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Introduction

The central objects of study in this thesis are affine difference algebraic groups. Similar
to the case of affine algebraic groups, these groups can all be realized as subgroups of
some general linear group defined by algebraic difference equations. However, the defining
equations here are not simply polynomials in the matrix entries but difference polynomials,
i.e., the defining equations involve a difference operator σ which has to be interpreted as a
ring endomorphism. For example, if G is the difference algebraic subgroup of GLn defined
by the algebraic difference equations Xσ(X)T = σ(X)TX = In, where σ : C → C is the
complex conjugation map, then G(C) is the group of all complex unitary n× n-matrices.
A more classical example of a difference field, i.e., a field equipped with an endomorphism,
is C(x) with σ(f(x)) = f(x + 1) or σ(f(x)) = f(qx) for q ∈ C×. Difference algebra, i.e.,
the systematic study of solutions of difference equations from an algebraic point of view,
grew out of the study of difference equations over C(x) in much the same way as algebraic
geometry grew out of the study of polynomial equations over Q or C.

Alternatively, affine difference algebraic groups may be described as affine group schemes
with a certain additional structure (the difference structure). As schemes they are typ-
ically not of finite type, but they enjoy a certain finiteness property with respect to the
difference structure; they are “of finite σ-type”. From an algebraic point of view, an affine
difference algebraic group G over a difference field k corresponds to a Hopf algebra k{G}
over k together with a ring endomorphism σ : k{G} → k{G} that extends σ : k → k.
The structure maps of the Hopf algebra are required to commute with σ, and k{G} is
required to be finitely σ-generated over k, i.e., there exists a finite set B ⊂ k{G} such that
B, σ(B), σ2(B), . . . generates k{G} as a k-algebra.

Difference algebraic groups are the discrete analog of differential algebraic groups,
i.e., groups defined by algebraic differential equations. Differential algebraic groups have
always played an important role in differential algebra (see, e.g., [Cas72], [Sit75], [Cas75],
[Cas78], [Kol85], [Cas89] [Bui92], [Bui93]) and are an active area of research nowadays.
See e.g., [Pil97], [KP00], [CS11], [MO11], [MO13], [Fre], [Min]. See also [Mal10] for a more
geometric approach to differential algebraic groups and [Bui98] for an arithmetic analog
of difference/differential algebraic groups.

Over the last decade, Galois theories where the Galois groups are differential algebraic
groups ([Pil98], [Lan08], [CS07], [HS08]) have given a new impetus to the study of dif-
ferential algebraic groups. The Galois theories in [CS07] and [HS08] are also known as
parameterized Picard-Vessiot theories as they generalize the standard Picard-Vessiot the-
ory ([Kol48], [vdPS03], [vdPS97]) of linear differential and difference equations to linear
differential and difference equations depending on (continuous) parameters.

In contrast to the situation in differential algebra, difference algebraic groups have long
played no role at all in difference algebra. The author can only speculate why. Maybe one
reason is that the traditional definition of a difference variety, which involves a so-called
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universal system of difference fields (see [Coh65, Chapter 4]), is not really suitable for
studying groups. (For each difference field in the universal system one obtains a group
structure but the difference variety itself does not carry a group structure.)

Around the turn of the century a considerable interest in the model theory of difference
fields emerged. (See e.g., [Mac97], [CH99], [CHP02].) Groups definable in ACFA, the
model companion of the theory of difference fields, played a crucial role in remarkable
applications of model theory to number theory, especially regarding the Manin-Mumford
conjecture. See [Hru01], [Bou02], [Cha01], [Cha97], [Sca05], [Sca06], [SV99], [KP07].

In [KP02] it is shown that every group definable in ACFA is, in a certain sense, close to
being a definable (in the language of difference fields) subgroup of an algebraic group. Here
we will show that every affine difference algebraic group is isomorphic to a difference closed
subgroup of some general linear group. In [KP02] it is also shown that an affine difference
algebraic group whose underlying difference variety is an affine space is isomorphic to a
difference closed subgroup of a unipotent algebraic group. A Tannakian approach to affine
difference algebraic groups has been introduced in [OWb]. (See also [Kam13].)

Recently, a Galois theory for linear differential equations depending on a discrete pa-
rameter has been developed in [DVHW14]. In [OWa] a similar Galois theory has been
developed for linear difference equations depending on a discrete parameter. The Galois
groups in these Galois theories are affine difference algebraic groups and they measure the
difference algebraic relations among the solutions. For example, the difference algebraic
relation xJα+2(x)− 2(α+ 1)Jα+1(x) + xJα(x) = 0 satisfied by the Bessel function Jα(x),
which solves Bessel’s differential equation x2δ2(y) + xδ(y) + (x − α2)y = 0, is witnessed
by the associated Galois group.

As illustrated in [DVHW] and [OWa], these Galois theories make it possible to use
structure results about affine difference algebraic groups to analyze and classify the possi-
ble difference algebraic relations among the solutions of certain linear differential and dif-
ference equations. In this respect the understanding of the Zariski dense difference closed
subgroups of a given affine algebraic group is highly relevant. For example, some under-
standing of the Zariski dense difference closed subgroups of SL2, originating from [CHP02],
is a key ingredient in proving that any two linearly independent solution of the Airy equa-
tion are difference algebraically independent. More precisely ([DVHW, Corollary 6.10]), if
A(x) and B(x) are C-linearly independent solutions of Airy’s equation δ2(y)−xy = 0, then
A(x), B(x), A′(x), A(x+1), B(x+1), A′(x+1), A(x+2), . . . are algebraically independent
over C(x).

While the parameterized Picard-Vessiot theory for continuous parameters could draw
on a well-established comprehensive theory of differential algebraic groups, the situation
for discrete parameters is adverse. But clearly, a well-developed theory of affine difference
algebraic groups is indispensable for the parameterized Picard-Vessiot theory with discrete
parameters to flourish. Obviously one could not get very far without having fundamental
results such as the analogs of the isomorphism theorems for groups at one’s disposal. Even
though the validity of the isomorphism theorems for affine difference algebraic may not
come as a surprise, the proof is far from being obvious. Indeed, even the existence of the
quotient of an affine difference algebraic group modulo a normal difference closed subgroup
is a highly non-trivial question. A positive answer requires proving that every k-σ-Hopf
subalgebra of a finitely σ-generated k-σ-Hopf algebra is finitely σ-generated.

While it will for sure be a long way to lift the theory of difference algebraic groups to
a level comparable to the contemporary theory of differential algebraic groups, it is the
hope of the author that this thesis may serve as a first major step in this direction.
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It is well recognized that a functorial-schematic approach to algebraic groups has its
benefits. (See [Wat79], [DG70], [Jan87], [Mil12], [Gro70].) Here we adopt a similar ap-
proach for difference algebraic groups. For example, the general linear group GLn over
a difference field k, considered as a difference algebraic group, is the functor that assigns
GLn(R) to every k-σ-algebra R, that is, R is a k-algebra equipped with an endomorphism
σ : R→ R that extends σ : k → k. In the model theoretic approach to difference equations
as well as in classical difference algebra ([Coh65], [Lev08]) one is primarily interested in
solutions in difference field extensions of k, i.e., R is required to be a field. An affine
difference algebraic group is a group object in the category of affine difference varieties.
The definition of an affine difference variety used in this thesis is more general than the
classical definition of a difference variety (as in [Coh65] and [Lev08]). Our definition is
equivalent to what is called a D-subscheme of affine space in [MS11] for a suitable choice
of D. Also, our notion of affine difference algebraic group is equivalent to what is called
a linear M-group in [Kam13] for a suitable choice of M. The classical difference varieties
studied in [Coh65] and [Lev08] correspond precisely to the affine difference varieties that
can be recovered from their points over difference fields. Thus, the relation between our
affine difference varieties and the classical difference varieties is similar to the relation
between affine schemes of finite type and affine varieties. The affine difference varieties
that can be recovered from their points over difference fields are those whose defining ideal
is perfect, therefore, we call them perfectly σ-reduced. Affine difference algebraic groups
that are not perfectly σ-reduced occur quite naturally and frequently as Galois groups of
linear differential or difference equations depending on a discrete parameter. There are
several examples (Example 4.1.2) of difference algebraic groups G with the property that
G(K) is the trivial group for every difference field extension K of k.

In difference algebraic geometry there is a “zoo” of elements playing a role analogous
to nilpotent elements in algebraic geometry. They roughly correspond to the following
assertions valid for elements in a difference field extension of k but not necessarily valid
for elements in a k-σ-algebra:

• an = 0 implies a = 0.

• σn(a) = 0 implies a = 0.

• ab = 0 implies aσ(b) = 0.

• aσ(a) = 0 implies a = 0.

In this sense we obtain four difference closed subgroups of an affine difference algebraic
group that play a role analogous to the maximal reduced subgroup of an affine algebraic
group. The theory of affine algebraic groups runs more smoothly if one allows nilpotent
elements in the structure sheaf, and non-reduced algebraic groups play an important role in
the representation theory of affine algebraic groups in positive characteristic. The situation
for affine difference algebraic groups is similar. The category of affine difference algebraic
groups is much better behaved than the category of perfectly σ-reduced affine difference
algebraic groups. This, for example, becomes apparent when dealing with extensions of the
base field or when dealing with quotients and the analogs of the isomorphism theorems for
groups. For example, the morphism of affine difference algebraic groups φ : GLn → GLn
determined by φ((gij)) = (σ(gij)) for (gij) ∈ GLn(R) and R a k-σ-algebra has a non-
trivial kernel, even though φ : GLn(K) → GLn(K) is injective for every difference field
extension of k. In particular, if k is a model of ACFA, then φ : GLn(k) → GLn(k) is
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bijective but φ is not an isomorphism of difference algebraic groups. Here we will show
that (with the appropriate conception of injective and surjective) a morphism of affine
difference algebraic groups is an isomorphism if and only if it is injective and surjective.

Let us now describe the contents of the thesis in more detail. In the first chapter
we recall the basic definitions of difference algebra and we present our formalism of dif-
ference algebraic geometry. We also compare our approach to other possible approaches
to difference algebraic geometry. Other than some facts about quotients or examples of
difference algebraic groups that were already used in the above described Galois theory
([DVHW14],[DVHW],[OWa]) all the results presented after Chapter 1 are new.

The second chapter is the technical heart of this thesis. After defining affine difference
algebraic groups and presenting some examples, we prove two important finiteness the-
orems and we introduce three numerical invariants for affine difference algebraic groups:
The σ-dimension, the order and the limit degree. For clarity we state here the fundamental
finiteness theorems in the language of Hopf algebras: Let k{G} be a k-σ-Hopf algebra that
is finitely σ-generated over k and let I(H) ⊂ k{G} be a σ-Hopf ideal, i.e., a Hopf ideal
such that σ(I(H)) ⊂ I(H). Then I(H) is finitely σ-generated, i.e., there exists a finite
set B ⊂ I(H) such that B, σ(B), σ2(B), . . . generates I(H) as an ideal. This result can
be seen as a strengthening (for k-σ-Hopf algebras) of the Ritt-Raudenbush basis theorem
in difference algebra. The classical Ritt-Raudenbush basis theorem does not apply in our
setting as it only applies to perfect difference ideals. This finiteness result turns out to be
extremely useful and is used repeatedly in the subsequent developments. For example, it
is used in the proof of the dimension theorem which is also proved in the second chapter.
The second finiteness theorem asserts that every k-σ-Hopf subalgebra of k{G} is finitely
σ-generated.

The definition of the three numerical invariants is intimately connected with the proof
of the first finiteness theorem. The crucial connecting result is the existence of the growth
group. The growth group is an affine algebraic group that can naturally be associated to
any embedding of an affine difference algebraic group into an affine algebraic group (as a
difference closed subgroup). We also establish the existence of a Kolchin (or dimension)
polynomial for affine difference algebraic groups.

The definition of the limit degree for difference algebraic groups is analogous to the
definition of an important invariant of extensions of difference fields also called the limit
degree ([Lev08, Section 4.3]). So-called algebraic σ-groups have been introduced and
studied in [KP07]. We show that the category of affine algebraic σ-groups is equivalent
to the category of affine difference algebraic groups of difference dimension zero and limit
degree one.

In the last section of Chapter 2 we deal with the ring elements playing a role analogous
to nilpotent elements in algebraic geometry. In particular, we introduce four difference
closed subgroups playing a role analogous to the maximal reduced subgroup for algebraic
groups.

In the third chapter we study morphisms and representations of affine difference al-
gebraic groups. We prove an analog of a theorem of Chevalley: Every difference closed
subgroup of an affine difference algebraic group G is the stabilizer of a line in a suitable
representation of G. We also show that the category of representations of a torus (con-
sidered as a difference algebraic group) is semi-simple. This is in sharp contrast to what
happens in the theory of linear differential algebraic groups. The category of represen-
tations of a linear differential algebraic group is semi-simple only for linear differential
algebraic groups that are the constant points of a reductive algebraic group ([MO11]).
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In the second section of Chapter 2 we establish the existence of quotients and show that
the σ-dimension, the order and the limit degree behave on quotients in the expectable way.
Then we characterize injective and surjective morphisms and show that every morphism
of affine difference algebraic groups factors uniquely as the composition of a surjective
morphism followed by an injective morphism.

In Chapter 4 we study the components of affine difference algebraic groups. There
are two different types of components: The connected components with respect to the
usual Zariski topology and the σ-connected components, i.e., the connected components
with respect to a topology that also takes into account the action of the endomorphism σ.
An affine difference algebraic group typically has infinitely many components. However,
we establish two further finiteness theorems: Firstly we show that a finitely σ-generated
k-σ-Hopf algebra has only finitely many minimal prime difference ideals. This proves a
special case of a reformulation of a question raised by E. Hrushovski. Secondly, we show
that an affine difference algebraic group only has finitely many σ-connected components.
We also introduce the identity component and the σ-identity component of an affine
difference algebraic group via a study of the associated quotient groups.

In Chapter 5 we study group theoretic properties of affine difference algebraic groups.
Sheaves ([DG70, Chapter III]) are a useful tool for dealing with quotients of algebraic
groups. We adapt the sheaf theoretic approach to difference algebraic groups and then
use it to prove the analogs of the isomorphism theorems for groups. The chapter culminates
in an analog of the Jordan-Hölder decomposition theorem. Chapter 5 concludes the study
of general properties of affine difference algebraic groups.

In Chapter 6 we study some special classes of affine difference algebraic groups. Our
main interest is in so-called σ-étale difference algebraic groups. These are precisely those
affine difference algebraic group whose connected component is trivial. In general, the
quotient of an affine difference algebraic group by the the identity component is σ-étale.
The category of étale algebraic groups is equivalent to the category of finite groups with
a continuous action of the absolute Galois group of the base field. We prove a difference
analog of this result: We show that the category of σ-étale difference algebraic groups is
equivalent to a certain category of profinite groups equipped with an endomorphism σ
and an action of the absolute Galois group that intertwines with σ. We also study certain
analogs of infinitesimal algebraic groups and prove a structure theorem for affine difference
algebraic groups G, with the property that k{G} is a finite dimensional k-vector space.
The final and main result of Chapter 6 is a decomposition theorem for σ-étale difference
algebraic groups. This result is loosely analogous to Babbitt’s decomposition theorem for
algebraic extensions of difference fields ([Lev08, Theorem 5.4.13, p. 336]). The proof of
Babbitt’s decomposition theorem for difference algebraic groups uses a difference analog
of Frobenius kernels and many results and concepts of the previous sections.

I am deeply thankful to Prof. Julia Hartmann for her constant support during my
years in Aachen. I also would like to thank Prof. Wilhelm Plesken and Prof. Sebastian
Walcher for friendly advise and for supporting my habilitation project.

This thesis greatly profited from stimulating mathematical discussions with several
people. I would like to mention my colleagues at “Lehrstuhl für Mathematik (Algebra)”
Stefan Ernst, Annette Maier, Daniel Rettstadt and my collaborators Lucia Di Vizio, Char-
lotte Hardouin, Florian Heiderich, Andreas Maurischat, Alexey Ovchinnikov and Ivan
Tomašić. Special thanks go to Annette Maier for her helpful comments on an earlier
version of this manuscript and to Ivan Tomašić for explaining me the different notions of
étaleness in difference algebra.
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Conventions

All rings are assumed to be commutative and unital. The natural numbers contain zero,
i.e., N = {0, 1, 2, . . .}. The expression σ0(f) is understood to be f and σ0 is understood
to be the identity map. By “algebraic group” we mean an affine group scheme of finite
type over a field. In particular, in positive characteristic, an algebraic group need not be
reduced.

We always work over a fixed difference ring k, i.e., we consider difference equations
with coefficients in k. For most of the time we assume that k is a difference field. More
precisely, starting from Section 2.2 we always assume that k is a difference field. The only
exception to this rule is the beginning of Subsection 6.3.4.

If X is some object (or morphism) over k and σ : k → k the endomorphism of k
defining the difference structure, then σi

X denotes the object over k obtained from X by
base extension via σi : k → k for i ∈ N.



Chapter 1

Difference algebra and difference
algebraic geometry

In the beginning of this chapter we recall some basic definitions and constructions from
difference algebra. Then we present the language of difference algebraic geometry that
will be used throughout the text. Our approach to difference algebraic geometry is novel
and generalizes the classical approach as in the standard textbooks [Lev08] and [Coh65].
In a rudimentary form it has already been used in the σ-Galois theory of linear differential
and difference equations. See [DVHW14], [DVHW] and [OWa].

It is well recognized that a functorial-schematic approach to algebraic groups has its
benefits. (See [Wat79], [DG70], [Jan87], [Mil12], [Gro70].) Our approach to difference
algebraic geometry is a natural adaptation of the approach of the above references from
algebra to difference algebra, i.e., from algebraic equations to difference algebraic equa-
tions. In the last section of this chapter we compare our approach to other possible
approaches to difference algebraic geometry.

1.1 Difference algebra

1.1.1 Basic definitions

Standard references for difference algebra are [Lev08] and [Coh65]. The reader new to
difference algebra may also find the lecture notes [Wib13] helpful.

Definition 1.1.1. A difference ring (or σ-ring for short) is a ring1 R together with a ring
endomorphism σ : R→ R.

It is customary to use the same symbol σ for diverse endomorphisms (and this should
not cause confusion). A morphism of σ-rings R and S is a morphism ψ : R → S of rings
such that

R

σ

��

ψ // S

σ

��
R

ψ // S

commutes. Note that in contrast to [Lev08] and [Coh65] we do not require σ : R→ R to be
injective in the definition of a difference ring. This added generality allows for a greater

1Recall that by convention all our rings are commutative.
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CHAPTER 1. DIFFERENCE ALGEBRA AND GEOMETRY 11

flexibility in certain constructions but is also required to deal with certain phenomena
that occur quite naturally. For example, the action of σ on the coordinate ring of the
σ-Galois group a linear differential equation may not be injective ([DVHW14, Example
2.11]). Also, our study of σ-infinitesimal σ-algebraic groups in Section 6.3 would not be
meaningful without the possibility to consider non-injective endomorphisms.

If R and S are σ-rings such that R is a subring of S and the inclusion map is a
morphism of σ-rings, we say that R is a σ-subring of S. A subset F of a σ-ring R is called
σ-stable if σ(F ) ⊂ F .

A difference field (or σ-field for short) is a difference ring whose underlying ring is a
field. If K and L are σ-fields such that K is a σ-subring of L, we also say that L is a
σ-field extension of K, or that L|K is an extension of σ-fields, or that K is a σ-subfield
of L.

Let L|K be an extension of σ-fields and F ⊂ L a subset. The smallest σ-subfield of L
that contains K and F is denoted by

K〈F 〉.

As a field extension of K the σ-field K〈F 〉 is generated by F, σ(F ), σ2(F ), . . .. We call
K〈F 〉 the σ-field σ-generated by F over K. If L = K〈F 〉 for a finite subset F of L we say
that L is finitely σ-generated as a σ-field extension of K.

Let k be a difference ring. A morphism of difference rings k → R is also called
a k-σ-algebra. A morphism of k-σ-algebras is a morphism of k-algebras that is also a
morphism of σ-rings. The category of k-σ-algebras is denoted by

k-σ-Alg.

If R and S are k-σ-algebras R⊗kS is naturally a σ-ring by σ(r⊗s) = σ(r)⊗σ(s) for r ∈ R
and s ∈ S. Indeed, R⊗k S is the coproduct of R and S in the category of k-σ-algebras.

A k-σ-subalgebra of a k-σ-algebra R is a k-subalgebra of R that is also σ-subring of R.
For a subset F ⊂ R, the smallest k-σ-subalgebra of R that contains F is denoted by

k{F}.

It is called the k-σ-subalgebra of R σ-generated by F (over k). As a k-algebra, k{F} is
generated by all elements of the form σi(f) with i ∈ N and f ∈ F . A k-σ-algebra R is
called finitely σ-generated (over k) if there exists a finite set F ⊂ R such that R = k{F}.

Basic examples of k-σ-algebras are given by rings of difference polynomials. The ring
of σ-polynomials over a σ-ring k in the σ-variables y1, . . . , yn is the polynomial ring

k{y} = k{y1, . . . , yn} = k[y1, . . . , yn, σ(y1), . . . , σ(yn), σ2(y1), . . . , σ2(yn), . . .]

in the variables y1, . . . , yn, σ(y1), . . . , σ(yn), . . . over k. It is naturally a k-σ-algebra with
σ : k{y} → k{y} extended from σ : k → k as suggested by the naming of the variables.
If R is a k-σ-algebra, f ∈ k{y} a σ-polynomial and x = (x1, . . . , xn) ∈ Rn, the element
f(x) ∈ Rn is obtained by substituting σi(xj) for σi(yj). If f(x) = 0, we say that x is a
solution of f .

For example, the fact that the gamma function Γ satisfies the functional equation
Γ(z + 1) = zΓ(z) may be expressed by saying that Γ is a solution of the σ-polynomial
σ(y1)−zy1. Here we may, for example, choose k = C(z) and R as the field of meromorphic
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functions in the variable z, both equipped with the difference operator σ determined by
σ(f(z)) = f(z + 1).

An ideal a of a σ-ring R is called a difference ideal (or σ-ideal for short) if σ(a) ⊂ a.
In this case R/a naturally inherits the structure of a σ-ring such that the canonical map
R→ R/a is a morphism of σ-rings.

Definition 1.1.2. Let a be a σ-ideal in a σ-ring R. Then a is called

• reflexive if σ−1(a) = a, i.e., σ(f) ∈ a implies f ∈ a.

• perfect if σα1(f) · · ·σαn(f) ∈ a implies f ∈ a for α1, . . . , αn ≥ 0

• σ-prime if a is reflexive and a prime ideal.

One can show ([Wib13, Lemma 1.2.5]) that a is perfect if and only if fσ(f) ∈ a implies
f ∈ a.

Let R be a σ-ring and F ⊂ R a subset. The smallest σ-ideal of R containing F is
denoted by

[F ]

and called the σ-ideal σ-generated by F . As an ideal [F ] is generated by all elements of
R that are of the form σi(f) with i ∈ N and f ∈ F .

A σ-ideal a of a σ-ring R is called finitely σ-generated if a = [F ] for a finite subset
F ⊂ a.

Definition 1.1.3. Let R be a σ-ring R. Then R is called

• σ-reduced if σ : R→ R is injective.

• inversive if σ : R→ R is an automorphism.

• perfectly σ-reduced if the zero ideal of R is perfect, i.e., if fσ(f) = 0 implies f = 0
for f ∈ R.

• a σ-domain if R is an integral domain and σ-reduced.

If R is a σ-ring, then there exists an inversive σ-ring

R∗

together with a morphism of σ-rings R→ R∗ which is universal among such maps, i.e., for
any inversive σ-ring R′ and morphism of σ-rings R→ R′ there exists a unique morphism
R→ R′ such that

R //

  @@@@@@@@ R∗

}}
R′

commutes (see [Wib13, Prop. 1.1.18]). The σ-ringR∗ is unique up to a unique isomorphism
and is called the inversive closure of R. If R is σ-reduced the map R → R∗ is injective
and we can identify R with a σ-subring of R∗ (cf. [Wib13, Lemma 1.1.23] and [Lev08,
Prop. 2.1.7]). The inversive closure of a σ-field is a σ-field ([Lev08, Prop. 2.1.7]).

For later use we record some simple and well-known facts on extending σ.
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Lemma 1.1.4. Let k be a σ-field and f a separable polynomial with coefficients in k.
Then the polynomial σf obtained from f by applying σ to the coefficients is also separable.

Proof. If 1 lies in the ideal generated by f and its formal derivative, applying σ to the
coefficients shows that 1 also lies in the ideal generated by σf and its formal derivative.

Lemma 1.1.5. Let k be a σ-field. Then there exists an extension of σ : k → k to an
endomorphism σ : k → k on the algebraic closure k of k. The separable algebraic closure
ks ⊂ k is stable under σ. In particular, σ : k → k can be extended to an endomorphism
σ : ks → ks.

Proof. The set of all pairs (K,σ), where K is an intermediate field of k|k and σ : K → k an
extension of σ : k → k ⊂ k carries a natural partial order: (K,σ) ≤ (K ′, σ′) if K ⊂ K ′ and
the restriction of σ′ to K is σ. By Zorn’s lemma there exists a maximal element (K,σ).
Suppose K ( k. Then we may pick a ∈ krK. We can extend σ : K → k to σ : K(a)→ k
by sending a to a root of the polynomial obtained from the minimal polynomial of a over
K by applying σ to the coefficients. This contradicts the maximality of K. So K = k.

It remains to show that the separable algebraic closure is stable under σ. Let a ∈ ks
and let f denote the minimal polynomial of a over k. Because σf(σ(a)) = 0 and σf is a
separable polynomial by Lemma 1.1.4, we see that σ(a) ∈ ks.

Lemma 1.1.6. Let k be a σ-field. Then there exists an inversive algebraically closed
σ-field extension K of k. Indeed, we may take K as the inversive closure of the algebraic
closure of k.

Proof. Let k denote the algebraic closure of k. As seen in Lemma 1.1.5 we can extend σ
from k to k. By Proposition 2.1.9 (i) in [Lev08] the inversive closure K of k is algebraically
closed.

1.1.2 Difference separable difference algebras

The notion of a σ-separable σ-algebra will turn out to be crucial for defining the σ-identity
component of a σ-algebraic group in Section 4.2. This notion does not appear in the
standard textbooks [Coh65] and [Lev08], but has turned out to be useful lately. See
[Hru04, Section 5.1.], [Wib10, Section 1.5], [DVHW14, Section 4] and [Tom]. In this
subsection we collect basic properties of σ-separable σ-algebra that will be needed later.

Definition 1.1.7. Let k be a σ-field. A k-σ-algebra R is called σ-separable (over k) if
R⊗k K is σ-reduced for every σ-field extension K|k.

Note that Definition 1.1.7 generalizes the notion of a separable algebra. (See Corol-
lary 1.1.9 for a precise mathematical statement.)

Proposition 1.1.8. Let k be a σ-field. The following conditions on a k-σ-algebra R are
equivalent:

(i) R is σ-separable over k.

(ii) R⊗k K is σ-reduced, where K = k∗ denotes the inversive closure of k.

(iii) R⊗k K is σ-reduced for some inversive σ-field extension K of k.
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(iv) If f1, . . . , fn ∈ R are k-linearly independent, then also σ(f1), . . . , σ(fn) ∈ R are
k-linearly independent.

(v) R⊗k S is σ-reduced for every σ-reduced k-σ-algebra S.

Proof. Cf. Proposition 1.5.2 in [Wib10] and Theorem 2, Chapter V, §15, No. 4 in [Bou90].
The implications (i)⇒(ii) and (ii)⇒(iii) are trivial. Let us show that (iii) implies (iv).
Assume λ1σ(f1) + · · · + λnσ(fn) = 0 with λ1, . . . , λn ∈ k. Because K is inversive, there
exist µ1, . . . , µn ∈ K with σ(µi) = λi for i = 1, . . . , n. Then

σ(
∑

fi ⊗ µi) =
∑

σ(fi)⊗ λi = 0 ∈ R⊗k K.

Because R ⊗k K is σ-reduced and the fi’s are k-linearly independent, this implies that
µi = 0 for i = 1, . . . , n. Thus λi = σ(µi) = 0 for i = 1, . . . , n.

Next we will show that (iv) implies (v). Assume that f ∈ R ⊗k S with σ(f) = 0. Let
(fi) be a k-basis of R. Then f =

∑
fi ⊗ si with si ∈ S and

∑
σ(fi) ⊗ σ(si) = σ(f) = 0.

Because the σ(fi)’s are k-linearly independent we have σ(si) = 0 for all i. But as S is
σ-reduced this implies that si = 0 and therefore f = 0.

Finally the implication (v)⇒(i) is trivial.

Corollary 1.1.9. Let k be field of positive characteristic p and let q be a power of p. Let R
be a k-algebra and consider k and R as difference rings via the Frobenius endomorphism,
i.e., σ(f) = f q for f ∈ R. Then R is σ-separable over k if and only if R is a separable
k-algebra.

Proof. Assume that R is σ-separable over k and let K be a field extension of k. We have
to show that R ⊗k K is reduced. But if we consider K as a σ-field via σ(f) = f q, then,
by assumption, σ is injective on R⊗k K. Thus R⊗k K is reduced.

Conversely, assume that R is a separable k-algebra. By [Bou90, Theorem 2, Chapter V,
§15, No. 4, A.V.123] the elements fp1 , . . . , f

p
n are k-linearly independent if f1, . . . , fn ∈ R

are k-linearly independent. Therefore σ(f1), . . . , σ(fn) are k-linearly independent and it
follows from Proposition 1.1.8 that R is σ-separable over k.

Corollary 1.1.10. If R and S are σ-separable k-σ-algebras, then also R ⊗k S is a
σ-separable k-σ-algebra.

Proof. Let K be a σ-field extension of k. Then S ⊗k K is σ-reduced because S is
σ-separable. Therefore (R ⊗k S) ⊗k K = R ⊗k (S ⊗k K) is σ-reduced by Proposi-
tion 1.1.8.

Corollary 1.1.11. Let R be a k-σ-algebra and K a σ-field extension of k. Then R is
σ-separable over k if and only if R⊗k K is σ-separable over K.

Proof. Let us first assume that R is σ-separable over k. Let L be a σ-field extension of
K. Then (R⊗k K)KL = R⊗k L is σ-reduced. Thus R⊗k K is σ-separable over K.

Conversely, if R⊗kK is σ-separable over K, it follows that (R⊗kK)⊗KK∗ = R⊗kK∗

is σ-reduced. Thus R is σ-separable over k by Proposition 1.1.8.

Corollary 1.1.12. Let K|k be an extension of σ-fields. If k is inversive, then K is
σ-separable over k.

Proof. By Proposition 1.1.8 it suffices to note that a σ-field is σ-reduced.
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1.2 Difference algebraic geometry

In this section k is a difference ring.

In this section we present some basic notions from difference algebraic geometry, e.g.,
the notion of a difference variety. These definitions and results will then be used in the
following sections in the study of difference algebraic groups.

In this section k is a difference ring and we will consider difference equations over k.
We are mainly interested in the case that k is a difference field. However, for technical
reasons (see e.g. Definition 2.1.5) it is beneficial to have the basic definitions also available
over rings.

1.2.1 Difference varieties

Essentially, a difference variety (over k) is the set of solutions of a system of algebraic
difference equations (over k). Of course, we need to specify more precisely where we are
looking for the solutions.

Let R be a k-σ-algebra and F ⊂ k{y} = k{y1, . . . , yn} a set of σ-polynomials over k.
Then we may consider the R-rational solutions of F , that is

VR(F ) = {x ∈ Rn| f(x) = 0 for all f ∈ F}.

Note that R Ã VR(F ) is naturally a functor from k-σ-Alg to Sets, the category of sets.
We denote this functor by V(F ).

Definition 1.2.1. Let k be a σ-ring. A difference variety (or σ-variety for short) over
k is a functor from k-σ-Alg to Sets, that is of the form V(F ), for some n ≥ 1 and
F ⊂ k{y1, . . . , yn}. A morphism of σ-varieties is a morphism of functors.

The above definition (in case k is a σ-field) does not agree with the traditional def-
inition of a difference variety as in [Coh65] and [Lev08], since traditionally one is only
interested in solutions in σ-field extensions of k. The relation between Definition 1.2.1
and Definition 2.6.1 in [Lev08] is analogous to the relation between the definition of an
affine scheme of finite type over a ring and the notion of an affine variety. The relation
between our approach and other approaches to difference algebraic geometry is discussed
in more detail in Section 1.3.

It may seem more accurate to add the word “affine” into Definition 1.2.1. However, to
avoid endless iterations of the word “affine” we have chosen not to do so.

By definition, a morphism φ : X → Y of σ-varieties consists of maps φR : X(R)→ Y (R)
for any k-σ-algebra R, compatible with morphisms of k-σ-algebras. For convenience, we
will sometimes drop the R in φR. In particular, if x ∈ X(R), we may write φ(x) for
φR(x) ∈ Y (R).

Let F,G ⊂ k{y} and X = V(F ), Y = V(G). If F ⊂ G then Y (R) ⊂ X(R) for every
k-σ-algebra R and Y is a subfunctor of X. We say that Y is a σ-closed σ-subvariety of X
and write Y ⊂ X.

Let X = V(F ), F ⊂ k{y} = k{y1, . . . , yn} be a σ-variety. Then

I(X) = {f ∈ k{y}| f(x) = 0 for all k-σ-algebras R and all x ∈ X(R)} (1.1)

is a σ-ideal of k{y}. The k-σ-algebra

k{X} = k{y}/I(X)
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is called the coordinate ring of X. As we may choose R = k{y}/[F ] in (1.1), we see that
I(X) = [F ] ⊂ k{y}.

Let R be a k-σ-algebra and let y = (y1, . . . , yn) ∈ k{X}n denote the images of y1, . . . , yn
in k{X}. The bijection

Hom(k{X}, R)→ X(R)

thats maps a morphism ψ : k{X} → R of k-σ-algebras to ψ(y) is functorial in R. Thus the
functor X is represented by k{X}. Conversely, since every finitely σ-generated k-σ-algebra
can be written in the form k{y}/[F ], we see that a functor from k-σ-Alg to Sets that
is representable by a finitely σ-generated k-σ-algebra is isomorphic (as a functor) to a
σ-variety.

In the sequel we will allow ourselves the little abuse of notation to also call a functor
isomorphic to a σ-variety a σ-variety. In particular, we will often identify X with the
functor Hom(k{X},−). Thus a functor X from k-σ-Alg to Sets is a σ-variety if and only
if it is representable by a finitely σ-generated k-σ-algebra k{X}. It is then clear from the
Yoneda lemma that:

Remark 1.2.2. The category of σ-varieties over k is anti-equivalent to the category of
finitely σ-generated k-σ-algebras.

If φ : X → Y is a morphism of σ-varieties over k, the dual morphism of k-σ-algebras
is denoted by

φ∗ : k{Y } → k{X}.

As the tensor product is the coproduct in the category of k-σ-algebras it follows that:

Remark 1.2.3. The category of σ-varieties has products. Indeed, if X and Y are σ-varieties
over k, then k{X × Y } = k{X} ⊗k k{Y }. Moreover, there is a terminal object, namely,
the functor represented by the k-σ-algebra k.

In other words, the functor R Ã (X × Y )(R) = X(R) × Y (R) is represented by
k{X} ⊗k k{Y }.

Definition 1.2.4. A σ-variety X is called

• σ-reduced if k{X} is σ-reduced.

• perfectly σ-reduced if k{X} is perfectly σ-reduced.

• integral if k{X} is an integral domain

• σ-integral if k{X} is a σ-domain.

For a k-σ-algebra R let
R]

denote the k-algebra obtained from R by forgetting σ.
Similarly, by forgetting σ, a σ-variety X over k gives rise to a scheme

X]

over k (or more precisely over k]). That is, X] = Spec(k{X}) (or more precisely X] =
Spec(k{X}]). Alternatively, X] = Hom(k{X}],−).
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1.2.2 Difference subvarieties and morphisms of difference varieties

Let Y be a σ-variety and f ∈ k{Y }. Then, for any k-σ-algebra R, we have a well-defined
map f : Y (R)→ R given by evaluating a representative of f in k{y1, . . . , yn} at an element
of Y (R) ⊂ Rn. In a coordinate free manner f : Y (R) → R can be described as the map
that sends ψ ∈ Y (R) = Hom(k{Y }, R) to ψ(f) ∈ R.

Let X be a σ-closed σ-subvariety of Y . Then

I(X) = {f ∈ k{Y }| f(x) = 0 for all k-σ-algebras R and all x ∈ X(R)} (1.2)

is a σ-ideal of k{Y }. We call I(X) ⊂ k{Y } the defining ideal of X (in k{Y }). This
notation is consistent with (1.1) in the sense that I(X) as defined in (1.1) is the defining
ideal of X in k{y} = k{y1, . . . , yn}. Moreover, I(X) ⊂ k{Y } agrees with the image in
k{Y } = k{y}/I(Y ) of the defining ideal of X in k{y}. So k{X} = k{Y }/I(X).

Conversely, let F ⊂ k{Y }. Then we can define a σ-closed σ-subvariety V(F ) of Y by

V(F )(R) = {x ∈ Y (R)| f(x) = 0 for all f ∈ F}

for any k-σ-algebra R.

Lemma 1.2.5. Let Y be a σ-variety. Then I and V are mutually inverse bijections between
the set of σ-closed σ-subvarieties of Y and the set of σ-ideals of k{Y }.

Proof. Let a be a σ-ideal of k{Y }. Clearly a ⊂ I(V(a)). Since we may choose R = k{Y }/a
in (1.2) it follows that a = I(V(a)).

Let X be σ-closed σ-subvariety of Y . Then X = V(a) for some σ-ideal a of k{Y }. So
V(I(X)) = V(I(V(a))) = V(a) = X.

Note that if X is a σ-closed σ-subvariety of Y and R a k-σ-algebra, then X(R) ⊂ Y (R)
corresponds to {ψ ∈ Hom(k{Y }, R)| I(X) ⊂ ker(ψ)} ⊂ Hom(k{Y }, R).

If Y and Z are σ-closed σ-subvarieties of a σ-variety X, then we can define a subfunctor

Y ∩ Z

of X by R Ã Y (R) ∩ Z(R). Then Y ∩ Z is a σ-closed σ-subvariety of X, indeed,
I(Y ∩ Z) ⊂ k{X} is the ideal generated by I(Y ) and I(Z).

If φ : X → Y is a morphism of σ-varieties and Z ⊂ Y a σ-closed σ-subvariety, we can
define a subfunctor

φ−1(Z)

of X by RÃ φ−1
R (Z(R)). If Z = V(a) for a σ-ideal a ⊂ k{Y }, then

φ−1(Z)(R) = {ψ ∈ Hom(k{X}, R)| a ⊂ ker(ψφ∗)}
= {ψ ∈ Hom(k{X}, R)| φ∗(a) ⊂ ker(ψ)} = V(φ∗(a))(R).

Therefore φ−1(Z) = V(φ∗(a)) is a σ-closed σ-subvariety of X.
If φ : X → Y is a morphism of σ-varieties, we can define a subfunctor

Im(φ)

of Y by Im(φ)(R) = φR(X(R)) for any k-σ-algebra R. In general, Im(φ) will not be a
σ-closed σ-subvariety of Y . It is therefore sometimes helpful to use the following notion,
analogous to the scheme theoretic image ([Sta14, Tag 01R5]).
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Lemma 1.2.6. Let φ : X → Y be a morphism of σ-varieties. There exists a unique
σ-closed σ-subvariety

φ(X)

of Y with the following property. The morphism φ factors through φ(X) and if Z ⊂ Y is
a σ-closed σ-subvariety such that φ factors through Z then φ(X) ⊂ Z.

Proof. Let a denote the kernel of φ∗ : k{Y } → k{X} and set φ(X) = V(a) ⊂ Y . As φ∗

factors through k{Y } → k{φ(X)} = k{Y }/a, we see that φ factors through φ(X). If
φ factors through Z, i.e., φ∗ factors through k{Y } → k{Z} = k{Y }/I(Z), then clearly
I(Z) ⊂ a. So φ(X) ⊂ Z.

Note that φ(X) is the σ-closure of Im(φ) in the sense that

I(φ(X)) = {f ∈ k{Y }| f(a) = 0 for all k-σ-algebras R and all a ∈ Im(φ)(R)}.

If φ : X → Y is a morphism of σ-varieties and Z ⊂ X is a σ-closed σ-subvariety, then
we will write φ(Z) for the σ-closed σ-subvariety φ|Z(Z) of Y where φ|Z : Z → X

φ−→ Y .
A morphism φ : X → Y of σ-varieties is called a σ-closed embedding if φ induces

an isomorphism between X and a σ-closed σ-subvariety of Y , i.e., X → φ(X) is an
isomorphism. We write

φ : X ↪→ Y

to express that φ is a σ-closed embedding. In analogy to a well known result in algebraic
geometry we have:

Lemma 1.2.7. A morphism φ : X → Y of σ-varieties is a σ-closed embedding if and only
if φ∗ : k{Y } → k{X} is surjective.

Proof. Let a denote the kernel of φ∗ : k{Y } → k{X}. The dual map to X → φ(X) is
k{Y }/a→ k{X}. It is an isomorphism if and only if φ∗ is surjective.

1.2.3 Base extension

In this subsection we explain how to extend the base σ-ring of a σ-variety. This is already
one of the first points where our more general definition of σ-varieties pays off. For
σ-varieties in the classical sense of [Lev08] and [Coh65] base extension is not at all well-
behaved. For example, the system of algebraic difference equations

y2 = 2, σ(y) = −y

clearly has a solution in a σ-field extension of Q, where we consider Q as a σ-field via
the identity map. However, if we consider the system over the σ-field C, where again σ is
the identity map on C, then the system has no solution in a σ-field extension of C. See
Chapter 8, Section 6 in [Coh65] for more details on base extension for σ-varieties in the
classical sense. Since we consider solutions in arbitrary k-σ-algebras and not just in σ-field
extensions of k these problems disappear.

Let k be a σ-ring, k′ a k-σ-algebra and X a σ-variety over k. We can define a functor

Xk′
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from k′-σ-Alg to Sets by Xk′(R′) = X(R′) for any k′-σ-algebra R′. Then Xk′ is a σ-variety
over k′. Indeed,

k′{Xk′} = k{X} ⊗k k′.

In terms of equations, this of course simply means that a system F ⊂ k{y} = k{y1, . . . , yn}
of algebraic difference equations over k is considered as a system F ⊂ k′{y} of algebraic
difference equations over k′. So if k{X} = k{y}/[F ] then k′{Xk′} = k′{y}/[F ].

1.2.4 Zariski closures

In this subsection we assume that k is a σ-field.

We explain how we consider a variety (over k) as a σ-variety over k. We also define
the important Zariski closures of a σ-subvariety of a variety (cf. Sections A.4 and A.5 in
[DVHW14] or Section 4.3 in [Hru04]).

Let X be a variety over k, where, for our purposes, a variety over k is an affine scheme
of finite type over k. We can define a functor [σ]kX from k-σ-Alg to Sets by

[σ]kX (R) = X (R])

for any k-σ-algebra R. Our next goal is to show that [σ]kX is a σ-variety over k. That
is, we need to construct k{[σ]kX}. By doing so, we also introduce some notation that will
be useful later on.

Let A be a k-algebra. For every i ≥ 0 let

σi
A = A⊗k k,

where the tensor product is formed by using σi : k → k on the right hand side. We consider
σi
A as k-algebra via the right factor. We set

A[i] = A⊗k σA⊗k · · · ⊗k σ
i
A.

We have inclusions A[i] ↪→ A[i+ 1] of k-algebras and the limit, i.e, the union

[σ]kA

of the A[i]’s is a k-σ-algebra, where for (r0⊗λ0)⊗· · ·⊗ (ri⊗λi) ∈ σ0
A⊗k · · ·⊗k σ

i
A = A[i]

the map σ : [σ]kA→ [σ]kA is given by

σ((r0 ⊗ λ0)⊗ · · · ⊗ (ri ⊗ λi)) = (1⊗ 1)⊗ (r0 ⊗ σ(λ0))⊗ · · · ⊗ (ri ⊗ σ(λi)) ∈ A[i+ 1].

The inclusion A = A[0] ↪→ [σ]kA is characterized by the following universal property.

Lemma 1.2.8. For every k-algebra A there exists a k-σ-algebra [σ]kA and a morphism
ψ : A → [σ]kA of k-algebras such that for every k-σ-algebra R and every morphism
ψ′ : A → R of k-algebras there exists a unique morphism ϕ : [σ]kA → R of k-σ-algebras
making

A
ψ //

ψ′ ��>>>>>>>> [σ]kA

ϕ
||

R

commutative.
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In other words,
Hom([σ]kA,R) ' Hom(A,R]) (1.3)

and [σ]k is left adjoint to the forgetful functor (−)].

Example 1.2.9. If A = k[y1, . . . , yn], then [σ]kA = k{y1, . . . , yn}. More generally, if
A = k[y1, . . . , yn]/(F ), then [σ]kA = k{y1, . . . , yn}/[F ].

Let k[X ] denote the coordinate ring of the variety X = Hom(k[X ],−). Then (1.3) with
A = k[X ] shows that [σ]kX is represented by [σ]kk[X ]. If M ⊂ k[X ] generates k[X ] as a
k-algebra, then M ⊂ [σ]kk[X ] generates [σ]kk[X ] as a k-σ-algebra. Therefore [σ]kX is a
σ-variety over k. Indeed, k{[σ]kX} = [σ]kk[X ]. In the sequel, if confusion is unlikely we
will often write X instead of [σ]kX . In particular, we will write k{X} instead of k{[σ]kX}
and by a σ-closed σ-subvariety of a variety X , we mean a σ-closed σ-subvariety of [σ]kX .

Of course [σ]k is a functor from the category of varieties over k to the category
of σ-varieties over k: If φ : X → Y is a morphism of varieties, then we can define
[σ]k(φ) : [σ]kX → [σ]kY by

([σ]k(φ))R : ([σ]kX )(R) = X (R])
φ

R]−−→ Y(R]) = ([σ]kY)(R)

for any k-σ-algebra R.

Next we will define the Zariski closures of a σ-closed σ-subvariety of a variety. We will
use notations for varieties similar to the ones introduced for k-algebras above: If X is a
variety over k and i ≥ 0, then

σiX
denotes the variety over k obtained from X by base extension via σi : k → k. Similarly, if
φ : X → Y is a morphism of varieties over k, then σi

φ : σ
i
X → σiY denotes the morphism

of varieties over k obtained from φ by base extension via σi : k → k. We also set

X [i] = X ×σX × · · · × σiX .

Let Y be a σ-closed σ-subvariety of X . Then Y is defined by a σ-ideal I(Y ) ⊂ k{X} =
∪i≥0k[X [i]]. For i ≥ 0, the closed subvariety

Y [i]

of X [i] defined by I(Y ) ∩ k[X [i]] ⊂ k[X [i]] is called the i-th order Zariski closure of Y in
X . The 0-th order Zariski closure of Y in X is also the Zariski closure of Y in X . We say
that Y is Zariski dense in X if the Zariski closure of Y in X equals X . Note that Y is
Zariski dense in X if and only if k[X ]→ k{Y } is injective.

For i ≥ 1 we have morphisms of varieties

πi : X [i]→ X [i− 1], (x0, . . . , xi) 7→ (x0, . . . , xi−1)

and
σi : X [i]→ σ(X [i− 1]) = σX × · · · × σiX , (x0, . . . , xi) 7→ (x1, . . . , xi)

that form a commutative diagram:

X [i]

σi

��

πi // X [i− 1]

σi−1

��
σ(X [i− 1])

σπi−1 // σ(X [i− 2])

There are induced morphisms πi : Y [i]→ Y [i−1] of varieties over k, and since I(Y ) ⊂ k{X}
is a σ-ideal, we also have induced morphisms σi : Y [i]→ σ(Y [i− 1]) of varieties over k.
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1.3 Other approaches to difference algebraic geometry

There are different approaches to algebraic geometry, e.g., Weil style algebraic geometry,
the elementary approach as in the first chapter of Hartshorne’s book [Har77], or modern
algebraic geometry via schemes and Grothendieck’s philosophy.

Similarly, the are different approaches to difference algebraic geometry. The standard
textbooks [Coh65] and [Lev08] are written in the style of Weil. Surely each approach has its
pros and cons. However, the choice of the approach is more than a mere matter of taste.
One approach may facilitate concepts and results that have no counterpart in another
approach. So, at least in the opinion of the author, the optimal choice of the approach
heavily depends on the mathematical challenge at hand. For example, Hrushovski’s proof
of the twisted Lang-Weil estimates ([Hru04]) is based on an intrinsic scheme theoretic
approach to difference algebraic geometry, rather than on the standard Weil style approach.

The purpose of this section is to briefly sketch approaches to difference algebraic ge-
ometry that are different from the one we have presented in the previous section. We also
compare these approaches to our approach and motivate our choice.

1.3.1 The standard approach

We start by explaining the approach to difference algebraic geometry employed in the
classical literature on difference algebra (as in [Coh65] and [Lev08]).

Let k be a σ-field and let K = k(x1, x2, . . .) be the field of rational functions in a
denumerable set of indeterminates x1, x2, . . . over k. The universal system U = U(k) of
σ-overfields of k is the family of σ-field extensions of k that can be defined on the algebraic
closure of K.

For a set F ⊂ k{y1, . . . , yn} of σ-polynomials let M(F ) denote the set of solutions
of F in the members of U , i.e., M(F ) is the set of n-tuples a = (a1, . . . , an) such that
a1, . . . , an ∈ K, where K belongs to U and f(a) = 0 for all f ∈ F . A difference variety
in the sense of [Coh65] and [Lev08] is such a set of solutions. To avoid confusion with
the terminology introduced in Section 1.2, let us agree to call a set of the form M(F ) a
classical σ-variety. Because of Proposition 2.6.2 in [Lev08] it would not make a substantial
difference to allow arbitrary σ-field extensions of k in the definition of a classical σ-variety.

If b is an element of a difference field such that bσ(b) = 0, then b = 0. From this it
follows easily that for a classical σ-varietyM the set

F (M) = {f ∈ k{y1, . . . , yn}| f(a) = 0 ∀ a ∈M}

is a perfect σ-ideal of k{y} = k{y1, . . . , yn}.
A basic result is that F (M(a)) = a for any perfect σ-ideal a of k{y}. It then follows

that a 7→ M(a) defines a bijection between the perfect σ-ideals of k{y} and the classical
σ-varieties ([Lev08, Theorem 2.6.4]). The inverse map is given by M 7→ F (M).

Remarkably, the standard textbooks do not define the concept of a morphism of dif-
ference varieties. However, if one defines a morphism of classical σ-varieties to be a map
given in coordinates by σ-polynomials, then one can show that the category of classical
σ-varieties is anti-equivalent to the category of perfectly σ-reduced finitely σ-generated
k-σ-algebras ([Wib13, Theorem 2.1.21]). It follows that the category of classical σ-varieties
is equivalent to the category of perfectly σ-reduced σ-varieties (as defined in Section 1.2).
Precisely in this sense our approach encompasses the standard approach.
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1.3.2 Intrinsic difference schemes

A Grothendieck style approach to difference algebraic geometry was initiated by E. Hru-
shovski in his remarkable paper on the Frobenius automorphisms ([Hru04]). To a difference
ring R one associates its difference spectrum Specσ(R). As a set, the difference spectrum
is the set of all σ-prime σ-ideals of R. It is naturally a topological space, say, by restrict-
ing the Zariski topology from Spec(R). The closed subsets of Specσ(R) are in bijection
with the perfect σ-ideals of R. As in the case of plain rings, there is a naturally defined
structure sheaf OX of difference rings on X = Specσ(R) such that for a σ-prime σ-ideal p

of R the stalk of OX at p equals Rp. A difference scheme may then be defined as a topo-
logical space, equipped with a sheaf of difference rings such that any point has an open
neighborhood isomorphic to the difference spectrum of a difference ring. A morphism of
difference schemes is a morphism of locally ringed spaces compatible with the difference
ring structure.

Despite the obvious analogy to the definition of a scheme, there are some pitfalls
here. For example, the difference spectrum of a difference ring may well be empty. This
happens, for example, for R = C × C with σ(a, b) = (b, a). To avoid such pathologies
a certain condition called well-mixedness has to be imposed on all difference rings. A
difference ring R is called well-mixed if fg = 0 implies fσ(g) = 0 for all f, g ∈ R.

However, even if R is a σ-domain, the canonical map from R into the global sections of
Specσ(R) need not be an isomorphism. For example, for R = C[x] with σ(f(x)) = f(x+1)
the difference spectrum consists of a single point, namely the zero ideal. So the global
sections of Specσ(R) are C(x) and the inclusion map C[x]→ C(x) induces an isomorphism
of affine difference schemes Specσ(C(x))→ Specσ(C[x]). The inverse of this isomorphism
is not induced by a morphism C(x)→ C[x] of difference rings. In particular, the category
of affine difference schemes is not naturally equivalent to some category of difference rings.

1.3.3 Fields with operators

A fairly general formalism for dealing with solutions of differential and difference equations
from an algebraic-geometric point of view has been developed in [MS10] and [MS11]. See
also [Kam13]. It is based on the modern scheme theoretic language and as opposed to
the approach from Subsection 1.3.2 keeps track of the ambient ring. Our approach from
Section 1.2 is essentially equivalent to this approach apart from the facts that

• we are restricted to a certain class of operators, namely difference operators, i.e.,
(one) endomorphism,

• we are restricted to the affine setting,

• we are using a functorial formalism (the functor of points), because this is more ap-
propriate for dealing with groups. As for group schemes, the underlying topological
space is not a group, only the functor of points yields groups.

1.3.4 Model theory

Finally, it should not remain unmentioned that model theory naturally provides a setup for
doing difference algebraic geometry. The model theory of difference fields has been studied
extensively in the last years (e.g., [CH99], [CHP02]) and has found several interesting
applications (e.g., [Hru01], [CH08], [MS14]).
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A difference field k is called σ-closed (or a model of ACFA) if any system of algebraic
difference equations that has a solution in a σ-field extension of k already has a solution
in k. Any difference field may be embedded into a σ-closed σ-field but there appears to
be no reasonable notion of a “difference closure”.

As one may regard sets definable in the theory of algebraically closed fields as the model
theoretic conception of a variety, we may regard sets definable in ACFA (the theory of
difference closed fields) as the model theoretic conception of a difference variety. However,
as ACFA does not (fully) eliminate quantifiers, the analogy is somewhat limited. A group
definable in ACFA may then be regarded as the model theoretic conception of a difference
algebraic group.

An advantage of this approach is that one immediately has at one’s disposal several
notions from model theory. For example, a model theorist may argue that quotients of
groups definable in ACFA exist simply by pointing out that ACFA has elimination of
imaginaries. We will prove the existence of quotients in our setting based on some fairly
sophisticated difference algebra. It is not always the case that results can be transferred
between the different approaches easily. For example, is the quotient of quantifier free
definable groups again quantifier free definable? Can one use elimination of imaginaries
for ACFA to show that a difference Hopf subalgebra (see Definition 2.1.2) of a finitely
σ-generated difference Hopf algebra is itself finitely σ-generated?

The usual model-theoretic habit of fixing a “large” model of ACFA in advance may
lead to some differences to the standard and our approach. For example, in our approach,
setting

G(R) = {g ∈ R×| g3 = 1, σ(g) = g}

for any k-σ-algebra R defines a difference algebraic subgroup of the multiplicative group
Gm (over Q). If one has to replace G with G(K), where K is a model of ACFA contain-
ing Q, the group obtained is either the trivial group or the group with three elements,
depending on whether or not σ : K → K acts trivially on the third roots of unity. Thus
the model-theoretic approach introduces a non-trivial dependence on the choice of K.

However, all in all, the differences between the standard approach and the model-
theoretic approach appear to be more of a technical nature. The main advantage of our
approach is that we are not restricted to difference fields. We allow solutions in arbitrary
difference algebras and not just in difference field extensions. Or from a more algebraic
perspective: We can deal with arbitrary difference ideals geometrically, while the standard
and the model-theoretic approach is essentially restricted to perfect difference ideals.

1.3.5 Our approach

To motivate our approach, let us look at a simple example. Whatever the choice of setup
is, it seems clear that the following two systems of algebraic difference equations

y2 = 1 (1.4)

and
y2 = 1, σ(y) = y (1.5)

define two objects worthy of the name difference algebraic subgroup of the multiplicative
group Gm. But are these groups the same? The answer is not obvious. For example,
a model theorist might instantly place himself in a large difference field and argue that
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a2 = 1 implies that a = 1 or a = −1 and therefore σ(a) = a. So clearly, the groups are
the same.

On the other hand, one may well argue that the system (1.4) has solutions that are
more interesting than just 1 and −1. For example, if we consider the ring of all sequences
(an)n∈N in C with componentwise addition and multiplication and difference operator
defined by σ((an)n∈N) = (an+1)n∈N, then any sequence whose entries are plus and minus
one is a solution to y2 = 1. However, only the two constant sequences (1, 1, . . .) and
(−1,−1, . . .) also solve the system (1.5). So the groups are clearly different.

The above example shows that it is of utmost importance to specify where one is looking
for the solutions. The approaches in Subsections 1.3.1 and 1.3.4 only allow solutions in
difference fields. The approach in Subsection 1.3.2 allows solutions in well-mixed difference
rings. Our approach and the approach in Subsection 1.3.3 allow solutions in arbitrary
difference rings.

The generalization from classical σ-varieties (Subsection 1.3.1) to our σ-varieties (Sec-
tion 1.2) is in some sense similar to the generalization from a reduced scheme of finite type
to an arbitrary affine scheme of finite type.

The advantages of working with schemes rather than with varieties in the theory of
algebraic groups are manifold. (Cf. the preface of [Mil15].) The situation for difference
algebraic groups is similar. In fact, in difference algebra there are several types of elements
in a difference ring that play a role analogous to the role of nilpotent ring elements in
algebraic geometry. (Cf. page 6 of the introduction.) Many results presented in this
thesis, e.g., the isomorphism theorems in Section 5.2, would not be possible in the standard
approach to difference algebraic geometry. Some of our constructions would not make sense
if we were restricted to solutions in difference fields. Indeed, Chapter 6 would become
meaningless without the possibility to consider solutions in general difference rings.



Chapter 2

Basic properties of difference
algebraic groups

Starting from Section 2.2 we assume that the base σ-ring k is a σ-field.1

This chapter is the heart of this thesis. We define difference algebraic groups, study
their Zariski closures, prove two fundamental finiteness theorems and introduce basic
numerical invariants for difference algebraic groups.

2.1 Difference algebraic groups: Definition and examples

In this section we define σ-algebraic groups and present some examples. We also show
that every σ-algebraic group is isomorphic to a σ-closed subgroup of some general linear
group.

Since the category of σ-varieties has products and a terminal object (Remark 1.2.3)
the following definition makes sense.

Definition 2.1.1. Let k be a σ-ring. A σ-algebraic group over k is a group object in the
category of σ-varieties over k.

In the sequel we usually drop the “over k”, i.e., a σ-algebraic group is understood to be
a σ-algebraic group over k where k is some fixed σ-ring or σ-field. Alternatively, we could
define a σ-algebraic group as a functor from k-σ-Alg to Groups, the category of groups,
that is representable by a finitely σ-generated k-σ-algebra.

A morphism of σ-algebraic groups is of course a morphism of σ-varieties that re-
spects the group structure. A σ-closed embedding of σ-algebraic groups is a morphism of
σ-algebraic groups that is a σ-closed embedding of σ-varieties. We write

φ : G ↪→ H

to express that φ is a σ-closed embedding of σ-algebraic groups.

Definition 2.1.2. Let k be a σ-ring. A k-σ-Hopf algebra is a Hopf algebra A over k with
the structure of a k-σ-algebra such that the Hopf-algebra structure maps ∆: A→ A⊗k A,
S : A→ A and ε : A→ k are morphisms of k-σ-algebras.

1The only exception to this rule is the beginning of Subsection 6.3.4.
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A k-σ-Hopf subalgebra of a k-σ-Hopf algebra is a k-σ-subalgebra that is Hopf subalge-
bra. For a Hopf algebra A we denote the kernel of the counit ε : A→ k by mA. Similarly,
if G is a σ-algebraic group, we will write

mG

for mk{G}.

Proposition 2.1.3. The category of σ-algebraic groups over k is anti-equivalent to the
category of k-σ-Hopf algebras that are finitely σ-generated over k.

Proof. This follows from Remark 1.2.2 in an analogous fashion to Theorem 1.4 in [Wat79].

Before presenting some examples of σ-algebraic groups, we explain how some well-
known constructions from the theory of (abstract) groups carry over to σ-algebraic groups.

Let G be a σ-algebraic group. A σ-closed subgroup H of G is a σ-closed σ-subvariety
H of G such that H(R) is a subgroup of G(R) for any k-σ-algebra R. Then H itself is a
σ-algebraic group. We write

H ≤ G

to express that H is a σ-closed subgroup of G. If H1 and H2 are σ-closed subgroups of G,
then H1 ∩H2 is also a σ-closed subgroup of G.

Let A be a k-σ-Hopf algebra. A Hopf ideal of A is called a σ-Hopf ideal if it is a σ-ideal.
In analogy to Section 2.1 in [Wat79], we obtain the following lemma from Lemma 1.2.5.

Lemma 2.1.4. Let G be a σ-algebraic G. There is a one-to-one correspondence between
the σ-closed subgroups of G and the σ-Hopf ideals in k{G}.

The σ-Hopf ideal mG ⊂ k{G} corresponds to the trivial subgroup 1 ≤ G. A σ-closed
subgroup N of a σ-algebraic group G is called normal if N(R) is a normal subgroup of
G(R) for any k-σ-algebra R. We write

N EG

to express that N is a normal σ-closed subgroup of G.
If G and H are σ-algebraic groups. The product G × H is naturally a σ-algebraic

group: For any k-σ-algebra R, the group (G ×H)(R) = G(R) ×H(R) is the product of
the groups G(R) and H(R).

If G is a σ-algebraic group over a σ-ring k and k → k′ is a morphism of σ-rings, then
Gk′ is naturally a σ-algebraic group over k′. If H is a σ-closed subgroup of G, then Hk′ is
naturally a σ-closed subgroup of Gk′ .

Recall that a subgroup H of an (abstract) group G is called a characteristic subgroup
if φ(H) = H for every automorphism φ of G. Since a characteristic subgroup is stable
under every inner automorphism, a characteristic subgroup is a normal subgroup.

The naive generalization to σ-algebraic groups is not adequate: As illustrated in Ex-
ample 5.3.14, there exists a non-normal σ-closed subgroup H of a σ-algebraic group G with
the property that every automorphism of G induces an automorphism of H. To remedy
this shortcoming we make the following definition (cf. [DG70, Section 3.9, Chapter II, §1,
p. 166] or [Mil12, Def. 3.7, Chapter VII, p. 90]).
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Definition 2.1.5. A σ-closed subgroup H of a σ-algebraic group G is called a characteris-
tic subgroup of G if for every k-σ-algebra R every automorphism of the σ-algebraic group
GR induces an automorphism of HR.

By conjugation, an element g ∈ G(R) induces an automorphism of GR. Therefore a
characteristic subgroup is normal.

From now on we assume that k is a σ-field2.

Example 2.1.6. Let V be a finite dimensional k-vector space. For every k-σ-algebra R
let GL(V )(R) denote the group of R-linear automorphisms of V ⊗k R. Then GL(V ) is
naturally a functor from k-σ-Alg to Groups. Indeed, GL(V ) is a σ-algebraic group: By
choosing a basis v1, . . . , vn of V , we can identify GL(V )(R) with GLn(R) and GL(V ) is
represented by

k{GLn} = k{xij , 1
det(x)}.

More generally:

Example 2.1.7. Every algebraic group over k can be interpreted as a σ-algebraic group
over k. Here, as throughout the text, by an algebraic group over k we mean an affine
group scheme of finite type over k. Indeed, let G be an algebraic group over k and as in
Section 1.2.4, let R] denote the k-algebra obtained from the k-σ-algebra R by forgetting σ.
Then

RÃ G(R])
is a functor from k-σ-Alg to Groups, i.e., [σ]kG is a σ-algebraic group.

We will often write G instead of [σ]kG. In particular, by a σ-closed subgroup of G we
mean a σ-closed subgroup of [σ]kG and we write k{G} for k{[σ]kG} = [σ]kk[G].

Example 2.1.8. Let 0 ≤ α1 < · · · < αn and 1 ≤ β1, . . . , βn be integers. We can define a
σ-closed subgroup G of the multiplicative group Gm by

G(R) = {g ∈ R×| σα1(g)β1 · · ·σαn(g)βn = 1} ≤ Gm(R)

for any k-σ-algebra R. Similarly, we can define an endomorphism φ : Gm → Gm of the
multiplicative group (considered as a σ-algebraic group) by

φR : Gm(R)→ Gm(R), g 7→ σα1(g)β1 · · ·σαn(g)βn

for any k-σ-algebra R.

Example 2.1.9. Every homogeneous linear difference equation

σn(y) + λn−1σ
n−1(y) + · · ·+ λ0y = 0

over k defines a σ-closed subgroup G of the additive group Ga, i.e.,

G(R) = {g ∈ R| σn(g) + λn−1σ
n−1(g) + · · ·+ λ0g = 0} ≤ Ga(R)

for any k-σ-algebra R. We can define an endomorphism φ : Ga → Ga of the additive group
(considered as a σ-algebraic group) by

φR : Ga(R)→ Ga(R), g 7→ σn(g) + λn−1σ
n−1(g) + · · ·+ λ0g

for any k-σ-algebra R.
2The only exception to this rule is the beginning of Subsection 6.3.4.
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Example 2.1.10. The equations of the unitary group define a σ-closed subgroup of the
general linear group:

G(R) = {g ∈ GLn(R)| gσ(g)T = σ(g)Tg = In} ≤ GLn(R)

for any k-σ-algebra R.

Example 2.1.11. We can define a σ-closed subgroup G of SLn by

G(R) = {g ∈ SLn(R)| σm(g) = g} ≤ SLn(R)

for any k-σ-algebra R.

Examples 2.1.10 and 2.1.11 can be generalized as follows:

Example 2.1.12. Let k be a σ-field, m ≥ 1 an integer, G an algebraic group over k and
φ : G → σmG a morphism of algebraic groups over k. There is a morphism σm : G → σmG
of σ-algebraic groups over k, which, in terms of equations is given by applying σm to
the coordinates. In terms of k-σ-algebras this morphism can be described as σm

(k{G}) =
k{G} ⊗k k → k{G}, f ⊗ λ 7→ σm(f)λ. We can define a σ-closed subgroup G of G by

G(R) = {g ∈ G(R)| σm(g) = φ(g)} ≤ G(R)

for any k-σ-algebra R. Note that Example 2.1.10 (G = GLn, m = 1, φ(g) = (g−1)T) and
Example 2.1.11 (G = SLn, φ(g) = g) are special cases of this construction.

Example 2.1.13. For a k-σ-algebra R let G(R) = R×R×. A straight forward computa-
tion shows that setting

(n1, h1) · (n2, h2) = (n1 + h1σ(h1)−1n2, h1h2)

for (n1, h1), (n2, h2) ∈ G(R) defines a group structure on G(R). Thus G is naturally a
σ-algebraic group. See Examples 2.1.18 and 3.3.16 for alternative descriptions of this
group.

Example 2.1.14. Let k be a field of positive characteristic p and let q be a power of p.
Consider k as a σ-field via the Frobenius, i.e., σ(λ) = λq for λ ∈ k. An algebraic group G
over k can be considered as a σ-algebraic group over k: We turn k[G] into a k-σ-algebra
by setting σ(f) = f q for f ∈ k[G]. Then clearly k[G] is a k-σ-Hopf algebra.

A σ-algebraic group as in Example 2.1.14 will be called a Frobenius algebraic group.

Example 2.1.15. Let k be a σ-field, G a finite group and σ : G → G a group endomor-
phism. Let A be the k-vector space with basis (eg)g∈G. We consider it as a k-algebra
via

(
∑

λgeg)(
∑

µgeg) =
∑

λgµgeg.

We can define a Hopf algebra structure on A by

∆(eg) =
∑

(g1,g2)

eg1 ⊗ eg2 ,

where the sum ranges over all pairs (g1, g2) ∈ G2 such that g1g2 = g, S(eg) = eg−1 and
ε(eg) = 0 for g 6= 1 and ε(e1) = 1. The algebraic group corresponding to A is usually
called the constant group scheme for G. (See [Wat79, Section 2.3].) Extend σ : k → k to
σ : A → A by σ(eg) =

∑
h eh, where the sum is taken over all h ∈ G such that σ(h) = g.

This defines a k-σ-Hopf algebra structure on A and therefore we obtain an associated
σ-algebraic group G = Hom(A,−).
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In Section 6.2 we will see that any σ-algebraic group G such that k{G} is an étale
k-algebra is up to a suitable action of the absolute Galois group of k of the form described
in Example 2.1.15 (Corollary 6.2.17).

Our next goal is to show that any σ-algebraic group is isomorphic to a σ-closed sub-
group of some general linear group. For this we need a lemma on Hopf algebras that will
also be useful later.

Lemma 2.1.16. Let A be a k-Hopf algebra, B a k-σ-Hopf algebra and A → B a mor-
phism of k-Hopf algebras. Then the morphism [σ]kA → B of k-σ-algebras induced by
Lemma 1.2.8 is a morphism of k-Hopf algebras.

Proof. The comultiplication of [σ]kA is [σ]k(∆): [σ]kA → [σ]k(A ⊗k A) = [σ]kA ⊗k [σ]kA
where ∆: A → A ⊗k A is the comultiplication of A. All the subdiagrams with empty
interior of

[σ]kA //

��

[σ]k(A⊗k A)

��

A

OO

��

// A⊗k A

OO

��
B // B ⊗k B

commute. We have to show that the outer diagram commutes. But this follows from the
uniqueness statement in Lemma 1.2.8. A similar argument applies for the counit.

Similar to algebraic groups, σ-algebraic groups can be linearized:

Theorem 2.1.17. Let G be a σ-algebraic group over k. Then there exists a finite di-
mensional k-vector space V and a σ-closed embedding G ↪→ GL(V ). In particular, G is
isomorphic to a σ-closed subgroup of GLn for some n ≥ 1.

Proof. Assume that f1, . . . , fm ∈ k{G} generate k{G} as a k-σ-algebra. By [Wat79,
Section 3.3, p. 24] there exists a Hopf subalgebra A of k{G} that contains f1, . . . , fm and
is finitely generated as a k-algebra. By [Wat79, Section 3.4, p. 25] there exists an integer
n ≥ 1 and a surjective morphism k[GLn] → A of Hopf algebras. By Lemma 1.2.8 the
morphism k[GLn]→ A ↪→ k{G} of k-algebras extends to a morphism k{GLn} → k{G} of
k-σ-algebras. Indeed, this is a morphism of k-σ-Hopf algebras (Lemma 2.1.16) and since
f1, . . . , fm lie in the image, it is surjective. Now the claim follows from Lemma 1.2.7.

Example 2.1.18. Let us a find a linearization of the σ-algebraic group G from Exam-
ple 2.1.13. Let H be the σ-closed subgroup of GL2 given by

H(R) =
{(

a b
0 c

)
∈ GL2(R)

∣∣∣ σ(a) = c

}
for any k-σ-algebra R. It is straight forward to check that the assignment

(n, h) 7→
(
h σ(h)n
0 σ(h)

)
defines an isomorphism G ' H.
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2.2 Zariski closures of difference algebraic groups and the
growth group

From now on we assume that the base σ-ring k is a σ-field. The only exception to this
rule is the beginning of Subsection 6.3.4.

In this section we show that the eventual growth of the Zariski closures of a σ-closed
subgroup G of an algebraic group G is governed by an algebraic group, called the growth
group of G (with respect to the σ-closed embedding G ↪→ G). We also introduce the
σ-dimension and the order of a σ-algebraic group G.

Let k be a σ-field and G an algebraic group over k. Then, for ever i ≥ 0, σiG and
G[i] = G × σG × · · · × σiG (see Section 1.2.4) are naturally algebraic groups over k. For
every i ≥ 1 the maps πi : G[i] → G[i − 1] and σi : G[i] → σ(G[i− 1]) are morphisms of
algebraic groups over k.

Let G be a σ-closed subgroup of G. For every i ≥ 0 we have an inclusion k[G[i]] ⊂ k{G}
of Hopf algebras. Since I(G) ⊂ k{G} is a Hopf ideal, I(G)∩k[G[i]] is a Hopf ideal of k[G[i]].
So the i-th order Zariski closure G[i] of G in G is a closed subgroup of G[i]. The maps
πi : G[i] → G[i − 1] and σi : G[i] → σ(G[i− 1]) are morphisms of algebraic groups over k
and form a commutative diagram:

G[i]

σi

��

πi // G[i− 1]

σi−1

��
σ(G[i− 1])

σπi−1 // σ(G[i− 2])

(2.1)

For i ≥ 1 we set
Gi = ker(πi) ≤ G[i].

We also set G0 = G[0]. Because of (2.1) we have induced morphisms σi : Gi → σ(Gi−1) of
algebraic groups over k.

Proposition 2.2.1. For every i ≥ 1 the map σi : Gi → σ(Gi−1) is a closed embedding and
there exists an integer m ≥ 1 such that σi : Gi → σ(Gi−1) is an isomorphism for every
i ≥ m.

Proof. Let us start by describing σi in algebraic terms. Assume that a = (a1, . . . , an)
generates k[G] as a k-algebra and let a denote the image of a in k{G}. So

k[G] = k[a] ⊂ k[a, σ(a), . . .] = k{G}

and k[G[i]] = k[a, . . . , σi(a)]. The morphism σi : G[i] → σ(G[i− 1]) corresponds to the
map

σ
(
k[a, . . . , σi−1(a)]

)
−→ k[a, . . . , σi(a)], f ⊗ λ 7→ σ(f)λ

and the morphism σi : Gi → σ(Gi−1) corresponds to the map

σ
(
k[a, . . . , σi−1(a)]⊗k[a,...,σi−2(a)] k

)
−→ k[a, . . . , σi(a)]⊗k[a,...,σi−1(a)] k

(f ⊗ λ)⊗ µ 7−→ σ(f)⊗ σ(λ)µ

where the tensor products are formed in virtue of the counit ε : k{G} → k. Since
k[a, . . . , σi(a)]⊗k[a,...,σi−1(a)] k is generated as a k-algebra by the image of σi(a), the above
map is clearly surjective. Thus σi : Gi → σ(Gi−1) is a closed embedding.
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To prove the second claim of the proposition, let us first assume that k is inversive.
The map

ψi : k[a, . . . , σi−1(a)]⊗k[a,...,σi−2(a)] k −→ k[a, . . . , σi(a)]⊗k[a,...,σi−1(a)] k

f ⊗ λ 7−→ σ(f)⊗ σ(λ)

is a morphism of rings but it is not a morphism of k-algebras. However, since k is inversive,
it is surjective. We thus have a descending chain of closed subschemes

G0 ←↩ G1 ←↩ G2 · · · .

Since G0 is of finite type over k, this sequence must stabilize. That is, there exists an
integer m ≥ 1 such that ψi is bijective for every i ≥ m. Since k is inversive,

k[Gi]→ σ(k[Gi]), f 7→ f ⊗ 1

is bijective. It follows that for i ≥ m, the morphism σ(k[Gi−1]) → k[Gi] dual to σi is an

isomorphism, since it can be obtained as the composition σ(k[Gi−1])→ k[Gi−1]
ψi−→ k[Gi] of

two bijective maps. This proves the proposition for k inversive.
The general case can be reduced to the inversive case: Let k∗ denote the inversive

closure of k ([Lev08, Definition 2.1.6]). So, in particular, k∗ is an inversive σ-field extension
of k. The formation of Zariski closures and of the Gi is compatible with base extension. It
therefore follows from the inversive case, that there exists an integer m ≥ 1 such that for
every i ≥ m the morphism σi : Gi → σ(Gi−1) becomes an isomorphism after base extension
from k to k∗. But then already σi must be an isomorphism for i ≥ m.

Proposition 2.2.1 allows us to associate to the inclusion G ≤ G an algebraic group,
that measures the (eventual) growth of the Zariski closures G[i] of G in G.

Definition 2.2.2. Let G be an algebraic group and G ≤ G a σ-closed subgroup. For
i ≥ 1 let Gi denote the kernel of the projection πi : G[i] → G[i − 1] between the Zariski
closures of G in G. Let m ≥ 0 denote the smallest integer such that σi : Gi → σ(Gi−1) is
an isomorphism for every i > m. Then Gm is called the growth group of G with respect
to the σ-closed embedding G ↪→ G.

Example 2.2.3. Let 0 ≤ α1 < · · · < αn and 1 ≤ β1, . . . , βn be integers and G ≤ Gm the
σ-closed subgroup of the multiplicative group Gm given by

G(R) = {g ∈ R×| σα1(g)β1 · · ·σαn(g)βn = 1}

for every k-σ-algebra R. Then the growth group of G with respect to the given embedding
G ↪→ Gm is µβn , where µβn(T ) = {g ∈ T×| gβn = 1} for any k-algebra T .

Example 2.2.4. Let G be a σ-closed subgroup of the additive group defined by a linear
difference equation. (Cf. Example 2.1.9.) Then the growth group with respect to the
given embedding G ↪→ Ga is trivial.

Example 2.2.5. Let G be an algebraic group. The growth group with respect to the
tautological embedding G = [σ]kG ↪→ G is G itself.

The following example shows that the growth group does indeed depend on the em-
bedding G ↪→ G and therefore is not an invariant of G.
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Example 2.2.6. Let G = Gm (considered as a σ-algebraic group). For n ≥ 1 the σ-closed
embedding

G→ G2
m, g 7→ (g, σ(g)n)

identifies G with the σ-closed subgroup G ≤ G2
m given by

G(R) = {(g1, g2) ∈ Gm(R)2| σ(g1)n = g2}

for any k-σ-algebra R. The growth group of G with respect to the embedding G ↪→ G2
m

is µn ×Gm.

Even though the growth group itself does depend on the chosen embedding G ↪→ G, it
carries some information which only depends on G. We will now show that the dimension
of the growth group does not depend on the embedding G ↪→ G. In Section 2.4 we will
see that also the size of the growth group is independent of the chosen embedding.

The following theorem can be seen as a group theoretic analog of the classical theorem
on the existence of the so-called dimension polynomial of an extension of σ-fields ([Lev08,
Theorem 4.2.1]). See also [Hru04, Lemma 4.21].

Theorem 2.2.7. Let G be an algebraic group and G ≤ G a σ-closed subgroup. For i ≥ 0
let di = dim(G[i]) denote the dimension of the i-th order Zariski closure of G in G. Then
there exist integers d, e ≥ 0 such that

di = d(i+ 1) + e for iÀ 0.

The integer d only depends on G and not on the choice of G and the σ-closed embedding
G ↪→ G. If d = 0, the integer e only depends on G and not on the choice of G and the
σ-closed embedding G ↪→ G.

Proof. Let Gi denote the kernel of G[i] ³ G[i − 1]. Then dim(G[i]) = dim(G[i − 1]) +
dim(Gi). Let m ≥ 0 denote the smallest integer such that σi : Gi → σ(Gi−1) is an isomor-
phism for every i > m. It follows that for iÀ 0

dim(G[i]) = dim(Gi) + · · ·+ dim(G0) =
= (i−m+ 1) dim(Gm) + dim(Gm−1) + · · ·+ dim(G0) =
= (i+ 1) dim(Gm) + dim(Gm−1) + · · ·+ dim(G0)−mdim(Gm) =
= d(i+ 1) + e.

It follows from Proposition 2.2.1 that e ≥ 0.
Let us now show that d = dim(Gm) is independent of the chosen embedding G ↪→ G.

So let G ↪→ G′ be another σ-closed embedding. Let G[i]′ denote the i-th order Zariski
closure of G in G′ and let d′i, d

′, e′ have the analogous meaning. We have to show that
d = d′.

Let a be a finite tuple from k{G} which generates k[G[0]] ⊂ k{G} as a k-algebra.
Similarly, let a′ be a finite tuple from k{G} which generates k[G[0]′] ⊂ k{G} as a k-
algebra. Then k[G[i]] = k[a, . . . , σi(a)] and there exists an integer n ≥ 0 such that all
coordinates of a′ lie in k[G[n]]. Then

k[G[i]′] = k[a′, . . . , σi(a′)] ⊂ k[a, . . . , σn+i(a)] = k[G[n+ i]].

Therefore d′i ≤ dn+i and for iÀ 0 we have d′(i+ 1) + e′ ≤ d(n+ i+ 1) + e. Letting i tend
to infinity we find d′ ≤ d. By symmetry, d′ = d.
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Let us now assume that d = 0. We have to show that e does not depend on the choice
of the embedding G ↪→ G. To do this we will show that

e = max
{

dim(R)| R is a finitely generated k-subalgebra of k{G}
}
. (2.2)

For i À 0 the finitely generated k-subalgebra k[G[i]] of k{G} has dimension e. Con-
versely, if R is a finitely generated k-subalgebra of k{G}, then R is contained in some
k[G[i]] and therefore dim(R) ≤ e. This proves (2.2).

Definition 2.2.8. Let G be a σ-algebraic group. The integer d ≥ 0 defined in Theorem
2.2.7 above is called the σ-dimension of G and denoted by

σ-dim(G).

If σ-dim(G) = 0, the integer e ≥ 0 defined in Theorem 2.2.7 is called the order of G
and denoted by

ord(G).

If G has positive σ-dimension the order of G is defined to be infinity.

Example 2.2.9. Let n ∈ N and let G be the σ-closed subgroup of G2
a given by

G(R) =
{
(g1, g2) ∈ R2| σn(g1) = g2

}
for any k-σ-algebra R. For i ≥ 0 let G[i] denote the i-th order Zariski closure of G in Ga.
As k{G} = k[y1, . . . , σ

n−1(y1), y2, σ(y2), . . .] we see that dim(G[i]) = (i+ 1) + n for iÀ 0.
In particular, G has σ-dimension one.

Example 2.2.10. Let G be an algebraic group. Then σ- dim([σ]kG) = dim(G). Indeed, if
we tautologically consider G = [σ]kG as a σ-closed subgroup of G, then G[i] = G × · · · × σiG
and so dim(G[i]) = dim(G)(i+1) for every i ≥ 0. This also shows that either ord(G) =∞
(if dim(G) > 0) or ord(G) = 0 (if dim(G) = 0).

The following example motivates the naming “order”.

Example 2.2.11. Let f = σn(y)+λn−1σ
n−1(y)+ · · ·+λ0y be a linear difference equation

and G the σ-closed subgroup of Ga defined by f . Then ord(G) = n, i.e., the order of G
equals the order of f .

Example 2.2.12. The σ-algebraic group from Example 2.2.3 has σ-dimension zero and
order αn.

Example 2.2.13. Let G be the σ-algebraic group from Example 2.1.12. Then k{G} =
k[G × · · · × σm−1G] and therefore σ- dim(G) = 0 and ord(G) = m dim(G).

Example 2.2.14. The σ-algebraic group from Example 2.1.14 has σ-dimension zero and
order equal to the dimension of G.

Example 2.2.15. The σ-algebraic group from Example 2.1.15 has σ-dimension zero and
order zero.

A certain numerical invariant analogous to the order and called the total dimension
has been introduced in [Hru04] in a different setting. We have chosen to stick to the
more traditional naming from [Lev08] and [Coh65]. From the proof of Theorem 2.2.7, we
immediately obtain:
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Corollary 2.2.16. Let G be a σ-algebraic group. Then the dimension of the growth group
of G with respect to some σ-closed embedding G ↪→ G of G into some algebraic group G
equals the σ-dimension of G. In particular, the dimension of the growth group does not
depend on the choice of the σ-closed embedding G ↪→ G.

Recall (Definition 1.2.4) that a σ-algebraic group G is called integral if k{G} is an
integral domain and σ-integral if k{G} is a σ-domain. The field of fractions of a σ-domain
is naturally a σ-field.

The σ-transcendence degree of a σ-field extension K|k is the largest integer n ≥ 1
such that the σ-polynomial ring k{y1, . . . , yn} may be embedded into K. (If no such
integer exists the σ-transcendence degree is infinite.) See Section 4.1 in [Lev08] for more
details on the σ-transcendence degree. The following proposition shows that our notions
of dimension and order generalize the classical notions. (See page 394 in [Lev08].)

Proposition 2.2.17. If G is a σ-integral σ-algebraic group, then the σ-dimension of G
equals the σ-transcendence degree of the field of fractions of k{G} over k.

If G is an integral σ-algebraic group, then the order of G equals the transcendence
degree of the field of fractions of k{G} over k.

Proof. Let us first assume that G is σ-integral and let us fix a σ-closed embedding G ↪→ G.
Assume that a = (a1, . . . , an) generates k[G[0]] ⊂ k{G} as a k-algebra. Let K denote the
field of fractions of k{G}. Since G is σ-integral K is naturally a σ-field extension of k
and a generates K as a σ-field extension of k. Since trdeg(k(a, . . . , σi(a))|k) = dim(G[i]),
we see that d(t + 1) + e (with d and e as in Theorem 2.2.7) is really just the difference
dimension polynomial (Definition 4.2.2 in [Lev08]) of the σ-field extension K|k associated
with a. It follows from Theorem 4.2.1 (iii) in [Lev08] that σ- dim(G) = d = σ- trdeg(K|k).

Now assume that G is integral. Let K denote the field of fractions of k{G}. If
σ- dim(G) > 0, then it is clear from Theorem 2.2.7 that the transcendence degree of K
over k is infinite. So ord(G) = trdeg(K|k) in this case.

If σ- dim(G) = 0, the claim follows from equation (2.2) above.

Example 2.2.18. Let G be the σ-algebraic group from Example 2.1.13. Then the coor-
dinate ring of G is k{G} = k{y}⊗k k{x, x−1}. So G is σ-integral and the field of fractions
of k{G} is the field of fractions of a σ-polynomial ring in two σ-variables. Therefore the
field of fractions of k{G} has σ-transcendence degree two over k. (Cf. [Lev08, Prop. 4.1.6,
p. 248].) Thus σ- dim(G) = 2 by Proposition 2.2.17.

The σ-dimension and the order is invariant under extension of the base σ-field.

Lemma 2.2.19. Let G be a σ-algebraic group and k′ a σ-field extension of k. Then
σ-dim(Gk′) = σ-dim(G) and ord(Gk′) = ord(G).

Proof. Let G be an algebraic group such that G is a σ-closed subgroup of G. Then Gk′

is a σ-closed subgroup of Gk′ and for i ≥ 0 the i-th order Zariski closure Gk′ [i] of Gk′ in
Gk′ is obtained from the i-th order Zariski closure G[i] of G in G by base extension, i.e,
Gk′ [i] = G[i]k′ . Now the claim of the lemma follows from the fact that the usual dimension
is invariant under base extension.

For later use we record:
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Lemma 2.2.20. Let G and H be σ-algebraic groups. Then G×H is a σ-algebraic group
with

σ-dim(G×H) = σ-dim(G) + σ- dim(H)

and
ord(G×H) = ord(G) + ord(H).

Proof. Let G and H be algebraic groups containing G and H as σ-closed subgroups re-
spectively. Then G × H is a σ-closed subgroup of G × H and the claim reduces to the
similar formula for algebraic groups.

2.3 Finiteness theorems

There is no direct difference analog of Hilbert’s basis theorem: There exist infinite strictly
ascending chains of difference ideals in the σ-polynomial ring k{y1, . . . , yn}. (See [Coh65,
Example 3, p. 73].) The Ritt-Raudenbush basis theorem in difference algebra ([RR39]
or [Lev08, Theorem 2.5.11]) only asserts that every ascending chain of perfect difference
ideals in k{y1, . . . , yn} is finite. However, in our group theoretic setup the situation is
better behaved. Indeed, in this section we will prove two important finiteness theorems.
Let A be a finitely σ-generated k-σ-Hopf algebra. The first finiteness theorem (Theo-
rem 2.3.1) asserts that every σ-Hopf ideal of A is finitely generated as a σ-ideal. The
second finiteness theorem (Theorem 2.3.5) asserts that every k-σ-Hopf subalgebra of A is
finitely σ-generated over k. In Chapter 4 we will prove a third finiteness theorem (Theorem
4.1.1): The set of minimal prime σ-ideals of A is finite.

Theorem 2.3.1. Let H be a σ-algebraic group and G ≤ H a σ-closed subgroup. Then the
defining ideal I(G) ⊂ k{H} of G is finitely generated as a σ-ideal.

Proof. We may embed H as a σ-closed subgroup in some algebraic group G. For example,
we may choose G = GLn by Theorem 2.1.17. If the defining ideal of G in k{G} is finitely
σ-generated, then also the defining ideal ofG in k{H} = k{G}/I(H) is finitely σ-generated.
We can therefore assume that H = G.

As in Section 2.2 let Gi denote the kernel of the projection πi : G[i]³ G[i−1] between
the Zariski closures of G in G. By Proposition 2.2.1 there exists an integer m ≥ 1 such
that σi : Gi → σ(Gi−1) is an isomorphism for every i > m. To prove the theorem we will
show that I(G[m]) = I(G) ∩ k[G[m]] σ-generates I(G) ⊂ k{G} = ∪i≥0k[G[i]]. To do this it
is sufficient to show that

I(G[i]) =
(
I(G[i− 1]), σ(I(G[i− 1]))

)
⊂ k[G[i]] (2.3)

for i > m. The ideal to the right-hand side of (2.3) defines an algebraic group

Hi = (G[i− 1]× σiG) ∩ (G × σ(G[i− 1])) ≤ G[i] = G × σG × · · · × σiG.

Clearly G[i] ≤ Hi and the projection πi : Hi → G[i − 1] is surjective3. The kernel of
πi : Hi ³ G[i − 1] is 1 × σ(Gi−1). Since i > m we have 1 × σ(Gi−1) = Gi. Thus the

3A morphism G → H of algebraic groups, i.e., affine group schemes of finite type over k is surjective if
the dual map k[H] → k[G] is injective. See [Mil12, Chapter VII, Section 7] for more details.



CHAPTER 2. BASIC PROPERTIES OF DIFFERENCE ALGEBRAIC GROUPS 36

downwards arrows in the commutative diagram

G[i] �
� //

πi $$ $$HHHHHHHHH
Hi

πi{{{{wwwwwwwww

G[i− 1]

have the same kernel. This implies that G[i] = Hi and identity (2.3) is proved.

We have actually proved a slightly stronger statement which we record for later use.

Corollary 2.3.2. Let G be an algebraic group and G ≤ G a σ-closed subgroup. For
i ≥ 0 let G[i] denote the i-th order Zariski closure of G in G. Then there exists an
integer m ≥ 0 such that I(G[i]) = (I(G[i − 1], σ(I(G[i − 1])) for i > m, i.e., G[i] =
(G[i− 1]× σiG) ∩ (G × σ(G[i− 1])).

Corollary 2.3.3. Every descending chain of σ-closed subgroups of a σ-algebraic group is
finite.

Proof. A descending chain H1 ≥ H2 ≥ · · · of σ-closed subgroups of a σ-algebraic group
G corresponds to an ascending chain I(H1) ⊂ I(H2) ⊂ · · · of σ-Hopf ideals in k{G}. By
Theorem 2.3.1 the union

⋃
I(Hi) (which corresponds to the intersection

⋂
Hi) is finitely

generated as a σ-ideal. Thus there exists an integer n ≥ 1 such that
⋃

I(Hi) = I(Hn).
Then Hn = Hn+1 = · · · .

To prove the second finiteness theorem we need a simple lemma on k-σ-Hopf algebras.

Lemma 2.3.4. Let A be a k-σ-Hopf algebra. Then every finite subset of A is contained
in a finitely σ-generated k-σ-Hopf subalgebra.

Proof. By [Wat79, Section 3.3] a finite subset of A is contained in a Hopf subalgebra B that
is finitely generated as a k-algebra. Then k{B} ⊂ A is finitely σ-generated over k and since
the comultiplication and the antipode are σ-morphisms, k{B} is a Hopf subalgebra.

Theorem 2.3.5. Let A be a k-σ-Hopf algebra that is finitely σ-generated over k and
B ⊂ A a k-σ-Hopf subalgebra. Then B is finitely σ-generated over k.

Proof. For a Hopf subalgebra C of A let mC ⊂ C denote the kernel of the counit ε : C → k.
The ideal (mB) ⊂ A is a σ-Hopf ideal. By Theorem 2.3.1 it is finitely σ-generated. So
there exists a finite set F ⊂ mB such that [F ] = (mB). By Lemma 2.3.4 there exists a
finitely σ-generated k-σ-Hopf subalgebra C of B containing F . Then (mC) = (mB). By
Corollary 3.10 in [Tak72] the mapping C 7→ (mC) from Hopf subalgebras to Hopf ideals is
injective. Thus B = C is finitely σ-generated over k.

As an application of Corollary 2.3.2, we will prove a dimension theorem, which will
then be used in Section 5.3 in the proof of an analog of the Jordan-Hölder theorem.
A dimension theorem for differential algebraic groups has been proved in [Sit74]. It is
interesting to note that the dimension theorem fails for difference varieties. See [Coh65,
Chapter 8, Section 8]. However, it holds for σ-algebraic groups:
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Theorem 2.3.6. Let H1 and H2 be σ-closed subgroups of a σ-algebraic group G. Then

σ-dim(H1 ∩H2) + σ-dim(G) ≥ σ-dim(H1) + σ-dim(H2) (2.4)

and
ord(H1 ∩H2) + ord(G) ≥ ord(H1) + ord(H2). (2.5)

Proof. Let G be an algebraic group containing G as a σ-closed subgroup. We consider the
Zariski closures inside G. By Corollary 2.3.2 there exists an integer m ≥ 0 such that

I((H1 ∩H2)[i]) =
(
I((H1 ∩H2)[i− 1]), σ(I((H1 ∩H2)[i− 1]))

)
for i > m. Since I(H1 ∩H2) = I(H1) + I(H2) there exists n ≥ m such that

I((H1 ∩H2)[m]) ⊂ I(H1[n]) + I(H2[n]) = I(H1[n] ∩H2[n]).

But then
I((H1 ∩H2)[m+ i]) ⊂ I(H1[n+ i] ∩H2[n+ i]) (2.6)

for every i ≥ 0 and so

H1[n+ i] ∩H2[n+ i] ≤ (H1 ∩H2)[m+ i]× σm+i+1G × · · · × σn+iG.

Therefore

dim(H1[n+ i] ∩H2[n+ i]) ≤ dim((H1 ∩H2)[m+ i]) + (n−m) dim(G)

and so

dim((H1∩H2)[m+ i]) ≥ dim(H1[n+ i] ∩H2[n+ i])− (n−m) dim(G)
≥ dim(H1[n+ i]) + dim(H2[n+ i])− dim(G[n+ i])− (n−m) dim(G).

Now using Theorem 2.2.7 and comparing the coefficients of i yields identity (2.4).
It remains to prove (2.5). Obviously this is true if ord(G) = ∞. So we can as-

sume ord(G) < ∞, i.e., σ- dim(G) = 0. Note that (2.6) implies that the intersection of
I(H1[n+ i] ∩H2[n+ i]) with k[G[m+ i]] equals I((H1 ∩H2)[m+ i]). This means that the
morphism of algebraic groups

φ : H1[n+ i] ∩H2[n+ i]→ (H1 ∩H2)[m+ i]

induced from the projection G× σG×· · ·× σn+iG → G× σG×· · ·× σm+iG is surjective. Since
σ- dim(H1) = 0, the kernel of the projections H1[n + i] ³ H1[m + i] is finite for i À 0.
Therefore also φ has finite kernel and it follows that for iÀ 0

ord(H1 ∩H2) = dim((H1 ∩H2)[m+ i]) = dim(H1[n+ i] ∩H2[n+ i])
≥ dim(H1[n+ i]) + dim(H2[n+ i])− dim(G[n+ i])
= ord(H1) + ord(H2)− ord(G).
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2.4 The limit degree

In this section we introduce an important numerical invariant for σ-algebraic groups (of
σ-dimension zero) called the limit degree. We also show that the category of algebraic
σ-groups introduced and studied in [KP07] is equivalent to the category of σ-algebraic
groups of σ-dimension zero and limit degree one.

By the size |G| of an algebraic group G we mean the dimension of k[G] as a k-vector
space. So the size is either a non-negative integer or ∞. In the sequel we will employ

the usual rules for calculating with the symbol ∞. If G1
φ1 // //G2

φ2 // //G3 are surjective
morphisms of algebraic groups, then

| ker(φ2 ◦ φ1)| = | ker(φ2)| · | ker(φ1)|. (2.7)

Proposition 2.4.1. Let G be a σ-algebraic group and G ↪→ G a σ-closed embedding. Then
the size of the growth group of G with respect to the embedding G ↪→ G does not depend
on the choice of G and the σ-closed embedding.

Proof. For i ≥ 0 let G[i] denote the i-th order Zariski closure of G in G and Gi the kernel
of the projection πi : G[i] → G[i − 1]. By Proposition 2.2.1 the integer d = |Gi| does not
depend on i for iÀ 0. Let a = (a1, . . . , an) generate k[G[0]] ⊂ k{G} as a k-algebra. Then
a generates k{G} as a k-σ-algebra.

Let G′ be another algebraic group and G ↪→ G′ a σ-closed embedding. Let G[i]′ denote
the i-th order Zariski closure of G in G′ and let d′ and a′ be as above. We have to show
that d = d′.

Since a, as well as a′, σ-generate k{G}, there exists an integer m ≥ 1 such that
a′ ∈ k[a, . . . , σm(a)] and a ∈ k[a′, . . . , σm(a′)]. Then, for i ≥ 0, we have k[a′, . . . , σi(a′)] ⊂
k[a, . . . , σm+i(a)] and k[a, . . . , σi(a)] ⊂ k[a′, . . . , σm+i(a′)]. So for j ≥ m:

k[a, . . . , σi(a)] ⊂ k[a′, . . . , σm+i(a′)] ⊂ k[a′, . . . , σj+i(a′)] ⊂ k[a, . . . , σm+j+i(a)].

These inclusions of Hopf algebras correspond to surjective morphisms of algebraic groups

G[m+ j + i]³ G[j + i]′ ³ G[m+ i]′ ³ G[i].

We have | ker(G[m+ j + i]³ G[i])| ≥ | ker(G[j + i]′ ³ G[m+ i]′)| by (2.7). But by (2.7)
and Proposition 2.2.1 we also have

| ker(G[m+ j + i]³ G[i])| = dm+j and | ker(G[j + i]′ ³ G[m+ i]′)| = d′j−m

for i À 0. Consequently, dm+j ≥ d′j−m. Letting j tend to infinity, we find d ≥ d′. By
symmetry, d = d′.

Definition 2.4.2. Let G be a σ-algebraic group. Choose an algebraic group G and a
σ-closed embedding G ↪→ G. The size of the growth group of G with respect to the σ-closed
embedding G ↪→ G is called the limit degree of G and is denoted by

ld(G).

By Proposition 2.4.1 the limit degree of G does not depend on the choice of G and the
σ-closed embedding G ↪→ G.
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The expression “limit degree” is motivated by the fact that

ld(G) = lim
i→∞

deg(πi),

where deg(πi) denotes the degree of the projection πi : G[i] ³ G[i − 1]. The naming is
also motivated by Proposition 2.4.7.

Remark 2.4.3. By Corollary 2.2.16 the limit degree of a σ-algebraic group is finite if and
only if it has σ-dimension zero.

Example 2.4.4. Let 0 ≤ α1 < · · · < αn and 1 ≤ β1, . . . , βn be integers and G ≤ Gm the
σ-closed subgroup of the multiplicative group Gm given by

G(R) = {g ∈ R×| σα1(g)β1 · · ·σαn(g)βn = 1}

for every k-σ-algebra R. Then ld(G) = βn by Example 2.2.3.

Example 2.4.5. By Example 2.2.4 the limit degree of a σ-closed subgroup of Ga defined
by a linear difference equation is one.

Example 2.4.6. Let G be an algebraic group. Then ld([σ]kG) = |G| by Example 2.2.5.

Let K|k be an extension of σ-fields. Assume that there exists a finite set B ⊂ K such
that B, σ(B), . . . generates K as a field extension of k, then the limit degree ld(K|k) is
the limit limi→∞ di, where di is the degree of the field extension

k(B, . . . , σi(B))|k(B, . . . , σi−1(B)).

The limit exists and does not depend on the choice of B ([Lev08, Section 4.3]). The
following proposition shows that our definition of the limit degree generalizes the classical
definition ([Lev08, p. 394]) of the limit degree (for irreducible difference varieties in the
sense of [Coh65] and [Lev08]).

Proposition 2.4.7. Let G be a σ-algebraic group. If G is σ-integral, then the limit degree
of G equals the limit degree of the field of fractions of k{G} over k.

Proof. Let G be an algebraic group containing G as a σ-closed subgroup. For i ≥ 0 let G[i]
denote the i-th order Zariski closure of G in G and let B ⊂ k[G[0]] be a finite set which
generates k[G[0]] ⊂ k{G} as a k-algebra. Let K denote the field of fractions of k{G}.
Then B, σ(B), . . . generates K as a field extension of k and k(B, σ(B), . . . , σi(B)) is the
field of fractions of k[G[i]]. Therefore the degree of the field extension

k(B, . . . , σi(B))|k(B, . . . , σi−1(B))

equals the degree of the projection G[i]³ G[i− 1].

Our next aim is to characterize the algebraic σ-groups introduced in [KP07] within
the category of σ-algebraic groups.

Proposition 2.4.8. Let G be a σ-algebraic group. Then ld(G) = 1 if and only if k{G} is
finitely generated as a k-algebra.
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Proof. Fix a σ-closed embedding G ↪→ G and let G[i] denote the i-th order Zariski closure
of G in G. So k{G} = ∪i≥0k[G[i]]. If ld(G) = 1 there exists an integer m ≥ 0 such that
πi : G[i] ³ G[i − 1] has trivial kernel for i > m, so πi is an isomorphism and therefore
k[G[i]] = k[G[i− 1]]. Consequently, k{G} = k[G[m]] is finitely generated as a k-algebra.

Conversely, if k{G} is a finitely generated k-algebra, we can consider the algebraic
group G associated with the Hopf algebra k{G}]. So k[G] = k{G}]. Let R be a k-σ-algebra.
Since G(R) = Hom(k{G}, R) is a subgroup of

Hom(k{G}], R]) = G(R]) = ([σ]kG)(R) = Hom(k{G}, R)

the morphism k{G} ³ k{G} of k-σ-algebras induced by Lemma 1.2.8 is a morphism of
k-σ-Hopf algebras. With respect to the corresponding σ-closed embedding G ↪→ G we
have k{G} = k[G[0]] = k[G[1]] = . . . and therefore the associated growth group is trivial.
Thus ld(G) = 1.

Example 2.4.9. It is clear from Proposition 2.4.8 that the σ-algebraic groups in Exam-
ples 2.1.12, 2.1.14 and 2.1.15 have limit degree one.

Let us now recall the definition of algebraic σ-groups from [KP07]. We start by in-
troducing algebraic σ-varieties. Let k be a σ-field and X a variety over k, where, for our
purposes, a variety over k is an affine scheme of finite type over k. As in Section 1.2.4 let
σX denote the variety over k obtained from X by base extension via σ : k → k. Similarly, if
φ : X → Y is a morphism of varieties over k, then σφ : σX → σY is the morphism obtained
from φ by base extension via σ : k → k.

An algebraic σ-variety over k is a variety X over k together with a morphism σ̃ : X → σX
of varieties over k. A morphism between algebraic σ-varieties is a morphism φ : X → Y of
varieties such that

X eσ //

φ
��

σX
σφ
��

Y eσ // σY

commutes. An algebraic σ-group is a group object in the category of algebraic σ-varieties.
Equivalently, an algebraic σ-group is an algebraic group G over k together with a morphism
σ̃ : G → σG of algebraic groups.

Theorem 2.4.10. The category of algebraic σ-groups is equivalent to the category of
σ-algebraic groups of σ-dimension zero and limit degree one.

Proof. Let R be a k-algebra. To define a k-σ-algebra structure on R is equivalent to
defining a morphism of k-algebras σ : σR→ R: Given σ : R→ R, we can define

σ : σR→ R, r ⊗ λ 7→ σ(r)λ.

Conversely, given σ : σR→ R, we can define σ : R id⊗1−−−→ R⊗k k = σR
σ−→ R. Moreover, if R

and S are k-σ-algebras and ψ : R→ S is a morphism of k-algebras, then ψ is a morphism
of k-σ-algebras if and only if

σR
σ //

σψ
��

R

ψ
��

σS
σ // S
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commutes.
Dualizing the definition, an algebraic σ-group G corresponds to a finitely generated

Hopf algebra k[G] together with a morphism of Hopf algebras σ = (σ̃)∗ : σ(k[G]) → k[G].
By the remark from the beginning of the proof, the statement that σ is a morphism of Hopf
algebras corresponds to the statement that k[G] is a k-σ-Hopf algebra. Thus the category of
algebraic σ-groups is anti-equivalent to the category of k-σ-Hopf algebras that are finitely
generated over k. Now the claim follows from Proposition 2.1.3 and Proposition 2.4.8.

2.5 Subgroups defined by ideal closures

If G is an algebraic group over a perfect field, then Gred, the associated reduced scheme,
is a closed subgroup of G. In difference algebra, there are several closure operations one
can define on difference ideals that are in some way similar to taking the radical of an
ideal. Therefore we obtain several σ-closed subgroups of a σ-algebraic group that are in
some way analogous to Gred. Let us now recall these closure operations on σ-ideals. (Cf.
Definition 1.1.2 and [Lev08, Section 2.3].)

Definition 2.5.1. Let R be a σ-ring and a ⊂ R a σ-ideal. Then a is called

• reflexive if σ−1(a) = a, i.e., σ(f) ∈ a implies f ∈ a.

• mixed if fg ∈ a implies fσ(g) ∈ a.

• perfect if σα1(f) · · ·σαn(f) ∈ a implies f ∈ a for α1, . . . , αn ≥ 0

A σ-ring whose zero ideal is reflexive / mixed / perfect is called σ-reduced / well-
mixed / perfectly σ-reduced. Note that a σ-ring that is an integral domain is well-mixed.
If it is additionally σ-reduced, i.e., a σ-domain, it is perfectly σ-reduced.

Let a be a σ-ideal of a σ-ring R. Since the intersection of reflexive / radical mixed /
perfect σ-ideals is a reflexive / radical mixed / perfect σ-ideal there exists a smallest
reflexive / radical mixed / perfect σ-ideal of R containing a. It is called the reflexive
closure a∗/ the radical mixed closure {a}wm / the perfect closure {a} of a.

It is easy to see that

a∗ = {f ∈ R | ∃ n ∈ N : σn(f) ∈ a}.

The radical mixed closure and the perfect closure of a do not have such a simple elemen-
twise description. Cf. [Lev08, Section 2.3, p. 121ff] and [Lev, Lemma 3.1].

Let X be a σ-variety. We say that X is reduced / σ-reduced / reduced well-mixed /
perfectly σ-reduced if k{X} has this property. There exists a unique largest σ-closed
σ-subvariety

Xred / Xσ- red / Xwm / Xper

of X that is reduced / σ-reduced / reduced well-mixed / perfectly σ-reduced. Its defining
ideal is the radical / reflexive closure / radical mixed closure / perfect closure of the zero
ideal of k{X}.

A perfect σ-ideal is radical, mixed and reflexive. Therefore we have the following
diagram of inclusions of σ-closed σ-subvarieties of X.
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X

Xred

wwwwwwwww
Xσ- red

IIIIIIIII

Xwm

Xper

GGGGGGGG

����������������

The importance of perfectly σ-reduced σ-varieties stems from the fact that they corre-
spond to the classical difference varieties as studied in [Coh65] and [Lev08], where one is
only looking for solutions in σ-field extensions of k. (See Subsection 1.3.1.) Mixed σ-ideals
play a crucial role in the theory of difference schemes as developed by E. Hrushovski in
[Hru04]. (Cf. 1.3.2). Note that for an arbitrary non-empty σ-variety Xper and Xwm might
be empty. Take for example k{X} = k × k with σ((a, b)) = (σ(b), σ(a)). This pathology
does not occur for σ-algebraic groups because mG ⊂ k{G} is a σ-prime ideal.

Example 2.5.2. Let k be a σ-field, G a finite group and σ : G→ G a group endomorphism.
Let G be the σ-algebraic group from Example 2.1.15. Then G is σ-reduced if and only
if σ is an automorphism. Moreover, G is reduced well-mixed if and only if it is perfectly
σ-reduced if and only if σ : G→ G is the identity map.

Remark 2.5.3. For a σ-algebraic group G the following statements are equivalent:

(i) G(K) = 1 for every σ-field extension K of k.

(ii) Gper = 1.

(iii) The ideal mG is the only σ-prime ideal of k{G}.

Proof. If g ∈ G(K) = Hom(k{G},K), then the kernel of g is a σ-prime ideal of k{G}.
Conversely, if p is a σ-prime ideal of k{G}, then the field of fractions K of k{G}/p is
naturally a σ-field and the canonical map g : k{G} → K belongs to G(K). Therefore (i)
and (iii) are equivalent. The equivalence with (ii) follows from the fact that a perfect
difference ideal is the intersection of σ-prime ideals ([Coh65, Chapter 3, p. 88]).

If ψ : R → S is a morphism of σ-rings, it is easy to check that ψ−1(a) is a radical /
reflexive / radical mixed / perfect σ-ideal if a has the corresponding property. This shows
that ψ maps the radical / reflexive closure / radical mixed closure / perfect closure of the
zero ideal of R into the radical / reflexive closure / radical mixed closure / perfect closure
of the zero ideal of S. Therefore a morphism of σ-varieties X → Y induces a morphism

Xred → Yred / Xσ- red → Yσ- red / Xwm → Ywm / Xper → Yper.

For later use we record a lemma on perfectly σ-reduced σ-varieties.

Lemma 2.5.4. Let φ : X → Y be a morphism of σ-varieties and let Z ⊂ Y be a σ-closed
σ-subvariety. Assume that X is perfectly σ-reduced. If φK(X(K)) ⊂ Z(K) for every
σ-field extension K of k, then φ(X) ⊂ Z, i.e., φ factors through Z ↪→ Y .
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Proof. We have to show that I(Z) ⊂ k{Y } lies in the kernel of φ∗ : k{Y } → k{X}. So let
f ∈ I(Z). We have to show that φ∗(f) = 0. Since the zero ideal of k{X} is perfect, it is the
intersection of σ-prime ideals ([Coh65, Chapter 3, p. 88]). Therefore, it suffices to show
that φ∗(f) lies in every σ-prime ideal of k{X}. Let p ⊂ k{X} be a σ-prime ideal, then the
field of fractions K of k{X}/p naturally is a σ-field and the canonical map x : k{X} → K
is a morphism of k-σ-algebras. By assumption, φK(x) ∈ Z(K), i.e., I(Z) lies in the kernel
of x ◦ φ∗. So φ∗(f) ∈ p.

Lemma 2.5.5. Let R and S be k-σ-algebras.

(i) If k is perfect and R and S are reduced, then R⊗k S is reduced.

(ii) If k is inversive and R and S are σ-reduced, then R⊗k S is σ-reduced.

(iii) If k is algebraically closed and R and S are well-mixed and reduced, then R⊗k S is
well-mixed and reduced.

(iv) If k is inversive and algebraically closed and R and S are perfectly σ-reduced, then
R⊗k S is perfectly σ-reduced.

Proof. Of course (i) is well-known. See e.g., [Bou90, Theorem 3, Chapter V, §15.5,
A.V.125]. Note that (i) is a special case of (ii) as we may take σ as the Frobenius endo-
morphism. For (ii), note that R and S are σ-separable over k by Proposition 1.1.8 and
therefore R⊗k S is σ-separable (in particular σ-reduced) by Corollary 1.1.10.

For (iii), note that the zero ideal of a reduced well-mixed σ-ring is the intersection of
prime σ-ideals ([Hru04, Lemma 2.10]). If p is a prime σ-ideal of R and q a prime σ-ideal
of S, then p⊗ S +R⊗ q is a prime σ-ideal of R⊗k S since

(R⊗k S)/(p⊗ S +R⊗ q) = R/p⊗k S/q

and the latter is an integral domain, as the tensor product of integral domains over an
algebraically closed field is again an integral domain ([Bou90, Corollary 3, Chapter V,
§17.5, A.V.143]). We see that the zero ideal of R⊗k S is the intersection of prime σ-ideals
of the form p⊗ S +R⊗ q. This shows that R⊗k S is well-mixed and reduced.

To prove (iv) we can proceed as in (iii) by noting that a σ-ideal is perfect if and only
if it is the intersection of σ-prime ideals and that the tensor product of σ-domains over an
inversive algebraically closed σ-field is again a σ-domain by (ii).

There are counterexamples which show that the conditions on k in Lemma 2.5.5 cannot
be relaxed. For example, take k = R with σ the identity map, R = C with the identity
map and S = C with σ complex conjugation. Then R and S are perfectly σ-reduced
(hence well-mixed) but R⊗k S is not well-mixed (hence not perfectly σ-reduced).

If X and Y are σ-varieties, the canonical map (X × Y )per → Xper × Yper need not be
an isomorphism as Xper × Yper need not be perfectly σ-reduced.

Corollary 2.5.6. Let X and Y be σ-varieties.

(i) If k is perfect, then (X × Y )red ' Xred × Yred.

(ii) If k is inversive, then (X × Y )σ- red ' Xσ- red × Yσ- red.

(iii) If k is algebraically closed, then (X × Y )wm ' Xwm × Ywm.
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(iv) If k is inversive and algebraically closed, then (X × Y )per ' Xper × Yper.

Proof. Exemplarily, let us proof (iv). In terms of k-σ-algebras, we have to show that the
canonical map

k{X}/{0} ⊗k k{Y }/{0} → (k{X} ⊗k k{Y })/{0}

is an isomorphism. As the left hand side is perfectly σ-reduced by Lemma 2.5.5, we see
that {0} = {0} ⊗ k{Y }+ k{X} ⊗ {0}.

Corollary 2.5.7. Let G be a σ-algebraic group.

(i) If k is perfect, then Gred is a σ-closed subgroup of G.

(ii) If k is inversive, then Gσ- red is a σ-closed subgroup of G.

(iii) If k is algebraically closed, then Gwm is a σ-closed subgroup of G.

(iv) If k is inversive and algebraically closed, then Gper is a σ-closed subgroup of G.

Proof. Again, let us restrict to (iv). The other cases are similar. The multiplication
morphism G × G → G induces a morphism (G × G)per → Gper. But by Corollary 2.5.6,
the σ-closed σ-subvariety (G × G)per of G × G can be identified with Gper × Gper ⊂
G × G. Therefore, the multiplication maps Gper × Gper into Gper. As the inversion
G→ G, g 7→ g−1 also passes to Gper, we see that Gper is a subgroup of G.

Example 2.5.8. For all the σ-algebraic groups G in Example 4.1.2 Gper is the trivial
group.

Example 2.5.9. Let G be a finite group and σ : G → G an endomorphism. Let G be
the σ-algebraic group associated to this data as in Example 2.1.15. For g ∈ G we have
σn(eg) = 0 if and only if g /∈ σn(G) and so I(Gσ- red) = (eg| g /∈ ∩n∈Nσ

n(G)) ⊂ k{G}. Thus
Gσ- red corresponds to the subgroup H = ∩n∈Nσ

n(G) of G.

The following example shows that Gσ- red need to be a subgroup if k is not inversive.

Example 2.5.10. Let k be a σ-field of characteristic zero which is not inversive. So there
exists λ ∈ k with λ /∈ σ(k). Let G be the σ-closed subgroup of Ga given by

G(R) = {g ∈ R| σ2(g) + λσ(g) = 0}

for any k-σ-algebra R. We will first show that G has no proper, non-trivial σ-closed
subgroup other than the one defined by the equation σ(g) = 0. Suppose that H is a
proper, non-trivial σ-closed subgroup of G. By Corollary A.3 in [DVHW] every σ-closed
subgroup of Ga is of the form V(f), where f ∈ k{y} is the unique monic linear homogeneous
difference polynomial of minimal order in I(H) ⊂ k{Ga} = k{y}. As H is non-trivial and
properly contained in G, f must have order one, i.e., f = σ(y) + µy for some µ ∈ k. But
then σ2(h) + σ(µ)σ(h) = 0 and therefore (λ − σ(µ))σ(h) = 0 for all h ∈ H(R) for any
k-σ-algebra R. Because λ /∈ σ(k) this shows that σ(h) = 0 for all h ∈ H(R). Therefore
f = σ(y).

Suppose Gσ- red is a subroup of G. By the above, then either Gσ- red = G, Gσ- red = 1
or Gσ- red = H, where H is defined by the equation σ(y) = 0.

Because σn(y) does not lie in [σ2(y) + λy] for n ∈ N, the cases Gσ- red = 1 and
Gσ- red = H can be excluded. To arrive at a contradiction, it therefore suffices to find a
non-zero element in the reflexive closure of the zero ideal of k{G}.
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Assume that λ2 ∈ σ(k). (For example, we can choose k = C(
√
x,
√
x+ 1, . . .) with

action of σ determined by σ(x) = x + 1 and λ =
√
x.) We have k{G} = k[y, σ(y)] and if

we choose η ∈ k such that σ(η) = λ2, then σ(y)2 − ηy2 lies in the reflexive closure of the
zero ideal of k{G}.

The following example shows that the σ-closed subgroups constructed in Corollary 2.5.7
are in general not normal.

Example 2.5.11. LetN be the σ-closed subgroup of Ga given byN(R) = {g ∈ R| σ(g) = 0}
for any k-σ-algebra R. The σ-algebraic group H = Gm acts on N by group automorphisms

H(R)×N(R)→ N(R), (h, n) 7→ hn.

So we can form the semidirect product G = N o H which is the σ-variety N × H with
group multiplication given by

(n1, h1) · (n2, h2) = (n1 + h1n2, h1h2).

Then k{G} = k{N} ⊗k k{H} = k[x]⊗k k{y, y−1} with σ(x) = 0. The reflexive closure of
the zero ideal of k{G} is the ideal of k{G} generated by x. Therefore Gσ- red = H ≤ G.
For h ∈ H(R) and n ∈ N(R) we have

(n, 1)(0, h)(n, 1)−1 = (n− hn, h)

which shows that Gσ- red is not normal in G.

In Lemma 4.1.22 we will show that σ- dim(Gred), σ- dim(Gσ- red), σ- dim(Gwm) and
σ- dim(Gper) are all equal to σ- dim(G). The following example shows that the order of
Gσ- red might be strictly smaller than the order of G.

Example 2.5.12. Let G be the σ-closed subgroup of Ga given by

G(R) = {g ∈ R| σn(g) = 0}

for any k-σ-algebra R. Then G has order n and Gσ- red is the trivial group, which has
order 0.



Chapter 3

Morphisms of difference algebraic
groups

In this chapter we study representations and morphisms of difference algebraic groups.
In particular, we establish the existence of the quotient G/N of a σ-algebraic group G
modulo a normal σ-closed subgroup N of G and we characterize injective and surjective
morphism of difference algebraic groups.

3.1 Representations of difference algebraic groups

In this section we present an application of the first finiteness theorem (Theorem 2.3.1).
We prove the difference analog of a theorem of Chevalley for algebraic groups. Namely, we
show that every σ-closed subgroup of a σ-algebraic group can be realized as the stabilizer
of a line. We also show that the category of representations of Gn

m as a difference algebraic
group is semi-simple.

Categories of representations of σ-algebraic groups have been studied in [OWb]. There
the authors introduce σ-tannakian categories, which provide a purely categorical charac-
terization of those categories, that are the category of representations of a σ-algebraic
group.

Definition 3.1.1. Let G be a σ-algebraic group. A representation of G is a pair (V, φ)
comprising a finite dimensional k-vector space V and a morphism φ : G → GL(V ) of
σ-algebraic groups. The representation is called faithful if φ is a σ-closed embedding.

We will often omit φ from the notation. A morphism (V, φ) → (V ′, φ′) of representa-
tions of G is a k-linear map f : V → V ′ that is G-equivariant, i.e.,

V ⊗k R
f⊗R //

φ(g)

��

V ′ ⊗k R

φ′(g)
��

V ⊗k R
f⊗R // V ′ ⊗k R

commutes for every g ∈ G(R) and any k-σ-algebra R.

Lemma 3.1.2. Let G be a σ-algebraic group. The category of representations of G is
equivalent to the category of finite dimensional comodules over k{G}.

46
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Proof. This is similar to Section 3.2 in [Wat79].

Lemma 3.1.3. Let V be a representation of the σ-algebraic group G and W ≤ V a linear
subspace. Then the stabilizer GW of W , defined by

GW (R) = {g ∈ G(R)| g(W ⊗k R) ⊂W ⊗k R}

for any k-σ-algebra R, is a σ-closed subgroup of G.

Proof. Let v1, . . . , vn be a basis of V such that v1, . . . , vm is a basis of W . Moreover, let
ρ : V → V ⊗k k{G} denote the comodule structure corresponding to the given representa-
tion and write ρ(vj) =

∑n
i=1 vi ⊗ aij ∈ V ⊗k k{G} for j = 1, . . . , n. So for a k-σ-algebra

R and g ∈ G(R) = Hom(k{G}, R) we have g(vj ⊗ 1) =
∑n

i=1 vi ⊗ g(aij) ∈ V ⊗k R. This
shows the g ∈ GW (R) if and only if g(aij) = 0 for j = 1, . . . ,m and i = m+1, . . . , n. Thus

GW = V([aij | 1 ≤ j ≤ m, m+ 1 ≤ i ≤ n]).

We know from Theorem 2.1.17 that every σ-algebraic group admits a faithful repre-
sentation. The following theorem provides a strengthening of this result:

Theorem 3.1.4. Let G a σ-algebraic group and H ≤ G a σ-closed subgroup. Then
there exists a faithful representation V of G and a line L ≤ V (i.e., a one dimensional
k-subspace) such that H is the stabilizer of L, i.e.,

H(R) = {g ∈ G(R)| g(L⊗k R) ⊂ L⊗k R}

for any k-σ-algebra R.

Proof. We will first construct a representation V of G such that H is the stabilizer of a
subspace W of V . By Theorem 2.3.1 there exists a finite set F ⊂ I(H) ⊂ k{G} such that
I(H) = [F ]. By Section 3.3 in [Wat79] there exists a finite dimensional subcomodule V of
k{G} such that F ⊂ V . Let W = V ∩ I(H) ≤ V . If v1, . . . , vn is a basis of V such that
v1, . . . , vm is a basis of W and ∆(vj) =

∑n
i=1 vi ⊗ aij ∈ V ⊗k k{G} for j = 1, . . . , n, then

I(GW ) = [aij | 1 ≤ j ≤ m, m+ 1 ≤ i ≤ n]

by the proof of Lemma 3.1.3. Since I(H) and V are k{H}-comodules also W = I(H) ∩ V
is a k{H}-comodule. So W is stable under H, i.e., H ≤ GW , or I(GW ) ⊂ I(H). We have

vj =
n∑
i=1

ε(vi)aij =
n∑

i=m+1

ε(vi)aij ,

since ε(I(H)) = 0. This shows that every f ∈ F ⊂W lies in

[aij | 1 ≤ j ≤ m, m+ 1 ≤ i ≤ n] = I(GW ).

Therefore I(H) = [F ] ⊂ I(GW ) and consequently H = GW .
Them-th exterior power ∧mV is naturally a representation ofG and L = ∧mW ≤ ∧mV

is one dimensional. Moreover GL = GW . (See Section A.2 in [Wat79].) In case ∧mV is
not faithful, we can replace it by ∧mV ⊕V ′, where V ′ is a faithful representation of G.
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An algebraic group G over a field of characteristic zero is reductive if and only if it is
linearly reductive, i.e., every representation of G is a direct sum of irreducible representa-
tions. In differential algebra, the only linearly reductive linear differential algebraic groups
are those which are the constant points of a reductive algebraic group ([MO11, Theorem
3.14]). In particular, the linear differential algebraic group Gm is not linearly reductive.
Indeed, the representation

Gm → GL2, g 7→
(
g δ(g)
0 g

)
is not semi-simple. For difference algebraic groups the situation is fundamentally different.
We show here that tori are linearly reductive difference algebraic goups and leave the
characterization of the linearly reductive difference algebraic groups for the future.

Theorem 3.1.5. Every representation of the difference algebraic group G = Gn
m is a

direct sum of one-dimensional representations.

Proof. Let us denote by X the set of all elements of k{G} = k{y1, y
−1
1 , . . . , yn, y

−1
n } which

are products of elements of the form σα(yi)β where α ∈ N, β ∈ Z and 1 ≤ i ≤ n. Then
X is a k-basis of k{G} and every element χ ∈ X is group-like, i.e., ∆(χ) = χ ⊗ χ and
ε(χ) = 1 where ∆: k{G} → k{G} ⊗k k{G} is the comultiplication and ε : k{G} → k the
counit.

Let V be a representation of G, ρ : V → V ⊗k k{G} the corresponding comodule and
v ∈ V . Then we can write

ρ(v) =
∑
χ∈X

aχ ⊗ χ, aχ ∈ V.

Applying the comodule identities (idV ⊗∆) ◦ ρ = (ρ ⊗ idk{G}) ◦ ρ and (idV ⊗ε) ◦ ρ = idV
(see [Wat79, Section 3.2]) to v, we find that∑

χ∈X
aχ ⊗ χ⊗ χ =

∑
χ∈X

ρ(aχ)⊗ χ, and (3.1)

v =
∑
χ∈X

aχ. (3.2)

Identity (3.1) implies that ρ(aχ) = aχ ⊗ χ. So g(aχ ⊗ 1) = aχ ⊗ g(χ) for g ∈ G(R) =
Hom(k{G}, R) and R a k-σ-algebra. Thus kaχ is a subrepresentation of V and it follows
from (3.2) that V is spanned by all the one-dimensional subrepresentations arising in this
way.

3.2 Quotients

The first goal in this section is to establish the existence of the quotient G/N , where N
is a normal σ-closed subgroup of a σ-algebraic group G. We do not address the (highly
non-trivial) question of the existence of the quotient G/H where H is an arbitrary σ-closed
subgroup. As for (affine) algebraic groups, the quotient G/H will in general not be affine
(but rather quasi-projective). For algebraic groups, the analog of Theorem 3.1.4 is a
crucial ingredient for constructing the quotient as a quasi-projective variety. Therefore
Theorem 3.1.4 already gives some indication that “G/H is a quasi-projective σ-variety”.
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But to even make sense of this statement, one would need to introduce a substantially
heavier foundation of difference algebraic geometry than we have done in Section 1.2,
where we only deal with the affine setting.

We also show how to compute σ- dim(G/N), ord(G/N) and ld(G/N) from the corre-
sponding values for G and N .

Let G be a σ-algebraic group. Recall that a σ-closed subgroup N ≤ G is called normal
if N(R) is a normal subgroup of G(R) for any k-σ-algebra R. We write N EG to express
that N is a normal σ-closed subgroup of G.

If φ : G→ H is a morphism of σ-algebraic groups, we define the kernel of φ

ker(φ)

to be the subfunctor of G given by R Ã ker(φR)). Then ker(φ) is a normal σ-closed
subgroup of G. Indeed ker(φ) = φ−1(1), where 1 ≤ H is the trivial σ-closed subgroup of
H defined by the kernel mH of the counit k{H} → k. Explicitly we have

I(ker(φ)) = (φ∗(mH)) ⊂ k{G}.

Definition 3.2.1. Let G be a σ-algebraic group and N EG a normal σ-closed subgroup.
A morphism of σ-algebraic groups π : G→ G/N such that N ⊂ ker(π) is called a quotient
of G mod N if it universal among such maps, i.e., for every morphism of σ-algebraic
groups φ : G → H with N ⊂ ker(φ) there exists a unique morphism of σ-algebraic groups
φ′ : G/N → H such that

G
π //

φ ��???????? G/N

φ′||
H

commutes.

Of course, if a quotient of G mod N exists, it is unique up to a unique isomorphism.
We will therefore usually speak of the quotient of G mod N .

For affine group schemes over a field (not necessarily of finite type), the fundamental
theorem on quotients can be formulated in a purely Hopf algebraic manner ([Tak72]).
Recall that a Hopf ideal a in a Hopf algebra A over k is called normal if, using Sweedler
notation, ∑

f(1)S(f(3))⊗ f(2) ∈ A⊗k a

for any f ∈ a, where S is the antipode of A. Normal Hopf ideals in A correspond to
normal closed subgroup schemes ([Tak72, Lemma 5.1]). Similarly, if G is a σ-algebraic
group, then normal σ-Hopf ideals in k{G} correspond to normal σ-closed subgroups of
G (Cf. Lemma 2.1.4.). Recall that for a Hopf algebra A over k the kernel of the counit
ε : A→ k is denoted by mA.

Theorem 3.2.2 (M. Takeuchi). Let A be a Hopf algebra over k and a ⊂ A a Hopf ideal.
Then A(a) = {f ∈ A| ∆(f)− f ⊗ 1 ∈ A⊗k a} is a Hopf subalgebra of A with (mA(a)) = a.
Indeed A(a) is the unique Hopf subalgebra with this property and the largest Hopf subalgebra
with the property that (mA(a)) ⊂ a.

Proof. By [Tak72, Lemma 4.4] A(a) is a Hopf subalgebra. By [Tak72, Lemma 4.7] it is
the largest Hopf subalgebra with (mA(a)) ⊂ a. Finally, by [Tak72, Theorem 4.3] it is the
unique Hopf subalgebra with (mA(a)) = a.
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The existence of the quotient of G mod N can be reduced to Theorem 3.2.2. A
similar approach was taken in [DVHW14, Section A.9]. While the result in [DVHW14]
is formulated in a slightly more general setup (there the k-σ-Hopf algebras need not be
finitely σ-generated over k) the result we prove here is stronger. Indeed, with the aid
of the second finiteness theorem (Theorem 2.3.5) we show that G/N is σ-algebraic, i.e.,
k{G/N} is finitely σ-generated over k. This question remained open in [DVHW14].

Theorem 3.2.3. Let G be a σ-algebraic group and N EG a σ-closed subgroup. Then the
quotient of G mod N exists. Moreover, a morphism of σ-algebraic groups π : G→ G/N is
the quotient of G mod N if and only if ker(π) = N and π∗ : k{G/N} → k{G} is injective.

Proof. By Theorem 3.2.2

k{G}(I(N)) = {f ∈ k{G}| ∆(f)− f ⊗ 1 ∈ k{G} ⊗k I(N)}

is a Hopf subalgebra of k{G}. Clearly it is also a k-σ-Hopf subalgebra. From Theo-
rem 2.3.5 we know that k{G}(I(N)) is finitely σ-generated over k. So we can define
G/N as the σ-algebraic group represented by k{G}(I(N)), i.e., k{G/N} = k{G}(I(N)).
Let π : G→ G/N be the morphism of σ-algebraic groups corresponding to the inclusion
k{G/N} ⊂ k{G} of k-σ-Hopf algebras.

Let φ : G→ H be a morphism of σ-algebraic groups such that N ⊂ ker(φ). As ker(φ) =
V(φ∗(mH)), the Hopf algebraic meaning of N ⊂ ker(φ) is φ∗(mH) ⊂ I(N). To show that
π has the required universal property, it suffices to show that φ∗(k{H}) ⊂ k{G/N}. We
know from Theorem 3.2.2 that k{G/N} is the largest Hopf subalgebra of k{G} such that
mk{G/N} ⊂ I(N). As mφ∗(k{H}) = φ∗(mH) ⊂ I(N) we find φ∗(k{H}) ⊂ k{G/N}.

Clearly π∗ is injective. Moreover, ker(π) = V(π∗(mG/N )) = V(I(N)) = N by Theo-
rem 3.2.2.

If π : G → G/N is a morphism of σ-algebraic groups such that N = ker(π) and
π∗ : k{G/N} → k{G} is injective, then π∗(k{G/N}) is a Hopf subalgebra of k{G} such
that (mπ∗(k{G/N})) = I(N). Therefore π∗(k{G/N}) = k{G}(I(N)) by Theorem 3.2.2.

Corollary 3.2.4. Let φ : G→ H be a morphism of σ-algebraic groups. Then the induced
morphism G/ ker(φ)→ H is a σ-closed embedding.

Proof. The Hopf subalgebra φ∗(k{H}) ⊂ k{G} satisfies (mφ∗(k{H})) = (φ∗(mH)) = I(ker(φ)).
Therefore φ∗(k{H}) = k{G}(I(ker(φ))) = k{G/ ker(φ)} by Theorem 3.2.2. Consequently
k{H} → k{G/ ker(φ)} is surjective and G/ ker(φ)→ H is a σ-closed embedding by Lemma
1.2.7.

Example 3.2.5. Let G be the σ-closed subgroup of Gm given by

G(R) = {g ∈ R×| σ(g)2 = 1} ≤ Gm(R)

and let N be the normal σ-closed subgroup of G given by

N(R) = {g ∈ R×| σ(g) = 1}

for any k-σ-algebra R. We would like to determine the quotient G/N . Let H be the
σ-algebraic group given by H(R) = {g ∈ R×| g2 = 1} and let φ : G→ H be the morphism
given by

φR : G(R)→ H(R), g 7→ σ(g).

Then φ has kernel N and the dual map φ∗ : k{H} → k{G} is injective. Thus it follows
from Theorem 3.2.3 that φ is the quotient of G mod N , i.e., G/N = H.
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Example 3.2.6. Let N be the σ-closed subgroup of the additive group G = Ga defined
by a linear difference equation σn(y) + λn−1σ

n−1(y) + · · ·+ λ0y = 0. The morphism

φ : Ga → Ga, g 7→ σn(g) + λn−1σ
n−1(g) + · · ·+ λ0g

has kernel N and the dual map φ∗ : k{y} → k{y}, y 7→ σn(y) + λn−1σ
n−1(y) + · · ·+ λ0y

is injective. Therefore, φ is the quotient of G mod N , i.e., G/N = Ga.

As one may expect, the formation of quotients is compatibel with base extension:

Lemma 3.2.7. Let N E G be σ-algebraic groups and K a σ-field extension of k. Then
(G/N)K = GK/NK .

Proof. It is clear from Theorem 3.2.3 that the kernel of the morphism GK → (G/N)K
obtained from G→ G/N by base extension is NK . So by Theorem 3.2.3 again, it suffices
to note that the dual map k{G/N} ⊗k K → k{G} ⊗k K is injective.

Let ψ : R → S be a morphism of k-σ-algebras. We say that ψ is faithfully flat if the
underlying morphism ψ] : R] → S] of k-algebras is faithfully flat. In this case, we also say
that S is a faithfully flat R-σ-algebra.

Let R be a k-σ-algebra and π : G → G/N a quotient. As for algebraic groups, the
map πR : G(R)→ (G/N)(R) need not be surjective in general. (See Example 3.3.8.) This,
at least initially, makes it difficult to transfer constructions familiar from the theory of
abstract groups that refer to group elements to σ-algebraic groups. The following lemma
is a very useful substitute for the missing surjectivity of πR. See Chapter 5, in particular
Theorem 5.1.12 on how this lemma is used.

Lemma 3.2.8. Let G be a σ-algebraic group and N E G a σ-closed subgroup. Let R be
a k-σ-algebra and g ∈ (G/N)(R). Then there exists a faithfully flat morphism R → S
of k-σ-algebras and g ∈ G(S) such that G(S) → (G/N)(S) maps g to the image of g in
(G/N)(S).

Proof. We may use g ∈ (G/N)(R) = Hom(k{G/N}, R) to form S = k{G} ⊗k{G/N}
R. Since k{G} is faithfully flat over k{G/N} (See [Wat79, Chapter 14].), it follows
that R→ S, r 7→ 1⊗ r is faithfully flat ([Wat79, Section 13.3, p. 105]). Let us set

g : k{G} → S, f 7→ f ⊗ 1. Then the maps k{G/N} g−→ R→ S and k{G/N} → k{G} g−→ S
are equal. So g ∈ G(S) has the required property.

Now that we have established the existence of the quotient G/N we can start to study
its properties. To see how the numerical invariants σ-dimension, order and limit degree
behave with respect to quotients, we first need to understand how quotients intertwine
with Zariski closures.

Lemma 3.2.9. Let G be an algebraic group and let N ≤ G ≤ G be σ-closed subgroups. For
i ≥ 0 let G[i] and N [i] denote the i-th order Zariski closure of G and N in G respectively.
Then N is normal in G if and only if N [i] is normal in G[i] for every i ≥ 0.

Proof. As k{G} = ∪i≥0k[G[i]] is the union of the Hopf subalgebras k[G[i]], we see that
I(N) is a normal Hopf ideal of k{G} if and only if I(N)∩ k[G[i]] is a normal Hopf ideal of
k[G[i]] for every i ≥ 0.
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Proposition 3.2.10. Let G be an algebraic group and N EG ≤ G. For i ≥ 0 let G[i] and
N [i] denote the i-th order Zariski closure of G and N in G respectively. Then there exists
an integer m ≥ 0 such that G/N is a σ-closed subgroup of G[m]/N [m] and for i ≥ 0 the
i-th order Zariski closure of G/N in G[m]/N [m] is the quotient of G[i+m] mod N [i+m],
i.e.,

(G/N)[i] = G[m+ i]/N [m+ i].

Proof. By Theorems 3.2.2 and 3.2.3 we have

k{G/N} = {f ∈ k{G}| ∆(f)− f ⊗ 1 ∈ k{G} ⊗k I(N)}

=
⋃
i≥0

{f ∈ k[G[i]]| ∆(f)− f ⊗ 1 ∈ k[G[i]]⊗k I(N [i])}

=
⋃
i≥0

k[G[i]/N [i]].

Moreover,

k[G[i]/N [i]] ⊂ k[G[i+ 1]/N [i+ 1]] and σ(k[G[i]/N [i]]) ⊂ k[G[i+ 1]/N [i+ 1]].

By Corollary 2.3.2, there exists an integerm ≥ 0 such that I(N [j+1]) = (I(N [j]), σ(I(N [j]))),
i.e., N [j + 1] = (N [j]× σjG) ∩ (G × σ(N [j])) for j ≥ m. We claim that

k
[
k[G[m]/N [m]], . . . , σi(k[G[m]/N [m]])

]
= k[G[m+ i]/N [m+ i]] for i ≥ 0. (3.3)

The inclusion “⊂” is obvious. To prove the inclusion “⊃” it suffices to show that

ψj : k[G[j]/N [j]]⊗k σ(k[G[j]/N [j]) −→ k[G[j + 1]/N [j + 1]], f1 ⊗ (λ⊗ f2) 7→ f1λσ(f2)

is surjective for j ≥ m. With πj+1 and σj+1 as in (2.1) the morphisms

G[j + 1]
πj+1−−−→ G[j]→ G[j]/N [j] and G[j + 1]

σj+1−−−→ σ(G[j])→ σ(G[j]/N [j])

combine to a morphism

G[j + 1] −→ (G[j]/N [j])× σ(G[j]/N [j])

of algebraic groups with kernel (N [j]× σjG) ∩ (G × σ(N [j])) = N [j + 1]. Therefore

G[j + 1]/N [j + 1] −→ (G[j]/N [j])× σ(G[j]/N [j])

is a closed embedding and so the dual map is surjective, but the dual map is precisely
ψj . We have thus proved (3.3). It follows from (3.3) that k{G[m]/N [m]} → k{G/N} is
surjective, i.e., G/N is a σ-closed subgroup of G[m]/N [m]. As the ring to the left hand
side of (3.3) is the coordinate ring of the i-th order Zariski closure of G/N in G[m]/N [m],
we obtain the required equality of the Zariski closures.

The following example shows that in general one cannot take m = 0 in Proposition
3.2.10.

Example 3.2.11. Let G = G = Ga and N EG the σ-closed subgroup given by N(R) =
{g ∈ R| σ(g) = 0} for any k-σ-algebra R. Then N [0] = G[0] = Ga and G[0]/N [0] is the
trivial group. Therefore G/N cannot be a σ-closed subgroup of G[0]/N [0].
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Corollary 3.2.12. Let G be a σ-algebraic group and N EG a normal σ-closed subgroup.
Then

σ-dim(G) = σ-dim(N) + σ-dim(G/N) (3.4)

and
ord(G) = ord(N) + ord(G/N). (3.5)

Proof. We may assume that G is a σ-closed subgroup of some algebraic group G (Theo-
rem 2.1.17). For i ≥ 0 let G[i] and N [i] denote the i-th order Zariski closure of G and
N in G respectively. By Theorem 2.2.7 there exist eG, eN ≥ 0 such that dim(G[i]) =
σ- dim(G)(i + 1) + eG and dim(N [i]) = σ- dim(N)(i + 1) + eN for i À 0. Let m ≥ 0
be as in Proposition 3.2.10 and for i ≥ 0 let (G/N)[i] denote the i-th order Zariski
closure of G/N in G[m]/N [m]. By Theorem 2.2.7 there exist eG/N ≥ 0 such that
dim((G/N)[i]) = σ- dim(G/N)(i+ 1) + eG/N . For iÀ 0

σ- dim(G/N)(i+ 1) + eG/N = dim((G/N)[i]) = dim(G[m+ i]/N [m+ i]) =

= dim(G[m+ i])− dim(N [m+ i]) =
= σ- dim(G)(m+ i+ 1) + eG − σ- dim(N)(m+ i+ 1)− eN =
= (σ- dim(G)− σ- dim(N))(i+ 1) + (σ- dim(G)− σ- dim(N))m+ eG − eN .

This proves (3.4). As ord(G) < ∞ if and only if σ- dim(G) = 0, it follows from (3.4)
that (3.5) is valid if σ- dim(G) > 0. We can therefore assume that σ- dim(G) = 0, and
consequently σ- dim(N) = σ- dim(G/N) = 0 as well. But then ord(G/N) = eG/N =
eG − eN = ord(G)− ord(N).

Next we will show how to compute ld(G/N) from ld(N) and ld(G). For clarity of the
exposition, we single out a simple lemma on algebraic groups.

Lemma 3.2.13. Let N1EG1 and N2EG2 be algebraic groups and φ : G2 ³ G1 a surjective
morphism of algebraic groups with kernel G. Assume that the restriction of φ to N2

has kernel N and maps N2 surjectively onto N1. Then the kernel of the induced map
G2/N2 → G1/N1 is isomorphic to G/N .

Proof. Since φ is surjective we may identify G1 with G2/G. Note that the (Noether)
isomorphism theorems also hold for algebraic groups. (See e.g., [Mil12, Chapter IX]). We
have N1 = N2/N = N2/G ∩N2 = N2G/G and so G1/N1 = (G2/G)/(N2G/G) = G2/N2G.
This shows that the kernel of G2/N2 → G1/N1 = G2/N2G equals N2G/N2 = G/N2 ∩ G =
G/N .

Corollary 3.2.14. Let G be a σ-algebraic group and N EG a normal σ-closed subgroup.
Then

ld(G) = ld(G/N) · ld(N).

Proof. By Remark 2.4.3 and Corollary 3.2.12 the claim is valid if σ- dim(G) > 0. So we
may assume that σ- dim(G) = 0 and therefore ld(G), ld(G/N) and ld(N) are all finite.
Let m ≥ 0 be as in Proposition 3.2.10. For i ≥ 1 we have commutative diagrams

(G/N)[i]
πi // //

'
��

(G/N)[i− 1]

'
��

G[m+ i]/N [m+ i]
φi // // G[m+ i− 1]/N [m+ i− 1]
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where φi is induced from the projection G[m + i] ³ G[m + i − 1]. For i À 0 we have
ld(G/N) = | ker(πi)| = | ker(φi)|. Let Gm+i and Nm+i be the kernel of

G[m+ i]³ G[m+ i− 1] and N [m+ i]³ N [m+ i− 1]

respectively. It follows from Lemma 3.2.13 that ker(φi) = Gm+i/Nm+i. Therefore

ld(G/N) = |Gm+i/Nm+i| = |Gm+i|/|Nm+i| = ld(G)/ld(N).

3.3 Injective and surjective morphisms

In this section we characterize the analogs of injective and surjective morphisms in the
category of groups. Analogous results for algebraic groups are in [Mil12, Chapter VII].

Theorem 3.3.1. Let φ : G→ H be a morphism of σ-algebraic groups. Then the following
statements are equivalent:

(i) The kernel of φ is trivial.

(ii) The map φR : G(R)→ H(R) is injective for every k-σ-algebra R.

(iii) The morphism φ : G→ H is a σ-closed embedding.

(iv) The dual map φ∗ : k{H} → k{G} is surjective.

(v) The morphism φ : G→ H is a monomorphism in the category of σ-algebraic groups,
i.e., for every pair φ1, φ2 : H ′ → G of morphisms of σ-algebraic groups with φφ1 =
φφ2 we have φ1 = φ2.

Proof. Clearly (i)⇔(ii), (iii)⇒(ii) and (ii)⇒(v). Moreover, (iii) and (iv) are equivalent by
Lemma 1.2.7. So it suffices to show that (v) implies (iv). Define H ′ = G×H G by

(G×H G)(R) = {(g1, g2) ∈ G(R)×G(R)| φ(g1) = φ(g2)}

for any k-σ-algebra R. This is a σ-closed subgroup of G×G. Indeed, G×HG is represented
by k{G} ⊗k{H} k{G}. Let φ1 and φ2 denote the projections onto the first and second
coordinate respectively. We have φφ1 = φφ2 and so by (iv) we must have φ1 = φ2. This
implies that the maps f 7→ f ⊗ 1 and f 7→ 1 ⊗ f from k{G} → k{G} ⊗k{H} k{G} are
equal. As φ∗(k{H}) is a Hopf subalgebra of k{G} we know that k{G} is faithfully flat
over φ∗(k{H}) ([Wat79, Chapter 14]). Therefore f ⊗ 1 = 1 ⊗ f in k{G} ⊗k{H} k{G} =
k{G} ⊗φ∗(k{H}) k{G} if and only if f ∈ φ∗(k{H}) by [Wat79, Section 13.1, p. 104].
Summarily, we find that φ∗ : k{H} → k{G} is surjective.

Definition 3.3.2. A morphism of σ-algebraic groups satisfying the equivalent properties
of Theorem 3.3.1 is called injective.

Example 3.3.3. The morphism φ : Gm → Gm given by φR(g) = σ(g) for any k-σ-algebra
R and g ∈ R× is not injective. Even though φR is injective for every σ-field extension R
of k.
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Example 3.3.4. The morphism φ : Gm → G2
m given by

φR : Gm(R)→ G2
m(R), g 7→ (gσ(g), σ(g))

is injective.

To address the analog of surjective morphisms of abstract groups, recall that in Lemma
1.2.6 we defined φ(X) for a morphism φ : X → Y of σ-varieties.

Lemma 3.3.5. Let φ : G → H be a morphism of σ-algebraic groups and G1 a σ-closed
subgroup of G. Then φ(G1) is a σ-closed subgroup of H.

Proof. We may assume that G1 = G. It follows from the proof of Lemma 1.2.6 that
φ(G) = V(a), where a is the kernel of φ∗ : k{H} → k{G}. Since φ∗ is a morphism of
k-σ-Hopf algebras, a is a σ-Hopf ideal. So φ(G) is a σ-closed subgroup of H.

Theorem 3.3.6. Let φ : G → H be a morphism of σ-algebraic groups. The following
statements are equivalent:

(i) φ(G) = H.

(ii) The morphism φ is a quotient, i.e., there exists a normal σ-closed subgroup N of G
such φ is the quotient of G mod N .

(iii) The dual map φ∗ : k{H} → k{G} is injective.

(iv) For every k-σ-algebra R and every h ∈ H(R), there exists a faithfully flat R-σ-algebra
S and g ∈ G(S) such that the image of h in H(S) equals φ(g).

Proof. We know from Lemma 1.2.6 that φ(G) is the σ-closed σ-subvariety of H defined
by ker(φ∗). Therefore (i) and (iii) are equivalent. It is clear from Theorem 3.2.3 that (iii)
and (ii) are equivalent. Moreover (ii) implies (iv) by Lemma 3.2.8. It thus suffices to show
that (iv) implies (iii). Take R = k{H} and h = idk{H} ∈ H(R) = Hom(k{H}, k{H}).
By (iv) there exists a faithfully flat morphism ψ : k{H} → S of k-σ-algebras and an
element g ∈ G(S) = Hom(k{G}, S) such that the image of h in H(S) = Hom(k{H}, S)
equals φ(g) = gφ∗. This means that ψ = gφ∗. As any faithfully flat morphism of rings is
injective, ψ is injective. Therefore φ∗ is injective as well.

Definition 3.3.7. A morphism of σ-algebraic groups satisfying the equivalent properties
of Theorem 3.3.6 is called surjective.

We write φ : G³ H to express that φ is surjective.

Example 3.3.8. The morphism φ : Gm → Gm given by φR(g) = σ(g) for any k-σ-algebra
R and g ∈ R× is surjective since the dual map φ∗ : k{y, y−1} → k{y, y−1}, y 7→ σ(y) is
injective. Note that φR need not be surjective.

Example 3.3.9. The endomorphism of Ga defined by a linear difference equation is
surjective because the dual map is injective. See Example 3.2.6.

Corollary 3.3.10. A morphism of σ-algebraic groups that is injective and surjective is
an isomorphism.

Proof. By Theorems 3.3.1 and 3.3.6, an injective and surjective morphism of σ-algebraic
groups induces a surjective and injective morphism on the σ-coordinate rings.
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Corollary 3.3.11. Every morphism of σ-algebraic groups factors uniquely as a surjective
morphism followed by an injective morphism.

Proof. Let φ : G → H be a morphism of σ-algebraic groups. The uniqueness means that
if G ³ H1 ↪→ H and G ³ H2 ↪→ H are two factorizations of φ, then there exists an
isomorphism H1 → H2 of σ-algebraic groups making

G // // H1

'
��

� � // H

G // // H2
� � // H

commutative. By Theorem 2.3.5 the k-σ-Hopf subalgebra φ∗(k{H}) of k{G} is finitely
σ-generated over k. So we can defineH1 as the σ-algebraic group represented by φ∗(k{H}).
The claim of the corollary follows immediately by dualizing.

Note that H1 has two interpretations, either as φ(G) or as G/ ker(φ). See Theo-
rem 5.2.1.

Example 3.3.12. Let φ : Ga → G2
a be the morphism given by

φR : Ga(R)→ G2
a(R), g 7→ (σ(g), σ2(g))

for any k-σ-algebra R. Let us determine the factorisation of φ according to Corol-
lary 3.3.11. Let H be the σ-closed subgroup of G2

a given by

H(R) = {(g1, g2) ∈ R2| σ(g1) = g2}

for any k-σ-algebra R. Then H is isomorphic to Ga (via (g1, g2) 7→ g1) and φ maps into
H. The dual map of φ : Ga → H ' Ga is given by k{y} → k{y}, y 7→ σ(y), which is
injective. So φ : Ga → H is surjective and φ : Ga ³ H ↪→ G2

a is the required factorisation
of φ.

As we will see in the sequel, point (iv) of Theorem 3.3.6 is very helpful to reduce
certain questions to computations with group elements. Let X be a σ-variety. If R → S
is an injective morphism of k-σ-algebras (e.g., S is a faithfully flat R-σ-algebra), then

X(R) = Hom(k{X}, R)→ Hom(k{X}, S) = X(S)

is injective. To simplify the notation, we will, in the sequel, often identify X(R) with its
image in X(S).

Lemma 3.3.13. Let Y be a σ-closed σ-subvariety of a σ-variety X and R→ S an injective
morphism of k-σ-algebras (e.g., R→ S is faithfully flat). Then

Y (R) = X(R) ∩ Y (S),

where, using the above described identification, the intersection is understood to take place
in X(S).
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Proof. The inclusion “⊂” is obvious. To prove “⊃” it suffices to note that for a morphism
k{X} → S with factorizations k{X} ³ k{Y } → S and k{X} → R ↪→ S, one has an
arrow k{Y } → R such that

k{Y }

��

!!CCCCCCCCC

k{X}

;; ;;vvvvvvvvv

$$IIIIIIIII S

R
. �

<<zzzzzzzzz

commutes.

Lemma 3.3.14. Let φ : G → H be a morphism of σ-algebraic groups and G1 ≤ G a
σ-closed subgroup. Let R be a k-σ-algebra. Then φ(G1)(R) equals the set of all h ∈ H(R)
such that there exists a faithfully flat R-σ-algebra S and g1 ∈ G1(S) with φ(g1) = h.

Proof. The induced morphism G1 → φ(G1) is surjective. So it follows from Theorem 3.3.6
(iv) that for h ∈ φ(G1)(R) there exists a faithfully flat R-σ-algebra S and g1 ∈ G1(S) with
φ(g1) = h.

Conversely, if h = φ(g1), then h ∈ φ(G1(S)) ⊂ φ(G1)(S) and we can deduce from
φ(G1)(S) ∩H(R) = φ(G1)(R) (Lemma 3.3.13) that h ∈ φ(G1)(R).

Lemma 3.3.15. Let φ : G → H be a surjective morphism of σ-algebraic groups. If N is
a normal σ-closed subgroup of G, then φ(N) is a normal σ-closed subgroup of H.

Proof. Let R be a k-σ-algebra, h ∈ φ(N)(R) and h1 ∈ H(R). We have to show that
h1hh

−1
1 ∈ φ(N)(R). By Theorem 3.3.6, there exists a faithfully flat R-σ-algebra S and

g ∈ N(S) with φ(g) = h. Similarly, there exists a faithfully flat R-σ-algebra S1 and
g1 ∈ G(S1) with φ(g1) = h1. Then S′ = S ⊗R S1 is a faithfully flat R-σ-algebra ([Wat79,
Section 13.3, p. 106]) and we can consider G(S) and G(S1) as subgroups of G(S′). Since
N(S′)EG(S′) we see that g1gg−1

1 ∈ N(S′). Therefore

φ(g1gg−1
1 ) = h1hh

−1
1 ∈ φ(N(S′)) ⊂ φ(N)(S′).

As φ(N)(S′)∩H(R) = φ(N)(R) by Lemma 3.3.13, this shows that h1hh
−1
1 ∈ φ(N)(R).

We finish this chapter with a short digression on semidirect products. Let H and N
be σ-algebraic groups such that H acts on N via group automorphisms, i.e., we are given
a morphism of functors H ×N → N such that H(R)×N(R)→ N(R), (h, n) 7→ h(n) is a
group action of H(R) on N(R) with the property that every h ∈ H(R) is acting on N(R)
as a group automorphism for any k-σ-algebra R.

Then we can form the semidirect product

N oH

of N and H. It is the σ-algebraic group with underlying σ-variety N ×H but with group
multiplication given by

(n1, h1) · (n2, h2) = (n1h1(n2), h1h2).
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Example 3.3.16. The σ-algebraic group H = Gm acts on the σ-algebraic group Ga via
group automorphisms by

Gm ×Ga → Ga, (h, n) 7→ hσ−1(h)n.

The associated semidirect product G = N o H is the σ-algebraic group from Exam-
ple 2.1.13.

See Example 2.5.11 for another example. A sequence of morphisms of σ-algebraic
groups 1 → N

α−→ G
β−→ H → 1 is called exact if α is injective, β is surjective and

α(N) = ker(β).

Lemma 3.3.17. Let 1 → N
α−→ G

β−→ H → 1 be an exact sequence of σ-algebraic groups.
If there exists a σ-closed subgroup H ′ of G such that β induces an isomorphism H ′ → H,
then G is isomorphic to the semidirect product of N and H.

Proof. We identify N with a σ-closed subgroup of G. Because N = ker(β) we see that
N is normal in G. Therefore H ′ acts on N via conjugation. It suffices to show that the
multiplication map

φR : N(R) oH ′(R)→ G(R), (n, h) 7→ nh

is an isomorphism for any k-σ-algebra R. A straight forward (and well-known) computa-
tion shows that φR is a morphism of groups. Since β is an isomorphism on H ′ it is clear
that N(R) ∩ H ′(R) = 1. Therefore φR is injective. For g ∈ G(R) let h ∈ H ′(R) be the
unique element such that β(h) = β(g). Then n = gh−1 ∈ ker(β)(R) = N(R) and g = nh.
Thus φR is surjective.



Chapter 4

Components

For a difference algebraic group G there are at least three possible analogs of the identity
component of an algebraic group. There is the identity component Go with respect to
the usual (Zariski) topology, there is the σ-identity component Gσo, i.e., the identity
component with respect to a topology that also takes into account the action of σ and
there is the strong identity component Gso, which is the smallest σ-closed subgroup of G
of the same σ-dimension as G. In this chapter we introduce Go and Gσo via a study of
the associated quotient groups π0(G) = G/Go and πσ0 (G) = G/Gσo.

4.1 Connected components

In [Hru04, Section 4.6] E. Hrushovski raised the question whether or not it is possible to
strengthen the classical Ritt-Raudenbusch basis theorem ([Lev08, Theorem 2.5.11]). For
clarity, let us state the question as a conjecture:

Conjecture 1. Let k be a σ-field and R a finitely σ-generated k-σ-algebra. Then every
ascending chain of radical, mixed σ-ideals in R is finite.

Recall that a σ-ideal a is called mixed, if ab ∈ a implies aσ(b) ∈ a. E. Hrushovski
proved Conjecture 1 under certain additional assumptions on R. (See [Hru04, Lemma
4.35].) In [Lev] A. Levin showed that the conjecture fails if the assumption that the
σ-ideals are radical is dropped.

A prime σ-ideal p of a σ-ring R is called minimal if for every prime σ-ideal q of R
with q ⊂ p we have q = p. Using [Hru04, Lemma 4.34] one can show that Conjecture 1 is
equivalent to the following:

Conjecture 2. Let k be a σ-field and R a finitely σ-generated k-σ-algebra. Then the set
of minimal prime σ-ideals of R is finite.

One of the main results of this section is a special case of the above conjecture:

Theorem 4.1.1. Conjecture 2 holds under the additional assumption that R can be
equipped with the structure of a k-σ-Hopf algebra.

The proof of Theorem 4.1.1 is given at the end of this section (after Theorem 4.1.24).
More generally, in this section we study the components of a σ-algebraic group. The matter
is complicated by the fact that, contrary to the case of algebraic groups or differential

59



CHAPTER 4. COMPONENTS 60

algebraic groups, a σ-algebraic group may have infinitely many components. However, as
indicated in Theorem 4.1.1, a σ-algebraic group has only finitely many “σ-components”.

To be able to speak meaningfully of topological notions, such as connected components,
we first need to clarify what is the topological space associated to a σ-algebraic group.
By the underlying topological space of a σ-algebraic group G we mean the underlying
topological space of the scheme G]. In other words, the underlying topological space of G
is Spec(k{G}). The reader might wonder if not some difference analog of Spec(−) would
provide a more adequate notion. For example (cf. [Hru04] and Subsection 1.3.2), one could
consider the space of all σ-prime σ-ideals of k{G} instead of the space of all prime ideals
of k{G}. (Recall that a prime σ-ideal p is called σ-prime if σ−1(p) = p.) However, there
often are not “enough” σ-prime σ-ideals. In general, a σ-ring need not contain a σ-prime
σ-ideal. This pathology does not occur for σ-algebraic groups, since mG, the kernel of the
counit ε : k{G} → k, is a σ-prime σ-ideal. But it may happen that mG is the only σ-prime
σ-ideal of k{G}, even if G is quite far from being the trivial group:

Example 4.1.2. For all the σ-algebraic groups in the following list, the σ-ideal mG is the
only σ-prime σ-ideal of k{G}. (Equivalently, G(K) = 1 for every σ-field extension K of
k. Cf. Remark 2.5.3.)

• G(R) = {g ∈ GLn(R)| σ(gij) = δij} ≤ GLn(R)

• G(R) = {g ∈ R| σn(g) = 0} ≤ Ga(R) for some n ≥ 1.

• G(R) = {g ∈ R| gn = 1, σ(g) = 1} ≤ Gm(R) for some n ≥ 1.

• G(R) = {g ∈ R| g3 = 1, σ(g) = g} ≤ Gm(R), where k contains two non-trivial third
roots of unity which are permuted by σ : k → k.

• G(R) = {g ∈ R×| gp = 1} ≤ Gm(R) where k has characteristic p > 0.

• G(R) = {g ∈ R×| gp = 1, σ2(g) = g3} ≤ Gm(R) where k has characteristic p > 0.

• Let G be a finite group and σ : G → G a group endomorphism with only one fixed
point (for example, σ(g) = 1 for g ∈ G). Let G be the corresponding σ-algebraic
group constructed in Example 2.1.15.

As usual, by an irreducible component of a topological space we mean a maximal
irreducible subset. By a connected component of a topological space we mean a maximal
connected subset. An irreducible (or connected) component is automatically closed. Every
topological space is the disjoint union of its connected components.

By a connected (or irreducible) component of a σ-algebraic group G we mean a con-
nected (or irreducible) component of the underlying topological space of G. If R is a ring
and a ⊂ R, let us denote by V(a) the closed subset of Spec(R) defined by a.

Lemma 4.1.3. Let G be a σ-algebraic group. The connected components and the irre-
ducible components of G coincide. Moreover, if p is a prime ideal of k{G}, then the
connected component of G containing p equals V(a), where a is the ideal of k{G} gener-
ated by all idempotent elements of k{G} contained in p.

Proof. Let us fix a σ-closed embedding G ↪→ G of G into some algebraic group G and for
i ≥ 0 let G[i] denote the i-th order Zariski-closure of G in G. Let C ⊂ Spec(k{G}) denote
a connected component of G. Then C = V(a) for a unique ideal a of k{G} generated by
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idempotent elements. (See [Sta14, Tag 00EB].) For every i ≥ 0, the closure of the image
of C under the projection G] → G[i] is connected and equal to V(a ∩ k[G[i]]) ⊂ G[i]. So
V(a∩ k[G[i]]) ⊂ G[i] is contained in a connected component of G[i]. Assume that G[i] has
ni connected components. Then

k[G[i]] = ei,1k[G[i]]⊕ · · · ⊕ ei,nik[G[i]]

for some primitive idempotent elements ei,1, . . . , ei,ni ∈ k[G[i]] and V(a ∩ k[G[i]]) ⊂ V(bi)
where bi = (ei,1, . . . ei,ji−1, ei,ji+1, . . . , ei,ni) ⊂ k[G[i]] for a unique ji ∈ {1, . . . , ni}. We have
bi+1∩k[G[i]] = bi for i ≥ 0 and b := ∪i≥0bi is an ideal of k{G}. From V(a∩k[G[i]]) ⊂ V(bi)
it follows that bi is contained in the radical of a ∩ k[G[i]]. Since the ei,j ’s are idempotent
this shows that bi ⊂ a. So b ⊂ a.

Since k{G}/b may be interpreted as the directed union of the algebras k[G[i]]/bi '
ei,jik[G[i]] which have a prime nilradical, it is clear that V(b) is irreducible (and a fortiori
connected). As C = V(a) ⊂ V(b) it follows from the maximality of C that V(a) = V(b).
By the uniqueness of a we have a = b.

We have thus shown that every connected component of G is irreducible. So the
connected and the irreducible components of G coincide.

The claimed form of the connected component of a prime ideal of k{G} follows from
the above arguments.

Since the connected components and the irreducible components of a σ-algebraic group
coincide, we will speak simply of the components of a σ-algebraic group in the sequel. The
components of a σ-algebraic group G are in bijection with the minimal prime ideals of
k{G}. The following simple example shows that a σ-algebraic group can have infinitely
many components and that the components need not be open.

Example 4.1.4. Let G ≤ Gm be the σ-algebraic group given by

G(R) = {g ∈ R×| g2 = 1} ≤ Gm(R)

for any k-σ-algebra R. We have

k{G} = k{y}/[y2 − 1] = k[y, σ(y), . . .]/(y2 − 1, σ(y)2 − 1, . . .).

Let us assume that the characteristic of k is not equal to 2. Then the prime ideals of k{G}
are in bijection with the set of all sequences (ai)i∈N such that ai ∈ {1,−1}. Every prime
ideal of k{G} is its own component. In particular, G has infinitely many components.
The open subsets of Spec(k{G}) are all infinite, thus the components are not open.

Allowing ourselves a little abuse of notation we denote the canonical map

Spec(k{G})→ Spec(k{G}), p 7→ σ−1(p)

also by σ.

Definition 4.1.5. A component C of a σ-algebraic group is called a σ-component if
σ(C) ⊂ C.

Example 4.1.6. The σ-algebraic group from Example 4.1.4 has two σ-components, namely
the prime ideals corresponding to the sequences (1, 1, . . .) and (−1,−1, . . .).
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Lemma 4.1.7. Let G be a σ-algebraic group and C ⊂ Spec(k{G}) a component of G.
Let p ⊂ k{G} be the minimal prime ideal and a ⊂ k{G} the ideal generated by idempotent
elements such that C = V(p) = V(a). Then the following conditions are equivalent:

(i) The component C is a σ-component.

(ii) The ideal a is a σ-ideal.

(iii) The ideal p is a σ-ideal.

(iv) There exists a prime σ-ideal in C.

(v) There exists a σ-prime σ-ideal in C.

(vi) The set of all idempotent elements contained in a is stable under σ.

Proof. The equivalence of (i) and (iii) is straightforward. As p is the radical of a we see
that (ii) implies (iii). Clearly (iii) implies (iv). If q is a σ-ideal in C, then its reflexive
closure q∗ = {f ∈ k{G}| ∃ n ≥ 0 : σn(f) ∈ q} is a σ-prime σ-ideal in C (cf. [Lev08, p.
107] and Section 2.5 below). So (iv) implies (v).

Let us next show that (v) implies (vi). If q is a σ-prime σ-ideal in C, then by Lemma
4.1.3 we have C = V(a′) where a′ ⊂ k{G} is the ideal generated by all idempotent
elements contained in q. By [Sta14, Tag 00EB] we must have a′ = a. Now let e ∈ a

be an idempotent. We have to show that σ(e) ∈ a. But e ∈ q (as q ∈ C = V(a)) and
consequently σ(e) ∈ q is also idempotent. So σ(e) ∈ a′ = a.

Finally, the implication (vi)⇒(ii) follows from the simple fact that an ideal generated
by a σ-stable set is a σ-ideal.

Corollary 4.1.8. Let k{G} be a k-σ-Hopf algebra that is finitely σ-generated over k.
Then a minimal prime σ-ideal of k{G} is a minimal prime ideal of k{G}.

Proof. Let q ⊂ k{G} be a minimal prime σ-ideal and let C ⊂ Spec(k{G}) be the compo-
nent that contains q. Then C = V(p) for a minimal prime ideal p of k{G}. Since q ∈ C it
follows from Lemma 4.1.7 that p is a σ-ideal. Therefore q = p by the minimality of q.

We will next introduce σ-étale σ-algebraic groups. The role of these groups in the
theory of σ-algebraic groups is in a certain sense analogous to the role of étale algebraic
groups in the theory of algebraic groups. We will study σ-étale σ-algebraic groups in more
detail in Chapter 6. For now we will only use them to define the group of components and
the identity component of a σ-algebraic group.

Definition 4.1.9. A finitely σ-generated k-σ-algebra R is called σ-étale (over k) if R is
integral over k and a separable k-algebra.

Thus a finitely σ-generated k-σ-algebra R is σ-étale if and only if for every r ∈ R
there exists a separable polynomial f over k with f(r) = 0. Similar notions of étaleness
in difference algebra occur in [Tom14] and [Tom] in a slightly different setting.

Definition 4.1.10. A σ-algebraic group G is called σ-étale if k{G} is σ-étale over k.
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Some examples of σ-étale σ-algebraic groups are given at the beginning of Section 6.1.
Recall ([Bou90, Chapter V, §6]) that a k-algebra A is called étale if A⊗k k is a finite

direct product of copies of k, where k denotes the algebraic closure of k. For a k-algebra
A we let

π0(A)

denote the union of all étale k-subalgebras of A. That is, π0(A) consists of all elements
of A that annul a separable polynomial over k. Then π0(A) is a k-subalgebra of A. (Cf.
Section 6.7 in [Wat79].) Clearly, a σ-algebraic group G is σ-étale if and only π0(k{G}) =
k{G}. Moreover:

Lemma 4.1.11. Let A and B be k-algebras. Then π0(A⊗k B) = π0(A)⊗k π0(B).

Proof. We may assume that A and B are finitely generated as k-algebras. In this case the
statement is proved in [Wat79, Section 6.7, p. 50].

Theorem 4.1.12. Let G be a σ-algebraic group. There exists a σ-étale σ-algebraic group
π0(G) and a morphism G→ π0(G) of σ-algebraic groups satisfying the following universal
property: If G→ H is a morphism of σ-algebraic groups with H σ-étale, then there exists
a unique morphism π0(G)→ H such that

G //

��???????? π0(G)

||
H

commutes.

Proof. The k-subalgebra π0(k{G}) of k{G} is a Hopf subalgebra. (Cf. Section 6.7 in
[Wat79].) Let a ∈ π0(k{G}) and let f be a separable polynomial over k with f(a) = 0.
Let σf denote the polynomial obtained from f by applying σ to the coefficients. Then σf
is separable by Lemma 1.1.4 and σf(σ(a)) = 0. This shows that π0(k{G}) is a k-σ-Hopf
subalgebra of k{G}. Note that π0(k{G}) is finitely σ-generated over k by Theorem 2.3.5.
Let π0(G) denote the σ-étale σ-algebraic group corresponding to π0(k{G}) and G→ π0(G)
the morphism corresponding to the inclusion π0(k{G}) ⊂ k{G}.

If G→ H is a morphism of σ-algebraic groups with H σ-étale, then the image of the
dual map k{H} → k{G} consists of elements that annul a separable polynomial. Thus the
image lies in π0(k{G}) and k{H} → k{G} factors uniquely through π0(k{G}) ↪→ k{G}.

Of course π0(G) is unique up to unique isomorphisms. It is clear from the above proof
that G→ π0(G) is surjective.

Definition 4.1.13. Let G be a σ-algebraic group. The σ-étale σ-algebraic group π0(G)
defined by the universal property from Theorem 4.1.12 is called the group of components
of G. The kernel Go of G³ π0(G) is called the identity component of G.

So G/Go = π0(G).

Lemma 4.1.14. Let G be a σ-algebraic group. There is a one-to-one correspondence be-
tween the components of G and the components of π0(G). Under this bijection σ-components
correspond to σ-components. Moreover, every component of π0(G) consists of a single
point.
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Proof. Every prime ideal of k{π0(G)} is maximal and hence also minimal. This shows
that the components of π0(G) are points. We identify k{π0(G)} with its image in k{G}.
We claim that p 7→ p∩ k{π0(G)} is a bijection between the minimal prime ideals of k{G}
and the (minimal) prime ideals of k{π0(G)}. Every (minimal) prime ideal of k{π0(G)} is
of the form p ∩ k{π0(G)} for some minimal prime ideal of k{G} ([Bou72, Proposition 16,
Chapter II, §2.6]). On the other hand, if p is a minimal prime ideal of k{G}, then p =

√
a

for some ideal a of k{G} generated by idempotent elements. Since all idempotent elements
of k{G} lie in k{π0(G)}, we see that (a∩k{π0(G)}) = a. Therefore

√
(p ∩ k{π0(G)}) = p.

If p is a σ-ideal, then p ∩ k{π0(G)} is a σ-ideal. Conversely, if p′ ⊂ k{π0(G)} is a
σ-ideal, then

√
(p′) ⊂ k{G} is a σ-ideal. The claim follows using Lemma 4.1.7.

Proposition 4.1.15. The following four conditions on a σ-algebraic group G are equiva-
lent:

(i) Go = G.

(ii) π0(G) = 1.

(iii) The topological space of G is connected.

(iv) The nilradical of k{G} is a prime ideal.

Proof. Clearly, (i)⇔(ii). We have (ii)⇔(iii) by Lemma 4.1.14. Since the connected compo-
nents are irreducible (Lemma 4.1.3), it follows from (iii) that k{G} has a unique minimal
prime ideal, which must then equal the nilradical. Thus (iii)⇒(iv). On the other hand,
(iv) means that the topological space of G is irreducible. So (iv)⇒(iii).

Definition 4.1.16. A σ-algebraic group satisfying the equivalent conditions of Proposition
4.1.15 is called connected.

Example 4.1.17. Let G be the σ-closed subgroup of Ga defined the linear difference
equation σn(y) + λn−1σ

n−1(y) + · · ·+ λ0y = 0. Then k{G} = k[y, σ(y), . . . , σn−1(y)] is an
integral domain. Therefore G is connected.

Example 4.1.18. Let G be the unitary σ-algebraic group, i.e.,

G(R) = {g ∈ GLn(R)| gσ(g)T = σ(g)Tg = In} ≤ GLn(R)

for any k-σ-algebra R. The defining equations may be written as σ(g) = (g−1)T. So the
coordinate ring k{G} = k

[
xij ,

1
det(x)

]
is an integral domain. Therefore G is connected.

Note that the identity component Go of a σ-algebraic group G is, strictly speaking,
not a component. It carries more structure than a mere component, in particular it has
the structure of a σ-variety. However, as illustrated in the proof of the following lemma,
the topological space of Go can be identified with the component of G that contains the
identity mG.

Lemma 4.1.19. Let G be a σ-algebraic group. Then Go is connected.

Proof. Every ideal of k{π0(G)} is generated by idempotent elements. It follows that
mπ0(G) = mG∩k{π0(G)} is generated by all idempotent elements contained in mG. There-
fore, I(Go) = (mπ0(G)) is the ideal of k{G} generated by all idempotent elements of k{G}
contained in mG. It follows from Lemma 4.1.3, that V(I(Go)) ⊂ Spec(k{G}) is connected.
As V(I(Go)) and Spec(k{Go}) = Spec(k{G}/I(Go)) are homeomorphic, this implies that
Go is connected.
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Lemma 4.1.20. Let G be a σ-closed subgroup of an algebraic group G and for i ≥ 0 let
G[i] and Go[i] denote the i-th order Zariski closure of G and Go in G respectively. Then

Go[i] = G[i]o.

In particular, G is connected if and only if all its Zariski closures are connected.

Proof. Both groups are defined by the ideal of k[G[i]] ⊂ k{G} that is generated by all
idempotent elements of k[G[i]] contained in the kernel of the counit k[G[i]]→ k.

Corollary 4.1.21. Let G be a σ-algebraic group. Then σ-dim(Go) = σ-dim(G) and
ord(Go) = ord(G).

Proof. Let G be a σ-algebraic group containing G as a σ-closed subgroup. Then for i ≥ 0
we have dim(G[i]) = dim(G[i]o) = dim(Go[i]) by Lemma 4.1.20. Thus the claim follows
from Theorem 2.2.7.

The limit degree of G and Go are in general distinct. Indeed ld(G) = ld(π0(G)) · ld(Go)
by Corollary 3.2.14.

As announced in Section 2.5, we can now show that the Gred, Gσ- red, Gwm and Gper

all have the same σ-dimension as G.

Lemma 4.1.22. Let G be a σ-algebraic group. Assume that k has the relevant proper-
ties as stated in Corollary 2.5.7 (so that we are dealing with σ-closed subgroups). Then
σ-dim(Gred), σ- dim(Gσ- red), σ-dim(Gwm) and σ-dim(Gper) are all equal to σ-dim(G).

Proof. As the dimension of a finitely generated k-algebra remains invariant if we factor
by the nilradical, it follows easily that σ- dim(Gred) = σ- dim(G).

Since (Go)σ- red ≤ Gσ- red, (Go)wm ≤ Gwm and (Go)per ≤ Gper we may assume that
G is connected by Lemma 4.1.21. But then the nilradical of k{G} is a prime σ-ideal
(Proposition 4.1.15) and therefore Gwm = Gred and thus σ- dim(Gwm) = σ- dim(G) also
in this case.

To prove σ- dim(Gper) = σ- dim(G) we may assume that G is reduced. Then the zero
ideal of k{G} is prime and therefore its reflexive closure ∪i≥1σ

−i(0) is a σ-prime ideal.
This shows that Gper = Gσ- red.

It thus suffices to show that σ- dim(Gσ- red) = σ- dim(G). Let G be an algebraic group
containing G as a σ-closed subgroup and for i ≥ 0 let G[i] and Gσ- red[i] denote the i-th
order Zariski closure of G and Gσ- red in G respectively. By Corollary 2.3.2 we have

I(Gσ- red[i]) =
(
I(Gσ- red[i− 1]), σ(I(Gσ- red[i− 1]))

)
⊂ k[G[i]] ⊂ k{G}

for iÀ 0. But I(Gσ- red) = {f ∈ k{G}| ∃ n ≥ 1 : σn(f) = 0}. This shows that there exist
f1, . . . , fm in k{G} such that I(Gσ- red[i]) = (f1, . . . , fm) ⊂ k[G[i]] for iÀ 0. Therefore
dim(G[i]) − dim(Gσ- red[i]) ≤ m for i À 0 and consequently σ- dim(G) = σ- dim(Gσ- red).

We will next show that a σ-algebraic group has only finitely many σ-components.

Lemma 4.1.23. Let R be a finitely σ-generated k-σ-algebra. If R is σ-étale, then R has
only finitely many prime σ-ideals.
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Proof. Since R is σ-étale, every prime ideal of R is maximal and hence also minimal. If p is
a prime σ-ideal of R, then p ⊂ σ−1(p) and therefore p = σ−1(p). So every prime σ-ideal of
R is σ-prime. It follows from the Ritt-Raudenbush basis theorem (cf. Theorems 2.5.11 and
2.5.7 in [Lev08]) that a finitely σ-generated k-σ-algebra has only finitely many minimal
σ-prime ideals. Since every prime σ-ideal of R is a minimal σ-prime ideal of R, this implies
that R has only finitely many prime σ-ideals.

Theorem 4.1.24. A σ-algebraic group has only finitely many σ-components.

Proof. Let G be a σ-algebraic group. By Lemma 4.1.14, the σ-components of G are in
bijection with the σ-components of π0(G) and by Lemma 4.1.23 the σ-algebraic group
π0(G) has only finitely many σ-components.

Proof of Theorem 4.1.1. By assumption R = k{G} for a σ-algebraic group G. By Corol-
lary 4.1.8 the set of minimal prime σ-ideals of k{G} equals the set of minimal prime ideals
of k{G} which are σ-ideals. The latter set is finite by Theorem 4.1.24.

Remark 4.1.25. If G is a σ-algebraic group such that k{G} is well-mixed, then G has only
finitely many components and they are all σ-components. If G is a σ-algebraic group such
that Gwm is a σ-closed subgroup of G (e.g., k is algebraically closed, see Corollary 2.5.7),
then the σ-components of G are in bijection with the components of Gwm.

Proof. By [Hru04, Lemma 2.10] a radical mixed σ-ideal is the intersection of prime
σ-ideals. If k{G} is well-mixed, the nilradical of k{G} is mixed and therefore it is the
intersection of the minimal prime σ-ideals. Since there are only finitely many minimal
prime σ-ideals in k{G} (Theorem 4.1.1) we see that there are only finitely many minimal
prime ideals in k{G} and all of them are σ-ideals.

Assume that G is a σ-algebraic group such that Gwm is a σ-closed subgroup of G. The
set of minimal prime ideals of k{G} which are σ-ideals equals the set of minimal prime
σ-ideals of k{G} (Corollary 4.1.8) and the latter it the set of all prime ideals of k{G}
which are minimal above {0}wm.

Our next goal is to show that Go is a characteristic subgroup of G (in the sense of
Definition 2.1.5). To this end we record a simple lemma which we will also use in the proof
of Theorem 4.2.40.

Lemma 4.1.26. Let G be a σ-algebraic group and N EG a normal σ-closed subgroup. If
for every k-σ-algebra R, every automorphism of the R-σ-Hopf algebra k{G} ⊗k R maps
k{G/N} ⊗k R into k{G/N} ⊗k R, then N is a characteristic subgroup of G.

Proof. Let φ be an automorphism ofGR. We have to show that φ induces an automorphism
of NR, i.e., for every R-σ-algebra R′ the map φR′ maps NR(R′) = N(R′) bijectively onto
N(R′). The dual map φ∗ is an automorphism of the R-σ-Hopf algebra k{G} ⊗k R and
because k{G/N} ⊗k R is mapped into k{G/N} ⊗k R by the inverse of φ∗, it follows that
φ∗ induces an automorphism of k{G/N} ⊗k R. This yields a commutative diagram

G(R′) //

φR′
��

(G/N)(R′)

��
G(R′) // (G/N)(R′)

where the vertical arrows are isomorphisms. The claim now follows from the fact that the
kernel of G(R′)→ (G/N)(R′) is N(R′) (Theorem 3.2.3).
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Theorem 4.1.27. Let G be a σ-algebraic group. Then Go is a characteristic subgroup
of G.

Proof. By Lemma 4.1.26 it suffices to show that for every k-σ-algebra R, every automor-
phism ψ of the R-σ-Hopf algebra k{G} ⊗k R maps π0(k{G}) ⊗k R into π0(k{G}) ⊗k R.
Using Lemma 4.1.11, we have

ψ(π0(k{G})⊗ 1) ⊂ ψ(π0(k{G} ⊗k R)) ⊂ π0(k{G} ⊗k R) =
= π0(k{G})⊗k π0(R) ⊂ π0(k{G})⊗k R.

Thus ψ(π0(k{G})⊗k R) ⊂ π0(k{G})⊗k R as required.

4.2 Difference connected components

In this section we study the connected components of a σ-algebraic group, however, not
with respect to the usual Zariski topology as in Section 4.1, but with respect to a topology
that also takes into account the action of σ. In particular, we will introduce the σ-identity
component of a σ-algebraic group. The main tool for this is a generalization (of a slight
variation) of the core of an extension of σ-fields (see [Lev08, Def. 4.3.17]).

4.2.1 The difference topology

We start with some general “σ-topological” definitions and observations.

Definition 4.2.1. A σ-topological space is a topological space X together with a contin-
uous map σ : X → X. A morphism between σ-topological spaces X and Y is a continuous
map φ : X → Y such that

X
φ //

σ

��

Y

σ

��
X

φ // Y

commutes.
A subset V of a σ-topological space X is called σ-closed if it is closed and σ-stable,

i.e., σ(V ) ⊂ V . Clearly, a finite union of σ-closed sets is σ-closed, and an arbitrary
intersection of σ-closed sets is σ-closed. Since the empty set and X are σ-closed, we see
that the σ-closed sets are the closed sets of a topology on X. This topology is called the
σ-topology on X.

A σ-topological space is σ-connected if it is connected with respect to the σ-topology.
The connected components with respect to the σ-topology are called the σ-connected com-
ponents.

For the time being, we are mainly interested in the following example of a σ-topological
space: Let R be a σ-ring, then Spec(R) is naturally a σ-topological space. The topology
on Spec(R) is the usual Zariski topology and

σ : Spec(R)→ Spec(R), p 7→ σ−1(p)

is the continuous map induced by σ : R→ R.
If a is a σ-ideal of R and p a prime ideal of R with p ∈ V(a), i.e., a ⊂ p. Then

a ⊂ σ−1(a) ⊂ σ−1(p). Therefore V(a) is σ-closed.
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Conversely, if V ⊂ Spec(R) is σ-closed, then V = V(a) for a unique radical ideal a of
R. Indeed, a =

⋂
p∈V p. Since V is σ-stable, σ−1(p) ∈ V for any p ∈ V . Therefore,

σ−1(a) =
⋂
p∈V

σ−1(p) ⊃
⋂
p∈V

p = a.

So a is a σ-ideal. In summary, we find that a 7→ V(a) induces a bijection between the set
of radical σ-ideals of R and the set of σ-closed subsets of Spec(R).

Our next goal is to express the property that Spec(R) is σ-connected via difference
algebraic conditions on R. In the algebraic setting, the connected components of the
spectrum of a ring are closely related to idempotent elements. For example, Spec(R) is
connected if and only if R contains no non-trivial idempotent element ([Mil12, Lemma
1.1, Chapter XIII, p. 204] ). We will prove a difference analog of the latter result. Before,
let us recall some terminology related to idempotent elements.

Let R be a ring. An element e ∈ R is called idempotent if e2 = e. The trivial
idempotents are 0 and 1. Idempotents e1, . . . , en ∈ R are called orthogonal if eiej = 0
for i 6= j. An idempotent element is called primitive if it cannot be written as a sum of
two non-trivial orthogonal idempotent elements. A finite set {e1, . . . , en} of orthogonal
idempotent elements is called complete if e1 + · · ·+ en = 1.

An element f of a σ-ring R is called constant if σ(f) = f . The subring of all constant
elements is denoted by

Rσ.

Proposition 4.2.2. Let R be a σ-ring. If e ∈ R is a non-trivial constant idempotent
element, then

Spec(R) = V(e) ] V(1− e)

is a decomposition of Spec(R) into disjoint non-empty σ-closed subsets. Conversely, if
Spec(R) = X ]Y is a decomposition of Spec(R) into disjoint non-empty σ-closed subsets,
then there exists a non-trivial constant idempotent element e ∈ R such that X = V(e) and
Y = V(1− e).

Proof. Set e′ = 1− e. Then also e′ is constant and idempotent. Because e is constant, the
ideal generated by e is a σ-ideal and therefore V(e) is σ-closed. Similarly, V(e′) is σ-closed.
Since ee′ = 0, every p ∈ Spec(R) is contained in V(e) or V(e′). Since e+ e′ = 1, no p can
be contained in V(e) and V(e). Thus Spec(R) is the disjoint union of the σ-closed sets
V(e) and V(e′). Suppose V(e) = ∅. Then 1 must lie in the ideal generated by e. So 1 = re
for some r ∈ R. Therefore e = re2 = re. Combining the last two equations yields e = 1; a
contradiction. Suppose V(e) = Spec(R). Then e must lie in the nilradical of R. Because
e is idempotent this implies e = 0; again a contradiction.

Now assume that Spec(R) = X ] Y is a decomposition of Spec(R) into disjoint non-
empty σ-closed subsets. It is known that any decomposition of Spec(R) into two disjoint
non-empty closed subsets arises from a pair e, e′ of non-trivial idempotent elements with
ee′ = 0 and e + e′ = 1 ([Mil12, Prop. 1.2, Chapter XIII, p. 204]). So X = V(e) and
Y = V(e′). It remains to show that e is constant.

Let p ∈ X = V(e). Since X is σ-stable, σ−1(p) ∈ X, i.e., e ∈ σ−1(p). Thus σ(e) ∈ p

and V(e) ⊂ V(σ(e)). Similarly, one shows V(e′) ⊂ V(σ(e′)). Because σ(e)σ(e′) = 0 and
σ(e) + σ(e′) = 1 we have Spec(R) = V(σ(e)) ] V(σ(e′)). This implies V(e) = V(σ(e))
and V(e′) = V(σ(e′)). Consequently

√
(e) =

√
(σ(e)). Because e is idempotent, it follows
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that e = aσ(e) for some a ∈ R. Because (1 − σ(e))σ(e) = 0 this implies (1 − σ(e))e = 0.
Interchanging the roles of e and σ(e) in the last argument we find (1− e)σ(e) = 0. Taking
the difference of the last two equations yields σ(e) = e.

From Proposition 4.2.2 we immediately obtain:

Corollary 4.2.3. Let R be a σ-ring. Then Spec(R) is σ-connected if and only if R
contains no non-trivial constant idempotent element.

Proposition 4.2.4. Let R be a σ-ring and let e1, . . . , en ∈ R be constant orthogonal
idempotent elements with e1 + · · ·+ en = 1 such that no ei can be written as a sum of two
non-trivial constant orthogonal idempotent elements. Then the σ-connected components of
Spec(R) are V(1− e1), . . . ,V(1− en). Moreover, eiR is naturally a σ-ring and Spec(eiR)
is isomorphic to V(1− ei) as a σ-topological space.

Proof. Note that eiR is a σ-ideal of R, rather than a σ-subring of R. However, eiR is also
σ-ring with identity element ei. As eiR and R/(1− ei) are isomorphic as σ-rings, we see
that Spec(eiR) and V(1− ei) are isomorphic as σ-topological spaces.

Assume e ∈ eiR is a constant idempotent element. Then ei = eie+ei(1−e) expresses ei
as a sum of orthogonal constant idempotent elements. By assumption eie = ei or eie = 0.
But eie = e, so e = ei or e = 0. It follows from Corollary 4.2.3 that V(1− ei) ' Spec(eiR)
is σ-connected.

Because the ei’s are orthogonal, the V(1−ei)’s are disjoint and because e1+· · ·+en = 1,
their union equals Spec(R). In summary we see that the V(1− ei)’s are the σ-connected
components of Spec(R).

To show that Spec([σ]kT ) is σ-connected for any k-algebra T , we need the following
result.

Proposition 4.2.5. Let T be a k-algebra. Then ([σ]kT )σ = kσ.

Proof. Let (vi)i∈I be a k-basis of T ⊂ [σ]kT that contains 1. For n ≥ 0 and i =
(i0, . . . , in) ∈ In+1 define vi = vi0σ(vi1) · · ·σn(vin). By construction of T [n] (cf. Sub-
section 1.2.4), Vn := (vi)i∈In+1 is a k-basis of T [n]. Because (vi)i∈I contains 1, we have
Vn ⊂ Vn+1 and σ(Vn) ⊂ Vn+1.

Let a be a constant element of [σ]kT . Suppose a does not lie in k. Let n ≥ 0 be
minimal such that a ∈ T [n]. Then we can write a =

∑
v∈Vn

λvv with λv ∈ k, where for
some v ∈ Vn r Vn−1, the coefficient λv is non-zero. As a is constant

a =
∑
v∈Vn

σ(λv)σ(v) (4.1)

If v ∈ Vn r Vn−1, then σ(v) ∈ Vn+1 r Vn. Therefore equation (4.1) shows that a /∈ T [n], a
contradiction.

The following corollary shows that σ-connectedness is a concept that really belongs to
the σ-world. The connectedness of Spec(T ) and the σ-connectedness of Spec([σ]kT ) are
completely unrelated.

Corollary 4.2.6. Let T be a k-algebra. Then Spec([σ]kT ) is σ-connected.

Proof. By Corollary 4.2.3 it suffices to show that [σ]kT has no non-trivial constant idem-
potent element. But by Proposition 4.2.5 every constant idempotent of [σ]kT belongs to
k and must therefore be trivial.
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4.2.2 Strongly σ-étale k-σ-algebras and πσ0 (R)

In the previous subsection we have seen that constant idempotent elements are closely
related to σ-connected components. So if R is a k-σ-algebra, the k-σ-subalgebra of R
σ-generated by all constant idempotent elements contains some information about the
σ-connected components of Spec(R). However, this k-σ-subalgebra is in some sense “too
small”: It does not take into account the periodic idempotent elements, i.e., the constant
idempotent elements with respect to σd (d ∈ N, d ≥ 1). Moreover, some constant idempo-
tent elements may only become visible after an extension of the base σ-field k. Indeed, if G
is a σ-algebraic group and K a σ-field extension of k, then GK may have more σ-connected
components than G. (See Example 4.2.48).

The main goal of this subsection is to define a k-σ-subalgebra πσ0 (R) of R that contains
all the periodic idempotent elements and is well-behaved with respect to extensions of the
base σ-field. In fact, we will define πσ0 (R) as the union of all strongly σ-étale (Defini-
tion 4.2.7) k-σ-subalgebras of R. In the next subsection we will then use the properties of
πσ0 (R) proved in this subsection to define the σ-identity component Gσo of a σ-algebraic
group G. Indeed, eventually we will arrive at πσ0 (k{G}) = k{G/Gσo}.

Recall ([Bou90, Chapter V, §6]) that an algebra R over a field k is called étale if
R⊗k k is isomorphic to a finite direct product of copies of the algebraic closure k of k. (In
particular, R is finite dimensional as a k-vector space.) The following definition introduces
a difference analog of étale algebras.

Definition 4.2.7. A k-σ-algebra is called strongly σ-étale if it is σ-separable over k and
étale as a k-algebra.

Clearly a strongly σ-étale k-σ-algebra is σ-étale. Note that by Proposition 1.1.8, over
an inversive σ-field k, a k-σ-algebra whose underlying k-algebra is étale is strongly σ-étale
if and only if it is inversive.

Similar to the use of étale algebras (and étale algebraic groups) in the study of the
connected components of algebraic groups, we will use strongly σ-étale k-σ-algebras in
the study of the σ-connected components of σ-algebraic groups. To achieve this we need
several lemmas on strongly σ-étale k-σ-algebras.

Lemma 4.2.8. Let R be a k-σ-algebra and K a σ-field extension of k. Then R is a
strongly σ-étale k-σ-algebra if and only if R⊗k K is a strongly σ-étale K-σ-algebra.

Proof. By [Wat79, Cor. 6.2, p. 47] or [Bou90, Cor. 2, Chapter V, §6, No. 5, A.V.32]
the k-algebra R is étale if and only if the K-algebra R ⊗k K is étale. Similarly, by
Corollary 1.1.11 the k-σ-algebra R is σ-separable if and only if the K-σ-algebra R ⊗k K
is σ-separable.

Let R be a σ-ring. Following [Lev08] an element f ∈ R is called periodic if σn(f) = f
for some n ≥ 1.

Lemma 4.2.9. Let R be a strongly σ-étale k-σ-algebra. Then σ induces a bijection on
the set of primitive idempotent elements of R. Moreover, every idempotent element of R
is periodic.

Proof. Let σR = R⊗kk be the k-σ-algebra obtained from R by base extension via σ : k → k.
Because R is σ-separable over k it follows from Proposition 1.1.8 that

ψ : σR = R⊗k k → R, f ⊗ λ 7→ σ(f)λ



CHAPTER 4. COMPONENTS 71

is injective. As R is a finite dimensional k-vector space, this implies that ψ is an iso-
morphism of k-algebras. Let e1, . . . , en denote the primitive idempotent elements of
R. Then there are precisely n primitive idempotent elements in σR. These must be
e1 ⊗ 1, . . . , en ⊗ 1 ∈ σR = R ⊗k k and they are mapped bijectively onto the ei’s under
ψ. This shows that e 7→ σ(e) defines a bijection on {e1, . . . , en}. In particular, each ei is
periodic. Since an arbitrary idempotent element of R is a sum of certain ei’s, it follows
that any idempotent element of R is periodic.

Lemma 4.2.10. A k-σ-algebra σ-generated by finitely many periodic idempotent elements
is strongly σ-étale.

Proof. Let R be k-σ-algebra σ-generated by finitely many periodic idempotent elements.
Because the σ-generates are periodic, R is in fact generated as a k-algebra by finitely many
idempotent elements. For a non-trivial idempotent element e ∈ R we have k[e] ' k × k,
which is an étale k-algebra. Thus a k-algebra generated by finitely many idempotent
elements can be written as a quotient of a finite tensor product of étale k-algebras. Since
quotients and tensor products of étale k-algebras are étale ([Bou90, Chapter V, §6]) it
follows that R is étale. Moreover, R is generated as a k-vector space by periodic idempotent
elements.

To show that R is σ-separable over k it suffices to show that

ψ : σR = R⊗k k → R, r ⊗ λ 7→ λσ(r)

is injective (Proposition 1.1.8). Let e1, . . . , en be the primitive idempotent elements in
R. These are a k-basis of R and therefore e1 ⊗ 1, . . . , en ⊗ 1 ∈ R ⊗k k is a k-basis of
σR. Moreover, the primitive idempotent elements in σR are e1 ⊗ 1, . . . , en ⊗ 1. Thus every
idempotent element in σR is of the form e⊗ 1 for some idempotent element e ∈ R. Every
ideal in σR is generated by an idempotent element. Therefore the kernel of ψ is generated
by an element of the form e⊗ 1, where e ∈ R is idempotent. So σ(e) = 0.

There exists a k-basis d1, . . . , dn of R consisting of periodic idempotent elements. We
can find an integer m ≥ 1 such that σm(di) = di for i = 1, . . . , n. We may write e =
λ1d1 + · · ·+ λndn for λ1, . . . , λn ∈ k. Then

0 = σm(e) = σm(λ1)d1 + · · ·+ σm(λn)dn.

Therefore σm(λ1) = · · · = σm(λn) = 0 and consequently also e = 0. This shows that ψ is
injective.

In the sequel it will often be convenient to assume to the base σ-field k is algebraically
closed or separably algebraically closed. This will be achieved by passing to the (separable)
algebraic closure. Recall (Lemma 1.1.5) that σ : k → k can always be extended to an
endomorphism on the (separable) algebraic closure.

The following proposition provides a sort of converse to the last lemma.

Proposition 4.2.11. The R be a k-σ-algebra that is finite dimensional as a k-vector
space. Let ks denote the separable algebraic closure of k, equipped with an extension of
σ. Then R is strongly σ-étale if and only if R ⊗k ks is generated as a ks-vector space by
periodic idempotent elements.
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Proof. By Lemma 4.2.8 we may assume k = ks.
Let us first assume that R is strongly σ-étale. Since k = ks and R is an étale k-algebra,

R is generated as a k-vector space by idempotent elements (cf. [Wat79, Theorem 6.2]).
By Lemma 4.2.9 every idempotent element of R is periodic.

Conversely, if R is generated by periodic idempotent elements, then it follows from
Lemma 4.2.10 that R is strongly σ-étale.

Lemma 4.2.12. A k-σ-subalgebra of a strongly σ-étale k-σ-algebra is strongly σ-étale.
The tensor product of two strongly σ-étale k-σ-algebras is strongly σ-étale. The quotient
of a strongly σ-étale k-σ-algebra by a σ-ideal is a strongly σ-étale k-σ-algebra.

Proof. The first statement follows from the fact that a k-subalgebra of an étale k-algebra
is étale ([Bou90, Prop. 3, Chapter V, §6, No. 4, A.V.30]) and the obvious fact that a
k-σ-subalgebra of a σ-separable k-σ-algebra is σ-separable.

The second statement follows from the fact that the tensor product of two étale
k-algebras is étale ([Bou90, Cor. 1, Chapter V, §6, No. 5, A.V.32]) and the fact that
the tensor product of two σ-separable k-σ-algebras is σ-separable (Corollary 1.1.10).

Finally we prove the third statement. Let R be a strongly σ-étale k-σ-algebra and
a a σ-ideal of R. Let ks denote the separable algebraic closure of k, equipped with an
extension of σ. Then

(R/a)⊗k ks = (R⊗k ks)/(a⊗k ks).

It follows from Proposition 4.2.11, that the right-hand side is generated as a ks-vector space
by periodic idempotent elements. Applying the proposition again yields the conclusion.

The core of an extension of σ-fields is an important concept in difference algebra
([Lev08, Def. 4.3.17]). Let us recall the definition:

Definition 4.2.13. Let K|k be an extension of σ-fields. The core

core(K|k)

of K|k is the union of all intermediate σ-fields of K|k, whose underlying field is a finite
separable field extension of k.

The core core(K|k) is a σ-subfield of K. It plays a fairly prominent role in classical
difference algebra, for example in the study of compatibility of σ-field extensions ([Lev08,
Theorem 5.4.22, p. 342]) or in questions related to extending specializations ([Coh65,
Theorem XI, Chapter 7, p. 227]).

We need to generalize the definition of the core to arbitrary k-σ-algebras. One may
argue that when passing from fields to algebras, étale k-algebras are the suitable general-
ization of finite separable field extensions. This motivates the following definition:

Definition 4.2.14. Let R be a k-σ-algebra. The core

core(R|k)

of R is the union of all k-σ-subalgebras of R, whose underlying k-algebra is étale.
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It is not hard to see that core(R|k) is a k-σ-subalgebra of R. (Cf. the remark after
Definition 4.2.16.) Because an étale k-subalgebra of a field extension K of k is the same
as a finite separable intermediate field of K|k, we see that Definition 4.2.14 generalizes
Definition 4.2.13. However, it turns out that core(R|k) is not the “correct” object for
our purpose. Indeed, the following example shows that core(R|k) may not be a Hopf
subalgebra of R if R is a k-σ-Hopfalgebra.

Example 4.2.15. Let G be the σ-algebraic subgroup of G2
m given by

G(R) =
{(

g1
g2

)
∈ G2

m(R)
∣∣∣ g2

1 = 1, σ(g1) = 1, g2
2 = 1

}
for any k-σ-algebra R. We will show that core(k{G}|k) is not a k-σ-Hopf subalgebra of
k{G}.

Let us assume that the characteristic of k is not equal to 2, so that G is σ-étale.
With H1(R) = {g ∈ Gm(R)| g2 = 1, σ(g) = 1} and H2(R) = {g ∈ Gm(R)| g2 = 1} we
have G = H1 × H2. Moreover k{H1} = ke1 ⊕ ke2 for orthogonal idempotent elements
e1, e2 ∈ k{H1} with σ(e1) = 1 and σ(e2) = 0. We have

k{G} = k{H1} ⊗k k{H2} = (e1 ⊗ k{H2})⊕ (e2 ⊗ k{H2}).

For any element a ∈ e2⊗k{H2} we have σ(a) = 0 and so k{a} = k[a] is an étale k-algebra.
This shows that e2⊗ k{H2} is contained in core(k{G}|k). In particular, core(k{G}|k) has
infinite dimension as a k-vector space.

Suppose core(k{G}|k) is a k-σ-Hopf subalgebra of k{G}. Then core(k{G}|k) is finitely
σ-generated over k by Theorem 2.3.5 and it follows that core(k{G}|k) is a finite dimen-
sional k-vector space; a contradiction. So core(k{G}|k) is not a k-σ-Hopf subalgebra of
k{G}.

Definition 4.2.16. Let R be a k-σ-algebra. We define

πσ0 (R) = πσ0 (R|k)

as the union of all strongly σ-étale k-σ-subalgebras of R.

If R1 and R2 are strongly σ-étale k-σ-subalgebras of a k-σ-algebra R, then also R1R2 is
a strongly σ-étale k-σ-algebra by Lemma 4.2.12, since R1R2 may be written as a quotient
of R1⊗kR2. This shows that πσ0 (R) is a k-σ-subalgebra of R. Clearly πσ0 (R) is σ-separable
over k. However, πσ0 (R) need not be strongly σ-étale in general. Indeed, πσ0 (R) is strongly
σ-étale if and only if πσ0 (R) is finitely σ-generated over k. This is also equivalent to
πσ0 (R) being finite dimensional as a k-vector space. It is unclear to the author if πσ0 (R)
is strongly σ-étale for an arbitrary finitely σ-generated k-σ-algebra R. We will see later
(Corollary 4.2.32) that πσ0 (R) is a strongly σ-étale k-σ-subalgebra of R if R is a finitely
σ-generated k-σ-Hopf algebra.

Example 4.2.17. For the σ-algebraic groupG from Example 4.2.15 we have πσ0 (k{G}) = k.
(So G is σ-connected in the sense of Definition 4.2.36.) While it seems possible to prove
this with a direct computation, we will give a more systematic proof which uses properties
of πσ0 proved below. With the notation of Example 4.2.15, we clearly have πσ0 (k{H1}) = k.
Note that H2 is the algebraic group of order two, considered as a σ-algebraic group. So it
follows from Proposition 4.2.43 that πσ0 (k{H2}) = k. Finally, using Lemma 4.2.23 we find

πσ0 (k{G}) = πσ0 (k{H1} ⊗k k{H2}) = πσ0 (k{H1})⊗k πσ0 (k{H2}) = k.



CHAPTER 4. COMPONENTS 74

Remark 4.2.18. Let K|k be a σ-field extension. If k is inversive, then

πσ0 (K|k) = core(K|k).

Proof. This is clear because a σ-field extension of an inversive σ-field is automatically
σ-separable (Corollary 1.1.12).

The results presented below will make it clear that πσ0 (R|k), rather than core(R|k), is
a useful generalization of the core of a σ-field extension.

Lemma 4.2.19. Let R be a k-σ-algebra. If k is separably algebraically closed, then πσ0 (R)
is the k-subvector space of R generated by all periodic idempotent elements of R.

Proof. It is clear from Proposition 4.2.11 that πσ0 (R) is contained in the k-subvector space
of R generated by all periodic idempotent elements of R.

On the other hand, k{e} ⊂ πσ0 (R) for every periodic idempotent element e ∈ R by
Lemma 4.2.10.

We will need a simple algebraic (rather than difference algebraic) lemma on idempotent
elements.

Lemma 4.2.20. Let k be an algebraically closed field, K a field extension of k and R a
k-algebra. Then every idempotent element e of R⊗k K is of the form e = f ⊗ 1 for some
idempotent element f ∈ R.

Proof. A field extension of an algebraically closed field is geometrically connected (in the
sense of Definition [Sta14, Tag 037T]). The claim thus follows from [Sta14, Tag 037W].

Our next important goal is to show that the formation of πσ0 is compatible with ex-
tension of the base σ-field. To prove this for the extension ks|k, where ks denotes the
separable algebraic closure of k we will use Galois descent. In this connection we need to
introduce an action of σ on the absolute Galois group of k that will also be relevant in
Section 6.2, where we consider certain actions of the absolute Galois group that intertwine
with σ.

To define the action of σ on the Galois group we need a simple lemma on field exten-
sions. Because of lack of a suitable reference we include the proof.

Lemma 4.2.21. Let K be a σ-field, L a Galois extension of k and σ1, σ2 : L → L two
extensions of σ : K → K. Then there exists a unique element τ in the Galois group of
L|K such that σ2 = σ1τ .

Proof. The uniqueness of τ follows from the injectivity of σ1. LetM denote the set of all
pairs (M, τ) where M is an intermediate field of L|K and τ : M → L a morphism of field
extensions of K satisfying σ2(a) = σ1(τ(a)) for all a ∈M . By Zorn’s Lemma there exists
a maximal element (M, τ) in M. Suppose that M is properly contained in L. Choose
a ∈ L r M and let f denote the minimal polynomial of a over M . Let τf denote the
polynomial obtained from f by applying τ to the coefficients. As L is Galois over K, we
see that τf cannot have a root outside L. Thus τf has all its roots in L. Since σ2f = σ1τf
we see that σ1 maps the roots of τf onto the roots of σ2f . As σ2(a) ∈ L is a root of σ2f
this shows that there exists a root b ∈ L of τf such that σ1(b) = σ2(a). So we can extend
τ to τ : M(a)→ L by setting τ(a) = b; a contradiction.
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Let k be a σ-field and let ks denote the separable algebraic closure of k. Let G denote
the Galois group of ks|k. By Lemma 1.1.5 there exists an extension of σ : k → k to an
endomorphism of ks. Let us fix such an extension. For τ ∈ G the maps σ and τσ are
extensions of σ : k → k to ks. By Lemma 4.2.21 there exists a unique τσ ∈ G such that

τσ = στσ.

Then
σ : G → G , τ 7→ τσ

is a morphism of groups.
If k and therefore also ks is inversive, this action of σ on the Galois group agrees with

the action employed in [Lev08, Section 8.1], where the formula τσ = σ−1τσ is used as the
definition. Note, however, that this formula does not make sense in our context because
σ need not be invertible.

The formation of πσ0 (R) is compatible with extension of the base σ-field:

Lemma 4.2.22. Let R be a k-σ-algebra and K a σ-field extension k. Then

πσ0 (R⊗k K|K) = πσ0 (R|k)⊗k K.

Proof. The inclusion “⊃” is clear from Lemma 4.2.8. We will prove the equality in several
steps.

Step 1: Assume K = ks is the separable algebraic closure of k equipped with an
extension of σ : k → k. Let G denote the Galois group of ks|k. As explained above there
is an action of σ on G denoted by τ 7→ τσ. There also is a natural action of G on R⊗k ks
via the right factor: τ(r⊗ λ) = r⊗ τ(λ) for τ ∈ G , r ∈ R and λ ∈ k. For f ∈ R⊗k ks and
τ ∈ G we have τ(σ(f)) = σ(τσ(f)).

We will show that πσ0 (R ⊗k ks|ks) ⊂ R ⊗k ks is stable under the G -action. We know
from Lemma 4.2.19 that πσ0 (R⊗k ks|ks) is generated as a ks-vector space by the periodic
idempotent elements of R ⊗k ks. It therefore suffices to show that τ(e) is periodic and
idempotent for every periodic idempotent element e ∈ R ⊗k ks and every τ ∈ G . As τ
defines an automorphism of R ⊗k ks, clearly also τ(e) is idempotent. Assume σn(e) = e.
For i ∈ N we have

τ(e) = τ(σni(e)) = σni(τσ
ni

(e)). (4.2)

Since every orbit of G on ks is finite, also every orbit of G on R⊗k ks is finite. Therefore
{τ(e), τσn

(e), τσ
2n

(e), . . .} is a finite set. It follows that there exist i < j such that τσ
ni

(e) =
τσ

nj
(e). Then

τ(e) = σni(τσ
ni

(e)) = σni(τσ
nj

(e)) = τσ
n(j−i)

(σni(e)) = τσ
n(j−i)

(e).

Thus, replacing i with j − i in equation (4.2), we obtain τ(e) = σn(j−i)(τ(e)). Therefore
τ(e) is periodic as required.

So πσ0 (R ⊗k ks|ks) ⊂ R ⊗k ks is stable under the G -action and it follows from Galois
descent ([Bou90, Prop. 6, Chapter V, §10, No. 4, A.V.62] or [Spr09, Prop. 11.1.4,
p. 186]) that πσ0 (R ⊗k ks|ks) = S ⊗k ks, where S is the k-σ-subalgebra of R given by
S = R ∩ πσ0 (R ⊗k ks|ks). It now suffices to show that k{s} is strongly σ-étale for every
s ∈ S. But a finitely σ-generated ks-σ-subalgebra of πσ0 (R ⊗k ks|ks) is strongly σ-étale,
so ks{s} = k{s} ⊗k ks is strongly σ-étale and it follows from Lemma 4.2.8 that k{s} is
strongly σ-étale.
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Step 2: Assume that k = ks is separably algebraically closed and that K = k is the
algebraic closure of k. If the characteristic of k is zero, ks = k and there is nothing
to prove. So we may assume that the characteristic of k is p > 0. Then k is purely
inseparable over k. By Lemma 4.2.19 it suffices to show that every periodic idempotent
element e =

∑
ri ⊗ λi ∈ R ⊗k k belongs to R. As k is purely inseparable over k, there

exists an integer n ≥ 1 such that λp
n

i ∈ k for all i. So e = ep
n

=
∑
rp

n

i ⊗ λ
pn

i lies in R.

Step 3: Assume that K = k is the algebraic closure of k. Then the separable algebraic
closure ks of k is naturally a σ-subfield of k (Lemma 1.1.5) and it follows from steps 2 and
1 that

πσ0 (R⊗k k|k) = πσ0 ((R⊗k ks)⊗ks k|k) = πσ0 (R⊗k ks|ks)⊗ks k = πσ0 (R|k)⊗k ks ⊗ks k =

= πσ0 (R|k)⊗k k.

Step 4: Assume that k and K are algebraically closed. We know from Proposi-
tion 4.2.11 that πσ0 (R ⊗k K|K) is generated as a K-vector space by periodic idempo-
tent elements. By Lemma 4.2.20 every idempotent element e of R ⊗k K is of the form
e = f ⊗ 1 for some idempotent element f ∈ R. If e is periodic, then also f is pe-
riodic. Therefore πσ0 (R ⊗k K|K) is generated as a K-vector space by πσ0 (R|k) and so
πσ0 (R⊗k K|K) = πσ0 (R|k)⊗k K.

Step 5: Finally we treat the general case, i.e., K is an arbitrary σ-field extension of k.
Let K denote the algebraic closure of K and choose an extension of σ : k → k to K. Then
the algebraic closure k of k is naturally a σ-subfield of K. As R⊗k K = (R⊗k k)⊗k K it
follows from steps 4 and 3 that

πσ0 (R⊗k K|K) = πσ0 (R⊗k k|k)⊗k K = πσ0 (R|k)⊗k k ⊗k K = πσ0 (R|k)⊗k K ⊗K K.

Moreover,

πσ0 (R|k)⊗k K ⊗K K ⊂ πσ0 (R⊗k K|K)⊗K K ⊂ πσ0 (R⊗k K ⊗K K|K) =

= πσ0 (R⊗k K|K) = πσ0 (R|k)⊗k K ⊗K K.

Therefore (πσ0 (R) ⊗k K) ⊗K K = πσ0 (R ⊗k K) ⊗K K and consequently πσ0 (R|k) ⊗k K =
πσ0 (R⊗k K|K) as desired.

Lemma 4.2.23. Let R and S be k-σ-algebras. Then

πσ0 (R⊗k S) = πσ0 (R)⊗k πσ0 (S).

Proof. The inclusion “⊃” follows from the fact that the tensor product of two strongly
σ-étale k-σ-algebras is strongly σ-étale (Lemma 4.2.12).

To prove the inclusion “⊂” we may assume that k is algebraically closed and inversive
(Lemmas 4.2.22 and 1.1.6). We know from Lemma 4.2.19 that πσ0 (R ⊗k S) is generated
as a k-vector space by periodic idempotent elements. So let e ∈ R ⊗k S be a periodic
idempotent element. It suffices to show that e ∈ πσ0 (R)⊗k πσ0 (S).

We have e ∈ π0(R ⊗k S) = π0(R) ⊗k π0(S) by Lemma 4.1.11. So there exist étale
k-subalgebras R1 and S1 of R and S respectively such that e ∈ R1 ⊗k S1.

If Vi is a k-subspace of R such that e ∈ Vi ⊗k S, then e ∈ ∩i(Vi ⊗k S) = (∩iVi) ⊗k S.
Thus there exists a smallest k-subspace V of R such that e ∈ V ⊗k S. Let v1, . . . , vn be
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a k-basis of V and write e =
∑
vi ⊗ si ∈ V ⊗k S. The idempotent element e is periodic,

say σm(e) = e. So e =
∑
σm(vi) ⊗ σm(si). By construction of V , the k-subspace of

R generated by σm(v1), . . . , σm(vn) contains V . Since V has dimension n, this shows
that the σm(vi) are a k-basis of V . As k is inversive, we see that σm(V ) = V . Let
W = V + σ(V ) + · · ·+ σm−1(V ). Then W is a k-subspace of R and σ(W ) = W . Indeed,
for dimension reasons, σ induces a bijection on W .

As V is contained in R1, every element v of V satisfies a separable polynomial over k.
Thus also σ(v) satisfies a separable polynomial over k (Lemma 1.1.4). It follows that all
the elements of W satisfy separable polynomials over k. Therefore k{W} = k[W ] ⊂ R is
an étale k-algebra. Because k is inversive and σ induces a bijection of W , we see that σ
is a bijection on k{W} = k[W ]. Thus k{W} is a strongly σ-étale k-σ-algebra. Therefore
e ∈ k{W} ⊗k S ⊂ πσ0 (R)⊗k S.

A similar argument shows that e ∈ R⊗k πσ0 (S) and it follows (using [Bou72, Prop. 7,
Chapter I, §2.6, p. 18]) that

e ∈ (πσ0 (R)⊗k S) ∩ (R⊗k πσ0 (S)) = πσ0 (R)⊗k πσ0 (S).

Lemma 4.2.24. Let R be a strongly σ-étale k-σ-algebra and let d1, . . . , dm ∈ R denote
the primitive idempotent elements of R. Let A1 ] · · · ] An = {1, . . . ,m} be the partition
of {1, . . . ,m} corresponding to the cycle decomposition of the permutation τ of the di’s
induced by σ (cf. Lemma 4.2.9). For i = 1, . . . , n let ei =

∑
j∈Ai

dj.
Then e1, . . . , en are constant orthogonal idempotent elements with e1 + · · · + en = 1

such that no ei can be written as a sum of two non-trivial constant orthogonal idempotent
elements.

Proof. The ei’s are constant because the Ai’s are the orbits of τ . Since the dj ’s are
orthogonal and the Ai’s are disjoint, also the ei’s are orthogonal. We have e1 + · · ·+ en =
d1 + · · ·+ dm = 1. Any constant idempotent elements of R is a sum of some ei’s, so no ei
can be written as a sum of two non-trivial constant orthogonal idempotent elements.

Theorem 4.2.25. Let R be a k-σ-algebra such that πσ0 (R) is strongly σ-étale. Let
e1, . . . , en ∈ πσ0 (R) be as in Lemma 4.2.24. Then the σ-connected components of Spec(R)
are V(1−e1), . . . ,V(1−en). Moreover V(1−ei) is isomorphic to Spec(eiR) as a σ-topological
space.

Proof. By Lemma 4.2.10 all the constant idempotent elements of R belong to πσ0 (R). So
by Lemma 4.2.24 the constant idempotent elements e1, . . . , en satisfy the condition of
Proposition 4.2.4.

4.2.3 The group of difference connected components and the difference
identity component

In this subsection we use the results proved about πσ0 in the previous subsection to define
the group of σ-connected components and the σ-identity component of a σ-algebraic group.

Let ψ : R → S be a morphism of k-σ-algebras. Because ψ(R′) is a strongly σ-étale
k-σ-subalgebra of S for every strongly σ-étale k-σ-subalgebra R′ of R (Lemma 4.2.12),
we see that ψ maps πσ0 (R) into πσ0 (S). Thus πσ0 defines a functor from the category of
k-σ-algebras to the category of strongly σ-étale k-σ-algebras. Since πσ0 is compatible with
the tensor product (Lemma 4.2.23) we have:
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Theorem 4.2.26. Let R be a k-σ-Hopf algebra. Then πσ0 (R) is a k-σ-Hopf subalgebra
of R.

Let G be a σ-algebraic group. By Theorem 3.3.6 we can use Theorem 4.2.26 to define
a quotient group πσ0 (G) of G. In fact, we will next characterize πσ0 (G) by a universal
property.

Definition 4.2.27. A σ-algebraic group G is called strongly σ-étale if k{G} is a strongly
σ-étale k-σ-algebra.

Example 4.2.28. Let 0 ≤ α < n and m ≥ 1 be integers and let G be the σ-closed
subgroup of Gm given by

G(R) = {g ∈ R×| gn = 1, σm(g) = gα}

for any k-σ-algebra R. Then k{G} = k[x, σ(x), . . . , σm−1(x)] where x denotes the image
of the coordinate function on Gm. Let us assume that the characteristic of k is zero or
does not divide n. Then the polynomial yn − 1 is separable over k and it follows that
k{G} is an étale k-algebra.

We claim that G is strongly σ-étale if and only if α and n are relatively prime. Indeed,
if there are a, b ∈ N with 1 ≤ a < n and αa = bn, then

σ(σm−1(x)a − 1) = xαa − 1 = xbn − 1 = 0

and so σ is not injective on k{G} and therefore G is not strongly σ-étale. On the other
hand, if 1 = aα+ bn for a, b ∈ Z, then

σ(σm−1(x)a) = σm(x)a = xaα = xaαxbn = x.

So after base extension to the inversive closure of k, it follows that σ : k{G} → k{G} is
surjective. Because k{G} is a finite dimensional vector space it follows that σ is injective.
Therefore k{G} is σ-separable (Proposition 1.1.8) and consequently G is strongly σ-étale.

Example 4.2.29. Let G be a finite group with an endomorphism σ : G→ G and let G be
the σ-algebraic group associated to these data as in Example 2.1.15. We claim that G is
strongly σ-étale if and only if σ : G→ G is an automorphism. Clearly k{G} is étale, so the
question is about the σ-separability of k{G}.

If σ : G→ G is not an automorphism there exist a g ∈ G that does not lie in the image.
Therefore σ(ed) = 0. So k{G} is not σ-reduced and therefore not σ-separable. If σ : G→ G
is an automorphism, then σ : k{G} → k{G} becomes bijective after base extension to the
inversive closure of k. Therefore k{G} is σ-separable (Proposition 1.1.8).

Example 4.2.30. Assume that k has positive characteristic. Let G be the Frobenius
algebraic group associated to the algebraic group G as in Example 2.1.14. Then it follows
from Corollary 1.1.9 that G is strongly σ-étale if and only if G is étale.

Proposition 4.2.31. Let G be a σ-algebraic group. Among the morphisms from G to
strongly σ-étale σ-algebraic groups there exists a universal one.

In more detail: There exists a strongly σ-étale σ-algebraic group πσ0 (G), together with
a morphism of σ-algebraic groups G → πσ0 (G) such that for every morphism G → H of
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σ-algebraic groups with H strongly σ-étale, there exists a unique morphism πσ0 (G) → H
making

G //

��???????? πσ0 (G)

||
H

commutative.

Proof. By Theorem 4.2.26 the k-σ-subalgebra πσ0 (k{G}) is a k-σ-Hopf subalgebra of k{G}.
It follows from Theorem 2.3.5 that πσ0 (k{G}) is finitely σ-generated. So let F be a finite
σ-generating set of πσ0 (k{G}) over k. Since πσ0 (k{G}) is the directed union of the strongly
σ-étale k-σ-subalgebras of k{G}, F is contained in some strongly σ-étale k-σ-subalgebra R
of k{G}. So πσ0 (k{G}) = k{F} ⊂ R ⊂ πσ0 (k{G}). Thus πσ0 (k{G}) = R is strongly σ-étale.
Let πσ0 (G) denote the strongly σ-étale σ-algebraic group represented by πσ0 (k{G}). The
inclusion πσ0 (k{G}) ⊂ k{G} corresponds to a morphism G³ πσ0 (G) of σ-algebraic groups.

Let φ : G → H be a morphism of σ-algebraic groups with H strongly σ-étale. By
Lemma 4.2.12 the image of φ∗ : k{H} → k{G} is strongly σ-étale and is therefore contained
in πσ0 (k{G}). In other words, φ∗ factors uniquely through the inclusion πσ0 (k{G}) ⊂ k{G}.
Turning the arrows around we obtain the required universal property.

As a corollary to the first part of the proof we obtain:

Corollary 4.2.32. Let G be a σ-algebraic group. Then πσ0 (k{G}) is strongly σ-étale.

Definition 4.2.33. Let G be a σ-algebraic group. The σ-algebraic group πσ0 (G) from
Proposition 4.2.31 is called the group of σ-connected components of G. The kernel

Gσo

of G³ πσ0 (G) is called the σ-identity component of G.

So k{πσ0 (G)} = πσ0 (k{G}) and πσ0 (G) is strongly σ-étale. Moreover G/Gσo = πσ0 (G).

Recall that the topological space of a σ-algebraic group G is Spec(k{G}). As in
Subsection 4.2.1 this is naturally a σ-topological space. By a σ-connected component of G
we mean a σ-connected component of Spec(k{G}).

Theorem 4.2.34. Let G be a σ-algebraic group. Then G has only finitely many σ-connected
components. Moreover, the topological space of Gσo is isomorphic (as a σ-topological space)
to the σ-connected component of the topological space of G that contains mG.

Proof. As πσ0 (k{G}) is strongly σ-étale (Corollary 4.2.32) the first statement follows imme-
diately from Theorem 4.2.25. Let d1, . . . , dm ∈ πσ0 (k{G}) and e1, . . . , en ∈ πσ0 (k{G}) be as
in Lemma 4.2.24. The counit ε : πσ0 (k{G})→ k maps precisely one di to 1 ∈ k and all other
di’s to 0. We may assume that ε(d1) = 1. By Lemma 4.2.9 we have σ(d1) ∈ {d1, . . . , dm}.
As ε(σ(d1)) = σ(ε(d1)) = σ(1) = 1, this shows that σ(d1) = d1. So e1 = d1. The ker-
nel of ε on πσ0 (k{G}) is the ideal generated by 1 − e1. So by the definition of Gσo we
have I(Gσo) = (1 − e1) ⊂ k{G}. Therefore k{Gσo} = k{G}/(1 − e1) and consequently
Spec(k{Gσo}) is isomorphic to V(1 − e1) ⊂ Spec(k{G}). We know from Theorem 4.2.25
that V(1− e1) is a σ-connected component and clearly mG ∈ V(1− e1).

Lemma 4.2.35. For a σ-algebraic group G, the following statements are equivalent:
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(i) The topological space of G is σ-connected.

(ii) G = Gσo.

(iii) πσ0 (G) = 1.

Proof. The equivalence of (ii) and (iii) is tautological. The implication (ii)⇒(i) follows
from the fact that the topological space of Gσo is σ-connected by Theorem 4.2.34. Finally,
let us show that (i) implies (iii). Let d1, . . . , dm ∈ πσ0 (k{G}) and e1, . . . , en ∈ πσ0 (k{G})
be as in Lemma 4.2.24. Then

πσ0 (k{G}) = e1π
σ
0 (k{G})× · · · × enπσ0 (k{G})

and as in the proof of Theorem 4.2.34 we have e1 = d1. So e1πσ0 (k{G}) = d1π
σ
0 (k{G}) is

a finite separable field extension of k (because πσ0 (k{G}) is an étale k-algebra). But the
counit ε identifies e1πσ0 (k{G}) = πσ0 (k{G})/(1 − e1) with k. So e1πσ0 (k{G}) = e1k ' k.
We know from Theorem 4.2.25 that G has n σ-connected components. By assumption
n = 1. So πσ0 (k{G}) = k.

Definition 4.2.36. A σ-algebraic group satisfying the equivalent conditions of Lemma 4.2.35
is called σ-connected.

As an immediate corollary to Theorem 4.2.34 we obtain:

Corollary 4.2.37. Let G be a σ-algebraic group. Then Gσo is σ-connected.

The formation of πσ0 (G) and Gσo is compatible with base extension:

Proposition 4.2.38. Let G be a σ-algebraic group and K a σ-field extension of k. Then

πσ0 (GK) = πσ0 (G)K and (Gσo)K = (GK)σo.

Proof. This is clear from Lemma 4.2.22.

A connected algebraic group is absolutely connected ([Mil12, Prop. 3.8, Chapter XIII,
p. 210]). A similar results holds in our setting:

Corollary 4.2.39. Let G be a σ-connected σ-algebraic group. Then G is absolutely
σ-connected, i.e., GK is σ-connected for every σ-field extension K|k.

Theorem 4.2.40. Let G be a σ-algebraic group. Then Gσo is a characteristic subgroup
of G.

Proof. By Lemma 4.1.26 it suffices to show that for every k-σ-algebra R, every automor-
phism ψ of the R-σ-Hopf algebra k{G} ⊗k R maps πσ0 (k{G}) ⊗k R into πσ0 (k{G}) ⊗k R.
Since ψ is an automorphism of the k-σ-algebra k{G} ⊗k R, we have ψ(πσ0 (k{G} ⊗k R)) ⊂
πσ0 (k{G} ⊗k R). Using Lemma 4.2.23, we obtain

ψ(πσ0 (k{G})⊗ 1) ⊂ ψ(πσ0 (k{G} ⊗k R)) ⊂ πσ0 (k{G} ⊗k R) =
= πσ0 (k{G})⊗k πσ0 (R) ⊂ πσ0 (k{G})⊗k R.

Thus ψ(πσ0 (k{G})⊗k R) ⊂ πσ0 (k{G})⊗k R as required.

The following proposition is useful for determining the σ-identity component.
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Proposition 4.2.41. Let G be a σ-algebraic group. If N is a normal σ-connected σ-closed
subgroup of G such that G/N is strongly σ-étale, then N = Gσo.

Proof. As G/N is strongly σ-étale we obtain from Proposition 4.2.31 a commutative dia-
gram

G //

!!BBBBBBBB πσ0 (G)

{{
G/N

So Gσo ≤ N and the kernel of N → πσ0 (G) is Gσo. But by Proposition 4.2.31 again,
N → πσ0 (G) factors through πσ0 (N) = 1. So the kernel of N → πσ0 (G) is N . So N = Gσo.

Alternatively, Proposition 4.2.41 can be restated as: For any σ-algebraic group G,
there exists a unique exact sequence

1→ Gσo → G→ πσ0 (G)→ 1

with Gσo σ-connected and πσ0 (G) strongly σ-étale.

Proposition 4.2.42. If 1→ N → G→ H → 1 is an exact sequence of σ-algebraic groups
such that N and H are σ-connected, then G is σ-connected.

Proof. By Proposition 4.2.31, the morphism N → G → πσ0 (G) factors through the mor-
phism N → πσ0 (N) = 1. So N is contained in Gσo, i.e., in the kernel of G → πσ0 (G).
We therefore have an induced surjective morphism G/N → πσ0 (G). But G/N ' H is
σ-connected, so G/N ³ πσ0 (G) factors through πσ0 (G/N) = 1. Thus πσ0 (G) = 1.

An algebraic group, when considered as a σ-algebraic group is σ-connected:

Proposition 4.2.43. Let G be an algebraic group. Then [σ]kG is a σ-connected σ-algebraic
group.

Proof. This is clear from Corollary 4.2.6.

The three basic numerical invariants for σ-algebraic groups do not change when passing
to the σ-identity component.

Proposition 4.2.44. Let G be a σ-algebraic group. Then σ-dim(Gσo) = σ-dim(G),
ord(Gσo) = ord(G) and ld(Gσo) = ld(G).

Proof. By Corollaries 3.2.12 and 3.2.14 it suffices to note that σ- dim(πσ0 (G)) = 0,
ord(πσ0 (G)) = 0 and ld(πσ0 (G)) = 1.

For later use we record a simple lemma:

Lemma 4.2.45. Let G ³ H be a surjective morphism of σ-algebraic groups. If G is
σ-connected then H is σ-connected.

Proof. The dual morphism k{H} ↪→ k{G} is injective. So if πσ0 (k{G}) = k, then also
πσ0 (k{H}) = k.
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Example 4.2.46. Let n ≥ 2 be an integer and let G be the σ-algebraic group given by

G(R) = {g ∈ R×| gn = 1, σ(g) = 1} ≤ Gm(R)

for any k-σ-algebra R. We claim that G is σ-connected. Let x ∈ k{G} denote the image
of the coordinate function on Gm. Then k{G} = k{x} = k[x] with σ(x) = 1 and xn = 1.
Clearly, σ(x− 1) = 0. Since mG = (x− 1) is a maximal ideal of k{G}, the kernel of σ on
k{G} is mG. Therefore σ−1(p) = mG for every prime ideal p of k{G}. Now Spec(k{G}) is a
discrete topological space. Suppose X1 and X2 are non-empty disjoint σ-stable subsets of
Spec(k{G}). A point x1 from X1 is mapped onto mG under σ, similarly for a point x2 from
X2. So mG lies in the intersection of X1 and X2; a contradiction. Thus G is σ-connected.
Note that G is an example of a σ-infinitesimal σ-algebraic group (see Definition 6.3.1). In
Theorem 6.3.20 we will show that any σ-infinitesimal σ-algebraic group is σ-connected.

Example 4.2.47. Let n ≥ 2 be an integer and let G be the σ-algebraic group given by

G(R) = {g ∈ R×| gn = 1, σ(g) = g} ≤ Gm(R)

for any k-σ-algebra R. We claim that G is not σ-connected. Indeed, for simplicity let
us assume that the characteristic of k is zero or does not divide n. Then it follows from
Example 4.2.28 that k{G} is strongly σ-étale. So G = πσ0 (G) and Gσo = 1.

The number of σ-connected components of the σ-algebraic group in Example 4.2.47
cannot be easily read off. Indeed, the following example shows that the number of
σ-connected components does not only depend on the underlying field of the base dif-
ference field, but it explicitly depends on the endomorphism σ : k → k.

Example 4.2.48. Let k = Q (considered as a constant σ-field). Let G be the σ-closed
subgroup of Gm given by

G(R) = {g ∈ R×| g3 = 1, σ(g) = g}

for any k-σ-algebra R. Then Spec(k{G}) consists of two elements and σ is the identity
map on Spec(k{G}). Thus G has two σ-connected components.

Now assume k is a σ-field of characteristic zero that contains the two non-trivial third
roots of unity a1 and a2. Then Spec(k{G}) consists of three elements. The endomorphism
σ either permutes or fixes a1 and a2. If σ-fixes a1 and a2, then σ is the identity map on
Spec(k{G}) and G has three σ-connected components. If σ permutes a1 and a2, then G
has two σ-connected components. In particular, in this case the number of σ-connected
components of G is strictly smaller than the vector space dimension of πσ0 (k{G}) = k{G}.

The following example shows how we can use Proposition 4.2.42 to show that a
σ-algebraic group is σ-connected.

Example 4.2.49. Let G be the σ-closed subgroup of Gm given by

G(R) = {g ∈ R×| g4 = 1, σ(g)2 = 1} ≤ Gm(R)

for any k-σ-algebra R. We will show that G is σ-connected. Let H be the σ-algebraic
group given by H(R) = {g ∈ R×| g2 = 1} and let φ : G→ H be the morphism given by

φR : G(R)→ H(R), g 7→ σ(g).
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Then the dual map φ∗ : k{H} → k{G} is injective and so φ is surjective. The kernel N of φ
is given by N(R) = {g ∈ R×| g4 = 1, σ(g) = 1} for any k-σ-algebra R. We have an exact
sequence 1 → N → G → H → 1. Note that H = [σ]kH where H is the algebraic group
given by H(T ) = {g ∈ T×| g2 = 1} for any k-algebra T . So it follows from Proposition
4.2.43 that H is σ-connected. Because N is σ-connected by Example 4.2.46, Proposition
4.2.42 shows that G is σ-connected.

The following example shows how Proposition 4.2.41 can be used to determine the
σ-identity component.

Example 4.2.50. Let G be the σ-algebraic group given by

G(R) = {g ∈ R×| g4 = 1, g2σ(g)2 = 1} ≤ Gm(R)

for any k-σ-algebra R. Let us assume that the characteristic of k is not equal to two. We
will show that G is not σ-connected. Indeed, G has two σ-connected components and Gσo

is given by Gσo(R) = {g ∈ R×| g2 = 1}.
LetH be the σ-algebraic group given byH(R) = {g ∈ R×| g2 = 1, σ(g) = g} ≤ Gm(R)

for any k-σ-algebra R. It follows from g4 = 1 and g2σ(g)2 = 1 that σ(g2) = g2. Therefore
we can define a morphism of σ-algebraic groups

φ : G→ H, g 7→ g2.

The dual morphism φ∗ : k{H} → k{G} is injective, so φ is surjective. The kernel N of
φ is given by N(R) = {g ∈ R×| g2 = 1}. It follows from Proposition 4.2.43 that N is
σ-connected. Moreover, by Example 4.2.28 the σ-algebraic group H is strongly σ-étale.
Therefore it follows from Proposition 4.2.41 thatGσo = N and πσ0 (G) = H. As πσ0 (k{G}) =
k{H} = k × k, with the two non-trivial idempotent elements being constant, it follows
from Theorem 4.2.25 that G has two σ-connected components.

Example 4.2.51. Let G be a finite group with an endomorphism σ : G→ G and let G be
the σ-algebraic group associated to these data as in Example 2.1.15. We will show that G
is σ-connected if and only if some power of σ : G→ G is the trivial endomorphism (g 7→ 1)
of G.

Let us start by determining the topological space of Gσo. Note that Spec(k{G}) is
naturally in bijection with G: An element g ∈ G corresponds to the prime ideal generated
by 1− eg. We have a commutative diagram

Spec(k{G})

σ

��

' // G

σ

��
Spec(k{G}) ' // G

Let N = {g ∈ G| ∃ n ≥ 1 : σn(g) = 1}. Then N is a normal subgroup of G that is stable
under σ. Because any element of N will eventually map to 1 under iterations of σ, we see
that N cannot be written as a disjoint union of σ-stable sets. As also the complement of N
is stable under σ, we see that N corresponds to the σ-connected component of Spec(k{G})
that contains mG under the bijection G ' Spec(k{G}). In particular, G is σ-connected if
and only if G = N, i.e., some power of σ is the trivial endomorphism of G.

The cosets gN of N in G need not correspond to σ-connected components of G because
they may not be stable under σ. Note that the induced map σ : G/N → G/N is an auto-
morphism (because it is injective). The σ-connected components of G are in one-to-one
correspondence with the orbits of σ on G/N.
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Example 4.2.52. Let G be a Frobenius algebraic group as in Example 2.1.14. We claim
that the σ-connected components of G coincide with the connected components of G.
Indeed, as σ : k{G} → k{G}, f 7→ f q we have σ−1(p) = {f ∈ k{G}| f q ∈ p} = p for any
prime ideal p of k{G}. Thus σ is the identity map on Spec(k{G}). So the σ-topology on
Spec(k{G}) agrees with the usual (Zariski) topology.

Let R be a σ-ring. The reflexive closure of the nilradical
√

0
∗

agrees with the radical
of the reflexive closure

√
(0)∗ and both are equal to

{f ∈ R | ∃ m ≥ 1, n ≥ 0 : σn(f)m = 0}.

This implies that for a σ-algebraic group G we have (Gred)σ- red = (Gσ- red)red. For sim-
plicity we will write

Gσ- red,red

for this. Note that Gσ- red,red is a σ-closed subgroup of G if k is perfect and inversive
(Corollary 2.5.7).

Our next goal is to show that πσ0 (Gσ- red,red) and πσ0 (G) are isomorphic. This will be
needed to prove a structure theorem for finite σ-algebraic groups later (Theorem 6.3.9).
To prove πσ0 (Gσ- red,red) ' πσ0 (G) we need several preparatory results.

Lemma 4.2.53. Let k be a perfect and inversive σ-field, R a k-σ-algebra and K a σ-field
extension of k. Then √

0
∗ ⊗k K =

√
0
∗ ⊂ R⊗k K.

Proof. The inclusion “⊂” is obvious. To prove “⊃” it suffices to note that (R/
√

0
∗
)⊗k K

is reduced and σ-reduced by Lemma 2.5.5, i.e.,
√

0
∗ ⊗k K is reflexive and radical.

Similarly to Lemma 4.2.53 one shows that:

Lemma 4.2.54. Let k be an inversive σ-field, R a k-σ-algebra and K a σ-field extension
of k. Then (0)∗ ⊗k K = (0)∗ ⊂ R⊗k K

As seen in Example 4.2.48, the vector space dimension of πσ0 (k{G}) may be strictly
larger than the number of σ-connected components of G, even if k is algebraically closed.
To obtain an equality in this respect we also have to take into account the higher powers
of σ. Note that if (R, σ) is a difference ring, then (R, σd) is also a difference ring for any
integer d ≥ 1.

Let G be a σ-algebraic group. Then for every integer d ≥ 1, (k{G}, σd) is a difference
Hopf algebra over the difference field (k, σd).

Lemma 4.2.55. Let G be a σ-algebraic group and d ≥ 1 an integer. Then

πσ0 (k{G}) = πσ
d

0 (k{G}).

Proof. The inclusion πσ0 (k{G}) = πσ
d

0 (k{G}) follows from the fact that a σ-separable
k-σ-algebra is a σd-separable k-σd-algebra. To prove the equality we may assume that k is
algebraically closed (Lemma 4.2.22). Then the claim follows from Lemma 4.2.19 because
an idempotent element is periodic with respect to σ if and only if it is periodic with respect
to σd.
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Proposition 4.2.56. Let G be a σ-algebraic group. Then the dimension of πσ0 (k{G}) as
a k-vector space is greater than or equal to the number of σ-connected components of G.
Indeed,

dimk(πσ0 (k{G})) = max
d,K
|{σd-connected components of GK}|, (4.3)

where d ranges over all positive integers and K over all σ-field extensions of k. Moreover,
if k is separably algebraically closed, then

dimk(πσ0 (k{G})) = max
d
|{σd-connected components of G}|. (4.4)

Proof. By Theorem 4.2.25 the number of σ-connected components of G is less than or
equal to the number of primitive idempotent elements of πσ0 (k{G}), and this number is
clearly less than or equal to dimk(πσ0 (k{G}). Because dimk(πσ0 (k{G})) is invariant under
extension of the base σ-field, this, together with Lemma 4.2.55 proves the “≤” in Equations
(4.3) and (4.4).

To obtain equality we may assume that k is separably closed. Then dimk(πσ0 (k{G})
equals the number of primitive idempotent elements of πσ0 (k{G}). In the notation of
Lemma 4.2.24, it suffices to find a d such that σd(di) = di for i = 1, . . . ,m (Theo-
rem 4.2.25). It thus suffices to choose d such that τd is the identity.

Proposition 4.2.57. Let G be a σ-algebraic group and assume that k is perfect and
inversive. Then there is a natural bijection between the σ-connected components of G and
the σ-connected components of Gσ- red,red.

Proof. Let Z1, . . . , Zn denote the σ-connected components of G. Let a = I(Gσ- red,red) =√
0
∗ ⊂ k{G} denote the defining ideal of Gσ- red,red. We identify the topological space

of Gσ- red,red with V(a) ⊂ Spec(k{G}). We will show that Zi 7→ Zi ∩ V(a) defines a
bijection between the σ-connected components of G and the σ-connected components of
V(a). For i = 1, . . . , n let ai ⊂ k{G} denote the radical σ-ideal such that V(ai) = Zi. As
Spec(k{G}) = Z1∪· · ·∪Zn we see that

√
0 = a1∩· · ·∩an. Therefore a =

√
0
∗

= a∗1∩· · ·∩a∗n.
We have Zi ∩ V(a) = V(ai + a). Since a ⊂ a∗i we see that ai + a ⊂ a∗i 6= k{G}. Hence

Zi ∩ V(a) 6= ∅.
To prove the proposition it suffices to show that Zi ∩ V(a) is σ-connected for every i.

Suppose there exist non-empty σ-closed sets X1, X2 such that Zi ∩ V(a) = X1 ]X2. Let
b1, b2 ⊂ k{G} denote the radical σ-ideals such that X1 = V(b1) and X2 = V(b2). Then√

ai + a = b1 ∩ b2.
For every f ∈ a there exist integers α ≥ 0 and β ≥ 1 such that σα(f)β = 0. Because k

is perfect and inversive a is a Hopf ideal (Corollary 2.5.7) and it follows from Theorem 2.3.1
that a is finitely σ-generated. Thus there exists α ≥ 0 such that σα(a) ⊂

√
0. For j = 1, 2

set

Yj = {z ∈ Zi| σα(z) ∈ Xj} = {p ∈ V(ai)| bj ⊂ σ−α(p)} = V(ai) ∩ V(σα(bj)).

For every prime ideal p ∈ V(ai) = Zi we have ai ⊂ σ−α(ai) ⊂ σ−α(p). As σα(a) ⊂√
0 ⊂ p we see that also a ⊂ σ−α(p). Hence b1 ∩ b2 =

√
ai + a ⊂ σ−α(p). So p ∈ Y1 or

p ∈ Y2. This shows that Zi = Y1 ∪ Y2. As Y1 and Y2 are σ-closed and Y1 ∩ Y2 = ∅, this
contradicts the σ-connectedness of Zi.
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Theorem 4.2.58. Let G be a σ-algebraic group and assume that k is perfect and inversive.
Then

πσ0 (Gσ- red,red) ' πσ0 (G).

Proof. We will show that the morphism πσ0 (Gσ- red,red)→ πσ0 (G) induced by the inclusion
Gσ- red,red ↪→ G is an isomorphism. Let a = I(Gσ- red,red) =

√
0
∗ ⊂ k{G} denote the

defining ideal of Gσ- red,red. In terms of the coordinate rings we have to show that the
morphism k{G} → k{G}/a induces an isomorphism ψ : πσ0 (k{G}) → πσ0 (k{G}/a). The
k-σ-algebra πσ0 (k{G}) is reduced and σ-reduced. Because for every f ∈ a there exist
integers n ≥ 0 and m ≥ 1 such that σn(f)m = 0, it follows that a ∩ πσ0 (k{G}) = 0, i.e., ψ
is injective.

Let k denote the algebraic closure of k equipped with an extension of σ : k → k. It
follows from Lemma 4.2.53 that (Gk)σ- red,red = (Gσ- red,red)k. Together with Lemma 4.2.22
this shows that to prove the surjectivity of ψ, we may assume that k is algebraically closed.
Indeed, it suffices to show that πσ0 (k{G}) and πσ0 (k{G}/a) have the same dimension as k-
vector spaces. But by Proposition 4.2.56, the dimension of πσ0 (k{G}) equals the maximal
number of the σd-connected components of G, where d ranges over the positive integers.
The reflexive closures of the radical of the zero ideal of k{G} with respect to σ and σd

are equal. So it follows from Proposition 4.2.57 that G and Gσ- red,red have the same
number of σd-connected components. In summary, this shows that dimk(πσ0 (k{G})) =
dimk(πσ0 (k{G}/a)).



Chapter 5

Group theory

In this chapter we study group theoretic properties of σ-algebraic groups. The main
result is an analog of the Jordan-Hölder theorem for σ-algebraic groups. It shows that, at
least under rather mild assumptions, a σ-algebraic group can be decomposed into certain
simpler pieces, namely almost-simple σ-algebraic groups. This decomposition also satisfies
a uniqueness property. The proof of the uniqueness part of the Jordan-Hölder theorem
for σ-algebraic groups follows along the lines of the standard proof of the usual Jordan-
Hölder theorem for finite groups. We therefore need to transfer statements well-known for
finite groups, such as the Butterfly lemma, to difference algebraic groups. This requires
some flexibility when working with quotients. In particular, we need the analogs of the
(Noether) isomorphism theorems for groups.

The task of proving the analogs of the isomorphism theorems is complicated by the fact
that for a normal σ-closed subgroup N of a σ-algebraic group G, the quotient G/N is, at
least initially, not easy accessible. As for algebraic groups, the functor R Ã G(R)/N(R)
need not be representable, in particular, it is distinct from G/N .

If we could identify G with G(k), and (G/N)(k) with G(k)/N(k), where k is some
“sufficiently large” difference field, we could apply the isomorphism theorems directly. This
approach is not possible for us for several reasons. Firstly, we want to avoid restrictions
on the base field. Secondly, the identification of G with G(k) is only feasible for perfectly
σ-reduced σ-algebraic groups. Thirdly, identifying G with G(k) does introduce some
blemishes. For example, the morphism of σ-algebraic groups φ : GLn → GLn, g 7→ σ(g)
is such that φk : GLn(k)→ GLn(k) has trivial kernel, but φ is not a σ-closed embedding.
Indeed, the kernel of φ is non-trivial.

For algebraic groups, the theory of sheaves (see [DG70, Chapter III]) provides an
elegant and powerful tool to deal with quotients. In the first section of this chapter
we adapt the theory of sheaves to difference algebra. The main result (Theorem 5.1.8)
provides a canonical way to associate a sheaf to any functor from k-σ-Alg to Sets. The
relevance of Theorem 5.1.8 for quotients stems from the fact that the sheaf associated to
the functor R Ã G(R)/N(R) equals G/N . In the second section we then show how this
result can be used to deduce the isomorphism theorems for difference algebraic groups from
the isomorphism theorems for (abstract) groups. In the third section we prove the Jordan-
Hölder theorem. While it may be possible to prove the isomorphism theorems for difference
algebraic groups without explicitly introducing sheaves, we expect that Theorem 5.1.8
will also be useful in other situations, for example, when considering actions of difference
algebraic groups on difference varieties, where the existence of a quotient in the category
of difference varieties is problematic.

87
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5.1 Sheaves

Our proof of Theorem 5.1.8 follows the proof of Theorem 1.8, Chapter III, §1 [DG70]
rather closely.

Let k be a σ-field. If (Ri)i∈I is a finite family of k-σ-algebras, then the product
∏
i∈I Ri

is naturally a k-σ-algebra by σ((ri)i∈I) = (σ(ri))i∈I . The projections
∏
i∈I Ri → Ri are

morphisms of k-σ-algebras. Recall that a morphism ψ : R → S of k-σ-algebras is called
faithfully flat if the corresponding morphism ψ] : R] → S] of k-algebras is faithfully flat.

Definition 5.1.1. Let R be a k-σ-algebra. A finite family (Ri)i∈I of R-σ-algebras is called
R-covering if the canonical map R→

∏
i∈I Ri is faithfully flat.

Note that if (Ri)i∈I and (Sj)j∈J are two R-covering families, then (Ri⊗RSj)(i,j)∈I×J is
an R-covering family. If R→ S is a morphism of k-σ-algebras and (Ri)i∈I is an R-covering
family, then (Ri ⊗R S)i∈I is an S-covering family.

Recall that a sequence of sets A α //B
β1 //
β2

//C is called exact if α is the equalizer of

β1 and β2, i.e., β1α = β2α and for b ∈ B with β1(b) = β2(b) there exists a unique a ∈ A
with α(a) = b.

Definition 5.1.2. Let F be a functor from k-σ-Alg to Sets. Then F is called a sheaf, if
for every k-σ-algebra R and every R-covering family (Ri)i∈I the sequence

F (R) α //
∏
i F (Ri)

β1 //
β2

//
∏
i,j F (Ri ⊗R Rj) (5.1)

is exact.

The maps in the above sequence are the obvious ones: The i-th component of α is
induced from R→ Ri. The (i, j)-component of β1 (respectively β2) is the projection onto
F (Ri) (respectively F (Rj)) followed by the map induced from Ri → Ri⊗RRj , f 7→ f ⊗ 1
(respectively Rj → Ri ⊗R Rj , f 7→ 1⊗ f).

A morphism of sheaves is a morphism of functors.

Lemma 5.1.3. A functor F from k-σ-Alg to Sets is a sheaf if and only if

(i) for every finite family of k-σ-algebras (Ri)i∈I , the map F (
∏
i∈I Ri) →

∏
i∈I F (Ri)

is bijective;

(ii) for every faithfully flat morphism of k-σ-algebras R→ S the sequence

F (R)→ F (S)⇒ F (S ⊗R S)

is exact.

Proof. Let us first assume that F is a sheaf. If we take R as the zero ring and the
R-covering family as the empty family, then the exactness of (5.1) signifies that F (R)
consists of one element.

Let (Ri)i∈I be a finite family of k-σ-algebras. If we set R =
∏
iRi and consider Ri

as a R-σ-algebra via the projection R → Ri, then the canonical map R →
∏
iRi is the

identity and Ri⊗RRj = 0 for i 6= j, whereas Ri⊗RRj = Ri for i = j. Thus the exactness
of (5.1) in this case yields condition (i) since β1 and β2 are reduced to the identity map.
Clearly a sheaf satisfies condition (ii).

Conversely, assume that F satisfies (i) and (ii). Let (Ri)i∈I be an R-covering family.
Taking S =

∏
Ri and applying (i) to (ii) yields the exactness of (5.1).
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Corollary 5.1.4. Every representable functor from k-σ-Alg to Sets is a sheaf. In partic-
ular, every σ-variety and every σ-algebraic group is a sheaf.

Proof. Let A be a k-σ-algebra and F = Hom(A,−). Clearly,

Hom(A,
∏
iRi) '

∏
i Hom(A,Ri),

for every finite family (Ri)i∈I of k-σ-algebras. So F satisfies condition (i) of Lemma 5.1.3.
To verify (ii), let R→ S be a faithfully flat morphism of k-σ-algebras. Then

R→ S ⇒ S ⊗R S

is exact. (See e.g. [Wat79, Section 13.1, p. 104].) Therefore

Hom(A,R)→ Hom(A,S)⇒ Hom(A,S ⊗R S)

is exact.

Thus the category of σ-varieties is a full subcategory of the category of sheaves.

Definition 5.1.5. A subfunctor D of a functor F : k-σ-Alg → Sets is called fat if for
every k-σ-algebra R and every a ∈ F (R) there exists an R-covering family (Ri)i∈I such
that the image of a in F (Ri) belongs to D(Ri) for every i ∈ I.

Some of the constructions with σ-varieties explained in Section 1.2 carry over to ar-
bitrary functors from k-σ-Alg to Sets without difficulty: If φ : E → F is a morphism of
functors and D ⊂ F a subfunctor, then Im(φ) and φ−1(D) may be defined as in Section
1.2; similarly for the intersection of subfunctors.

Note that if φ : E → F is a morphism of functors and D ⊂ F is fat, then φ−1(D) ⊂ E
is fat. As in [DG70, p. 285] one verifies: If D is a fat subfunctor of F and D1 is a fat
subfunctor of D, then D1 is a fat subfunctor of F . If D1 and D2 are fat subfunctors of E,
then D1 ∩D2 is a fat subfunctor of E.

Let R be a k-σ-algebra. To simplify the notation we will write

Spσ(R)

for the functor Hom(R,−) : k-σ-Alg → Sets. If ψ : R → S is a morphism of k-σ-algebras,
there is an induced morphism of functors Spσ(ψ) : Spσ(S) → Spσ(R). Recall (See e.g.
[EH00, Lemma VI-1 (a)].) that for any functor F : k-σ-Alg→ Sets and any k-σ-algebra R
there is a canonical bijection

F (R) ' Hom(Spσ(R), F )

Indeed, F and Hom(Spσ(−), F ) are isomorphic as functors. An element a ∈ F (R) gives
rise to a morphism Spσ(R) → F as follows: For a k-σ-algebra S and ψ ∈ Hom(R,S) let
Spσ(R)(S) → F (S) be defined by sending ψ to F (ψ)(a). Conversely, from a morphism
Spσ(R)→ F we obtain an element in F (R) by considering the image of the identity under
Spσ(R)(R)→ F (R).

Lemma 5.1.6. Let R be a k-σ-algebra. Then a subfunctor D of Spσ(R) is fat if and only
if there exists an R-covering family (Ri)i∈I such that Im(Spσ(Ri)→ Spσ(R)) ⊂ D for all
i ∈ I.
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Proof. If D ⊂ Spσ(R) is fat, we can apply Definition 5.1.5 to the element

a = idR ∈ Hom(R,R) = Spσ(R)(R)

to find an R-covering family (Ri)i∈I such that the maps R→ Ri lie inD(Ri) ⊂ Spσ(R)(Ri)
for every i ∈ I. Let ψ : Ri → S be a morphism of k-σ-algebras. Since

Spσ(R)(ψ) : Spσ(R)(Ri)→ Spσ(R)(S)

mapsD(Ri) intoD(S) we see that the compositionR→ Ri → S lies inD(S) ⊂ Spσ(R)(S).
Therefore the image of Spσ(Ri)(S)→ Spσ(R)(S) lies in D(S). This shows that

Im(Spσ(Ri)→ Spσ(R)) ⊂ D.

Conversely, if (Ri)i∈I verifies the condition of the lemma and a : R→ S is a morphism of
k-σ-algebras, then (Ri⊗RS)i∈I is an S-covering family. By assumption, R→ Ri → Ri⊗RS
lies in D(Ri⊗RS) ⊂ Spσ(R)(Ri⊗RS). But R→ Ri → Ri⊗RS equals R→ S → Ri⊗RS.
Therefore Spσ(R)(S)→ Spσ(R)(Ri ⊗R S) maps a into D(Ri ⊗R S).

Proposition 5.1.7. For a functor F : k-σ-Alg → Sets the following properties are equiv-
alent:

(i) The functor F is a sheaf.

(ii) If D is a fat subfunctor of a functor E : k-σ-Alg→ Sets and φ : D → F a morphism,
then there exists a unique extension of φ to E.

(iii) If R is a k-σ-algebra, D a fat subfunctor of Spσ(R) and φ : D → F a morphism,
then there exists a unique extension of φ to Spσ(R).

Proof. Let us start with (i)⇒(ii). Let R be a k-σ-algebra and a ∈ E(R). We have
to construct φ(a) ∈ F (R). Since D is fat, there exists an R-covering family (Ri)i∈I
such that the image ai of a in E(Ri) belongs to D(Ri). Since a ∈ E(R) we see that
(ai)i∈I ∈

∏
iD(Ri) ⊂

∏
iE(Ri) lies in the equalizer of the top row of∏

iD(Ri) ////

��

∏
i,j D(Ri ⊗R Rj)

��∏
i F (Ri) ////

∏
i,j F (Ri ⊗R Rj).

Therefore (φ(ai))i∈I ∈
∏
i F (Ri) lies in the equalizer of the bottom row. Since F is a

sheaf there exists a unique b ∈ F (R) mapping to (φ(ai))i∈I . Set φ(a) = b. We have to
show that this definition does not depend on the choice of the R-covering family (Ri)i∈I .
So let (Sj)j∈J be another R-covering family such that the image of a ∈ E(R) lies in
D(Sj) ⊂ E(Sj) for every j ∈ J . Then the R-covering family (Ri ⊗R Sj)(i,j)∈I×J also has
the property that the image of a in E(Ri ⊗R Sj) lies in D(Ri ⊗R Sj) for (i, j) ∈ I × J .
Performing the above construction of φ(a) with the R-covering family (Ri ⊗R Sj)(i,j)∈I×J
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and considering the commutativity of ∏
iRi

��
R

99sssssssssss //

%%JJJJJJJJJJJ
∏
i,j Ri ⊗R Sj

∏
j Sj

OO

we see that φ(a) is well-defined. To show that the definition of φ is functorial in R we
can consider a morphism R→ S of k-σ-algebras and the S-covering family (Ri ⊗R S)i∈I .
The fact that φ : E → F is the unique extension of φ : D → F is immediate from the
construction of φ.

The implication (ii)⇒(iii) is obvious. Thus it only remains to show that (iii)⇒(i). Let
(Ri)i∈I be an R-covering family. Let D be the subfunctor of Spσ(R) equal to the union
∪i∈I Im(Spσ(Ri) → Spσ(R)), i.e., a morphism of k-σ-algebras R → S lies in D(S) if and
only if it factors through R → Ri for some i ∈ I. Then D is a fat subfunctor of Spσ(R)
by Lemma 5.1.6. We claim that the sequence

Hom(D,F ) α //
∏
i Hom(Spσ(Ri), F )

β1 //
β2

//
∏
i,j Hom(Spσ(Ri ⊗R Rj), F ) (5.2)

is exact. The injectivity of α is clear from the definition of D. Let f = (fi)i∈I ∈∏
i Hom(Spσ(Ri), F ) be such that β1(f) = β2(f). Then for every pair (i, j) ∈ I × I

Spσ(Ri)×Spσ(R) Spσ(Rj)

'
��

Spσ(Ri ⊗R Rj)

uukkkkkkkkkkkkkk

))SSSSSSSSSSSSSS

Spσ(Ri)

fi ))SSSSSSSSSSSSSSSS
Spσ(Rj)

fjuukkkkkkkkkkkkkkkk

F (R)

(5.3)

commutes. Let us define a morphism h : D → F as follows: If S is a k-σ-algebra and
a ∈ D(S) ⊂ Spσ(R)(S) = Hom(R,S) then a factors as a : R→ Ri

b−→ S for some i ∈ I and
we can define h(a) = fi(b) ∈ F (S). If follows from the commutativity of (5.3) that h(a)
does not depend on the choice of i and b. Clearly, α(h) = f . Therefore (5.2) is exact.

By assumption, every morphism D → F uniquely extends to Spσ(R) → F , i.e.,
Hom(Spσ(R), F ) → Hom(D,F ) is bijective. Thus, applying the canonical bijections
Hom(Spσ(S), F ) ' F (S) to (5.2), yields the exactness of (5.1). So F is a sheaf.

Theorem 5.1.8. Let F be a functor from k-σ-Alg to Sets. Then there exists a sheaf F̃
and a morphism ι : F → F̃ that is universal among morphisms from F to sheaves, i.e., for
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every morphism φ from F to a sheaf E there exists a unique morphism φ̃ : F̃ → E making

F
ι //

φ ��???????? F̃

eφ��
E

commutative.

Proof. For any k-σ-algebra R we set (LF )(R) = lim−→Hom(D,F ), where the limit is taken
over all fat subfunctors D of Spσ(R). An element of (LF )(R) is thus an equivalence class
(D,α), where D is a fat subfunctor of Spσ(R) and α : D → F a morphism of functors. We
have (D,α) = (D′, α′) if and only if there exists a fat subfunctor D′′ of Spσ(R) contained
in D and D′ such that the restrictions of α and α′ to D′′ are equal.

Let ψ : R→ S be a morphism of k-σ-algebras. For every fat subfunctorD of Spσ(R) the
map Spσ(ψ) : Spσ(ψ)−1(D) → D induces a map Hom(D,F ) → Hom(Spσ(ψ)−1(D), F ).
By passing to the limit we obtain a map L(ψ) : (LF )(R) → (LF )(S). Thus LF is a
functor from k-σ-Alg to Sets. We have a morphism of functors ιF : F → LF determined
by sending, for each k-σ-algebra R, an element of F (R) ' Hom(Spσ(R), F ) to its canonical
image in lim−→Hom(D,F ).

Now set F̃ = L(LF ) and ι = ιLF ◦ ιF . With the notation of the theorem, we will
next show the existence and uniqueness of φ̃. Since ι = ιLF ◦ ιF , it suffices to show that
for every morphism φ from F to a sheaf E, there exists a unique morphism φ′ : LF → E
making

F
ιF //

φ ��@@@@@@@ LF

φ′}}
E

(5.4)

commutative.
Let us first prove the uniqueness of φ′. Let R be a k-σ-algebra and let µ : Spσ(R)→ LF

correspond to (D,α) ∈ (LF )(R) under the bijection (LF )(R) ' Hom(Spσ(R),LF ). It
follows from the definitions that

D
� � //

α

��

Spσ(R)

µ

��
F

ιF // LF

(5.5)

commutes. Let η : Spσ(R) → E correspond to φ′((D,α)) ∈ E(R) under the bijection
E(R) ' Hom(Spσ(R), E). Then η = φ′µ. Combining this with (5.5) and (5.4), we see
that the restriction of η to D equals φα. By Proposition 5.1.7, this shows that η is uniquely
determined by (D,α) and φ. Therefore φ′((D,α)) is uniquely determined by φ.

Let us now establish the existence of φ′. Let R be a k-σ-algebra and (D,α) ∈ (LF )(R).

By Proposition 5.1.7, the compositionD α−→ F
φ−→ E has a unique extension η : Spσ(R)→ E.

Note that η only depends on the equivalence class (D,α). Now define φ′((D,α)) ∈ E(R)
as the image of η under the canonical bijection Hom(Spσ(R), E) ' E(R). This defines a
morphism φ′ : LF → E such that φ = φ′ιF .

It remains to show that F̃ is a sheaf. But let us first show that

ιLF : (LF )(R)→ (L(LF ))(R)
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is injective for every k-σ-algebra R. So we have to show that if µ, η : Spσ(R)→ LF are two
morphisms having the same restriction to a fat subfunctor D ⊂ Spσ(R), then µ = η. Let
µ̂, η̂ ∈ (LF )(R) correspond to µ and η under the bijection (LF )(R) ' Hom(Spσ(R),LF ).
Replacing D by a smaller fat subfunctor of Spσ(R) if necessary, we can assume that
µ̂ = (D,µ′) and η̂ = (D, η′). As in (5.5), we have ιFµ′ = µ|D and ιF η′ = η|D. By Lemma
5.1.6, there exists an R-covering family (Ri)i∈I such that Im(Spσ(Ri) → Spσ(R)) ⊂ D

for all i ∈ I. For i ∈ I let µi : Spσ(Ri) → D
µ′−→ F and ηi : Spσ(Ri) → D

η′−→ F be the
induced morphisms. Then ιFµi = ιF ηi. Considering the image of idRi ∈ Spσ(Ri)(Ri) in
(LF )(Ri) under ιFµi = ιF ηi, shows that there exists a fat subfunctor Di of Spσ(Ri) such
that µi|Di = ηi|Di . By Lemma 5.1.6, there exists for every i ∈ I an Ri-covering family
(Sij)j∈Ji such that Im(Spσ(Sij) → Spσ(Ri)) ⊂ Di for all j ∈ Ji. The family (Sij)i∈I,j∈Ji

is R-covering and therefore the union D′ of all Im(Spσ(Sij) → R) is a fat subfunctor of
Spσ(R) by Lemma 5.1.6.

Spσ(Sij) // Di
� � // Spσ(Ri)

ηi

##HHHHHHHHH

µi ##HHHHHHHHH
// D

η′

��
µ′

��

� � // Spσ(R)

η

��
µ

��
F

ιF // LF

Since µi and ηi agree on Di we see that µ′ and η′ agree on D′. Therefore µ̂ = η̂ and
consequently µ = η as claimed.

To show that F̃ is a sheaf, it thus suffices to show that LF is a sheaf whenever
ιF : F (R) → (LF )(R) is injective for every k-σ-algebra R. Let us identify F with a
subfunctor of LF via ιF and let (D,α) ∈ (LF )(R). Since D is fat in Spσ(R), by Lemma
5.1.6, there exists an R-covering family (Ri)i∈I such that Im(Spσ(Ri) → Spσ(R)) ⊂ D.
Let φi : Spσ(Ri)→ Spσ(R) denote the canonical map. The commutativity of

φi
−1(D)

��

� � // Spσ(Ri)

yyrrrrrrrrrrr
φi

��
D

α

��

� � // Spσ(R)

F

shows that (LF )(R) → (LF )(Ri) maps (D,α) into F (Ri) ⊂ (LF )(Ri). Thus F is fat in
LF .

To show that LF is a sheaf, it suffices to show (Proposition 5.1.7) that for every
k-σ-algebra R, every morphism µ : D → LF from a fat subfunctor D ⊂ Spσ(R) to LF
has a unique extension µ′ : Spσ(R)→ LF . The uniqueness of µ′ follows from the assumed
injectivity of ιF : F (R) → (LF )(R). So it remains to prove the existence of µ′. Since
F ⊂ LF is fat, µ−1(F ) ⊂ D is fat. Since D is fat in Spσ(R) it follows that µ−1(F ) is fat
in Spσ(R). Let µ′ : Spσ(R)→ LF correspond to the image of µ : µ−1(F )→ F in (LF )(R)
under the bijection (LF )(R) ' Hom(Spσ(R),LF ). Then µ′ is an extension of µ : µ−1(F )→
F ⊂ LF . It remains to show that µ′ also extends µ : D → LF . So we have to show that
µ(a) = µ′(a) for any k-σ-algebra S and a ∈ D(S). Let â : Spσ(S) → D correspond to a
under the bijection D(S) ' Hom(Spσ(S), D). Since µâ and µ′â have the same restriction
to â−1(µ−1(F )) ⊂ Spσ(S), it follows from the injectivity of ιLF : (LF )(S) → (L(LF ))(S)
that µâ = µ′â. As µ(a) and µ′(a) ∈ (LF )(S) corresponds to Spσ(S) â−→ D

µ−→ LF and
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Spσ(S) â−→ D
µ′−→ LF respectively under the bijection (LF )(S) ' Hom(Spσ(S),LF ) we

find that µ(a) = µ′(a) as desired.

The sheaf
F̃

from Theorem 5.1.8 is called the sheaf associated with F , or the sheafification of F . If
φ : F → E is a morphism of functors from k-σ-Alg to Sets, then F

φ−→ E → Ẽ induces a
morphism φ̃ : F̃ → Ẽ. So sheafification is a functor. Indeed, as

Hom(F̃ , E) ' Hom(F,E),

we see that sheafification is left adjoint to the inclusion of functors into sheaves.

Corollary 5.1.9. Let D be a fat subfunctor of a sheaf F : k-σ-Alg→ Sets, then D̃ = F .

Proof. This is clear from Proposition 5.1.7.

Lemma 5.1.10. Let φ : F → E be a morphism of functors from k-σ-Alg to Sets such
that φR : F (R) → E(R) is injective for any k-σ-algebra R. Then φ̃R : F̃ (R) → Ẽ(R) is
injective for any k-σ-algebra R.

Proof. It suffices to show that (LF )(R)→ (LE)(R) is injective for any k-σ-algebra R. So
let α1 : D1 → F and α2 : D2 → F be morphism with D1, D2 fat subfunctors of Spσ(R)
such that α1φ and α2φ have the same image in (LE)(R) = lim−→Hom(D,E). Then there
exists a fat subfunctor D of Spσ(R) with D ⊂ D1 ∩ D2 such that the restriction of α1φ
and α2φ to D are equal. It follows from the injectivity of φ that α1 and α2 have the same
restriction to D.

For simplicity, let us call a functor G : k-σ-Alg→ Groups a group functor . Equivalently,
a group functor is a group object in the category of functors from k-σ-Alg to Sets. If G
is a group functor, then the associated sheaf G̃ is naturally a group functor such that
the associated morphism of functors ι : G → G̃ is a morphism of group functors, i.e., is
compatible with the group structure. Indeed, if G is a group functor, then Hom(D,G)
has naturally the structure of a group for any functor D : k-σ-Alg → Sets. If R is a
k-σ-algebra and D1 ⊂ D2 are fat subfunctors of Spσ(R) then Hom(D2, G)→ Hom(D1, G)
is a morphism of groups and we have an induced group structure on the limit (LG)(R) =
lim−→Hom(D,G). This group structure is functorial in R and ιG : G → LG is a morphism
of group functors. Applying this construction twice, yields the required group structure
on G̃ = L(LG). Alternatively, the group structure on G̃, can be obtained by applying (̃)
to the multiplication G×G→ G and using the canonical isomorphism G̃×G ' G̃× G̃.

If G is a group functor and N a normal subgroup functor, i.e., N(R) is a normal
subgroup of G(R) for any k-σ-algebra R, we can define a group functor

G//N

by RÃ G(R)/N(R). The crux with this functor is that it may not be a sheaf (or σ-variety)
if G and N are sheaves (or σ-varieties). We therefore need to sheafify G//N . Sheafification
is compatible with quotients in the following sense:
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Lemma 5.1.11. Let G be a group functor and N a normal subgroup functor. Then Ñ is
a normal subgroup functor of G̃ and

˜̃
G//Ñ ' G̃//N.

Proof. By Lemma 5.1.10 the map Ñ(R)→ G̃(R) is injective for any k-σ-algebra R. Since
N is normal in G, Hom(D,N) is normal in Hom(D,G) for every fat subfunctor D of
Spσ(R). It follows that (LN)(R) is normal in (LG)(R) and therefore Ñ is normal in G̃.

The morphismN → G→ G//N factors through the sheaf E that maps every k-σ-algebra
to a set with one element. Hence Ñ → G̃ → G̃//N factors through E. So Ñ maps into
the kernel of G̃→ G̃//N and we obtain a morphism µ : G̃//Ñ → G̃//N . Since N lies in the
kernel of G→ G̃→ G̃//Ñ we obtain a morphism η : G//N → G̃//Ñ .

All the subdiagrams of
G πG

//

iG

��

G//Nη

��

iG//N

��

G̃
fπG //

π eG
��

G̃//N

β
��

G̃//Ñ

µ
<<zzzzzzzzz i eG// eN //˜̃
G//Ñ

α

OO

consisting only of solid arrows commute. By the universal property of i eG// eN there exists

a morphism α : ˜̃
G//Ñ → G̃//N such that αi eG// eN = µ. By the universal property of iG//N

there exists a morphism β : G̃//N →˜̃
G//Ñ such that βiG//N = i eG// eNη. We will show that

α and β are inverse to each other. We have

βπ̃GiG = βiG//NπG = i eG// eNηπG = i eG// eNπ eGiG.
Therefore βπ̃G = i eG// eNπ eG. Since, for any k-σ-algebra R and element from (G̃//Ñ)(R) lifts

to an element of G̃(R), this implies that βµ = i eG// eN . From αi eG// eN = µ and βµ = i eG// eN we

deduce that βαi eG// eN = i eG// eN . Thus βα is the identity on ˜̃
G//Ñ .

We have αi eG// eNη = µη = iG//N . Together with i eG// eNη = βiG//N , this implies αβiG//N =

iG//N . Therefore αβ is the identity on G̃//N .

Theorem 5.1.12. Let G be a σ-algebraic group and N E G a σ-closed subgroup. Then
G//N is a fat subfunctor of G/N . In particular,

G̃//N = G/N.

Proof. By Theorem 3.2.3 the kernel of G→ G/N equals N , i.e, for every k-σ-algebra R the
kernel of G(R)→ (G/N)(R) is N(R). Thus the canonical map G(R)/N(R)→ (G/N)(R)
is injective. Therefore we can identity G//N with a subfunctor of G/N . It follows from
Lemma 3.2.8 that G//N is fat in G/N .
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5.2 The isomorphism theorems

In this section we prove the isomorphism theorems for σ-algebraic groups.
The following theorem is the analog of the first isomorphism theorem for groups.

Theorem 5.2.1. Let φ : G → H be a morphism of σ-algebraic groups. Then φ(G) is a
σ-closed subgroup of H and the induced morphism G/ ker(φ)→ φ(G) is an isomorphism.

Proof. We already observed in Lemma 3.3.5 that φ(G) is a σ-closed subgroup. Since
ker(φ) is the kernel of G → φ(G), the induced morphism G/ ker(φ) → φ(G) is a σ-closed
embedding by Corollary 3.2.4 and so we can identifyG/ ker(φ) with a σ-closed σ-subvariety
of φ(G). Since φ factors through G/ ker(φ) it follows from the definition of φ(G) that
G/ ker(φ) = φ(G).

Corollary 5.2.2. Let φ : G→ H be a morphism of σ-algebraic groups. Then

φ(G) = Ĩm(φ).

Proof. The isomorphism G/ ker(φ) ' φ(G) identifies G// ker(φ) with Im(φ). Therefore the
claim follows from Theorem 5.1.12.

Let N and H be σ-closed subgroups of a σ-algebraic group G such that H normalizes
N , i.e., H(R) normalizes N(R) for any k-σ-algebra R. Then we can form the semidirect
product N o H: This is a σ-algebraic group with underlying σ-variety N ×H and mul-
tiplication given by ((n1, h1), (n2, h2)) 7→ (n1h1n2h

−1
1 , h1h2) for any k-σ-algebra R and

n1, n2 ∈ N(R), h1, h2 ∈ H(R). Cf. the end of Section 3.3. The map

m : N oH → G, (n, h) 7→ nh

for any k-σ-algebra R and n ∈ N(R), h ∈ H(R) is a morphism of σ-algebraic groups. We
define

HN := NH := m(N oH).

By construction HN is a σ-closed subgroup of G (Lemma 3.3.5). In fact, HN is the small-
est σ-closed subgroup of G which contains N and H. It follows from Corollary 5.2.2 that
HN is the sheaf associated to the functor R Ã N(R)H(R). Moreover, by Lemma 3.3.14
we have

(NH)(R) = {g ∈ G(R)| ∃ faithfully flat R-σ-algebra S such that g ∈ N(S)H(S)}

for any k-σ-algebra R. It follows from Lemma 3.3.15 that N = m(N) is normal in HN .
The following theorem is the analog of the second isomorphism theorem for groups.

Theorem 5.2.3. Let H and N be σ-closed subgroups of a σ-algebraic group G such that
H normalizes N . Then the canonical morphism

H/(H ∩N)→ HN/N

is an isomorphism.

Proof. For every k-σ-algebra R we have an isomorphism

H(R)/(H(R) ∩N(R))→ H(R)N(R)/N(R)

which is functorial in R. Passing to the associates sheaves and using Lemma 5.1.11 we
find the required isomorphism.
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The following theorem is the analog of the third isomorphism theorem for groups.

Theorem 5.2.4. Let G be a σ-algebraic group, N E G a normal σ-closed subgroup and
π : G → G/N the quotient. The map H 7→ π(H) = H/N defines a bijection between the
σ-closed subgroups H of G containing N and the σ-closed subgroups H ′ of G/N . The
inverse map is H ′ 7→ π−1(H ′). A σ-closed subgroup H of G containing N is normal in G
if and only if H/N is normal in G/N , in which case the canonical morphism

G/H → (G/N)/(H/N)

is an isomorphism.

Proof. By Theorem 5.2.1 and Theorem 3.2.3 we have π(H) = H/N . Let us show that
π−1(π(H)) = H for every σ-closed subgroup H of G containing N . Let R be a k-σ-algebra
and g ∈ π−1(π(H))(R), i.e., π(g) ∈ π(H)(R). By Lemma 3.3.14 there exists a faith-
fully flat R-σ-algebra S and h ∈ H(S) with π(h) = π(g) ∈ (G/N)(S). As ker(π) = N
by Theorem 3.2.3, this implies that gh−1 ∈ N(S) ≤ H(S). Therefore g ∈ H(S) and
g ∈ H(S) ∩G(R) = H(R) by Lemma 3.3.13. Thus π−1(π(H)) ⊂ H. The reverse inclu-
sion is obvious.

Let us next show that π(π−1(H ′)) = H ′ for a σ-closed subgroup H ′ of G/N . As π
maps π−1(H ′) into H ′, it is clear form the definition of π(π−1(H ′)) (Lemma 1.2.6) that
π(π−1(H ′)) ⊂ H ′.

Let R be a k-σ-algebra and h′ ∈ H ′(R). There exists a faithfully flat R-σ-algebra S
and g ∈ G(S) such that π(g) = h′. So g ∈ π−1(H ′)(S) and h′ = π(g) ∈ π(π−1(H ′)(S)) ⊂
π(π−1(H ′))(S). Thus h′ ∈ π(π−1(H ′))(S)∩H ′(R) = π(π−1(H ′))(R). Hence π(π−1(H ′)) =
H ′.

If H is normal in G, then π(H) is normal in G/N by Lemma 3.3.15. Clearly π−1(H ′)
is normal if H ′ is normal.

For every k-σ-algebra R be have an isomorphism

G(R)/H(R)→ (G(R)/N(R))/(H(R)/N(R)).

Passing to the associated sheaves and using Lemma 5.1.11 we obtain the required isomor-
phism.

5.3 Jordan-Hölder theorem

In this section we apply the results from the previous sections to prove a Jordan-Hölder
type theorem for σ-algebraic groups. A Jordan-Hölder type theorem for algebraic groups
can be found in [Ros56], while a Jordan-Hölder type theorem for differential algebraic
groups has been proved in [CS11]. As we will show, the Schreier refinement theorem
also holds for σ-algebraic groups (Theorem 5.3.5). So any two decomposition series of a
σ-algebraic group have equivalent refinements. However, a σ-algebraic group rarely has
a decomposition series. It is therefore useful to consider more general subnormal series.
The basic idea is to consider σ-algebraic groups up to quotients by zero σ-dimensional
normal subgroups. Formally this is realized by replacing in the uniqueness statement of
the classical Jordan-Hölder theorem the notion of isomorphism by the notion of isogeny.

Our first aim is to prove the analog of the Schreier refinement theorem. We follow
along the lines of the well-known proof via the Butterfly lemma. (Cf. [Lan02, Section 1.3]
and [Mil12, Chapter IX, Section 6].) We will need two analogs of elementary statements
about groups.
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Lemma 5.3.1. Let N , G and H be σ-closed subgroups of a σ-algebraic group G′ such that
N EG and N normalizes H. Then G ∩NH = N(G ∩H).

Proof. As N ≤ G ∩NH and G ∩H ≤ G ∩NH it is clear that N(G ∩H) ⊂ G ∩NH.
Conversely, let R be a k-σ-algebra and g ∈ (G ∩ NH)(R). There exists a faithfully

flat R-σ-algebra S and n ∈ N(S), h ∈ H(S) such that g = nh in G′(S). But then
h = n−1g ∈ G(S) and therefore g = nh ∈ N(S)(G(S) ∩ H(S)) ⊂ (N(G ∩ H))(S). It
follows from Lemma 3.3.13 that g ∈ (N(G ∩H))(R).

Lemma 5.3.2. Let H1EH2 be σ-closed subgroups of a σ-algebraic group G. Assume that
H2 normalizes N ≤ G. Then NH1 ENH2.

Proof. Clearly N o H1 is a normal σ-closed subgroup of N o H2. Therefore NH1 =
m(N oH1) is a normal σ-closed subgroup of NH2 = m(N oH2) by Lemma 3.3.15.

The following lemma is the analog of the Butterfly (or Zassenhaus) lemma.

Lemma 5.3.3. Let N1EH1 and N2EH2 be σ-closed subgroups of a σ-algebraic group G.
Then N1(H1 ∩N2)EN1(H1 ∩H2), N2(N1 ∩H2)EN2(H1 ∩H2) and

N1(H1 ∩H2)
N1(H1 ∩N2)

' N2(H1 ∩H2)
N2(N1 ∩H2)

.

Proof. Since H1 ∩N2 is normal in H1 ∩H2 it follows from Lemma 5.3.2 that N1(H1 ∩N2)
is normal in N1(H1 ∩H2). Similarly, N2(N1 ∩H2)EN2(H1 ∩H2). As H1 ∩H2 normalizes
N1(H1 ∩N2) it follows from Theorem 5.2.3 that

H1 ∩H2

(H1 ∩H2) ∩N1(H1 ∩N2)
' (H1 ∩H2)N1(H1 ∩N2)

N1(H1 ∩N2)
. (5.6)

Lemma 5.3.1 with N = H1 ∩N2, G = H1 ∩H2 and H = N1 shows that

(H1 ∩H2) ∩N1(H1 ∩N2) = (H1 ∩N2)(H1 ∩H2 ∩N1) = (H1 ∩N2)(N1 ∩H2).

Because H1 ∩ N2 ⊂ H1 ∩H2 we find (H1 ∩H2)N1(H1 ∩ N2) = N1(H1 ∩H2). Therefore
(5.6) becomes

H1 ∩H2

(H1 ∩N2)(N1 ∩H2)
' N1(H1 ∩H2)
N1(H1 ∩N2)

.

By symmetry
H1 ∩H2

(H1 ∩N2)(N1 ∩H2)
' N2(H1 ∩H2)
N2(N1 ∩H2)

.

Definition 5.3.4. Let G be a σ-algebraic group. A subnormal series of G is a sequence

G = G0 % G1 % · · · % Gn = 1 (5.7)

of σ-closed subgroups of G such that Gi+1 is normal in Gi for i = 0, . . . , n − 1. Another
subnormal series

G = H0 % H1 % · · · % Hm = 1 (5.8)

of G is called a refinement of (5.7) if {G0, . . . , Gn} ⊂ {H1, . . . ,Hm}. We say that (5.7)
and (5.8) are equivalent if n = m and there exists a permutation π such that the quotient
groups Gi/Gi+1 and Hπ(i)/Hπ(i)+1 are isomorphic for i = 0, . . . , n − 1. A subnormal
series is called a decomposition series if no quotient group has a proper non-trivial normal
σ-closed subgroup.
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The following theorem is the analog of the Schreier refinement theorem.

Theorem 5.3.5. Any two subnormal series of a σ-algebraic group have equivalent refine-
ments.

Proof. Let
G = G0 ⊃ G1 ⊃ · · · ⊃ Gn = 1

and
G = H0 ⊃ H1 ⊃ · · · ⊃ Hm = 1

be subnormal series of a σ-algebraic group G. Set Gi,j = Gi+1(Hj∩Gi) for i = 0, . . . , n−1
and j = 0, . . . ,m. Then

G = G0 = G0,0 ⊃ G0,1 ⊃ G0,2 ⊃ · · · ⊃ G0,m = G1 = G1,0 ⊃ G1,1 ⊃ · · · ⊃ Gn−1,m = 1

is a subnormal series for G. Similarly, setting Hj,i = Hj+1(Gi ∩Hj) for j = 0, . . . ,m − 1
and i = 0, . . . , n, defines a subnormal series for G. By Lemma 5.3.3

Gi,j/Gi,j+1 ' Hj,i/Hj,i+1.

Corollary 5.3.6. Any two decomposition series of a σ-algebraic group are equivalent.

Proof. By Theorem 5.3.5 there exist equivalent refinements. But a refinement of a decom-
position series is necessarily trivial.

The above corollary is not that useful as it may seem at first sight, because a σ-algebraic
group need not posses a decomposition series. Let us illustrate this with an example.

Example 5.3.7. Let k be a σ-field of characteristic zero. The σ-algebraic group G = Ga

does not have a decomposition series. Indeed, by [DVHW, Corollary A.3], every proper
σ-closed subgroup G of Ga is of the form G(R) = {g ∈ R| f(g) = 0} for some non-zero
homogeneous linear difference equation f = σn(y) + λn−1σ

n−1(y) + · · · + λ0y. If h is
another non-trivial linear homogeneous difference equation, then the product h ∗ f in the
sense of linear difference operators (see [Lev08, Section 3.1]) defines a σ-closed subgroup
H of Ga with G $ H $ Ga. For example, for h = σ(y) we have

H(R) = {g ∈ R| σn+1(g) + σ(λn−1)σn(y) + · · ·+ σ(λ0)σ(g) = 0}.

To remedy this shortcoming we need to relax the condition that the quotient groups
of a decomposition series are simple.

Definition 5.3.8. A σ-algebraic group G with σ-dim(G) > 0 is called almost-simple if
every normal proper σ-closed subgroup of G has σ-dimension zero.

In the differential world, the almost-simple differential algebraic groups are fairly well
understood. See [CS11], [Min], [Fre]. We hope to elucidate the structure of almost-
simple σ-algebraic groups in the future. Considerable understanding of the Zariski dense
σ-algebraic subgroups of almost-simple algebraic groups has already been obtained in
[CHP02, Proposition 7.10]. See also [DVHW, Section A4].

Example 5.3.9. The σ-algebraic group G = Ga is almost-simple. (Cf. Example 5.3.7).
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Lemma 5.3.10. Let G be a σ-algebraic group with σ-dim(G) > 0. Among the σ-closed
subgroups H of G with σ-dim(H) = σ-dim(G) there exists a unique smallest one.

Proof. Let H1 and H2 be σ-closed subgroups of G with σ- dim(H1) = σ- dim(H2) =
σ- dim(G). By Theorem 2.3.6 we have σ- dim(H1 ∩ H2) = σ- dim(G). Thus the claim
follows from Corollary 2.3.3.

Definition 5.3.11. Let G be a σ-algebraic group with σ-dim(G) > 0. The smallest
σ-closed subgroup of G with σ-dimension equal to the σ-dimension of G is called the
strong identity component of G. It is denoted by

Gso.

A σ-algebraic group of positive σ-dimension is called strongly connected if it is equal to
its strong identity component.

Thus a σ-algebraic group G is strongly connected if and only if it has no proper σ-closed
subgroup with σ-dimension equal to the σ-dimension of G. It is clear from Lemma 4.1.21
that a strongly connected σ-algebraic group is connected. The strong identity component
of a σ-algebraic group is strongly connected.

Example 5.3.12. If G is a smooth connected algebraic group with dim(G) > 0, then
G = [σ]kG is strongly connected. Indeed, as G is smooth and connected k[G[i]] is an
integral domain for every i ≥ 0. So if H is a proper σ-closed subgroup of G, then
dim(H[i]) < dim(G[i]) for i À 0. But dim(G[i]) = dim(G)(i + 1) and so it follows from
Theorem 2.2.7 that σ- dim(H) < σ- dim(G).

The following example shows that a σ-integral σ-algebraic group need not be strongly
connected.

Example 5.3.13. Let G be the σ-closed subgroup of G2
a given by

G(R) = {(g1, g2) ∈ R2| σ(g1) = g1} ≤ G2
a(R)

for any k-σ-algebra R. As k{G} = k[y1]{y2} with σ(y1) = y1 we see that G is σ-integral.
We have σ- dim(G) = 1 (for example by Proposition 2.2.17). The σ-closed subgroup H of
G given by H(R) = {(0, g) ∈ R2} is isomorphic to Ga and therefore also has σ-dimension
one. It is clear from Example 5.3.12 that Gso = H.

It is clear that Gso is a characteristic subgroup of G in the weak sense that every
automorphism τ of G induces an automorphism of Gso. However, the following example
illustrates the somewhat disturbing fact that Gso need not be normal in G. In particular,
Gso need not be a characteristic subgroup of G (in the sense of Definition 2.1.5).

Example 5.3.14. Let G = N oH be the σ-algebraic group from Example 2.5.11. Then
σ- dim(G) = 1. The σ-closed subgroup H = Gm of G has σ-dimension one. Since H is
strongly connected (Example 5.3.12) we see that H = Gso. We already noted in Example
2.5.11 that H is not normal in G.

Lemma 5.3.15. Assume that k is perfect and inversive. Then a strongly connected
σ-algebraic group is σ-integral.
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Proof. Let G be a strongly connected σ-algebraic group. Then G is connected and because
σ- dim(G) = σ- dim(Gred) by Lemma 4.1.22, we must have G = Gred. So G is reduced and
hence integral by Proposition 4.1.15. Similarly, G = Gσ- red by Lemma 4.1.22. Thus G is
σ-integral.

The following example shows that Lemma 5.3.15 fails over an arbitrary base σ-field.
There exists a strongly connected σ-algebraic group which is not σ-reduced.

Example 5.3.16. Let k be a non-inversive σ-field of characteristic zero. So there exists
λ ∈ k with λ /∈ σ(k). Let G be the σ-closed subgroup of G2

a given by

G(R) =
{
(g1, g2) ∈ R2| σ(g1) = λσ(g2)

}
for any k-σ-algebra R. Then k{G} = k[y1, y2, σ(y2), . . .] with σ(y1) = λσ(y2). For i ≥ 0 let
G[i] denote the i-th order Zariski closure of G in G2

a. Then k[G[i]] = k[y1, y2, . . . , σ
i(y2)]

and therefore dim(G[i]) = 1 · (i+ 1) + 1, in particular σ- dim(G) = 1.
We claim that G is strongly connected. Suppose that H ≤ G is a proper σ-closed

subgroup with σ- dim(H) = σ- dim(G). Let a1 and a2 denote the image of y1 and y2 in
k{H} respectively. By [DVHW, Corollary A.3] the σ-ideal I(H) ⊂ k{G2

a} is σ-generated
by homogenous linear σ-polynomials. Thus there exists a non-trivial k-linear relation
between a1, a2, σ(a2), . . .. If that relation would properly involve σi(a2) for i ≥ 1, then
σ- dim(H) = 0. Thus there exists a non-trivial k-linear relation between a1 and a2. We
have a1 6= 0 and a2 6= 0 because otherwise σ- dim(H) = 0. So there exists µ ∈ k with
a1 − µa2 = 0. Consequently

0 = σ(a1)− σ(µ)σ(a2) = λσ(a2)− σ(µ)σ(a2) = (λ− σ(µ))σ(a2).

Since λ /∈ σ(k) this implies σ(a2) = 0. But then σ- dim(H) = 0; a contradiction.
Now assume that λ2 ∈ σ(k). (For example, we can choose k = C(

√
x,
√
x+ 1, . . .) with

action of σ determined by σ(x) = x + 1 and λ =
√
x.) If µ ∈ k with σ(µ) = λ2 then

σ(y2
1 − µy2

2) = 0. Thus G is not σ-reduced.

We have seen in Example 5.3.14 that the strong identity component need not be
normal. Our next goal is to reconcile this difficulty:

Proposition 5.3.17. Assume that k is algebraically closed and inversive. Let G be
a strongly connected σ-algebraic group and H a normal σ-closed subgroup of G with
σ-dim(H) > 0. Then Hso is normal in G. (In particular, Hso is normal in H.)

For the proof of Proposition 5.3.17 we need several preparatory results.

Lemma 5.3.18. Assume that k is algebraically closed and inversive. Let K be a σ-field
extension of k. Then there exists a σ-field extension L of K such that only the elements
of k are fixed by all σ-field automorphisms of L|k, i.e., LAut(L|k) = k.

Proof. Let us start with proving the following claim: There exists a σ-field extension L of
K such that for all a ∈ K r k there exists a σ-field automorphism τ of L|k with τ(a) 6= a
and such that every σ-field automorphism of K|k extends to a σ-field automorphism of
L|k.

Since k is algebraically closed K ⊗k K is an integral domain. Since k is inversive
K ⊗k K is σ-reduced (Lemma 2.5.5 (ii)). Therefore the quotient field L of K ⊗k K is
naturally a σ-field. Consider L as a σ-field extension of K via the embedding a 7→ a⊗ 1.
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The σ-field automorphism τ of L|k determined by τ(a ⊗ b) = b ⊗ a moves every element
of K r k. Moreover, every σ-field automorphism τ ′ of K|k extends to L|k, for example by
τ ′(a⊗ b) = τ ′(a)⊗ b.

Now let us prove the lemma. By the above claim, there exists a σ-field extension L1|K
such that every element of K r k can be moved by a σ-field automorphism of L1|K and
every σ-field automorphism of K|k extends to a σ-field automorphism of L1|k. Now apply
the claim again to L1|k to find a σ-field extension L2|L1 such that every element of L1 rk
can be moved by a σ-field automorphism of L2|k and every σ-field automorphism of L1|k
extends to a σ-field automorphism of L2|k. Continuing like this we obtain a chain of σ-field
extensions k ⊂ K ⊂ L1 ⊂ L2 ⊂ . . .. The union L = ∪Li has the required property.

We need to know if the strong identity component is compatible with base extension.

Lemma 5.3.19. Assume that k is algebraically closed and inversive. Let G be a σ-algebraic
group with σ-dim(G) > 0 and K a σ-field extension of k. Then

(GK)so = (Gso)K .

Proof. As the σ-dimension is invariant under base extension (Lemma 2.2.19),

σ- dim((Gso)K) = σ- dim(Gso) = σ- dim(G) = σ- dim(GK).

Therefore (GK)so ≤ (Gso)K .
Let us now show that (GK)so descends to k, i.e., there exists a σ-closed subgroup H

of G with (GK)so = HK . By Lemma 5.3.18 there exists a σ-field extension L of K such
that LAut(L|k) = k, where Aut(L|k) is the group of all σ-field automorphisms of L|k. The
group Aut(L|k) acts on L{GL} = k{G}⊗k L by k-σ-algebra automorphisms via the right
factor. Let H ′ be a σ-closed subgroup of GL. Since the Hopf algebra structure maps
commute with the Aut(L|k)-action, τ(I(H ′)) is a σ-Hopf ideal of k{G} ⊗k L for every
τ ∈ Aut(L|k). Moreover, the σ-dimension of the σ-closed subgroup of GL defined by
τ(I(H ′)) is equal to the σ-dimension of H ′ (cf. Lemma 2.2.19). Since I((GL)so) is the
unique maximal σ-Hopf ideal of k{G} ⊗k L such that σ- dim((GL)so) = σ- dim(GL), we
see that τ(I((GL)so)) = I((GL)so) for every τ ∈ Aut(L|k). Let

a = {f ∈ I((GL)so)| τ(f) = f ∀ τ ∈ Aut(L|k)} = I((GL)so) ∩ k{G}.

Since the action of Aut(L|k) commutes with the Hopf algebra structure maps, a is σ-Hopf
ideal of k{G} and therefore corresponds to a σ-closed subgroup H of k{G}. We have
a⊗k L = I((GL)so). (See [Bou90, Corollary to Proposition 6, Chapter V, §10.4, A.V.63].)
So HL = (GL)so. As σ- dim(H) = σ- dim((GL)so) = σ- dim(GL) = σ- dim(G) we see that
Gso ≤ H, therefore (Gso)L ≤ HL = (GL)so. Hence also

((Gso)K)L = (Gso)L ≤ (GL)so ≤ ((GK)so)L.

Thus (Gso)K ≤ (GK)so.

The following example shows that the formation of the strongly connected component
is in general not compatible with base extension.

Example 5.3.20. Let G be the strongly connected σ-algebraic group from Example
5.3.16. Let K = k∗ be the inversive closure of k (see ([Lev08, Definition 2.1.6])) and
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let µ ∈ K with σ(µ) = λ. Then GK is not strongly connected since it has the σ-closed
subgroup H of σ- dim(H) = 1 = σ- dim(G) given by

H(R) = {(g1, g2) ∈ R2| g1 = µg2}

for any k-σ-algebra R. So (GK)so is properly contained in (Gso)K = GK .

Now we are prepared to prove Proposition 5.3.17.

Proof of Proposition 5.3.17. We have to show that the morphism of σ-varieties

φ : G×Hso → G, (g, h) 7→ ghg−1

maps into Hso. We know from Lemma 5.3.15 that Hso and G are σ-integral. A fortiori
Hso and G are perfectly σ-reduced. Because of Lemma 2.5.5 (iv) also the product G×Hso

is perfectly σ-reduced. So by Lemma 2.5.4, it suffices to show that φK((G×Hso)(K)) ⊂
Hso(K) for every σ-field extension K of k. Let g ∈ G(K). Then g induces an auto-
morphism of GK by conjugation. Since H is normal in G we have an induced automor-
phism on HK . This automorphism maps (HK)so into (HK)so. But (HK)so = (Hso)K
by Lemma 5.3.19. This shows that conjugation by g maps Hso(K) into Hso(K). Thus
φK((G×Hso)(K)) ⊂ Hso(K) as required.

Definition 5.3.21. Let G and H be strongly connected σ-algebraic groups of positive
σ-dimension. A morphism φ : G → H is called an isogeny if σ-dim(ker(φ)) = 0 and φ
is surjective. Two strongly connected σ-algebraic groups H1, H2 of positive σ-dimension
are called isogenous if there exists a strongly connected σ-algebraic group G and isogenies
G³ H1, G³ H2.

By Theorem 5.2.1 and Corollary 3.2.12 a surjective morphism φ : G³ H is an isogeny,
if and only if σ- dim(G) = σ- dim(H). In particular, isogenous σ-algebraic groups have
the same σ-dimension.

Lemma 5.3.22. The composition of two isogenies is an isogeny.

Proof. Clearly the composition of surjective morphisms is surjective. If G1 → G2 and
G2 → G3 are isogenies, then σ- dim(G1) = σ- dim(G2) and σ- dim(G2) = σ- dim(G3).
Therefore σ- dim(G1) = σ- dim(G3).

Lemma 5.3.23. Isogeny is an equivalence relation on the set of strongly connected dif-
ference algebraic groups of positive σ-dimension.

Proof. Reflexivity and symmetry are obvious. Let us prove the transitivity. So let
φ1 : G³ H1, φ2 : G ³ H2 and φ′2 : G′ ³ H2, φ′3 : G′ ³ H3 be isogenies. The morphism
φ2×φ′2 : G×G′ → H2×H2 is surjective with kernel ker(φ2)×ker(φ′2), which has σ-dimension
zero by Lemma 2.2.20. The diagonalD ≤ H2×H2 given byD(R) = {(h2, h2)| h2 ∈ H2(R)}
for any k-σ-algebra R is a σ-closed subgroup of H2 × H2 isomorphic to H2. Therefore
G′′ = ((φ2× φ′2)−1(D))so is a σ-closed subgroup of G×G′ with σ- dim(G′′) = σ- dim(H2).
Let π : G′′ → G and π′ : G′′ → G′ denote the projections onto the first and second factor
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respectively. We have the following diagram

G′′

π

~~}}}}}}}}
π′

!!BBBBBBBB

G
φ1

~~}}}}}}}}
φ2

  AAAAAAAA G′
φ′2

~~|||||||| φ′3

  BBBBBBBB

H1 H2 H3

We claim that π and π′ are isogenies. We have ker(π) ≤ 1 × ker(φ′2). Therefore
σ- dim(ker(π)) = 0 and consequently

σ- dim(π(G′′)) = σ- dim(G′′) = σ- dim(H2) = σ- dim(G).

Since G is strongly connected, this shows that π(G′′) = G, so π is surjective. Hence
π is an isogeny. Similarly, it follows that π′ is an isogeny. The isogenies φ1π and φ′3π

′

(Lemma 5.3.22) now show that H1 and H3 are isogenous.

Theorem 5.3.24. Assume that k is algebraically closed and inversive. Let G be a strongly
connected σ-algebraic group with σ-dim(G) > 0. Then there exists a subnormal series

G = G0 ⊃ G1 ⊃ · · · ⊃ Gn = 1 (5.9)

such that σ-dim(Gi) > 0, Gi is strongly connected, σ-dim(Gi/Gi+1) > 0 and Gi/Gi+1 is
almost-simple for i = 0, . . . , n− 1. If

G = H0 ⊃ H1 ⊃ · · · ⊃ Hm = 1 (5.10)

is another such subnormal series, then m = n and there exists a permutation π such that
Gi/Gi+1 and Hπ(i)/Hπ(i)+1 are isogenous for i = 0, . . . , n− 1.

Proof. Let us first prove the existence statement. Among all normal proper σ-closed
subgroups of G choose one, say H, with maximal σ-dimension. If σ- dim(H) = 0, G
is almost-simple and we are done. So let us assume that σ- dim(H) > 0. Since G
is strongly connected, σ- dim(H) < σ- dim(G). By construction G/H is almost-simple
(Theorem 5.2.4). Let G1 = Hso. Then G1 is normal in G by Proposition 5.3.17 and
σ- dim(G/G1) > 0. Let us show that G/G1 is almost-simple. Let N be a proper normal
σ-closed subgroup of G containing G1. By choice of H, σ- dim(N) ≤ σ- dim(H), but
since σ- dim(H) = σ- dim(G1) ≤ σ- dim(N) we have σ- dim(N) = σ- dim(G1). So G/G1 is
almost-simple (Theorem 5.2.4). As σ- dim(G1) < σ- dim(G) the claim follows by induction
on σ- dim(G).

Now let us prove the uniqueness statement. It follows from Theorem 5.3.5 that (5.9)
and (5.10) have equivalent refinements. Let

G = G0 % G0,1 % G0,2 % · · · % G0,n0 % G1 % G1,1 % · · · % G1,n1 % G2 % · · · % Gn = 1
(5.11)

be such a refinement of (5.9). For i = 0, . . . , n−1, as Gi is strongly connected and Gi/Gi+1

is almost-simple, σ- dim(Gi/Gi,1) = σ- dim(Gi/Gi+1) > 0 and σ- dim(Gi,j/Gi,j+1) = 0
for j = 1, . . . , ni − 1, also σ- dim(Gi,ni/Gi+1) = 0. The kernel of Gi/Gi+1 ³ Gi/Gi,1
has σ-dimension zero, so Gi/Gi+1 and Gi/Gi,1 are isogenous. In summary, we find that
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among the quotient groups of the subnormal series (5.11), there are precisely n of positive
σ-dimension, (namely Gi/Gi,1, i = 0, . . . , n − 1). A similar statement applies to the
equivalent refinement of (5.10). Therefore n = m and there is a permutation π such that
Gi/Gi+1 and Hπ(i)/Hπ(i)+1 are isogenous for i = 0, . . . , n− 1.

Remark 5.3.25. It is clear from the proof that the uniqueness statement in Theorem 5.3.24
is also valid without any restriction on the base σ-field k.



Chapter 6

Étale difference algebraic groups

In this chapter we study σ-étale σ-algebraic groups in full detail. As explained in Sec-
tion 4.1 every σ-algebraic group G fits into an exact sequence 1→ Go → G→ π0(G)→ 1
with Go connected and π0(G) σ-étale. In this sense the study of arbitrary σ-algebraic
groups reduces to the study of connected σ-algebraic groups and the study of σ-étale
σ-algebraic groups.

Over a σ-field of characteristic zero the σ-étale σ-algebraic groups are precisely the
σ-algebraic groups of order zero (Corollary 6.1.8). In this sense σ-étale σ-algebraic groups
are the “smallest possible” σ-algebraic groups. However, a σ-algebraic group may have
infinitely many components and so σ-étale σ-algebraic groups are in a certain sense “infi-
nite”, e.g., the coordinate ring of a σ-étale σ-algebraic group may be infinite dimensional
as a k-vector space. In particular, a σ-étale σ-algebraic group is a much richer structure
than just a finite group.

The category of étale algebraic groups is equivalent to the category of finite groups
with a continuous action of the absolute Galois group ([Wat79, Section 6.4]). One of the
main results of this chapter is a difference analog of this result (Theorem 6.2.14). We show
that σ-étale σ-algebraic groups are equivalent to certain profinite groups equipped with a
σ-continuous action of the absolute Galois group.

An étale algebraic group, when interpreted as a σ-algebraic group is σ-étale. A σ-étale
σ-algebraic group of this form will be called benign. The second main result of this chapter
is a decomposition theorem for σ-étale σ-algebraic groups (Theorem 6.4.10). Roughly
speaking, we show that, up to some finite interference, any σ-étale σ-algebraic group
can be decomposed into benign σ-algebraic groups. This result is analogous to Babbitt’s
decomposition theorem ([Lev08, Theorem 5.4.13, p. 336]), an important structure theorem
for algebraic extensions of σ-fields.

We also study σ-infinitesimal σ-algebraic groups and prove two structure theorems
(Theorems 6.3.9 and 6.3.14) for finite σ-algebraic groups.

6.1 Basic properties of σ-étale difference algebraic groups

Recall (Definition 4.1.10) that a σ-algebraic group G is called σ-étale if k{G} is a union
of étale k-algebras, i.e., every element of k{G} satisfies a separable polynomial over k.
Clearly a σ-étale σ-algebraic group has σ-dimension zero and order zero. However, the
limit degree may be strictly larger than one.

Clearly a σ-algebraic group G is σ-étale if and only if G = π0(G). Thus a σ-algebraic

106
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group is σ-étale if and only if its identity component is trivial. Let us see some examples
of σ-étale σ-algebraic groups.

Example 6.1.1. Let n ≥ 2 be an integer. If the characteristic of k does not divide n, the
σ-algebraic group G given by

G(R) = {g ∈ R×| gn = 1} ≤ Gm(R)

for any k-σ-algebra R is σ-étale. To verify that k{G} = k{y}/[yn− 1] is σ-étale it suffices
to observe that k[y]/(yn − 1) is an étale k-algebra because of our assumption on the
characteristic.

Example 6.1.2. Let G be an étale algebraic group. Then G = [σ]kG is a σ-étale
σ-algebraic group with ld(G) = |G|.

As k[G] is an étale k-algebra. Also σi
(k[G]) and k[G[i]] = k[G] ⊗k · · · ⊗k σ

i
(k[G]) are

étale k-algebras for every i ∈ N. Therefore k{G} = ∪k[G[i]] is σ-étale. The statement that
ld(G) = |G| is a special case of Example 2.4.6.

Note that Example 6.1.1 is a special case of Example 6.1.2 with G the algebraic group
of n-th roots of unity, i.e., G(T ) = {g ∈ T×| gn = 1} for any k-algebra T .

Definition 6.1.3. A σ-algebraic group is benign if it is isomorphic to a σ-algebraic group
of the form [σ]kG for an étale algebraic group G.

Not every σ-étale σ-algebraic is benign. For example, a strongly σ-étale σ-algebraic
group is σ-étale but not benign.

Example 6.1.4. Let G be a finite group and σ : G → G a group endomorphism. Then
the σ-algebraic group G constructed from this data as in Example 2.1.15 is a σ-étale
σ-algebraic group. This is clear because k{G} is a finite direct product of copies of k and
therefore étale.

One of our main goals in this chapter is to show that in a certain sense Examples 6.1.2
and 6.1.4 are the “only” examples of σ-étale σ-algebraic groups. Indeed, Babbitt’s de-
composition theorem for σ-étale σ-algebraic groups (Theorem 6.4.10) shows that any σ-
étale σ-algebraic group can be decomposed into a strongly σ-étale σ-algebraic group, a
σ-infinitesimal σ-étale σ-algebraic group and benign σ-algebraic groups.

Lemma 6.1.5. Quotients and σ-closed subgroups of σ-étale σ-algebraic groups are σ-étale.

Proof. Let G be a σ-étale σ-algebraic group. Since quotients of G correspond to k-σ-Hopf
subalgebras of k{G} (Theorem 3.3.6) it is clear that quotients of G are σ-étale.

If H is a σ-closed subgroup k{H} = k{G}/I(H). Since quotients of étale k-algebras
are étale k-algebras it follows that H is σ-étale.

Lemma 6.1.6. Let G be an algebraic group and G ≤ G a σ-closed subgroup. For i ≥ 0
let G[i] denote the i-th order Zariski closure of G in G. Then the following statements are
equivalent:

(i) G is σ-étale.

(ii) G[0] is an étale algebraic group.
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(iii) G[i] is an étale algebraic group for every i ≥ 0.

Proof. Because k{G} is the union of the k[G[i]]’s (i) and (iii) are equivalent. If k[G[0]] is
an étale k-algebra, all the k[G[i]]’s are étale k-algebras by Lemma 1.1.4.

A σ-closed subgroup of an étale algebraic group is σ-étale (Lemma 6.1.5). Conversely, if
G is an étale algebraic group, we can embed G as σ-closed subgroup into an étale algebraic
group. For example, we may first embed G into some algebraic group G (Theorem 2.1.17)
and then consider the Zariski closure of G in G. Thus a σ-algebraic group is σ-étale if and
only if it is isomorphic to a Zariski-dense σ-closed subgroup of an étale algebraic group.

Proposition 6.1.7. A σ-algebraic group is σ-étale if and only if it is reduced and has
order zero.

Proof. Clearly a σ-étale σ-algebraic group is reduced and has order zero. Conversely, let
G be a reduced σ-algebraic group of order zero. Embed G as a σ-closed subgroup in some
algebraic group G and let G[i] denote the i-th order Zariski closure of G in G. Then each
G[i] is a reduced finite algebraic group and therefore étale ([Wat79, Ex. 8, p. 53]). It
follows from Lemma 6.1.6 that G is σ-étale.

Corollary 6.1.8. Assume that the base σ-field k has characteristic zero. Then a σ-algebraic
group is σ-étale if and only if it has order zero.

Proof. A σ-algebraic group over a σ-field of characteristic zero is reduced ([Wat79, Theo-
rem 11.4, p. 86]). Thus the claim follows from Proposition 6.1.7.

6.2 Profinite σ-groups

Profinite σ-groups provide a combinatorial description of σ-étale σ-algebraic groups. The
category of étale algebraic groups is equivalent to the category of finite groups with a
continuous action of the absolute Galois group of the base field ([Wat79, Section 6.4]).
The purpose of this section is to establish an analogous result for σ-étale σ-algebraic
groups.

Definition 6.2.1. A profinite σ-group is a profinite group G together with a continuous
endomorphism σ : G→ G.

A morphism of profinite σ-groups is a continuous morphism of groups that commutes
with the action of σ.

Example 6.2.2. A finite group with an endomorphism can be regarded as a profinite
σ-group in virtue of the discrete topology.

Example 6.2.3. Let L|K be an extension of σ-fields such that the underlying field exten-
sion is Galois. Then the Galois group G of L|K is naturally a profinite σ-group: Clearly G
is a profinite group. To define σ : G→ G, note that for every g ∈ G the maps σ and gσ are
extensions of σ : K → K to L. Thus, by Lemma 4.2.21, there exists a unique gσ ∈ G such
that

L

σ

��

gσ
// L

σ

��
L

g // L
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commutes. Then σ : G→ G, g 7→ gσ is a group endomorphism. To see that σ is continuous,
note that for an open subgroup H of G and M = LH we have

σ−1(H) = {g ∈ G | gσ(a) = a ∀ a ∈M} = {g ∈ G | g(σ(a)) = σ(a) ∀ a ∈M}.

Thus σ−1(H) is the Galois group of L|K(σ(M)).

By a σ-projective system we mean a family (Gi)i∈N of finite groups together with
morphisms of groups πi, σi : Gi → Gi−1 for i ≥ 1 such that ker(πi) ∩ ker(σi) = 1 and

Gi

σi

��

πi // Gi−1

σi−1

��
Gi−1

πi−1 // Gi−2

(6.1)

commutes for i ≥ 2. The projective limit

G = lim←−
i∈N

Gi = {(g0, g1, . . .)| gi ∈ Gi, πi(gi) = gi−1}

is a profinite σ-group with

σ : G→ G, (g0, g1, . . .) 7→ (σ1(g1), σ2(g2), . . .).

Example 6.2.4. A finite group H gives rise to a particularly simple σ-projective system
by setting Gi = Hi+1,

πi : Gi → Gi−1, (h0, . . . , hi) 7→ (h0, . . . , hi−1) and σi : Gi → Gi−1, (h0, . . . , hi) 7→ (h1, . . . , hi).

Then G = HN with σ((h0, h1, h2 . . .)) = (h1, h2, . . .).

Lemma 6.2.5. The following conditions on a profinite σ-group G are equivalent.

(i) G is the projective limit of a σ-projective system.

(ii) There exists a normal open subgroup N of G such that
⋂
i≥0 σ

−i(N) = 1.

Proof. Assume that G = lim←− Gi is the limit of a σ-projective system. Let N be the kernel
of the projection G→ G0. Then N is normal and open in G. We will show by induction on
j ≥ 1 that every element of H =

⋂
i≥0 σ

−i(N) has its first j entries equal to 1. The case
j = 1 is clear as H ⊂ N. So let g = (1, . . . , 1, gj , gj+1, . . .) ∈ H. Then πj(gj) = 1 and since
σ(g) = (1, . . . , 1, σj(gj), . . .) ∈ H, it follows from the induction hypothesis that σj(gj) = 1.
As ker(πj) ∩ ker(σj) = 1 we find gj = 1. This shows that H = 1. So (i) implies (ii).

Now assume that N is a normal open subgroup of G such that
⋂
i≥0 σ

−i(N) = 1. For
i ≥ 0 set Ni = N∩ σ−1(N)∩ . . .∩ σ−i(N) and Gi = G/Ni. Then the Gi’s are finite groups and
we have morphisms πi : Gi → Gi−1 deduced from the inclusion Ni ⊂ Ni−1 and morphisms
σi : Gi → Gi−1 induced by σ : G → G. By construction, these maps form a σ-projective
system.

In general, if G is a profinite group and (Ni) a directed family of normal open subgroups
of G with ∩iNi = 1, then the canonical map G→ lim←−i G/Ni is an isomorphism of topological
groups ([FJ08, Lemma 1.2.4, p. 7]).

Thus, as a topological group, G is canonically isomorphic to the limit of the above
σ-projective system. By construction, the isomorphism is also compatible with σ.



CHAPTER 6. ÉTALE DIFFERENCE ALGEBRAIC GROUPS 110

Definition 6.2.6. A profinite σ-group is called of finite σ-type if it satisfies the equivalent
conditions of Lemma 6.2.5.

Definition 6.2.6 is motivated by the following fact (cf. [Lev08, Section 8.1]):

Lemma 6.2.7. Let L|K be an extension of σ-fields such that the underlying field extension
is Galois. Let G denote the Galois group of L|K, considered as a profinite σ-group as in
Example 6.2.3. Then G is of finite σ-type if and only if L is a finitely σ-generated σ-field
extension of K.

Proof. Let N be a normal open subgroup of G with
⋂
i≥0 σ

−i(N) = 1. Then M = LN is a
finite Galois extension of K. We claim that L = K〈M〉. It suffices to show that the Galois
group of L|K〈M〉 is trivial. But the Galois group of L|K〈M〉 consists of all g ∈ G which
fix every element of K(σi(M)) for i ≥ 0. Since the Galois group of L|K(σi(M)) is σ−i(N)
(cf. Example 6.2.3) it follows that the Galois group of L|K〈M〉 equals

⋂
i≥0 σ

−i(N) = 1.
Conversely, if L|K is finitely σ-generated, then L = K〈M〉 for a finite Galois extension

M of K. Let N be the kernel of the restriction map from G to the Galois group of M |K.
Then N is normal and open in G. Since

⋂
i≥0 σ

−i(N) is the Galois group of L overK〈M〉 = L,
we find

⋂
i≥0 σ

−i(N) = 1.

In the proof of the main theorem of this section we will use the following fact about
field extensions.

Lemma 6.2.8. Let ks|k be an extension of σ-fields such that ks is the separable algebraic
closure of k. Let k′ be a separable algebraic field extension of k and σ′ : k′ → ks a morphism
of rings such that

k′
σ′ // ks

k
σ //

OO

k

OO

commutes. Then there exists a unique k-embedding α : k′ → ks such that σ′ = σα.

Proof. The uniqueness of α is clear from the injectivity of σ. Let β : k′ → ks be some
k-embedding. Using Zorn’s Lemma, we may extend σ′β−1 : β(k′) → ks to an extension
σ1 : ks → ks of σ : k → k. By Lemma 4.2.21 there exists an automorphism τ of ks|k such
that σ1 = στ on ks. Now α = τβ : k′ → ks has the required property.

Before proceeding to the main theorem of this section, let us recall the algebraic facts
that lead to the statement that the category of étale algebraic groups is equivalent to
the category of finite groups with a continuous action of the absolute Galois group. (See
Sections 6.3 and 6.4 in [Wat79] or Section 2 in Chapter XII in [Mil12].)

Let k be a field, ks the separable algebraic closure of k and G the Galois group of ks
over k. If G is acting on a group, we always assume that every τ ∈ G is acting as a group
automorphism. An action of G on a finite set X is called continuous if G ×X → X is a
continuous map, where X is considered as a discrete topological space. This is the case if
and only if the action factors through a finite quotient of G .

Let R be a k-algebra. For the sake of brevity, let us write

F (R)
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for the set of all k-algebra morphisms from R to ks. There is a natural action of G on
F (R) via the action on ks: For τ ∈ G and g ∈ F (R) we have τ(g) : R

g−→ ks
τ−→ ks. If

R is an étale k-algebra, F (R) is a finite set and the action of G on F (R) is continuous.
A morphism of finite sets with G -action is simply a map of sets that commutes with the
G -action.

Theorem 6.2.9. The functor RÃ F (R) defines an anti-equivalence between the category
of étale k-algebras and the category of finite sets with a continuous G -action. In this
connection an injective map of sets corresponds to a surjective morphism of k-algebras.
Moreover, the product of sets corresponds to the tensor product of k-algebras.

Proof. The statement about the equivalence is Theorem 6.3 in [Wat79], while the state-
ment about products is obvious. So let us prove the statement about injective maps. Let
ψ : R→ S be a morphism of étale k-algebras such that F (S)→ F (R) is injective. Suppose
ψ is not surjective. Than ψ(R) is an étale algebra properly contained in S.

In general, for an étale algebra R, the number of k-algebra morphisms from R to ks
equals the dimension of R as a k-vector space (cf. [Bou90, Prop. 4, Chapter V, §6, No.
5, A.V.32 ]). Because ψ(R) is properly contained in S, it follows that there must exist
two distinct morphisms g1, g2 from S to ks with the same restriction to ψ(R). But then
g1 and g2 have the same image under F (S)→ F (R); a contradiction.

Lemma 6.2.10. Let R be a k-algebra that is integral and separable over k. If f1 and f2

are two distinct elements of R, then there exists a morphism g : R→ ks of k-algebras such
that g(f1) 6= g(f2).

Proof. Because R is reduced there exists a prime ideal p of R such that f1 − f2 /∈ p.
Then R/p is a separable algebraic field extension of k and therefore embeds into ks. The
precomposition with the canonical map R → R/p yields a morphism g with the required
property.

Let R be a k-Hopf algebra that is integral and separable over k, i.e., R is the di-
rected union of its étale Hopf subalgebras. There is a natural bijection between F (R)
and Spec(R ⊗k ks): Every g ∈ F (R) extends ks-linearly to a map R ⊗k ks → ks whose
kernel is a prime ideal p of R ⊗k ks. Conversely, for a prime ideal p of R ⊗k ks we have
R ⊗k ks/p = ks. So we can define an element g ∈ F (R) by sending f ∈ R to the image
of f ⊗ 1 in ks. Now we use the bijection F (R) ' Spec(R ⊗k ks) to define a topology on
F (R).

As a corollary to Theorem 6.2.9 we obtain:

Corollary 6.2.11. Let R and S be k-Hopf algebras that are integral and separable over k.
Then there is a natural bijection between the morphisms of k-Hopf algebras from R to S
and the continuous group morphisms from F (S) to F (R) that commute with the G -action.

Proof. Let G be the affine group scheme over k represented by S. So k[G] = S and G(ks) =
F (S). Similarly, letH be the affine group scheme represented by R. Let ψ : k[H]→ k[G] be
a morphism of k-Hopf algebras. Then the induced map ψ̃ : G(ks)→ H(ks) is a morphism
of groups. We have a commutative diagram

G(ks) //

'
��

H(ks)

'
��

Spec(k[G]⊗k ks) // Spec(k[H]⊗k ks)
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where the lower horizontal arrow is continuous, because it is induced by the morphism of
rings k[H] ⊗k ks → k[G] ⊗k ks. Therefore ψ̃ is continuous. Clearly ψ̃ commutes with the
G -action.

Let ψ1, ψ2 : k[H] → k[G] be morphisms of k-Hopf algebras with ψ1 6= ψ2. Then there
exists f ∈ k[H] such that ψ1(f) 6= ψ2(f). By Lemma 6.2.10 there exists a morphism
g : k[G] → ks with g(ψ1(f)) 6= g(ψ2(f)). So ψ̃1(g) 6= ψ̃2(g). This shows that ψ 7→ ψ̃ is
injective.

To prove the surjectivity, let ϕ : G(ks) → H(ks) be a continuous morphism of groups
that commutes with the G -action. Let I denote the directed set of all étale k-Hopf sub-
algebras of k[G]. For i ∈ I let Gi denote the corresponding étale algebraic group. So k[G]
is the directed union of the k[Gi]’s and G(ks) = lim←−Gi(ks), where the projective limit is
taken in the category of groups equipped with a G -action.

If Ri is a directed system of rings, then the projective limit of the Spec(Ri)’s in
the category of topological spaces agrees with the spectrum of the direct limit of the
Ri’s. (See [Sta14, Tag 01YY].) As Spec(k[Gi] ⊗k ks) is a discrete topological space, it
follows that G(ks) = lim←−Gi(ks) also as topological spaces, where each Gi(ks) is given
the discrete topology. Similarly to G, we write k[H] as a directed union of its étale
Hopf subalgebras k[Hj ]. Because ϕ is continuous and G -equivariant, also the composition
ϕj : G(ks) → H(ks) → Hj(ks) is continuous and G -equivariant. So the kernel of ϕj is an
open subgroup of G(ks). By the definition of the (profinite) topology on G(ks) = lim←−Gi(ks)
there exists an i ∈ I such that ker(ϕj) contains the kernel of G(ks)→ Gi(ks). Thus there
is an induced G -equivariant morphism of finite groups Gi(ks)→ Hj(ks), which, by Theo-
rem 6.2.9, corresponds to a morphism of k-Hopf algebras k[Hj ]→ k[Gi] ⊂ k[G]. These mor-
phisms are compatible and therefore yield a morphism of k-Hopf algebras ψ : k[H]→ k[G].
Clearly ψ̃ = ϕ.

Let k be a σ-field and let ks denote the separable algebraic closure of k. By Lemma 1.1.5
we can extend σ : k → k to an endomorphism of ks. Let us fix such an extension and let G
denote the Galois group of ks|k. As explained in Example 6.2.3 the group G is naturally
a profinite σ-group.

Let G be a finite group equipped with a continuous G -action. Then we can define a
new action (τ, g) 7→ τ.g of G on G by precomposition with σ : G → G , i.e., τ.g = σ(τ)(g).
Because σ : G → G is continuous this new action is also continuous. We denote the finite
group G equipped with this new action by

σG.

Lemma 6.2.12. If G corresponds to the étale algebraic group G. Then σG corresponds to
the étale algebraic group σG.

Proof. Let G be an étale algebraic group. Applying σ yields a bijection G(ks)→ (σG)(ks):
More formally, let

ψ : G(ks) = Hom(k[G], ks) −→ Hom(σ(k[G]), ks) = (σG)(ks)

be the map that associates to g ∈ Hom(k[G], ks) the morphism ψ(g) ∈ Hom(σ(k[G]), ks)
defined by ψ(g)(f⊗λ) = σ(g(f))λ for f ∈ k[G] and λ ∈ k. As σ is injective on ks it is clear
that ψ is injective. Because ψ is a map of finite sets, it follows that ψ is an isomorphism
of groups. We have

ψ(σ(τ)(g))(f ⊗ λ) = σ(σ(τ)(g(f)))λ = τ(σ(g(f)))λ = τ(ψ(g)(f ⊗ λ)).
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Thus ψ(σ(τ)(g)) = τ(ψ(g)). In other words, ψ is an isomorphism between σ(G(ks)) and
(σG)(ks).

Let (Gi)i∈N be a σ-projective system and let each Gi be equipped with a continuous
G -action such that

πi(τ(g)) = τ(πi(g))

and
σi(τ(g)) = σ(τ)(σi(g))

for τ ∈ G , g ∈ Gi and i ≥ 1. Then the projective limit G = lim←− Gi is naturally equipped
with a G -action by τ(g0, g1, . . .) = (τ(g0), τ(g1), . . .) and we have

σ(τ(g)) = σ(τ)(σ(g))

for τ ∈ G and g ∈ G.

Definition 6.2.13. An action of G on a profinite σ-group G is called σ-continuous if G is
the projective limit of a σ-projective system such that the G -action on G is induced from
an action of G on the σ-projective system as above.

A morphism of profinite σ-groups with a σ-continuous G -action is a morphism of
profinite σ-groups that commutes with the G -action. Now we are prepared to prove the
main theorem of this section.

Theorem 6.2.14. The category of σ-étale σ-algebraic groups is equivalent to the category
of profinite σ-groups of finite σ-type with a σ-continuous G -action.

Proof. The equivalence is given by the functor G Ã G](ks). So let us explain how
G = G](ks) = Hom(k{G}], k]s) is a profinite σ-group of finite σ-type with a σ-continuous
G -action. Clearly G is a group. Note that G is in bijection with Spec(k{G} ⊗k ks): Every
g ∈ G extends ks-linearly to a map g : k{G} ⊗k ks → ks, whose kernel is a prime ideal p

in k{G} ⊗k ks. Conversely, a prime ideal p of k{G} ⊗k ks satisfies (k{G} ⊗k ks)/p = ks
and therefore gives rise to a morphism g : k{G} → ks by sending f ∈ k{G} to the image
of f ⊗ 1 in ks. On Spec(k{G} ⊗k ks) we have a continuous map σ given by p 7→ σ−1(p).
By transport of structure, we can use the bijection

G ' Spec(k{G} ⊗k ks)

to define a topology and a continuous map σ on G. We will next give a more explicit
description of σ : G→ G. We claim that for g ∈ G there exists a gσ ∈ G such that

k{G}

σ

��

gσ
// ks

σ

��
k{G} g // ks

(6.2)

commutes. The uniqueness of gσ follows from the injectivity of σ : ks → ks. To prove the
existence of gσ, let p denote the kernel of g and set

σ′ : k{G}/σ−1(p) σ−→ k{G}/p ↪→ ks.
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By Lemma 6.2.8 there exists a k-embedding α : k{G}/σ−1(p) → ks such that σ′ = σα.
Thus gσ : k{G} → k{G}/σ−1(p) α−→ ks has the required property.

Since diagram (6.2) extends to

k{G} ⊗k ks
σ

��

gσ
// ks

σ

��
k{G} ⊗k ks

g // ks

we find that σ(g) = gσ. Using this description it is easy to see that σ : G→ G is a morphism
of groups. Indeed, for g1, g2 ∈ G, the commutativity of

k{G} ∆ //

σ

��

k{G} ⊗k k{G}
σ(g1)·σ(g2) //

σ

��

ks

σ

��
k{G} ∆ // k{G} ⊗k k{G}

g1·g2 // ks

(6.3)

shows that σ(g1g2) = σ(g1)σ(g2).
To see that G is profinite and of finite σ-type we may choose a σ-closed embedding of G

into some algebraic group G. For i ≥ 0 let G[i] denote the i-th order Zariski closure of G in
G. By Lemma 6.1.6 the algebraic groups G[i] are étale. So Gi = G[i](ks) = Hom(k[G[i]], ks)
is a finite group. Since k{G} = ∪i≥0k[G[i]], it is clear that G = lim←− Gi as groups, where the
projective limit is formed by virtue of the group morphisms πi : Gi → Gi−1 deduced from
the projections G[i]→ G[i− 1]. The commutative diagram

G
' //

'
��

lim←− Gi

'
��

Spec(k{G} ⊗k ks)
' // lim←− Spec(k[G[i]]⊗k ks)

shows that G = lim←− Gi as topological groups, where each Gi is given the discrete topology.
Thus G is profinite.

Let i ≥ 1. As above, for diagram (6.2), one shows that for every g ∈ Gi there exists a
unique gσ ∈ Gi−1 such that

k[G[i− 1]]

σ

��

gσ
// ks

σ

��
k[G[i]]

g // ks

commutes. Define σi : Gi → Gi−1, g 7→ gσ. A diagram similar to (6.3), shows that σi is a
morphism of groups. It follows from the commutativity of

k[G[i− 2]] �
� //

σ

��

k[G[i− 1]]
σi(g) //

σ

��

ks

σ

��
k[G[i− 1]] �

� // k[G[i]]
g // ks
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that
Gi

σi

��

πi // Gi−1

σi−1

��
Gi−1

πi−1 // Gi−2

commutes for i ≥ 2. To show that ker(πi) ∩ ker(σi) = 1, note that g ∈ Gi is the identity
if and only if g vanishes on the ideal mk[G[i]] ⊂ k[G[i]]. If g ∈ ker(πi) ∩ ker(σi), then
g vanishes on mk[G[i−1]] and on σ(mk[G[i−1]]). Since mk[G[i−1]] and σ(mk[G[i−1]]) generate
mk[G[i]], this shows that g = 1. In summary, we find that the Gi’s form a σ-projective
system. Since the limit of the σi’s agrees with the original σ on G, we have thus shown
that G is a profinite σ-group of finite σ-type.

We next describe the G -action. For τ ∈ G and g ∈ G let τ(g) denote the composition
τ(g) : k{G} g−→ ks

τ−→ ks. In this fashion every τ ∈ G defines a group automorphism of G
and we have defined an action of G on G. It is easy to see that this action is σ-continuous:
We have a continuous action of G on each Gi by τ(g) : k[G[i]]

g−→ ks
τ−→ ks for τ ∈ G and

g ∈ Gi. Clearly πi(τ(g)) = τ(πi(g)) and it follows from the commutative diagram

k[G[i− 1]]

σ

��

σi(g) // ks

σ

��

σ(τ) // ks

σ

��
k[G[i]]

g // ks
τ // ks

that σi(τ(g)) = σ(τ)(σi(g)) for τ ∈ G , i ≥ 1 and g ∈ Gi. Obviously the G -action on the
Gi’s induces the G -action on G. This concludes the description of the functor GÃ G](ks)
on objects.

Let us next describe this functor on morphisms. If φ : G → H is a morphism of
σ-étale σ-algebraic groups, we have an induced morphism φ] : G](ks)→ H](ks) of groups.
Moreover, there is a commutative diagram

G](ks)
φ]

//

'
��

H](ks)

'
��

Spec(k{G} ⊗k ks)
α // Spec(k{H} ⊗k ks)

where α is induced from the morphism k{H}⊗k ks → k{G}⊗k ks of σ-rings. Because α is
continuous and commutes with the action of σ, we see that φ] is a morphism of profinite
σ-groups. Clearly φ] also commutes with the G -action.

We have to show that

Hom(G,H) −→ Hom(G](ks), H](ks)), φ 7→ φ]

is a bijection. The set Hom(G,H) is in bijection with the morphisms of k-σ-Hopf algebras
from k{H} → k{G}. By Corollary 6.2.11 the set of k-Hopf algebra morphisms from k{H}
to k{G} is in bijection with the set of continuous group morphisms from G](ks) to H](ks)
that commute with the G -action. It therefore suffices to show that if ϕ : G](ks)→ H](ks) is
a morphism of profinite σ-groups that commutes with the G -action, then the corresponding
morphism of k-Hopf algebras is a morphism of σ-rings. So let ψ : k{H} → k{G} be a
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morphism of k-Hopf algebras such that the induced morphism G](ks)→ H](ks) commutes
with σ. This means that for every g : k{G} → ks the outer rectangle in the following
diagram

k{H} ψ //

σ

��

k{G}
σ(g) //

σ

��

ks

σ

��
k{H} ψ // k{G} g // ks

commutes. Because also the right square commutes it follows that gσψ = gψσ for any
morphism g : k{G} → ks. By Lemma 6.2.10 this implies that σψ = ψσ.

It remains to show that any profinite σ-group G of finite σ-type with a σ-continuous
G -action comes from a σ-étale σ-algebraic group. Let (Gi)i∈N be a σ-projective system
for G with a G -action as described before Definition 6.2.13. By Theorem 6.2.9 each Gi
corresponds to an étale algebraic group Gi and the morphisms πi : Gi → Gi−1 correspond
to morphisms of k-Hopf algebras k[Gi−1]→ k[Gi]. Let k{G} denote the k-Hopf algebra that
is the direct limit of this system. By assumption we have σi(τ(g)) = σ(τ)(σi(g)) for τ ∈ G ,
g ∈ Gi and i ≥ 1. So the maps σi : Gi → Gi−1 are in fact morphisms σi : Gi → σGi−1 in the
category of finite groups with a continuous G -action. By Lemma 6.2.12 they correspond
to morphisms of k-Hopf algebras σi : σ(k[Gi−1])→ k[Gi]. The commutative diagram

Gi

σi

��

πi // Gi−1

σi−1

��
σGi−1

πi−1 // σGi−2

yields a commutative diagram

k[Gi] k[Gi−1]oo

σ(k[Gi−1])

σi

OO

σ(k[Gi−2])oo

σi−1

OO

Thus the limit of the σi’s yields a morphism of k-Hopf algebras σ : σ(k{G}) → k{G}. As
in the proof of Theorem 2.4.10 this map corresponds to a map σ : k{G} → k{G} that
turns k{G} into a k-σ-Hopf algebra.

We need to show that k{G} is finitely σ-generated over k. Indeed, we will show
that k{G} is σ-generated by the image of k[G0]. To do this it suffices to show that the
morphism of k-algebras k[Gi−1] ⊗k σ(k[Gi−1]) → k[Gi] is surjective. But it corresponds to
the morphism Gi → Gi−1 × σGi−1, g 7→ (πi(g), σi(g)). By the definition a σ-projective
system ker(πi)∩ker(σi) = 1. So the latter map is injective. By Theorem 6.2.9 this implies
that k[Gi−1]⊗k σ(k[Gi−1])→ k[Gi] is surjective.

So k{G} is a finitely σ-generated k-σ-Hopf algebra and we can defineG as the σ-algebraic
group represented by k{G}. Because the k[Gi]’s are étale k-algebras, it is clear that G is
σ-étale.

Finally, a morphism k{G} → ks of k-algebras, is a consistent family of morphisms of
k-algebras k[Gi]→ ks. So G](ks) = lim←− Gi = G.

As an immediate corollary to Theorem 6.2.14 we obtain:
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Corollary 6.2.15. Let k be a separably algebraically closed σ-field. Then the category
of σ-étale σ-algebraic groups is equivalent to the category of profinite σ-groups of finite
σ-type.

Definition 6.2.16. A σ-algebraic group G is called finite if k{G} is a finite dimensional
k-vector space.

We will study finite σ-algebraic groups in more detail in Subsection 6.3.2. Clearly a
σ-algebraic group G is finite and σ-étale if and only if k{G} is an étale k-algebra.

Let G be a finite σ-group, i.e., a finite group equipped with a group endomorphism
σ : G→ G. A continuous action of G on G is called a continuous σ-action if

σ(τ(g)) = σ(τ)(σ(g))

for all τ ∈ G and g ∈ G. A morphism of finite σ-groups with a continuous σ-action of G
is a morphism of groups that commutes with σ and the action of G .

Corollary 6.2.17. The category of finite σ-étale σ-algebraic groups is equivalent to the
category of finite σ-groups with a continuous σ-action of G .

Proof. A σ-étale σ-algebraic group G is finite if and only if G](ks) is a finite group. A
finite σ-group equipped with the discrete topology is a profinite σ-group of finite σ-type.
According to Theorem 6.2.14 it suffices to show that a σ-continuous action of G on a finite
σ-group is equivalent to a continuous σ-action.

Given a continuous σ-action we can form the σ-projective system Gi = G with πi the
identity map and σi = σ to see that the action is σ-continuous. Conversely a σ-continuous
action is a continuous σ-action because G is finite.

Corollary 6.2.18. The category of strongly σ-étale σ-algebraic groups is equivalent to the
category of finite σ-groups with a continuous σ-action of G where σ is an automorphism.

Proof. Following Corollary 6.2.17 it suffices to show that a finite σ-étale σ-algebraic group
G is strongly σ-étale, i.e., k{G} is σ-separable, if and only if σ : G](ks) → G](ks) is an
isomorphism.

If k{G} is σ-separable, then σ : k{G} ⊗k ks → k{G} ⊗k ks is injective. Therefore
the induced map on spectra Spec(k{G} ⊗k ks) → Spec(k{G} ⊗k ks) is surjective (cf.
[Bou72, Prop. 16, Chapter II, §2.6, p.74]). Since these are finite sets we see that
σ : G](ks)→ G](ks) is bijective. Conversely, let G be a finite σ-group with a continu-
ous σ-action of G such that σ : G → G is bijective. Then σ : G → σG is an isomorphism of
groups with a continuous G -action. So, using Lemma 6.2.12, we see that the corresponding
map of k-algebras σ(k{G}) → k{G} is an isomorphism. Thus k{G} is σ-separable over k
(Proposition 1.1.8).

Example 6.2.19. Let k = Q, considered as a constant σ-field and let G denote the
Galois group of ks = Q over k. As extension of σ to ks we choose the identity map. So
the action of σ on G is trivial and therefore a continuous σ-action is a continuous action
that commutes with σ.

Let G be the group with three elements and let σ : G → G, g 7→ g2 be the non-trivial
endomorphism of G. We define a continuous σ-action of G on G as follows: The field
Q

(
e±

2πi
3

)
= Q( i

√
3

2 ) is a quadratic field extension of Q. Let the non-trivial element of
its Galois group act on G as the non-trivial endomorphism of G and let G act on G via
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its restriction to Q
(
e±

2πi
3

)
. Clearly, the action of G is continuous and commutes with σ.

Therefore G is a finite σ-group with a continuous σ-action. The corresponding σ-algebraic
group is given by

G(R) = {g ∈ R×| g3 = 1, σ(g) = g2} ≤ Gm(R)

for any k-σ-algebra R.

The following example shows that a σ-continuous action need not be continuous.

Example 6.2.20. Let F3 denote the field with three elements and let k = F3〈λ〉, i.e., k
is the quotient field of the σ-polynomial ring k{λ}. Let G be the σ-closed subgroup of Ga

given by
G(R) = {g ∈ R| g3 − λg = 0} ≤ Ga(R)

for any k-σ-algebra R. Because the polynomial y3 − λy is separable, G is a σ-étale
σ-algebraic group. Let ks denote the separable algebraic closure of k and choose a root√
λ ∈ ks of λ. We can define a morphism of k-σ-algebras g : k{G} = k{y}/[y3 − λy]→ ks

by sending y to
√
λ. The image of g is F3〈

√
λ〉 and this is an infinite field extension of

k = F3〈λ〉. As in the proof of Theorem 6.2.14 let G = G](ks) be the profinite σ-group
of finite σ-type with a σ-continuous action of the Galois group G of ks over k. Because
g(k{G}) is an infinite field extension of k, the orbit of g under the action of G is infinite.
Thus the stabilizer of g is not an open subgroup of G and the action of G on G is not
continuous.

6.3 Infinitesimal and finite difference algebraic groups

Infinitesimal algebraic groups play an important role in the theory of algebraic groups
in positive characteristic. A possible analogy for difference algebraic groups in positive
characteristic is to consider difference algebraic groups where the maximal ideal mG cor-
responding to the identity element is nilpotent. However, there also is another analogy
which applies in any characteristic. Namely, we can think of the endomorphism σ as
being analogous to the Frobenius endomorphism. So mG is σ-nilpotent in the sense that
σn(mG) = 0 for some n ∈ N. Also a combination of the two ideas just outlined is possible.

Definition 6.3.1. A σ-algebraic group G is called

• infinitesimal if G(R) = 1 for every reduced k-σ-algebra R.

• σ-infinitesimal if G(R) = 1 for every σ-reduced k-σ-algebra R.

• semiinfinitesimal if G(R) = 1 for every reduced and σ-reduced k-σ-algebra R.

Clearly an infinitesimal σ-algebraic group is semiinfinitesmial. Also a σ-infinitesimal
σ-algebraic group is semiinfinitesimal. Semiinfinitesmial σ-algebraic groups are important
for us because they naturally appear in the structure theorem of finite σ-algebraic groups
(Theorem 6.3.9). While σ-infinitesimal σ-algebraic groups naturally occur in Babbitt’s
decomposition for σ-étale σ-algebraic groups (Theorem 6.4.10).
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6.3.1 Semiinfinitesimal difference algebraic groups

Lemma 6.3.2. The following four conditions on a σ-algebraic group G are equivalent.

(i) G is semiinfinitesmial.

(ii) Gσ- red,red = 1.

(iii) The radical of the reflexive closure of the zero ideal of k{G} equals mG.

(iv) For every element f ∈ mG there exist integers n ≥ 0, m ≥ 1 such that σn(f)m = 0.

Proof. The equivalence of (ii), (iii) and (iv) follows immediately from the definitions. Let
us show that (i) implies (iii). Let a denote the reflexive closure of the radical of the zero
ideal of k{G}. Then R = k{G}/a is reduced and σ-reduced. As G(R) = 1, the canonical
map k{G} → R factors through the counit ε : k{G} → k. This means that a = mG.

Finally, we show that (iv) implies (i). Let R be a reduced and σ-reduced k-σ-algebra.
Let g ∈ G(R) = Hom(k{G}, R) and let f ∈ mG. By (iv) there exist integers n ≥ 0, m ≥ 1
such that σn(f)m = 0. So σn(g(f))m = 0. Because R is reduced and σ-reduced this
implies g(f) = 0. Thus g(mG) = 0 and g factors through the counit, i.e., g = 1.

Lemma 6.3.3. A semiinfinitesimal σ-algebraic group is σ-connected and has σ-dimension
zero.

Proof. Let G be a semiinfinitesimal σ-algebraic group. To show that G is σ-connected it
suffices to show that k{G} contains no non-trivial constant idempotent element (Corol-
lary 4.2.3). Suppose e ∈ k{G} is a non-trivial constant idempotent. Then also e′ := 1− e
is a non-trivial constant idempotent. Because ee′ = 0, the counit ε : k{G} → k must
satisfy ε(e) = 0 or ε(e′) = 0. Without loss of generality we may assume that ε(e) = 0.
So e ∈ mG, but then σn(e)m = 0 for some n ≥ 0 and m ≥ 1 since G is semiinfinitesimal
(Lemma 6.3.2). This contradicts the assumption that e is a constant idempotent.

To show that G has σ-dimension zero, we may assume that k is perfect and inver-
sive (Lemma 2.2.19). Then σ- dim(G) = σ- dim(Gσ- red,red) by Lemma 4.1.22. Because
Gσ- red,red = 1 by Lemma 6.3.2, we see that σ- dim(G) = 0.

The following example shows that a semiinfinitesimal σ-algebraic group need not be
connected.

Example 6.3.4. Let G be the σ-algebraic group given by

G(R) = {g ∈ R×| g2 = 1, σ(g) = 1} ≤ Gm(R)

for any k-σ-algebra R. Clearly G is σ-infinitesimal. If the characteristic of k is not equal
to 2, then k{G} = k × k. So G is not connected.

The following example shows that a semiinfinitesimal σ-algebraic group may have
positive order.

Example 6.3.5. For n ≥ 1 let G be the σ-algebraic group given by

G(R) = {g ∈ R| σn(g) = 0} ≤ Ga(R)

for any k-σ-algebra R. Then G is σ-infinitesimal and has order n.
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The following example shows that a semiinfinitesimal σ-algebraic group may have limit
degree greater than one.

Example 6.3.6. Let G be the σ-algebraic group given by

G(R) = {g ∈ R×| g2 = 1} ≤ Gm(R)

for any k-σ-algebra R. Assume that the characteristic of k is equal to 2. Then g2 − 1 =
(g − 1)2 for any g ∈ R. Thus G is infinitesimal. According to Example 2.4.6 we have
ld(G) = 2.

6.3.2 Finite difference algebraic groups

Recall that a σ-algebraic group G is called finite if k{G} is a finite dimensional k-vector
space. In this subsection we prove a structure theorem for finite σ-algebraic groups. We
show that over an inversive and perfect σ-field a finite σ-algebraic group is a semidirect
product of a semiinfinitesimal σ-algebraic group and a strongly σ-étale σ-algebraic group.
We also prove a similar result for finite σ-étale σ-algebraic groups. Over an inversive base
σ-field every finite σ-étale σ-algebraic group is as a semidirect product of a σ-infinitesimal
σ-algebraic group and and a strongly σ-étale σ-algebraic group.

Clearly quotients and σ-closed subgroups of finite σ-algebraic groups are finite. A
finite connected algebraic group is infinitesimal. The following result can be seen as a
difference analog of this fact.

Lemma 6.3.7. A finite σ-connected σ-algebraic group is semiinfinitesimal.

Proof. Let G be a finite σ-connected σ-algebraic group. Then Spec(k{G}) is a finite
discrete topological space. Set

Z = {p ∈ Spec(k{G})| ∃ n ∈ N : σ−n(p) = mG}.

Then Z and the complement of Z are σ-closed subsets of Spec(k{G}). Because Spec(k{G})
is σ-connected and mG ∈ Z we must have Z = Spec(k{G}). It follows that there exists an
n ∈ N such that σ−n(p) = mG for every prime ideal p of k{G}. Since the nilradical is the
intersection of all prime ideals, it follows that σ−n(

√
0) = mG. So

√
0
∗

= mG. This shows
that G is semiinfinitesimal (Lemma 6.3.2).

Corollary 6.3.8. A finite σ-algebraic group is σ-connected if and only if it is semiin-
finitesimal.

Proof. Clear from Lemma 6.3.7 and Lemma 6.3.3.

Theorem 6.3.9. Let G be a finite σ-algebraic group. If k is perfect and inversive, then
G is the semidirect product of a semiinfinitesimal σ-algebraic group and a strongly σ-étale
σ-algebraic group. More precisely,

G ' Gσo o πσ0 (G)

with Gσo semiinfinitesimal and πσ0 (G) strongly σ-étale.
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Proof. We know from Lemma 6.3.7 that Gσo is semiinfinitesimal and clearly πσ0 (G) is
strongly σ-étale. Considering the exact sequence

1→ Gσo → G→ πσ0 (G)→ 1

we see from Lemma 3.3.17, that it suffices to find a σ-closed subgroup H of G such
that G→ πσ0 (G) induces an isomorphism H → πσ0 (G). Because k is perfect and in-
versive Gσ- red,red, is a subgroup of G (Corollary 2.5.7). The k-σ-algebra k{Gσ- red,red}
is reduced and σ-reduced. Because k is perfect and k{Gσ- red,red} is reduced and of fi-
nite degree over k, we know from [Bou90, Theorem 4, Chapter V, §6, No. 7, A.V.34]
that k{Gσ- red,red} is an étale k-algebra. Similarly, because k{Gσ- red,red} is σ-reduced
and k is inversive, it follows from Proposition 1.1.8 that k{Gσ- red,red} is σ-separable. So
k{Gσ- red,red} is strongly σ-étale and πσ0 (Gσ- red,red) = Gσ- red,red. By Theorem 4.2.58 the
inclusion Gσ- red,red ↪→ G induces an isomorphism Gσ- red,red = πσ0 (Gσ- red,red) → πσ0 (G).
Thus G→ πσ0 (G) restricts to an isomorphism Gσ- red,red ' πσ0 (G).

Example 6.3.10. Assume that k has positive characteristic and let G be a Frobenius
algebraic group as in Example 2.1.14, with corresponding algebraic group G. Assume that
G is finite and that k is perfect (and therefore inversive). Then the semidirect product
decomposition G ' Gσo o πσ0 (G) of Theorem 6.3.9 corresponds to the semidirect product
decomposition G ' Go o π0(G). (See [Wat79, Theorem 6.8, p. 52].)

The example in [Wat79, Exercise 10, Chapter 6, p. 53] shows that Theorem 6.3.9 is
not valid without restrictions on the base σ-field k.

Our next goal is to prove a statement similar to Theorem 6.3.9 for finite σ-étale
σ-algebraic groups. For this we need the following lemma:

Lemma 6.3.11. A reduced finite σ-connected σ-algebraic group is σ-infinitesimal.

Proof. Let G be a reduced finite σ-connected σ-étale σ-algebraic group. As in the proof of
Lemma 6.3.7 we see that there exists n ≥ 1 such that σ−n(p) = mG for every prime ideal
p of k{G}. Because G is reduced, this implies σ−n(0) = mG. So G is σ-infinitesimal.

The following example shows that Lemma 6.3.11 does not hold without the assumption
that G is reduced.

Example 6.3.12. Let k be a σ-field of characteristic 2 and let G be the σ-algebraic group
given by

G(R) = {g ∈ R×| g2 = 1, σ(g) = g} ≤ Gm(R)

for any k-σ-algebra R. Then k{G} = k[y]/(y2 − 1) = k[y]/
(
(y − 1)2

)
. So G is finite and

connected (in particular, G is σ-connected). The image of y− 1 lies in mG and is fixed by
σ. So G is not σ-infinitesimal.

Corollary 6.3.13. A finite reduced σ-algebraic group is σ-connected if and only if it is
σ-infinitesimal.

Proof. Clear from Lemma 6.3.11 and Lemma 6.3.3.

Theorem 6.3.14. Let G be a finite σ-étale σ-algebraic group. If k inversive, then G is the
semidirect product of a σ-infinitesimal σ-algebraic group and a strongly σ-étale σ-algebraic
group. More precisely,

G ' Gσo o πσ0 (G)

with Gσo σ-infinitesimal and πσ0 (G) strongly σ-étale.
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Proof. As Gσo is σ-étale it is reduced. Therefore Gσo is σ-infinitesimal by Lemma 6.3.11.
Because k is inversive, Gσ- red is a subgroup of G (Corollary 2.5.7). As in the proof of
Theorem 6.3.9 it suffices to show thatG→ πσ0 (G) induces an isomorphismGσ- red ' πσ0 (G).

Because k is inversive it follows from Lemma 4.2.54 that (Gσ- red)K = (GK)σ- red for
every σ-field extension K of k. Replacing k with a perfect and inversive σ-field extension
of k (cf. Lemma 1.1.6) we may therefore assume that k is perfect.

Because k is inversive and k{Gσ- red} σ-reduced, it follows from Proposition 1.1.8 that
k{Gσ- red} is σ-separable. Because Gσ- red is σ-étale (Lemma 6.1.5) we see that Gσ- red

is strongly σ-étale. Moreover Gσ- red = Gσ- red,red. So Gσ- red = πσ0 (Gσ- red) ' πσ0 (G) by
Theorem 4.2.58.

Let us illustrate Theorem 6.3.14 in the case that G comes from a finite group.

Example 6.3.15. Let G be a finite group and σ : G → G an endomorphism. Let G be
the σ-algebraic group associated to this data as in Example 2.1.15. We have seen in
Example 2.5.9 that Gσ- red corresponds to the the subgroup H = ∩n∈Nσ

n(G) of G. And in
Example 4.2.51 we have seen that Gσo corresponds to the subgroup

N = {g ∈ G| ∃ n ∈ N : σn(g) = 1}

of G. So the semidirect product composition of Theorem 6.3.14 corresponds to the semidi-
rect product composition G = N o H of G.

6.3.3 Difference infinitesimal difference algebraic groups

Proposition 6.3.16. The following conditions on a σ-algebraic group G are equivalent:

(i) G is σ-infinitesimal.

(ii) Gσ- red = 1.

(iii) The reflexive closure of the zero ideal of k{G} equals mG.

(iv) For every f ∈ mG there exists an integer n ≥ 1 such that σn(f) = 0.

(v) There exists an integer n ≥ 1 such that σn(mG) = 0.

Proof. The equivalence of (ii), (iii) and (iv) is tautological. Let us show that (i) implies
(iii). Let a denote the reflexive closure of the zero ideal of k{G}. Since R = k{G}/a is
σ-reduced, it follows from (i) that the canonical map k{G} → k{G}/a factors through the
counit k{G} → k whose kernel is mG. Thus a = mG.

Let us next show that (iv) implies (i). Let f ∈ k{G} with σn(f) = 0. If R is σ-reduced
and g ∈ G(R), i.e., g : k{G} → R is a morphism of k-σ-algebras, then g(f) = 0 since
σn(g(f)) = g(σn(f)) = 0. By (iv), g(mG) = 0 so that the morphism g : k{G} → R factors
through the counit k{G} → k{G}/mG = k, i.e., g = 1.

Finally we show that (iv) implies (v). By Theorem 2.3.1, there exist f1, . . . , fm ∈ mG

such that mG = [f1, . . . , fm]. For every i = 1, . . . ,m there exists an integer ni ≥ 1 such
that σni(fi) = 0. For the maximum n of the ni’s we have σn(mG) = 0.

Example 6.3.17. Let G be a finite group and σ : G → G an endomorphism. As in Ex-
ample 2.1.15 let G be the σ-algebraic group associated to this data. Then it follows from
Corollary 6.3.13 and Example 4.2.51 that G is σ-infinitesimal if and only if some power of
σ : G→ G is the trivial endomorphism.
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Example 6.3.18. Assume that k has positive characteristic. Let G be an algebraic group
and let G be the associated Frobenius algebraic group as in Example 2.1.14. Then it
follows from Proposition 6.3.16 that G is σ-infinitesimal if and only if G is an infinitesimal
algebraic group.

Lemma 6.3.19. Let G be a σ-algebraic group and K a σ-field extension of k. Then G is
σ-infinitesimal if and only if GK is σ-infinitesimal.

Proof. This is clear from Proposition 6.3.16 since mGK
= mG⊗kK and σn(mG) = 0 if and

only if σn(mG ⊗k K) = 0.

Theorem 6.3.20. Let G be a σ-infinitesimal σ-algebraic group. Then σ-dim(G) = 0,
ld(G) = 1 and G is σ-connected.

Proof. We already know from Lemma 6.3.3 that G is σ-connected and that σ- dim(G) = 0.
So we only have to show that ld(G) = 1. Assume that f1, . . . , fn σ-generate k{G} over
k. For i = 1, . . . , n let λi ∈ k denote the image of fi under the counit k{G} → k. Then
mG = [f1 − λ1, . . . , fn − λn]. Since G is σ-infinitesimal, there exists an integer m ≥ 1
such that σm(fi − λi) = 0 for i = 1, . . . , n. So σj(fi) ∈ k for j ≥ m. It follows that the
σj(fi), (1 ≤ i ≤ n, 0 ≤ j ≤ m) generate k{G} as a k-algebra. Thus G has limit degree
one (Proposition 2.4.8).

In particular, a σ-infinitesimal σ-algebraic group has only finitely many components.
We have already seen in Example 6.3.4 that a σ-infinitesimal σ-algebraic group need not
be connected.

For later use we record:

Lemma 6.3.21. Let φ : G→ H be a morphism of σ-algebraic groups and H ′ ≤ H. If H ′

and ker(φ) are σ-infinitesimal, then φ−1(H ′) is σ-infinitesimal.

Proof. Let R be a σ-reduced k-σ-algebra. Then

φ−1(H ′)(R) = {g ∈ G(R)| φ(g) ∈ H ′(R) = 1} = ker(φ)(R) = 1.

6.3.4 Difference Frobenius kernels

Difference Frobenius kernels are certain σ-infinitesimal σ-algebraic groups which are nat-
urally associated to any σ-algebraic group. Frobenius kernels play an important role in
the representation theory of algebraic groups in positive characteristic. (See e.g., [Jan87,
Section 9, Part I].) In this subsection we introduce a σ-analog of Frobenius kernels by re-
placing the Frobenius endomorphism with an arbitrary endomorphism σ. We are mainly
interested in σ-Frobenius kernels as a tool for the proof of Babbitt’s decomposition for
σ-étale σ-algebraic groups (Theorem 6.4.10).

Starting from Section 2.2 we have made it a general assumption that the base σ-ring k
is a σ-field. However, in the beginning of this subsection until Definition 6.3.23 we allow
k to be an arbitrary σ-ring1.

1This generality is needed for the proof of Proposition 6.3.32
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Let R be a k-σ-algebra. For r ∈ N the map σr : k → k, λ 7→ σr(λ) is a morphism of
difference rings. We denote by

σrR

the k-σ-algebra obtained from R by restriction of scalars via σr : k → k. That is, σrR
equals R as a difference ring, but the k-algebra structure map is k → σrR, λ 7→ σr(λ).
Note that σr : R→ σrR, a 7→ σr(a) is a morphism of k-σ-algebras.

For the sake of brevity, let us a call a functor from k-σ-Alg to Sets a k-σ-functor.
Similarly to Subsection 1.2.4, let us denote the k-σ-functor obtained from a k-σ-functor
X by extension of scalars via σr : k → k by

σr
X.

That is, for a k-σ-algebra R we have σr
X(R) = X(σrR). If X is a σ-variety (over k), then

σr
X is a σ-variety (over k) and k{σr

X} = σr
(k{G}) = k{G} ⊗k k (cf. Subsection 1.2.3).

We define a morphism of k-σ-functors

F rX : X → σr
X

by (F rX)R := X(σr) : X(R) → X(σrR) = σr
X(R) for any k-σ-algebra R. This makes

sense because σr : R → σrR is a morphism of k-σ-algebras. Moreover, if ψ : R → R′ is a
morphism of k-σ-algebras, then

R

ψ

��

σr
//
σrR

ψ
��

R′
σr
//
σrR′

is a commutative diagram of k-σ-algebras. Therefore

X(R)

X(ψ)

��

(F r
X)R // σr

X(R)

σr
X(ψ)

��
X(R′)

(F r
X)R′ // σr

X(R′)

commutes, so that F rX is indeed natural in R, as required. We write

FX

for F 1
X .

If φ : X → Y is a morphism of k-σ-functors, then

X(R)

X(σr)
��

φR // Y (R)

Y (σr)

��
X(σrR)

φ(σr R)// Y (σrR)

commutes for any k-σ-algebra R. Therefore we have a commutative diagram

X
φ //

F r
X

��

Y

F r
Y

��
σr
X

σr
φ // σr

Y
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of k-σ-functors.
If X is a σ-variety, the dual morphism (F rX)∗ : σ

r
(k{X}) → k{X} is the image of

id ∈ X(k{X}) = Hom(k{X}, k{X}) in

σr
X(k{X}) = Hom(k{X}, σr(k{X})) = Hom(σ

r
(k{X}), k{X})

under (F rX)k{X}. Thus (F rX)∗ is given by

(F rX)∗ : σ
r
(k{X})→ k{X}, f ⊗ λ 7→ σr(f)λ. (6.4)

Note that if G is a σ-algebraic group. Then F rG : G→ σr
G is a morphism of σ-algebraic

groups.

From now on we again assume that the base σ-ring k is a σ-field.

Example 6.3.22. Let G be a σ-algebraic group. By Theorem 2.1.17 we may embed
G as a σ-closed subgroup into some GLn. Then also σr

G is naturally embedded into
GLn: The equations defining σr

G as a σ-closed subgroup of GLn are obtained from the
equations defining G as a σ-closed subgroup of GLn by applying σr to the coefficients of
the equations. The endomorphism φ of GLn (considered as σ-algebraic group) given by

φR : GLn(R)→ GLn(R), g 7→ σr(g)

where σr(g) is the matrix obtained from g by applying σ to the coefficients, restricts to a
morphism φ : G→ σr

G. The dual map of φ on k{GLn} = k{xij , 1
det(x)} is given by

φ∗ : k{xij , 1
det(x)} → k{xij , 1

det(x)}, xij 7→ σr(xij).

It follows that the dual map of φ : G→ σr
G agrees with the dual map of F rG given in (6.4).

In other words, φ agrees with F rG. (The advantage of the abstract description is that it
shows that φ does not depend on the chosen embedding of G into GLn.)

We would like to understand when the σ-Frobenius map FG : G → σr
G is surjective.

The following definition contains the answer.

Definition 6.3.23. A σ-algebraic group G is called absolutely σ-reduced if GK is σ-reduced
for every σ-field extension K|k.

Thus G is absolutely σ-reduced if and only if k{G} is a σ-separable k-σ-algebra.
The following example shows that a σ-reduced σ-algebraic group need not be absolutely
σ-reduced.

Example 6.3.24. Let k be a σ-field such that there exists a λ ∈ k that is transcendental
over σ(k). (In particular, k is not inversive. For example, we may choose k = Q〈y〉 and
λ = y.) Let G be the σ-closed subgroup of the additive group given by

G(R) = {g ∈ R| σ2(g) + λσ(g) = 0} ≤ Ga(R)

for any k-σ-algebra R. Then k{G} = k[y, σ(y)]. To show that σ is injective on k{G}, it
suffices to show that σ(y) and σ2(y) = −λσ(y) are algebraically independent over σ(k).
But this is guaranteed by the assumption on λ. Thus G is σ-reduced. However, G is not
absolutely σ-reduced. Over the inversive closure k∗ of k we can find µ ∈ k∗ such that
σ(µ) = λ and then σ(y) + µy lies in the kernel of σ on k∗{Gk∗} = k∗[y, σ(y)].
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In Corollary 6.4.2 we will show that an algebraic group, when considered as a σ-algebraic
group is absolutely σ-reduced.

Lemma 6.3.25. Let G be a σ-algebraic group. The following statements are equivalent:

(i) FG : G→ σG is surjective.

(ii) F rG : G→ σr
G is surjective for every r ∈ N.

(iii) G is absolutely σ-reduced.

Proof. By Proposition 1.1.8 the k-σ-algebra k{G} is σ-separable over k if and only if
(FG)∗ : σ(k{G}) → k{G} is injective. Thus (i) and (iii) are equivalent. To see that (i)
implies (ii), note that if k{G} is σ-separable over k, then k{G} is also σr-separable over k
by Proposition 1.1.8.

Definition 6.3.26. Let G be a σ-algebraic group and r ∈ N. The kernel G(r) of the
morphism F rG : G→ σr

G is called the r-th σ-Frobenius kernel of G.

Since F r+sG = F sσrG
◦ F rG we have

1 = G(0) ⊂ G(1) ⊂ G(2) ⊂ · · · .

Moreover, from equation (6.4) we see that

I(G(r)) = (σr(mG)) ⊂ k{G}

and
k{G/G(r)} = k[σr(k{G})] ⊂ k{G}.

Example 6.3.27. The r-th σ-Frobenius kernel of GLn is given by

(GLn)(r)(R) = {g ∈ GLn(R)| σr(g) = In}

for any k-σ-algebra R. Here In denotes the n by n identity matrix.

Example 6.3.28. The r-th σ-Frobenius kernel of Ga is given by

(Ga)(r)(R) = {g ∈ R| σr(g) = 0} ≤ Ga(R)

for any k-σ-algebra R.

Example 6.3.29. Let G be the σ-closed subgroup of GLn given by

G(R) = {g ∈ GLn(R)| σ(g) = g}

for any k-σ-algebra R. Then it is clear from Example 6.3.22 that all the σ-Frobenius
kernels of G are trivial.

Example 6.3.30. Let G be a finite group and σ : G → G an endomorphism. If G is
the σ-algebraic group determined by this data as in Example 2.1.15, then (σr(mG)) =
(eg| σr(g) 6= 1) ⊂ k{G}. Thus the r-th σ-Frobenius kernel of G corresponds to the kernel
of σr : G → G. In particular, if σ : G → G is an automorphism, all the σ-Frobenius kernels
of G are trivial.
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Example 6.3.31. Let G be a Frobenius algebraic group as in Example 2.1.14 (with
q = p) and let G be the corresponding algebraic group. Then the σ-Frobenius kernels of G
correspond to the Frobenius kernels of G (in the sense that their defining ideals are equal).

Proposition 6.3.32. Let G be a σ-algebraic group. The σ-Frobenius kernels are charac-
teristic subgroups of G.

Proof. LetR be a k-σ-algebra and φ an automorphism ofGR. According to Definition 2.1.5
we have to show that φ induces an automorphism of (G(r))R. But (G(r))R = (GR)(r).
Therefore it suffices to show that every automorphism φ of a σ-algebraic group G over
a σ-ring R induces an automorphism of G(r). But this is clear from the commutative
diagram

G
F r

G //

φ

��

σr
G

σr
φ

��
G

F r
G // σr

G

As a Corollary to Lemma 6.3.25 we obtain:

Corollary 6.3.33. Let G be an absolutely σ-reduced σ-algebraic group and let r ∈ N.
Then G/G(r) ' σr

G.

Proof. This follows immediately from Lemma 6.3.25 (and Theorem 5.2.1).

Lemma 6.3.34. Let G be a σ-algebraic group. Then G(r) is a σ-infinitesimal σ-algebraic
group for every r ∈ N. Conversely, if H is a σ-infinitesimal σ-closed subgroup of G, then
H is contained in some G(r).

Proof. Since k{G(r)} = k{G}/(σr(mG)) it is clear that the augmentation ideal mG(r)
of

G(r) satisfies σr(mG(r)
) = 0. So G(r) is σ-infinitesimal (Proposition 6.3.16).

If H ≤ G is σ-infinitesimal. Then σr(mG) ⊂ I(H) for some r ∈ N. So I(G(r)) =
(σr(mG)) ⊂ I(H) and consequently H ≤ G(r).

Corollary 6.3.35. Let G be a σ-algebraic group. Then G is σ-infinitesimal if and only if
G = G(r) for r À 0.

Proof. If G is σ-infinitesimal, there exists an integer n ≥ 1 such that σn(mG) = 0. Then
I(G(r)) = (σr(mG)) = 0 and therefore G = G(r) for r ≥ n.

The converse statement follows from Lemma 6.3.34.

For later use we record:

Lemma 6.3.36. Let N EH ≤ G be σ-algebraic groups. If H/N is absolutely σ-reduced,
then

(F rG)−1(σ
r
H)/(F rG)−1(σ

r
N) ' σr

(H/N)

for every r ∈ N.
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Proof. Using Lemma 3.2.7 we obtain a morphism

(F rG)−1(σ
r
H)

F r
G−−→ σr

H ³ σr
H/σ

r
N = σr

(H/N)

with kernel (F rG)−1(σ
r
N). By Corollary 3.2.4 this yields an injective morphism

φ : (F rG)−1(σ
r
H)/(F rG)−1(σ

r
N) ↪→ σr

(H/N).

Since H/N is absolutely σ-reduced, F rH/N is surjective (Lemma 6.3.25). Because

H/N //

F r
H/N $$IIIIIIIII

(F rG)−1(σ
r
H)/(F rG)−1(σ

r
N)

φuukkkkkkkkkkkkkk

σr
(H/N)

commutes, this implies that φ is surjective. So φ is injective and surjective and therefore
an isomorphism (Corollary 3.3.10).

6.4 Babbitt’s decomposition for σ-étale difference algebraic
groups

Babbitt’s decomposition theorem is a very useful structure theorem for finitely σ-generated
extensions of σ-fields such that the underlying field extension is Galois. (See [Lev08,
Theorem 5.4.13, p. 336] and [Bab62]).

In this section we prove an analogous decomposition theorem (Theorem 6.4.10) for
σ-étale σ-algebraic groups. The seemingly surprising fact that σ-algebraic groups have
structural properties similar to σ-field extensions is to some extent explained by the
σ-Galois theory of linear differential equations. (See [DVHW14].)

However, even if it was known that every σ-étale σ-algebraic group is the σ-Galois
group of some σ-Picard-Vessiot extension (see [DVHW14]) it appears to be impossible to
derive Babbitt’s decomposition theorem for σ-algebraic groups from Babbitt’s decomposi-
tion theorem for σ-field extensions. Our theorem is in some sense more general because we
allow an arbitrary σ-field as the base σ-field. In a certain sense Babbitt’s decomposition
theorem for σ-field extensions only corresponds to the case of an algebraically closed base
σ-field. Also, the σ-Galois theory of linear differential equations has so far only been devel-
oped in characteristic zero. Our Babbitt’s decomposition theorem for σ-algebraic groups
and its proof is also more general in another respect: In Babbitt’s decomposition theorem
for σ-fields it is assumed that the smaller σ-field is inversive and this property is used in a
crucial way in several steps of the original proof. Via the σ-Galois theory the assumption
that the smaller σ-field is inversive would imply that the corresponding σ-algebraic group
is absolutely σ-reduced (see [DVHW14, Prop. 4.3]). But we do not need to make this
assumption for Babbitt’s decomposition theorem for σ-algebraic groups. In fact, in the
course of proving Babbitt’s decomposition theorem for σ-algebraic groups, the author was
able to find a new proof of Babbitt’s decomposition theorem for σ-field extensions that
does not require the assumption that the smaller σ-field is inversive. This improved version
of Babbitt’s decomposition theorem for σ-field extensions will be published elsewhere.

For the proof of Babbitt’s decomposition theorem for σ-algebraic groups we require
some preparatory results and definitions.
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Lemma 6.4.1. Let T be a k-algebra. Then [σ]kT is σ-separable over k.

Proof. For a σ-field extension K of k we have ([σ]kT ) ⊗k K = [σ]K(T ⊗k K). There-
fore it suffices to show that [σ]kT is σ-reduced. And for this it suffices to show that
σ : T [i]→ T [i+ 1] is injective for every i ≥ 0. But σ : T [i] → σ(T [i]) → T [i + 1] is the
composition of two injective maps.

From Lemma 6.4.1 we immediately obtain:

Corollary 6.4.2. Let G be an algebraic group. Then [σ]kG is an absolutely σ-reduced
σ-algebraic group.

Lemma 6.4.3. Let G be a benign σ-algebraic group and K a σ-field extension of k. Then
GK is a benign σ-algebraic group (over K).

Proof. If G is an étale algebraic group such that G = [σ]kG, then GK is an étale algebraic
group (over K) and therefore GK = [σ]KGK is benign.

The following proposition is an important step in the proof of Babbitt’s decomposition
for σ-étale σ-algebraic groups. Roughly speaking, it shows that in a subnormal series we
can get rid of the top σ-infinitesimal quotient.

Proposition 6.4.4. Let G be a σ-algebraic group with a subnormal series

G ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gn+1 ⊃ 1

such that G/G1 is σ-infinitesimal, Gi/Gi+1 is benign for i = 1, . . . n and Gn+1 is
σ-infinitesimal. Then there exists a subnormal series

G ⊃ H1 ⊃ H2 ⊃ · · · ⊃ Hn ⊃ 1

such that G/H1 and Hi/Hi+1 (i = 1, . . . , n− 1) are benign and Hn is σ-infinitesimal.

Proof. Since G/G1 is σ-infinitesimal, there exists an r ∈ N such that (G/G1)(r) = G/G1

(Corollary 6.3.35). It is then clear from the commutative diagram

G // //

F r
G

��

G/G1

F r
G/G1
��

σr
G // σr

(G/G1)

that (F rG)−1(σ
r
G1) = G. Define

Hi = (F rG)−1(σ
r
Gi+1) for i = 0, . . . , n.

(SoH0 = G.) Because benign σ-algebraic groups are absolutely σ-reduced (Corollary 6.4.2)
it follows from Lemma 6.3.36 that Hi/Hi+1 ' σr

(Gi−1/Gi) is benign for i = 0, . . . , n
(Lemma 6.4.3). Finally, because σr

Gn+1 is σ-infinitesimal (Lemma 6.3.19) the σ-algebraic
group Hn = (F rG)−1(σ

r
Gn+1) is σ-infinitesimal by Lemma 6.3.21.
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Let G be a σ-étale σ-algebraic group. Let G be an étale algebraic group and φ : G→ G
a morphism of σ-algebraic groups. Then φ(G) ≤ G is σ-étale (Lemma 6.1.5). Let φ(G)[0]
and φ(G)[1] denote the Zariski closure of φ(G) in G of order 0 and 1 respectively. Then
φ(G)[0] and φ(G)[1] are étale algebraic groups (Lemma 6.1.6). Let π1 : φ(G)[1]³ φ(G)[0]
be the natural projection (as in Section 2.2). We abbreviate

|φ|1 := | ker(π1)|.

By Proposition 2.2.1 we have |φ|1 ≤ ld(φ(G)). If ker(φ) is σ-infinitesimal (e.g, if φ is
injective), then

ld(φ(G)) = ld(G/ ker(φ)) =
ld(G)

ld(ker(φ))
= ld(G)

by Corollary 3.2.14 and Theorem 6.3.20. So

|φ|1 ≤ ld(G).

Definition 6.4.5. Let G be a σ-étale σ-algebraic group. A morphism φ : G → G of
σ-algebraic groups from G to an étale algebraic group G is called a standard embedding
of G (into G) if

• φ is injective,

• φ(G) is Zariski dense in G and

• ld(G) = |φ|1.

Lemma 6.4.6. Let G be a σ-étale σ-algebraic group. Then there exists a standard em-
bedding of G.

Proof. By Theorem 2.1.17 there exists an algebraic group H and an injective morphism
G ↪→ H of σ-algebraic groups. By Lemma 6.1.6 the Zariski closures G[i]H of G in H
are étale algebraic groups. As in Section 2.2 let Hi denote the kernel of the projec-
tion πi : G[i]H → G[i − 1]H. By Proposition 2.2.1 there exists an m ≥ 0 such that
σi : Hi → σ(Hi−1) is an isomorphism for every i > m. So |Hm+1| = ld(G).

Set G = G[m]H. By Lemma 2.1.16 the inclusion of k-Hopf algebras k[G] ⊂ k{G}
induces a surjective morphism of k-σ-Hopf algebras k{G}³ k{G}. Let φ : G ↪→ G denote
the corresponding injective morphism of σ-algebraic groups and for i ≥ 0 let G[i]G denote
the i-th order Zariski closure of G in G. Then G[i]G = G[m + i]H for every i ≥ 0. Let
Gi denote the kernel of the projection πi : G[i]G → G[i − 1]G . Then Gi = Hm+i for i ≥ 1.
Therefore |φ|1 = |G1| = |Hm+1| = ld(G). So φ is a standard embedding.

Lemma 6.4.7. Let G be a σ-étale σ-algebraic group and G an étale algebraic group. If
φ : G ↪→ G is an injective morphism of σ-algebraic groups such that ld(G) = |G|, then φ is
an isomorphism. In particular, G is benign.

Proof. We identify G with φ(G). For i ∈ N let G[i] denote the i-th order Zariski closure
of G in G and let Gi ≤ G[i] denote the kernel of the projection πi : G[i] ³ G[i − 1]
(G0 = G[0]). By Proposition 2.2.1 the sequence (|Gi|)i∈N is non-increasing and stabilizes
with value ld(G) = |G|. But as G0 is an algebraic subgroup of G, we must have |Gi| = |G|
for i ∈ N.
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Since |G[i]| = |G[i− 1]| · |Gi| for i ≥ 1 and G0 = G we have

|G[i]| = |Gi| · · · |G0| = |G|i+1.

But G[i] ≤ G × σG × · · · × σiG = G[i]. Therefore G[i] = G[i] and it follows that G = [σ]kG
is benign.

Definition 6.4.8. Let G be a σ-étale σ-algebraic group and G an étale algebraic group. A
morphism φ : G → G of σ-algebraic groups is called a substandard embedding of G (into
G) if

• ker(φ) is σ-infinitesimal,

• φ(G) is Zariski dense in G and

• ld(G) = |φ|1.

A substandard embedding G→ G of G is called minimal if |G| ≤ |H| for any substandard
embedding G→ H of G.

Note that, despite the name, a substandard embedding need not be a σ-closed embed-
ding. Since a standard embedding is a substandard embedding it is clear from Lemma 6.4.6
that for any σ-étale σ-algebraic group there exists a minimal substandard embedding.

Lemma 6.4.9. Let G be a σ-étale σ-algebraic group and let φ : G → G be a minimal
substandard embedding. Then for every r ∈ N the dimension of k[σr(k[G])] ⊂ k{G} as a
k-vector space equals |G|.

Proof. First of all, note that k[G] can be identified with a k-Hopf subalgebra of k{G}
because φ(G) is Zarsiki dense in G. By Corollary 6.4.2 the σ-algebraic group [σ]kG is
absolutely σ-reduced. It therefore follows from Corollary 6.3.33 that

[σ]kG/([σ]kG)(r) = σr
([σ]kG) = [σ]k(σ

rG).

The image of k[σ
rG] under the comorphism of

φ̃ : G
φ−→ [σ]kG ³ [σ]kG/([σ]kG)(r) = [σ]k(σ

rG)

equals k[σr(k[G])]. Let G′ ≤ σrG denote the Zariski closure of φ̃(G) in σrG. Then
k[G′] = k[σr(k[G])] and φ̃ induces a morphism φ′ : G → [σ]kG′ of σ-algebraic groups (cf.
Lemma 2.1.16).

We will show that φ′ is a substandard embedding. By construction φ′(G) is Zariski
dense in G. Because ker(φ) and ([σ]G)(r) are σ-infinitesimal (Lemma 6.3.34), it follows
from Lemma 6.3.21 that ker(φ′) = ker(φ̃) = φ−1([σ]kG)(r)) is σ-infinitesimal.

Let φ(G)[1] ≤ G × σG denote the first order Zariski closure of φ(G) in G and let G1

denote the kernel of π1 : φ(G)[1] → G. Then |G1| = ld(G) because φ is a substandard
embedding. Similarly, let φ′(G)[1] ≤ G′× σ(G′) ≤ σrG × σr+1G denote the first order Zariski
closure of φ′(G) in G′ and let G′1 denote the kernel of π1 : φ′(G)[1] → G′. The surjective
morphism of k-algebras

σr
(k[φ(G)[1]]) = k[k[G], σ(k[G])]⊗k k ³ k[σr(k[G]), σr+1(k[G])], f ⊗ λ 7→ σr(f)λ
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corresponds to a closed embedding φ′(G)[1] ↪→ σr
(φ(G)[1]) of algebraic groups, which maps

G′1 into σrG1. Therefore |G′1| ≤ |σ
rG1| = |G1| = ld(G). On the other hand, |G′1| ≥ ld(φ′(G))

by Proposition 2.2.1 and

ld(φ′(G)) = ld(G/ ker(φ′)) =
ld(G)

ld(ker(φ′))
= ld(G),

because ker(φ′) is σ-infinitesimal and therefore ld(ker(φ′)) = 1 by Theorem 6.3.20. It
follows that |G′1| ≥ ld(G) and thus |G′1| = ld(G).

So φ′ is a substandard embedding. Because φ is a minimal substandard embedding it
follows that |G′| ≥ |G|. But G′ ≤ σrG and so G′ = σrG. Therefore k[σr(k[G])] = k[G′] =
σr

(k[G]) has dimension |G| over k.

Finally, we are prepared for the proof of Babbitt’s decomposition theorem for σ-algebraic
groups.

Theorem 6.4.10 (Babbitt’s decomposition for σ-étale σ-algebraic groups). Let G be a
σ-étale σ-algebraic group. Then there exists a subnormal series

G ⊃ G1 ⊃ G2 ⊃ · · · ⊃ Gn ⊃ 1

such that G1 = Gσo, Gi/Gi+1 is benign for i = 1, . . . , n− 1 and Gn is σ-infinitesimal.

Proof. We will prove the theorem by induction on ld(G). If ld(G) = 1, then G is finite
(Proposition 2.4.8) and Gσo is σ-infinitesimal by Lemma 6.3.11. Thus the theorem holds
with n = 1.

So we may assume that ld(G) > 1. Replacing G with Gσo, we may also assume that
G is σ-connected (Corollary 4.2.37).

Step 1: Assume that there exists no normal σ-closed subgroup N of G such that
1 < ld(N) < ld(G). We will show that there exists a normal σ-infinitesimal σ-closed sub-
group G2 of G such that G/G2 is benign. (Thus the theorem is satisfied with n = 2 and
G1 = G.)

Let φ : G→ G be a minimal substandard embedding. We will show that

ld(G) = |G|. (6.5)

Note that (6.5) implies the above claim: The σ-algebraic groupG2 := ker(φ) is σ-infinitesimal
because φ is a substandard embedding and Lemma 6.4.7 applied to the induced embedding
G/G2 ↪→ G shows that G/G2 is benign because

ld(G/G2) =
ld(G)
ld(G2)

= ld(G) = |G|

by Theorem 6.3.20.

So let us prove (6.5). Let φ(G)[1] ≤ G × σG denote the first order Zariski closure of
φ(G) in G. As in Section 2.2 we have morphisms of algebraic groups

G × σG → G, (g0, g1) 7→ g0 and G × σG → σG, (g0, g1) 7→ g1

which induce morphisms π1 : φ(G)[1] ³ G(= φ(G)[0]) and σ1 : φ(G)[1] → σG. Set G1 =
ker(π1) and G′ = ker(σ1). Then G′G1 E φ(G)[1] and we define H = φ(G)[1]/G′G1. We will
next show that

|G| = |H| · ld(G). (6.6)



CHAPTER 6. ÉTALE DIFFERENCE ALGEBRAIC GROUPS 133

Because G′G1 ' G′ × G1, it follows from |H| = |φ(G)[1]|
|G′G1| that

|H| · |G1| =
|φ(G)[1]|
|G′|

= |φ(G)[1]/G′|. (6.7)

As φ is a substandard embedding |G1| = ld(G). Since k[φ(G)[1]/G′] = k[σ(k[G])] ⊂ k{G},
it follows from Lemma 6.4.9 that |φ(G)[1]/G′| = |G|. Thus (6.6) follows from (6.7).

We have k[φ(G)[1]/G1] = k[G] and k[φ(G)[1]/G′] = k[σ(k[G])]. Therefore

k[H] = k[G] ∩ k[σ(k[G])] ⊂ k{G}.

Since k[H] is a Hopf subalgebra of k{G} we have an induced morphism k{H} → k{G}
of k-σ-Hopf algebras (Lemma 2.1.16) which corresponds to a morphism φ′ : G → H of
σ-algebraic groups. Let N EG denote the kernel of φ′. By our assumption on G, we have
ld(N) = 1 or ld(N) = ld(G). So we have to distinguish these two cases.

Case 1: Let us first suppose that ld(N) = 1. Then ld(G/N) = ld(G). We will show
that φ′ is a substandard embedding. Because k[H] ⊂ k{G}, we see that φ′(G) is Zariski
dense in H. Let φ′(G)[1] ≤ H × σH denote the first order Zariski closure of φ′(G) in H
and let H1 denote the kernel of π1 : φ′(G)[1]³ H. Using Proposition 2.2.1 we see that

|φ′(G)[1]| = |H| · |H1| ≥ |H| · ld(φ′(G)) = |H| · ld(G/N) = |H| · ld(G). (6.8)

We will show that φ′(G)[1] = φ(G)[1]/G′. Because

k[φ′(G)[1]] = k[k[H], σ(k[H])] ⊂ k[σ(k[G])] = k[φ(G)[1]/G′],

it suffices to show that |φ′(G)[1]| = |φ(G)[1]/G′|. But using Lemma 6.4.9, we find that

|φ′(G)[1]| ≤ |φ(G)[1]/G′| = dimk(k[σ(k[G])]) = |G| = |H| · ld(G). (6.9)

The combination of equations (6.8) and (6.9) shows that |φ′(G)[1]| = |H| · ld(G) and that
|H1| = ld(φ′(G)). It also follows that k[k[H], σ(k[H])] = k[σ(k[G])] and therefore

k{G/N} = k{k[H]} = k{σ(k[G])}.

We will next show that N = ker(φ′) is σ-infinitesimal. As k{k[G]} = k{φ(G)} ⊂ k{G}, it
follows that

k{σ(k[G])} = k[σ(k{φ(G)})] = k{φ(G)/φ(G)(1)} ⊂ k{G}.

So k{G/N} = k{φ(G)/φ(G)(1)} and it follows that N is the kernel of

G
φ−→ φ(G)³ φ(G)/φ(G)(1).

Thus N is σ-infinitesimal by Lemmas 6.3.34 and 6.3.21. Therefore

|H1| = ld(φ′(G)) = ld(G/N) =
ld(G)
ld(N)

= ld(G)

by Theorem 6.3.20. In summary, we have shown that φ′ is a substandard embedding. But
|H| < |H| · ld(G) = |G| because ld(G) > 1. This contradicts the assumption that φ is a
minimal substandard embedding. Thus the case ld(N) = 1 cannot occur.
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Case 2: So we must have ld(N) = ld(G). Then ld(G/N) = 1 and therefore G/N is fi-
nite (Proposition 2.4.8). BecauseG is σ-connected, alsoG/N is σ-connected (Lemma 4.2.45).
So G/N is a finite, σ-connected, σ-étale difference algebraic group and must therefore be
σ-infinitesimal by Lemma 6.3.11. So by Proposition 6.3.16 there exists an r ∈ N such that
σr(mG/N ) = 0. Since k{G/N} = k{k[H]} we have mH ⊂ mG/N , in particular σr(mH) = 0.

On the other hand, mH ⊂ k[H] ⊂ k[G] and by Lemma 6.4.9 the dimension of k[σr(k[G])]
as a k-vector space equals |G|. So no non-zero element of k[G] can map to zero under σr.
Thus mH = 0. This means that H = 1. Thus |G| = ld(G) by (6.6) and (6.5) is proved.

Step 2: Assume that there exists a normal σ-closed subgroup N of G such that
1 < ld(N) < ld(G). Because Nσo is a characteristic subgroup of N (Theorem 4.2.40), it
follows that Nσo also is a normal σ-closed subgroup of G. We have ld(N) = ld(Nσo) by
Proposition 4.2.44. Replacing N by Nσo we may thus assume that N is σ-connected.

Because ld(G/N) = ld(G)/ld(N) < ld(G) we can apply the induction hypothesis to
G/N . As G is σ-connected, also G/N is σ-connected (Lemma 4.2.45). So we obtain a
subnormal series

G/N ⊃ G1/N ⊃ · · · ⊃ Gn/N

for G/N where G ⊃ G1 ⊃ · · · ⊃ Gn ⊃ N is a subnormal series for G such that Gn/N
is σ-infinitesimal and (Gi/N)/(Gi+1/N) = Gi/Gi+1 is benign for i = 0, . . . , n − 1, where
G0 := G (cf. Theorem 5.2.4).

As ld(N) < ld(G), we can also apply the induction hypothesis to N . Since N is
σ-connected, we obtain a subnormal series

N ⊃ N1 ⊃ · · · ⊃ Nm,

with Nm σ-infinitesimal and Ni/Ni+1 benign for i = 0, . . . ,m − 1 (N0 := N). By Propo-
sition 6.4.4, the subnormal series

Gn ⊃ N ⊃ N1 ⊃ · · · ⊃ Nm

can be replaced by a subnormal series

Gn ⊃ H1 ⊃ · · · ⊃ Hm,

with Gn/H1 and Hi/Hi+1 benign for i = 1, . . . ,m− 1 and Hm σ-infinitesimal. Then

G ⊃ G1 ⊃ · · · ⊃ Gn ⊃ H1 ⊃ · · · ⊃ Hm

is a subnormal series for G of the required form.

Example 6.4.11. Let G be the σ-algebraic group given by

G(R) = {g ∈ R×| g4 = 1, σ(g)2 = 1}

for any k-σ-algebra R. We assume that the characteristic of k is not equal to 2, so
that G is σ-étale. Let us find a Babbitt decomposition for G. We already noted in
Example 4.2.49 that G is σ-connected. Let G2 be the σ-closed subgroup of G given by
G2(R) = {g ∈ R×| g4 = 1, σ(g) = 1} for any k-σ-algebra R. Then G is σ-infinitesimal and
the quotient G/G2 is benign. Indeed, G/G2 = [σ]kG, where G is the algebraic group given
by G(T ) = {g ∈ T×| g2 = 1} for any k-algebra T . (Cf. Example 4.2.49.) So a Babbitt
decomposition for G is given by

G = Gσo = G1 ⊃ G2 ⊃ 1.
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Example 6.4.12. Let G be the σ-algebraic group given

G(R) =
{
(g1, g2, g3) ∈ (R×)3| g4

1 = g4
2 = g2

3 = 1, σ(g1) = g2
2, σ(g3) = g3

}
≤ Gm(R)3

for any k-σ-algebra R. We assume that the characteristic of k is not equal to 2, so that
G is σ-étale. Let us find a Babbitt decomposition for G. Let G1 and G2 be the σ-closed
subgroups of G given by

G1(R) =
{
(g1, g2, 1) ∈ (R×)3| g4

1 = g4
2 = 1, σ(g1) = g2

2,
}
≤ G(R)

and
G2(R) =

{
(g1, 1, 1) ∈ (R×)3| g4

1 = 1, σ(g1) = 1
}
≤ G(R)

for any k-σ-algebra R. We will show that

G ⊃ G1 ⊃ G2 ⊃ 1

is a Babbitt decomposition for G.
Let H be the benign σ-algebraic group given by H(R) = {g ∈ R×| g4 = 1} for any

k-σ-algebra R. The morphism φ : G1 → H given by

φR : G1(R)→ H(R), (g1, g2, 1) 7→ g2

has kernel G2. Moreover φ is surjective because the dual map φ∗ : k{H} → k{G1} is
injective. So G1/G2 ' H is benign. Clearly G2 is σ-infinitesimal. So it remains to show
that G1 = Gσo. We know that G2 is σ-connected because G2 is σ-infinitesimal (Theo-
rem 6.3.20). We also know that G1/G2 is σ-connected because it is benign (Proposition
4.2.43). Therefore it follows from Proposition 4.2.42 that G1 is σ-connected. To show that
G1 = Gσo it now suffices to show that G/G1 is strongly σ-étale (Proposition 4.2.41). But
G/G1 is isomorphic to the σ-algebraic group G′ given by

G′(R) = {g ∈ R×| g2 = 1, σ(g) = g}

which is strongly σ-étale (Example 4.2.28).
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