xn---‘—>Xw(l)
hold. In this sense the multigraph sequence Xy, X, ... approaches the infinite multi-
graph X..(1). The tree entropy h of X..(1) (see [14]) is defined to be

b= lim 08(TXn)
n—oo |VXn|

Corollary 4.3. The tree entropy h of the infinite limit graph X.(1) for some 1 € S™ is
then given by

(% log(%) +Iog(s) + Klog(p(Xo)) + (5~ 1) log(¥(X0))

"= (5 1) (VXo| 1)~ x

The proof of Theorem 4.1 proceeds in the following major steps:

(1) First of all a decomposition of certain spanning forests of ¥ into spanning forests
of X of the same type is developed. This yields a multi-dimensional polynomial
recursion for the numbers of these spanning forests. The symmetry condition is
essential to decrease the number of variables, see Section 5.

(2) In the next step the numbers of rooted spanning forests, where all roots are con-
tained in the set of distinguished vertices, are deduced from the numbers of span-
ning forests mentioned before. The crucial point here are the correct coefficients
for these relations, see Section 6.
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(3) Using a certain factorization (Corollary 7.2), we transfer the polynomial recur-
sion for the numbers of spanning forests to a polynomial recursion for the num-
bers of rooted spanning forests. This is done using a general result concerning
multi-dimensional polynomials (Proposition 7.3), see Section 7. It seems to be
difficult to obtain this second recursion without the first step.

(4) Due to the symmetry condition it turns out that there are relations between the
numbers of these rooted spanning forests (Theorem 8.1). This allows us to reduce
the number of variables to two, see Section 8.

For illustration we discuss each step in the following sections for the sequence of
finite Sierpifiski graphs in more detail.

5. Spanning Forests

In order to formulate the construction scheme for spanning forests we need some
notations for number and set partitions and spanning forests.

5.1. Number Partitions and Set Partitions

For n € N, denote by P(n) the set of number partitions of n, and write v¢(p) for
the number of occurrences of k € N in a partition p € P(n), so that

n=Y k-vi(p)

keN

and v (p) = 0 for k > n. In addition, define |p| by

lp| = Z Vi(p)
keN
and set P,(n) = {p € P(n): |p| = r} for r € N. If a number partition has ki,..., &
as its distinct parts, we write

b= Al () ik (P)
=k, -

as a shorthand. Usually, the summands k1, ..., k, are sorted in descending order. For
example, 312312 means the number partition 3 +2+2+2+1+1.

Let M be a finite set. A set partition B of M is a family of non-empty and disjoint
subsets of M, so that their union is equal to M. The elements of M are called blocks.
The block sizes of B define a number partition p of |M|, and the set partition B is said
to be of fype p in this case. For convenience, the type p of B is denoted ¢(B) = p.
Let B(M) be the set of all set partitions of M and denote by B,(M) C B(M) those
partitions of type p. Of course,

BM)= [ B,(M).
)

If K is a subset of M, then the restriction B|g € B(K) of B € B(M) is given by

Blxk={bNK:bEB,bNK # T}.
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Finally, set ¢(B) = {@(b): b € B} for any B € B(M) and any map ¢: M — R, where
R is any set.

Let I be an index set. For i € I, let M; C M be a non-empty subset of M, so
that the union of all M; is equal to M. Let B; be a set partition of M; and denote
by B = {B;: i € I} the family of these partitions. Then define a multigraph Xz as
follows:

VXg = {(B,b): BE B, b€ B},

and two distinct vertices (By, by) and (B, by) are joined by |b; Nby| edges in EXg.
By definition X4 does not contain any loops. We call B

e cycle-free, if the multigraph X3 is cycle-free (and hence simple);
e connected, if Xg is so.

Notice that two blocks from distinct partitions of a cycle-free family have at most one
point in common. The connected components of X4 naturally define a set partition
on M, which is called the transitive union Union(B) € B(M) of B: Each block of
Union(‘B) is given as the union of all blocks of the family B, which are contained in
one connected component of Xg. In other words, Union(‘B) is the finest partition of
M, such that each block of the family B is contained in one block of Union(‘B).

5.2. Spanning Forests

Let X be a multigraph with 6 distinguished vertices D C VX. Every spanning
forest F of X induces a set partition B on D: The distinguished vertices in one con-
nected component of F form a block of B. Let Sx be the set of spanning forests of X,
which only have components containing at least one distinguished vertex each. For
B € B(D), write Sx (B) for the set of those forests in Sx whose induced set partition
is B. For p € P(0), Sx(p) denotes the set of spanning forests in Sx defining a set
partition of type p. Then,

Sx(p)= 1 Sx(B) and Sx= [H Sx(p).
BeB,(D) peP(0)

5.3. Decomposition of Spanning Forests

Fix some initial data G, 1, and ;. Consider an element @ = (®y, ..., ®;) in the
Cartesian product [];c5 B(0®) and denote by 6(®) the family

o(®) = {o;(w;): i € S}.

Then Union(c(®)) is a set partition of VG. Moreover, define the following counting
functions:

xp(@) =[{ieS: 0 eB,(®)}] and x(®)=)|of= ) |px,(®@),
€S peP(0)

for p € P(0) and ® € [[;cs B(O).
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Now let X be a connected multigraph, which is strongly symmetric with respect to
¢(®), and set (¥, ) = Copy(X, @). For the sake of notation, define y;: ® — VY by
V;(j) =Ci(o())) (i € S). Let F be a spanning forest in Sy (y(B)) for some B € B(0®)
and denote by F; the restriction of F on the i-th part of Y (i € S). Then, for each i € S,
there exists exactly one spanning forest L; of X such that

Fi=Gi(Li). (5.1)

Define the trace @ = Tr(F) of F, so that the forest L; is contained in the set Sx (Q(®;)).
From this we can draw some conclusions:

e For each b € Union(c(®)), the intersection » N1 (®) is not empty.
e The restriction Union(c(®))|ne) equals n(B).
e The family 6(®) is cycle-free.

The above discussion motivates the definition of Q(B) for B € B(0®): Q(B) is the set
of all @ € [T;cs B(®) such that 5N (®) # @ for b € Union(c(®)), Union(c(®)) |4 e)
=1n(B), and 6(®) is a cycle-free family. Then we have Tr(Sy(y(B))) = Q(B), and
there is a bijective correspondence between

Sr(w(B)) and [ [[Sx(o (5.2)

(DEQ lES

for B € B(®), which is determined by (5.1).
With the symmetry condition in mind let us define the set Q(p) for a number
partition p € P(0) by
Q)= W B
BeB,(0)
It is remarkable that, for any tuple @ € Q(p), the number of blocks  (®) in @ satisfies
an identity, which only involves |p|:

Lemma 5.1. Suppose that the connectedness condition is satisfied. Then, for p €
P(0), we have
X(m) =K+s+ |p‘ - 17

Sorall ® € Q(p).

Proof. Suppose that X = Ky and (Y, y) = Copy(X, @). We prove that x(Tr(F)) =
K+ 5+ |p| — 1 holds for all spanning forests F' € Sy (p), which implies the statement,
since each @ € Q(p) has a representation as a spanning forest in Sy (p).

Let @ € Q(p) and let F be a spanning forest with @ = Tr(F). If w; € B,(0), then
F has exactly 6 — |¢| edges in the i-th part of ¥ (since F induces a spanning forest
with |g| components). Similarly, F has a total of exactly |[VY|— |p| edges. Therefore,
we have two expressions for the number of edges of F:

VY[—[pl= ) (8-la)xs(@)=06 ) Xq (@) =65 —x(@).

qEP(0) qeP(®

Additionally, we know that |[VY| = s(6 — 1) — x+ 1. Now, solving the equation for
x(®) yields the lemma.



Spanning Trees 365

A
Va5 e

Figure 3: Decomposition of spanning forests.

Finally, we illustrate the correspondence given in (5.2) for the case of finite 2-
dimensional Sierpifiski graphs. Figure 3 depicts the decomposition of a spanning
forest F of X, into a triple (L1, Ly, L3), so that the relation (5.1) holds. It is readily
seen that F € Sx, (¢2({1,23})) and

Ly€Sx (@1({1,23})), Lo €8x (91({12,3})), Ls € Sx, (¢1({123})).

Thus the trace of F is given by
Tr(F) = ({1,23}, {12,3}, {123}) € Q({1,23}).

Here and in the following we sometimes write {1, 23} as a shorthand for the partition
{{1}, {2, 3}} and analogously for other partitions, if no ambiguity can occur.
By virtue of symmetry

1Sx(B1)| = [Sx (B2)],
for all B, B, € B(9(0)) of the same type. Thus define T, (X) by

1Sx(p)|
b(p) ’

for p € P(0), where b(p) = |B,(0)| is the number of set partitions of ® of type p.
Furthermore, write T(X) for the vector (T,(X)) ,cp(p)- Note that T, (X) = [Sx (B)| for
any B € B,(9(0®)) and 7,(X) is equal to the complexity T(X) of X if p is the trivial
partition with one summand given by p = 0. No confusion should occur between the
complexity ©(X) and the vector T(X).

If (Y, ) = Copy(X, @), then Equation (5.2) implies

bp)w()= Y Isy(w®B)l= ), []ISx(e

BeB,(0) WeQ(p) €S

= Z H Tq(X)xq(m>7

©cQ(p) q€2(8)

Tp(X) =

forall p € P(0). For asubset Q C [[;cs B(®), define the generating function GF(Q |x)

by
GFx)= Y [Trw =Y TT %,

weQ icS WweQ geP(0)
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where /(w;) is the type of the set partition ®;. Now the following proposition is
immediate.

Proposition 5.2. The vectors ©(X) and ©(Y) satisfy the following identity:

where the s-homogeneous polynomial function Q: RY ®) _ R?O) g given by its co-
ordinates

Sfor p € P(0). Additionally, strong symmetry implies that
0p(x) = GF(Q(B) |x),
for p € P(0) and any B € B,(0).

Lemma 5.1 implies a constraint for the monomials of Q: Let p € P(6) and let

[T =
qeP(6)
be a monomial with nonzero coefficient in Q,,, then there is some ® € Q(p) with
Xq(®) = n, for all g € P(0) and the relation

Y, lglng=x(®@) =x+s+|p|—1
qeP(6)

holds.

As an example, we study these results in the case of finite 2-dimensional Sierpinski
graphs in more detail: Recall that ® = s = 3 and note that ?(3) = {3', 21", 13}. Fur-
thermore, B,({1, 2, 3}) for p € P(3) is given by

By ({1,2,3}) = {{123}},  Bp;({1,2,3})={{1,2,3}}
By ({1,2,3}) = {{12,3}, {13,2}, {23, 1}}.

The left part of Figure 4 shows the initial data with complete labelling, whereas the
right part yields a table of all arrangements for the construction of spanning forests.
(The shaded area indicates connected pieces.) For example, up to symmetry, there is
one way to construct a spanning tree F' of X, from a triple (L;, Ly, L3) of certain
spanning forests of Xj,, so that the relation (5.1) holds. This arrangement is illustrated
in the first row and first column of the table. Therefore, Q(3') = Q({123}) consists
of the six tuples

({123}, {123}, {13,2}), ({123}, {123}, {23, 1}), ({123}, {12, 3}, {123}),
({123}, {23, 1}, {123}), ({12, 3}, {123}, {123}), ({13, 2}, {123}, {123}).
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n(3)

A A
\ X6 %2 X2 X2
(.73(1) 0'3(22 A x1 g g
ﬁz A&. YN
o1(1) 01(2) o2(1) 02(2)
(1) n(2) .ﬁz&

Figure 4: Initial data with complete labelling and (up to symmetry) all arrangements
for the construction of spanning forests.

The next five arrangements of the table belong to Q(2'1!) and the last five to Q(13) =
Q({1,2,3}). Altogether, we get

2
X3 0x3) X,y 1
2 2
Q lell = 7)631)62111—’—)C
X3 14x2111—|—12x31x 11 %3

It is easy to see that the initial values are T(Xo) = (3, 1, 1). Therefore,

T(Xl) = Q(t(XO)) = (547 30, 50)7

T(X>) = (524880, 486000, 1350000), and so forth.
A similar enumeration yields the polynomial Q in the 3-dimensional case, see
Table 1. The initial values are T(Xp) = (16,3, 1, 1, 1) and thus

T(X;) = (131072,42996, 6156, 18432,27648), ...
Note that there are five partitions of @ = 4:
4y={4",3"1",2%,2"1, 1%}

and 3'1! and 22 both have two terms. In Section 7, it is shown how such terms can
be combined to reduce the number of variables. The following section provides the
necessary auxiliary results for this step.

6. Rooted Spanning Forests

6.1. Set Partitions Forming a Cycle-Free, Connected Family

Let M be a set and let o, p be number partitions of |M|. Fix a set partition O of M
with £(O) = o. Denote by 4(0O) the family of set partitions P of M with the property
that {O, P} forms a cycle-free, connected family, and set 4(0, p) = A(0) NB,(M).
Then the number (O, p) = |4(0, p)| only depends on the type of O and not on O
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Table 1: The polynomial Q for finite 3-dimensional Sierpiriski graphs.

2 2
Oq(x) = 56)“41)%1 1 168x41 231 112050 + 168341 X311 4% +56x41x32
2 2
+T2x51 X351 115%1 2 + 12X X2 X112
4 2 2 2
Q31 11 (X) = 20)631 I + 96X31 11492 + 108X41X31 11%0112 + 192x41x31 11%92%112
2 2.2
+ 7225 1% + 563511105, + 84X, 50Xy 12 + 24051051
+6x42“x31 11%74 +6x42“x22x14
4 3 2 2 3 2
0y (x) = 2x31 o+ 16x3, 11 %2 +36x31 11552 +32x31 11%2 + 12x41x31 11501 12
+ 22)632 +48x41x31 11 X02%5112 + 36x41x%2x21 12 +2xﬁlx%1 12
3 2 2 3
Oypi (X) = 88)(31 1159112 +264X31 11 X902 X112 + 264)(31 11X22X%51 12 + 88x22x21 12
+ 120x,1 x5, llxgllz + 120x41x22x%1 e 14x41x§1 [1Xq4
—+ 28X4]X3] 11X22X14 =+ 14.X41.X§2x14 + 6X31X21 12x14
02 2 2 2 2 3
Q14 (X) = 720X3] 11X21 12 —+ 1440)(321 11x22X21 12 + 720.X22X22] 12 + 208X41X21 12
5623 11Xy + 16833112052 + 168331 105,04 + 560, 4
—+ 144.X41X3111.X21 12X14 —+ 144.X41x22.x21 12X14

itself. Thus we may define (o, p) = a(O, p) for any O € B,(M). If O and P are
set partitions of M, so that B = {O, P} is cycle-free and connected, then |O| 4 |P| =
|M| + 1, since the associated graph X is a tree, [VXg| = |O|+ |P|, and |EX| = |M]|.
This implies
a0)= i a,p), (6.1)
pEB(M])
where k is given by k = [M|+ 1 —|O|.

Theorem 6.1. Let M be a finite set and o, p € P(|M|) with |o|+ |p| = |M|+ 1. Then
the formula
kvk(o)

a(o, p) = (Jo| = )1 (Ip| = 1!

(6.2)
ke vi(p)! (k= 1))

holds.

Proof. For the moment write P, for the set of all number partitions with exactly r
terms and set V(p) = n if p € P(n). Fix some set partition O € B,(M) and some
integer r > 1 with v,(p) > 0. Let P be a set partition of type p, such that {O, P} is a
cycle-free, connected family. Then each element of a block b € P of size r (there are
v,(p) possibilities to choose such a block) is contained in exactly one of r pairwise
different blocks cy, ..., ¢, of O. Denote by g € P, the type of {c1,..., ¢, }. There are

I (oo

choices for {ci,..., ¢} and the r elements of the block b, if the type of the “neigh-
boring” blocks {ci,..., ¢, } is given by g. Now consider P’ = P\ {b} and

0 =(0\{c1,...,c;})U{(c1U---Uc,) \ b}.



Spanning Trees 369

Both P’ and O’ are set partitions of M \ b, and the family {O’, P'} is cycle-free and
connected. The type p’ of P’ is obtained from p by removing one part of size r:
v,(p') =v,(p) — 1. On the other hand, the type o’ of O’ is given by

. vi(o) —vi(g)+1,  ifk=v(q)—
Vi(0') = :
vi(0) —vi(q), otherwise,
since the partition O’ emerges from O by removing vi(g) blocks of size k and adding
one block of size

Y (k—1)vilq) =v(g)—r. (6.3)
keN

Obviously, p’ and o’ are both number partitions of [M| —r, and |p’| = |p| — 1, |o/| =

|o] — r+ 1. We point out the dependency of o’ on g.
The considerations above yield a recursive formula for a(o, p):

0 QOAPAY
a(o, qéra v ,g(vk(q))k 2 (6.4)

Now, we may proceed by induction. Equation (6.2) is trivial if |o| = 1 or |p| = 1. The
hypothesis for a(o’, p’) implies

KVk(0)—vi(q)

(o', p') = (lo| = ) (Ip| = 2)! (r= )!vi(p)(v(g) = 1) ] i)
keN Vi (p)!((k— 1))
Inserting this into (6.4) shows that it suffices to prove

lo] —1 Vi(0)

trl-0 (7" = L) .

r—1 ng ,LL Vi(q)

The term on the right-hand side, which we denote by A, can be written as

A [y,]axn y (vk(O))x<k_1>jyj

keN jeNy J

x=1

bearing the identity (6.3) in mind. However, some elementary transformations yield

A=y ] H (1—|—xk’ly)w{(0)

kEN

x=1

() (i—1)x/2 Vi (o
=[] Z VJ( I(j_le)lyj y H (l—I—xk_ly) (0)

JjeN keN

x=1

ZVJ ]_1 _‘_y)\o\fl
JjEN

= w1 (7).

which proves the theorem, since |o| + |p| = [M|+ 1.
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Define number partitions p; € P(|M]) fork € {1,..., |M|} as follows: For k = 1,
set p = 1M1, and for k > 2 set py = k' 1M1= Thus,

pk=k+l+'\;+l

|M|—k times

and |px| = |M|+1—k. Let p € P(|M|) with |p| = k. Then we set o, = a(px, p).
Last, but not least, we remark that the quotient

e

o M| +1— o] ey

is independent of p for all 0 € P(|M|) with |o| +|p| = |M|+ 1 and will be denoted by
Bo. This implies &0, p) = Bo0tp.

6.2. Rooted Spanning Forests and Spanning Forests

A rooted spanning forest (F, R) of a multigraph X is a spanning forest F of X
together with a collection R C VX of roots, such that F has exactly |R| components
and each component contains exactly one element of R. We denote by R x (R) the set
of all rooted spanning forests of X with roots R C VX.

Suppose that X is connected and strongly symmetric with respect to a set of dis-
tinguished vertices @(®). Then the number | R y (W)| of rooted spanning forests with
roots W C @(®) depends only on the size of W. Hence define

n(X) = [Rx (W),

for some W C @(0®) with k € ® elements. Thus r(X) = (r1(X),..., re(X)) is a vector
in R®. We remark that r (X) is precisely the complexity T(X ) of X and rg(X) =1, (X),
where the number partition p is given by p = 1°.

Let W C ¢(0) be a k-set for k € ® and p € P(0), then by Theorem 6.1 there are
o, set partitions B € B,(¢(0)), so that [bNW| =1 for all b € B. If B is such a set
partition and F is a spanning forest in Sx (B), then (F, W) is a rooted spanning forest
in Ry (W).

This motivates the following definitions: For a set K C ® with k € ® elements
define the set partition Px of ® by

P ={K}u{{j}: je ®\K}.

Notice that the type of Pk is given by the number partition pg. Then, for a spanning
forest F € Sx(@(B)) with B € A4(Px), the tuple (F, ®(K)) is a rooted spanning forest

in R x(¢(K)). Hence,

Rx(@K)= [ {(F 0(K)): FeSx(o(B)}

BEﬂ(PK)

and

Z Z 1Sx (9( Z o, Tp(X

PEB(6) BEA(Pk, p) PEB(0)
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using the decomposition (6.1) and |4 (Px, p)| = a,. Thus define the map X: R?®)
R® by its coordinates
= ) O,
PEB(8)
Corollary 6.2. Suppose X is a connected multigraph and @: ® — VX is an injective
map. If X is strongly symmetric with respect to @(X), then r(X) = Z(t(X)).

7. A Recursion for Rooted Spanning Forests

Let the initial data G, 1, 6; be given and recall that we always require the connected-
ness and symmetry condition.

For a k-set K C @, define O(K) to be the set of all @, such that the family ¢(®) U
{n(Pk)} is connected and cycle-free. Then the following partition is immediate:

oK)= | B

BEﬂ(P[d
This implies
Zi(Q(x) Z o, 0p(x Z Z 0p(x)
pE’Pk(e) pE’Pk(e)BEﬂ(PK, )
= Y Quwx= Y GFQB)|x)=GFO(K)|x),
BEA(Pk) BeA(Px)

using Equation (6.1), Proposition 5.2 and o, = | 4(Pxk, p)|.
Lemma 7.1. Let j € S and fix partitions B; € B(®) fori € S\ {j}, so that
(Bi,...,Bj-1,Bj,Bji1,...,Bs) € O(K)

for some B € B(0). Now consider the cycle-free family

B ={oi(Bi): i € S\ {j}}u{n(Px)}
and set O = G;l (Union(B) \c_,-(@))~ Then the s-tuple

= (Bi,...,Bj_1,0,Bj(1,..., By)

is contained in O(K) if and only if o; € A(0).

Proof. By definition @ € O(K) if and only if 6(®) U {n(Px)} is connected and cycle-
free. Note that B is cycle-free and 6;(O) reflects the connected components of B on
G;(®). Therefore,

o(0)U{n(Pk)} = BU{c;(w;)}

is connected and cycle-free if and only if {O, ®;} is, which is equivalent to ®; €
A(0).
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Corollary 7.2. Let B= (By,..., By) € O(K) be an s-tuple of set partitions. For j € S
define O(K, B, j) to be the set of all ® € O(K), such that ®; = B; for i € S\ {j}.
Then, for each j € S, there exists a constant cg_j, so that

GF(O(K,B, j)|x) =cB ;Zu(x) [] xuz)
ies\{j}
where m = |Bj|.
Proof. Consider the family B and the set O = 6;1 (Union(B)|s;(e)) defined in
Lemma 7.1. Notice that m + |O] = 6+ 1. Lemma 7.1 states that
OK,B, j) ={B1} x--x {Bj_1} x A(0) x {Bj41} x -+ x {By}.
Using Equation (6.1) and | 4(0, p)| = a(£(0), p) = By0)ap for p € P,,(6) we obtain

Y xo= Y Y =Y. Buoy®%xp =Buo)Zn(x),

weA(0) peme(e) weAa(0 p) peme(e)

which implies the statement for cg_j = By(o)

This implies that Q has a remarkable structure: The terms corresponding to a
single part can be rewritten in terms of X,,(x), m € ©. The following proposition
shows how such polynomials can be simplified in general.

Proposition 7.3. Let I be an index set and {x,: \ € I} be a set of variables. Define

the polynomial P by
P= Z a(u)quj,
uclU JES
where U C ¥ is a finite set of s-tuples, and a(u) is a real number for u € U. If
veU and j € S are given, we denote by U(v, j) the set of all u € U with u; = v; for
i € S\ {j}. Now suppose that there are finite-dimensional subspaces L,..., Ls of
the vector space Y, c; Rx, such that

Y a][]r=Lv; [ x

uel(v,j) i€S ieS\{j}

holds with Ly ; € Lj forallv € U and all j € S. Then P can be written in the form

M
P= Z HL:n,i

m=1ie§
for some M € N and some L, ; € L.

Proof. We use simultaneous induction on s and d = dim L;. The claim is trivial
for s = 1 as well as for d = 0 (P is identically O in the latter case). Choose a basis
Ay,..., Ay of L;in reduced echelon form. Hence A| contains a variable x. for some
c € I that is not contained in A, ..., Ay. We may suppose that the coefficient of x. in
A] is 1.
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Now, consider those tuples v € U, for which the coefficient of A in Ly ; with
respect to the basis Aj,..., Ay is nonzero. By the choice of Aj, such tuples v are
characterized by the property that Ly ¢ has a nonzero coefficient with respect to x.,
which is equivalent to v = (vi,...,vs—1,¢) € U and a(¥) # 0. As a consequence,
the nonzero coefficient of Aj in Lv s is given by a(¥). This motivates the following
definition: Let W C I*~! be the set of all tuples w = (wy,..., ws_1), so that W =
(Wi,..., ws—1,¢) € U and a(w) # 0, and set

s—1 s—1
= Z a(v'v)wai = Z a(u)qui.
wew i=1 uel i=1
Us=c

Then, we have P = (P — P*- A1)+ P*- A;. The second representation of P* shows
that P* satisfies the condition of the proposition (with s replaced by s — 1). Therefore,
by the induction hypothesis, P* can be written in the claimed form. Furthermore, P —
P* - A1 also satisfies the condition of the proposition, but instead of L, we can take
L}, the space spanned by Ao, ..., Ag. Since dim L] = dim L; —1, we may employ the
induction hypothesis again, which shows that P — P* - Aj can also be written in the
desired form. Altogether, we obtain a representation for P = (P — P*- A;) + P*- Ay
of the form

M
P= Z HL:n,iv

m=1ieS

which finishes the proof.

Now we combine all ingredients to obtain the key result of this section.

Theorem 7.4. There exists an s-homogeneous polynomial R: R® — R® satisfying
YoQ=RoZ% ie,

Y op0p(x ( Y ax,... Z apxp>

PEB(8) PEP(8) PE’PS
fork € @©.

Proof. For each k € ® apply Proposition 7.3 to the polynomial X; 0 Q: Fori € Slet L;
be spanned by the linear combinations X, ..., Xg. Then Corollary 7.2 yields exactly
the required condition for Proposition 7.3. Hence, for each k € ©, there exists an
s-homogeneous polynomial Ry : R® — R, so that £ 0 Q = R o £ holds.

Corollary 7.5. Let k € ® and z'l” - -zge be a monomial which occurs in the polyno-
mial Ry (z), then

Y inj=x+s+k—1.

ic®

11 zg? in Ry(z) corresponds to the term

(Z1(x))"™ - (Zo(x))"™

Proof. The monomial z;



374 E. Teufl and S. Wagner

in 2;(Q(x)). Hence for some number partitions p; € P1(0),..., ps € Pg(0) and

p € Py(0), the monomial xp! -+ xj9 occurs in Q,(x). However, all monomials in

Q,(x) are of the form
Xq(®)
H Xq

q€P(9)

for some @ € Q(p). Now the assertion follows from Lemma 5.1.

Corollary 7.6. Let (Y, y) = Copy(X, @), then the following relation between r(X)
and r(Y) holds:
r(Y) =R(r(X)).

Proof. Proposition 5.2 states that T(Y) = Q(t(X)). Using Corollary 6.2 and Theo-
rem 7.4 we get

which proves the statement.

Note that Theorem 7.4 is trivial for 6 < 3, since |P4(0)| = 1 for k € © in this case.
For the sake of completeness, we give the map X for 6 =2 and 6 = 3:

E(xy1,x12) = (%1, x2)  and  E(x31, %11, x3) = (x50, 265111, x73).

However, if 6 > 4, the situation is more complicated. As an example, we consider
3-dimensional Sierpinski graphs Xo, X1, .... Here 6 = s =4, and the polynomial Q is
given in Table 1. A simple computation yields

T (x40, X311, X2, Xp112, K14 ) = (41, 223171 + 2%, BXp1 12, X4 ),

and therefore we obtain the polynomial

21 72,33 + 1223252,

nE V3 +20z,232; + ¥ 35+ 62322,
sl |1 12323 +20z,2,23 + 221 2,352, + 6232324
2 202323+ 282,83 + 753z, + 242120232,

satisfying X 0 Q = RoX. This is a considerable simplification compared to the poly-
nomial Q given in Table 1. In the following section, it is shown how this can be
reduced even further.

8. The Final Step

8.1. A Theorem on Rooted Spanning Forests

An extension of Kirchhoff’s famous matrix tree theorem states that the number of
rooted spanning forests (F, R) of a finite multigraph X with given roots & # R C VX
is

|R x (R)| = det (T, AIT; ),
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where H = VX \ R, see [16]. (If H = @ the above determinant is defined to be 1.)
Note that IT,AITj, is the Dirichlet-Laplace operator with respect to the boundary R.
If X is strongly symmetric with respect to D C VX, then

|Rx(R1)| = [Rx(Ra)l, 8.1)
for any two k-sets Ry, Ry C D.

Theorem 8.1. Let X be a connected, finite multigraph and let D C VX be a vertex
subset with 0 vertices. Suppose that X is strongly symmetric with respect to D. Then

| Rx (R)] = kp* "' F1(X)
for all k-sets R C D, where p is the resistance scaling factor of X with respect to D.

Proof. Let B, C be non-empty subsets of D with BW {u} = C. We prove that

_plC]

|Rx (B)|

holds, which implies the statement by an easy induction. As before, let A be the
Laplace operator associated with the unit conductances on X. For convenience, set
Ay = HVX\ AAH;‘,X\ 4 for any non-empty set A C D. Then

|RX(BU{x})\:detABU{X}:<1 .
|Rx (B)| detAg fxp Bp L} )

for all x € D\ B. Thus (8.1) yields

(L A 1) = (L3, 85 1),

for all x, y € D\ B. Furthermore, if v, w, x, y € D\ B with v # w and x # y, then there
is an automorphism y of X, which stabilizes the set B and satisfies {yv, yw} = {x, y}.
This implies
—1 —1
(s A Toy) = (1 A5 14 )

since Ap is symmetric. Hence all diagonal entries, as well as all non-diagonal entries
of the matrix representing Ag‘ corresponding to indices from D\ B are equal: There
are numbers a and b, so that

—1 —1
(I Ap' gy )=a and (g, Ag'lyyy) =b,
for all distinct x, y € D\ B. Set
h=Hp 1y, g=Ah=AHE 1;,).

Note that Ilyx\p g = 0. Using the symmetry condition once again, gu)=(0—1)p~!
and g(x) = —p~! forx € D\ {u}. The definition of 7 implies [Tz 4 = 0, and therefore,

Ag (T ph) =Typg and Ty ph=A5" (Mg ) -
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For x € D\ B, a short computation yields

h) = (85" (Mpg) ) @ = ¥ (185140 800,
y

€D\B

since Iyx\pg = 0. If x = u and x # u, respectively, we obtain a simple linear system
of equations from the last identity:

1=(®—1)p la=(-|Cp b,
0=—p 'at|Clp~'b,
with the solution
_ pIC]
6/B|
using |C| = |B|+ 1, which finishes the proof.

b_ p

d =
an 9|B|

a

Now we are able to prove our main result by combining Corollary 7.6 with the
formula of Theorem 8.1 that was just established.

8.2. A Simplified Recursion

Lemma 8.2. Consider the polynomial R: R® — R® given in Theorem 7.4. Let Ry be
given by
Ri(z) =Y anz"
n

using multi-index notation and define u by

u= G_KZan Hk”‘f.

n ke®
Then the complexity of Y is given by ©(Y) = up(X)*t(X)".

Proof. Note that t(X) = r;(X) and 1(Y) = r;(Y) by definition. Theorem 8.1 yields
the relation 74 (X) = kp(X)¥~10!~*7(X) for k € ©. Inserting this into the recursion
©(Y) =R;(r(X)) (see Corollary 7.6) implies

(Y) = Za.,kH@ (kp(X)k_lel_kt(X))nk .

By the s-homogeneity of R and Corollary 7.5, the identities

Y m=s and Y (k—Dm=x

ke® ke®

hold. Therefore, we obtain

W) = P(X)KT(X)SG_KZanH)k’” = up(X)*t(X)*,

finishing the proof.
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Now Lemmas 3.1 and 8.2 imply Theorem 4.1.

8.3. Examples

In the following we continue studying the examples from Section 2.3: Using
Theorem 4.2 closed formulas for the complexity are derived. For these examples the
parameters 0, s, and k were mentioned before. In addition, the resistance scaling
factor A was given in Section 3.2. It remains to compute the tree scaling factor y,
which is done by means of Lemma 8.2.

8.3.1. Sierpinski Graphs

As the first example, we derive a formula for the complexity of d-dimensional
Sierpiniski graphs, see Section 2.3.1 for their definition. Recall that

s=0=d+1, |VG|=}(d+2)(d+1), x=}dd-1), r=]1.

In order to apply Theorem 4.2, we have to determine the tree scaling factor u first. To
this end, apply the substitution procedure to X = K| 41, the star. This method can
be seen as an analogue to the Wye-Delta-transform for electrical networks. Then, the
resulting graph Y is bipartite and its vertices can be divided into the following types:

o the centers of the parts Zi~X,

e the corner vertices, each of which is attached to exactly one of the centers, and

e linking vertices between the centers: Each of these vertices has exactly two neigh-
bors (which are center vertices), and for each pair of center vertices, there is
exactly one vertex linking them.

Figure 5: The graph Y ford =2 and d = 3.

We regard Y as a complete graph with d + 1 vertices whose edges are subdivided, with
an additional pendant vertex attached to each of the d 4 1 vertices (see Figure 5).
Obviously, ©(X) = 1, since X is a tree. Now, the main task is to calculate t(Y):
A spanning tree of Y has to contain each of the d + 1 edges incident to the pendant
vertices. Furthermore, we can choose any of the (d + 1)¢~! spanning trees of the
complete graphs K, (each of the d edges is represented by two edges in view of
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the subdivisions), and add one of the two possible edges for each of the remaining
(dgl) —d= d(dz_ b linking vertices. Therefore, we have

(Y) = (d+1)*" 2402,

Simple computations yield p(X) = p(Kj 4+1) =d + 1. Using Lemma 8.2 and the
formula for ¥ we obtain

y= T(XEEQX)K = (2 (@+17>) >

Now, Theorem 4.2 can be applied: It is well known that T(Xp) = T(Ky41) =
(d+1)4=1, which gives

d—1

(X)) = (2d((d+l)”71)(d+1)(d+l)”+l+d(n+l)fl (d+3)(d+l)”7dnfl) -

Note that this is a generalization of the formula for spanning trees of 2-dimensional
Sierpifiski graphs obtained by the authors in [21]. This formula was computed for
low dimensions and conjectured to be true for high dimensions in [7].

8.3.2. Austria Graphs

The Austria graphs of Section 2.3.2 provide an example for the fact that no sym-
metry at all is needed in the case 6 = 2. Furthermore, two distinct orientations of
the substitutions 61, ..., 64 yield different graph sequences, but this does not alter the
complexity by our considerations. It is not difficult to determine the polynomial Q:

0 Y\ 3)631 X
X 5 x%l x%z
This leads to the closed formula

(X,) = 35(2-4”+3n72) '55(4”73n71),
which also follows from Theorem 4.2 using the parameters 0 =2, s=4,k=1,A= g s
p=3,and p(Xo) = 1(Xo) = I.

9. Conclusions

Our main result, Theorem 4.2, indicates connections between the complexity on fi-
nite self-similar graphs and the study of Laplace operators. The polynomials Q and
R both carry information on the resistance scaling factor. Hence it is likely that
these polynomials are closely related to the renormalization map, which is usually
used in the definition of the resistance scaling factor (see [15]). The Dirichlet- or
Neumann-spectrum of Laplace operators on self-similar graphs are well understood
and described by the dynamics of a multi-dimensional polynomial, see [18]. Like-
wise, the complexity is governed by the polynomial Q. It is plausible that these two
dynamical systems are linked.
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Finally, we remark that in [22] it was conjectured that the number of connected
subgraphs of X,, asymptotically involves the resistance scaling factor. Our main result
proves this conjecture for the number of spanning trees.

We conjecture that the results of this paper can be generalized to sequences of
self-similar graphs with an even lesser amount of symmetry (maybe 2-homogeneity
on the set of distinguished vertices is already sufficient). In even further generality
similar formulas for the complexity might hold asymptotically.

Acknowledgments. The authors want to thank three anonymous referees for valuable com-
ments and interesting hints to literature.
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