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1 Introduction

My research area lies within the broad field of Diophantine analysis. I am particular interested in
the distribution of discrete algebraic objects in algebraic structures and aspects of heights such as
height bounds and the Northcott property.

Heights are functions that measure the arithmetic complexity of an algebraically defined ob-
ject. They have become a major tool in many branches of number theory such as Diophantine
analysis, transcendental number theory, Diophantine approximation, arithmetic of dynamical sys-
tems, etc. Moreover, they have also some very subtle functorial and functional properties, making
it worthwile to study them for their own sake, e.g. the famous but notoriously difficult Lehmer
problem, originated in [22].

A classical height is the Weil height or simple the height, defined on algebraic points. Let k
be a number field and write d = [k : Q] for its degree. Let Mk be the set of places of k and choose
for each v ∈Mk the unique representative | · |v that either extends the usual absolute value on Q
or a p-adic absolute value. Let kv be the completion at v and Qv the completion with respect to
the place which extends to v and write dv = [Kv : Qv] for the local degree. The height on kn is
defined by

H(α1, ..., αn) =
∏
Mk

max{1, |α1|v, ..., |αn|v}
dv
d . (1.1)

This is in fact a finite product. Furthermore this definition is independent of the field k containing
the coordinates and therefore defines a height on Qn

. The product formula implies that the right
hand-side in (1.1) does not change if we multiply 1, α1, ..., αn with a fixed element of k∗. Therefore
one can also define a height on points P = (α0 : ... : αn) in Pn(Q) by

H(P ) =
∏
Mk

max{|α0|v, ..., |αn|v}
dv
d . (1.2)

Another popular height is the l2-height H2(·) gotten by choosing l2-norms at the infinite places.
Heights have several wonderful properties; firstly they have a very good behavior under algebraic
operations. Secondly they induce a finiteness property, nowadays well-known as Northcott’s The-
orem [28]. We say a subset S of Qn

or Pn(Q) has bounded degree (over Q) if there exists a D
such that [Q(P ) : Q] ≤ D for each P ∈ S where Q(P ) = Q(x1, ..., xn) if P = (x1, ...xn) ∈ Qn

and
Q(P ) = Q(..., xi/xj , ...) (0 ≤ i, j ≤ n; xj 6= 0) if P = (x0 : ... : xn) ∈ Pn(Q).

Theorem 1.1 (Northcott). Subsets of Qn
or Pn(Q) of bounded degree (over Q) and bounded

height are finite.

The proof of Northcott’s Theorem is very simple. Nontheless it is an important result that has
been used extensively during the last few decades, especially to deduce finiteness statements in Dio-
phantine geometry and Diophantine approximation such as the Mordell-Weil Theorem, Schmidt’s
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Subspace Theorem or Faltings’ proof of the Mordell Conjecture. However, Northcott’s original
motivation came from dynamics of polynomial mappings.

2 (A) Northcott type Theorems

2.1 State of research in the area

Motivated by Northcott’s Theorem Bombieri and Zannier [7] introduced the Northcott property,
short property (N). A subsets A of Qn

has the Northcott property if each of its subsets of bounded
height is finite. Thus Northcott’s Theorem is equivalent to the statement sets of bounded degree
have the property (N). Since H(x1, ..., xn) ≥ H(xi) the higher dimensional case can usually
be reduced to the one-dimensional case, therefore we restrict ourselves to subsets of Q. In [7]
Bombieri and Zannier raised the question whether property (N) holds for other interesting sets,
in particular they addressed the following question.

Question 1 (Bombieri, Zannier). Does k(d), the field generated by all algebraic numbers of degree
at most d over k, have property (N)?

It is not difficult to see that Northcott’s Theorem remains valid for any ground field with
property (N), and not only Q. An affirmative answer to the above question would yield an
impressive generalization of Northcott’s Theorem. Unfortunately Question 1 is widely open, in
fact only the case d = 2 is settled. Bombieri and Zannier (Corollary 1 [7]) showed that k(2), the
compositum of all (at most) quadratic extensions of the number field k has property (N). This is
an immediate consequence of the following beautiful result.

Theorem 2.1 (Bombieri, Zannier). The maximal abelian extension of k in k(d) has property (N).

Another impressive corollary of Theorem 2.1 is the following statement.

Corollary 2.1 (Bombieri, Zannier). The field Q(11/d, 21/d, 31/d, ...) has property (N) for any
positive integer d.

It is known already since Northcott’s paper [11] that if L is a field with property (N) then for
each polynomial map f in L[t] of degree > 1 there exist only finitely many preperiodic points in
L under f . This provides a strategy, at least for some fields L, to treat the following widely open
general problem formulated by Dvornicich and Zannier ([9], Question).

Question 2 (Dvornicich, Zannier). Let L be a subfield of Q and let f ∈ L[t] be a polynomial
map of degree > 1. Can one decide whether the set of preperiodic points in L under f is finite or
infinite?

Dvornicich and Zannier showed also that property (N) implies the so-called property (P),
introduced by Narkiewicz [27] to study polynomial mappings. In this way they solved several
open problems formulated by Narkiewicz on property (P) e.g. the field Q(2) has property (P)
(see Open Question XVII p.69 in [27]). Inspired by this and all the well-known applications in
Diophantine geometry Dvornicich and Zannier [9] raised the problem of finding other examples
satisfying property (N). “It may be of interest, both for its own sake and also in view of the many
applications of the Northcott property, to produce examples of fields of algebraic numbers other
than number fields possessing it; a priori there might be no such field, i.e. with Northcott property
and infinite degree over Q.” However, in 2009 (see [42]) I found the following simple but new
criterion of property (N) for infinite extensions.

Theorem 2.2 (W. 2009). Suppose k = K0 ( K1 ( K2 ( K3 ( ... is a sequence of finite
extensions such that

inf
Ki−1(M⊆Ki

(NKi−1/Q(DM/Ki−1))
1

[M:K0][M:Ki−1] −→∞. (2.1)

Then L =
⋃
iKi has property (N).
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Here M runs over the intermediate fields and DM/Ki−1 is the relative discriminant of the ring
of integers OM and NKi−1/Q denotes the norm from Ki−1 to Q. A simple application of this
criterion yields a small step towards an affirmative answer on Question 1 for d = 3.

Corollary 2.2 (W. 2009). For i = 1, 2, 3, ... let Fi be extensions of k with [Fi : k] ≤ 3 and let pi
be primes such that

pi | ∆Fi
and pi - ∆Fj

for j < i.

Then the compositum of k, F1, F2, F3, ... has property (N).

Here ∆Fi
is the absolute discriminant of Fi. The same result holds for fields Fi with [Fi : k] ≤ d

for an arbitrary d, provided the primes pi ramify totally in Fi. The latter is a consequence of the
following theorem.

Theorem 2.3 (W. 2009). For i = 1, 2, 3, ... let pi be primes and let Di be pi-Eisenstein polynomials
in Z[x] with Di(αi) = 0. Write di = degDi and suppose that

pi - ∆Q(αj) for 1 ≤ j < i and |p1/di

i | −→ ∞.

Then k(α1, α2, α3, ...) has property (N).

Another immediate application of Theorem 2.3 is the following precise refinement of Bombieri
and Zannier’s Corollary 2.1.

Corollary 2.3 (W. 2009). Let d1, d2, d3, ... be a sequence of positive integers and let 0 < p1 <
p2 < p3 < ... be a sequence of primes. Then

k(p1/d1
1 , p

1/d2
2 , p

1/d3
3 , ...) has property (N) ⇐⇒ |p1/di

i | −→ ∞.

Let us close this section with a result that connects part (A) and part (B) of this research plan.
The latter is concerned with estimates for the smallest height of a generator of a number field.
Together with Vaaler we have shown that each number field k of degree d contains a generator
whose height does not exceed |∆k|1/d. Therefore a union of infinitely many number fields of
bounded root discriminant cannot have the Northcott property. Now let H(k) be the Hilbert class
field of k, and let Hk be the Hilbert class field tower, i.e. the union of k,H(k), H(H(k)), .... Note
that each of the fields k,H(k), H(H(k)), ... has root discriminant |∆k|1/d. Hence we conclude the
sequence k,H(k), H(H(k)), ... becomes stationary if and only if Hk has the Northcott property.

2.2 Research goals and methods

We will continue our study of property (N) for certain infinite extensions of Q, especially with
regard to Question 1. A complete answer to this question is probably very difficult but we are
confident to make some valuable steps towards a complete answer. Of course, possibly not even
Q(3) satisfies the property (N). On the other hand it is clear that Corollary 2.2 is only a first
step and that the same strategy provides more general results. First we will carefully examine the
contribution of not only one but several (and if possible all) primes to the norm of the relative
discriminant. This will yield a stronger version of Corollary 2.2, here is a simple example: let F ′i be
fields satisfying the same conditions (with the same primes pi) as the fields Fi in Corollary 2.2 and
additionally ordpi

∆Fi
6= ordpi

∆F ′i
. Then the compositum of the fields k, F1, F

′
1, F2, F

′
2, F3, F

′
3, ...

has the Northcott property. We are confident to strenghten our results in this way to obtain a
significant progress on Question 1; we hope to prove that the composite field of any collection of
cubic fields with pairwise distinct discriminants has the Northcott property.

Let us point out that the strategy of Bombieri and Zannier in [7] is quite different from ours in
[42]. In a second step we will combine the ideas and this might extend the results of both papers.
For instance, if we replace the term in (2.1) by infM |∆M |1/[M :Q]2 , where M runs over all number
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fields such that the compositum MKi−1 is Ki, then the ground field k in Theorem 2.2 can be re-
placed by any field of algebraic numbers possessing property (N), in particular we can incorporate
Bombieri and Zannier’s main result and replace k with the maximal abelian extension of k in k(d).
However, the degree of M can now get arbitrarily large which seems to create additional problems.

Dvornicich and Zannier pointed out that property (N) is preserved under taking finite ex-
tensions. Using Corollary 2.3 we have constructed an example showing that property (N) is not
preserved under the more general procedere of taking the compositum of two extensions. More-
over, Corollary 2.3 tells us in particular that for extensions of the form k(p1/d1

1 , p
1/d2
2 , p

1/d3
3 , ...)

it suffices to check property (N) on the ring of integers. So one might ask the following, rather
brave, question: suppose 0 6= R is a subring of Q satisfying property (N). Does this imply that
its field of fractions frac(R) has property (N)?

Finally let us briefly mention possible applications of the Northcott property. Well-known are
the implied finiteness results for the number of preperiodic points under rational maps (of degree at
least 2). Less clear, but certainly very interesting, is the question to what extend the Mordell-Weil
Theorem can hold for fields with property (N). The latter is definitely not a sufficient criterion, so
the question is rather: under what additional properties can one prove the Mordell-Weil Theorem
or a variation thereof?

(A1): Refine Theorem 2.2 to derive new examples of fields with property (N).
(A2): Answer Question 1, at least partially e.g. for d = 3.
(A3): Investigate applications of the newly established Northcott-type theorems e.g. in Diophan-
tine geometry and the arithmetic of dynamical systems.

3 (B): Small generators of global fields

3.1 State of research in the area

Another problem, but one with ultimate connexions to part (A) and (C), is to determine good
bounds for the smallest height of a generator of a given number field K. So let k be a number
field and let K be a finite extension of K and write d = [k : Q] and e = [K : k] for the degrees.
We define the invariant

δ(K/k) = inf{H(α);K = k(α)}.

Already Mahler [23] proved a lower bound for δ(K/Q) in terms of the discriminant |∆K | and the
degree [K : Q]. Mahler’s result was generalized by Silverman [37] and yields the following lower
bound

δ(K/k) ≥ 1
2
|∆k|−

1
2d(e−1) |∆K |

1
2de(e−1) . (3.1)

For the rest of this section we assume k = Q so that [K : Q] = e. Silverman’s inequality turned out
to be extremely useful; it has been applied by Silverman [37], Baker-Wüstholz [2], Schmidt [36],
Gao [14], Widmer [41],[42], Bilu-Strambi [4], Ellenberg-Venkatesh [12] and Ellenberg [10], to name
just a few. Let us briefly explain the applications in [12] and [10]. Brumer, Duke, Silverman,
Zhang and others have conjectured that the `-torsion part ClK [`] of the class group of K is
bounded from above by C(e, `, ε)|∆K |ε for any ε > 0. The Siegel-Brauer Theorem gives the trivial
exponent 1/2+ε but until Ellenberg and Venkatesh’s work [12] no nontrivial results, conditional or
unconditional, were known, unless ` = 3 and e = 2. However, assuming the Generalized Riemann
Hypothesis (GRH) Ellenberg and Venkatesh’s argument (see [10] p.3) gives the following relation
between δ(K/Q) and ClK [`]

|ClK [`]| ≤ C(e, `, ε)|∆K |
1
2+εδ(K/Q)−

e
` +ε. (3.2)
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Here ` is a positive prime number. Then applying (3.1) gives the bound

|ClK [`]| ≤ C(e, `, ε)|∆K |
1
2−

1
2(e−1)`

+ε, (3.3)

subject to GRH. In some special cases, e.g. e = 2 and ` = 3, they could use Scholz’ reflection
principle to get an unconditional result which improves upon the previously known unconditional
results of Pierce [30] and Helfgott, Venkatesh [17]. This in turn implies (by well-known arguments)
the best known upper bounds for the number of cubic fields with given discriminant and the num-
ber of elliptic curves over Q with given conductor.

An improvement of (3.1) would yield immediately an improvement upon Ellenberg and Venkatesh’s
result (3.3). Driven by a function field result of Arbarello and Cornalba (Thm.2.6 [1]) Ellenberg
asks ([10] p.4) whether δ(K/Q) ≥ Ce|∆K |1/2(e−1) holds for a “typical” number field K. However,
Masser and Ruppert have shown (independently) that the exponent 1/2e(e− 1) in (3.1) cannot
be improved in this general setting. As a strong contrast to Ellenberg’s question Ruppert ([32]
Question 1) addressed the following problem.

Question 3 (Ruppert). Does there exist a constant Ce depending only on e such that δ(K/Q) ≤
Ce|∆K |1/2e(e−1) for all number fields K of degree e?

Ruppert answered this question, in the affirmative, for e = 2. However, for e = 2 one has
1/2e(e− 1) = 1/2e and thus for general e (3.1) might suggest that the correct exponent in the
upper bound is 1/2e. So Ruppert formulated also a second, analogous question ([32] Question 2),
this time with exponent 1/2e.

Question 4 (Ruppert). Does there exist a constant Ce depending only on e such that δ(K/Q) ≤
Ce|∆K |1/2e for all number fields K of degree e?

In a recent article [43] I answered this question in the affirmative in the function field case. A
general upper bound for the smallest integral generator, in particular for δ(K/Q), was given in [40].
However, the smallest integral generator is often much larger than δ(K/Q), for instance H(α) ≥
(1/2)|∆K |1/2 for any integral generator α of an imaginary quadratic field K whereas Ruppert’s
result shows δ(K/Q) ≤ C2|∆K |1/4. Interesting enough Ruppert’s constant C2 is ineffective but
he conjectured ([32] Conjecture 1) that one can take C ′2 = 3.22 (here C ′2 corresponds to the naive
height as used by Ruppert).

3.2 Research goals and methods

In January 2009 Jeffrey Vaaler from The University of Texas at Austin and myself started a
common project. Based on a simple counting argument and using results from [35] and [11] we
showed in [39] that Silverman’s bound (3.1) can be improved significantly for an infinite class of
extensions, at least if e > 2 is not a prime. This implies that (3.3) can be improved for a certain
class of fields but unfortunately, due to the non-constructive nature of the proof, we do not have
any methods to find this class of fields. However, the result answers Ruppert’s Question 3 in the
negative, at least if e is not a prime. We aim to extend this result to cover all cases e > 2.

We have also shown the general upper bound δ(K/Q) ≤ |∆K |1/e which was already mentioned
in part (A). If K has a real embedding we can replace the exponent 1/e by 1/2e and this answers
Ruppert’s Question 4, at least for this class of extensions; this time in the affirmative. However,
the remaining case, i.e. K has no real embedding, is the most interesting one. We found a strategy
to deal with all cases simultaneously; the problem boils down to the following question which is
of interest for its own sake: does there exist a constant Ce depending solely on e such that for
any number field K of degree e = [K : Q] there exists a t ≥ 1 and prime ideals ℘1, ..., ℘t of degree
one in the ring of integers OK such that none two of them lie above the same rational prime and√
|∆K | < NK/Q(℘1...℘t) ≤ Ce

√
|∆K |? Under the GRH the answer is yes and we can even find a

single prime. Hence our strategy provides an affirmative answer to Ruppert’s Question 4 under the
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GRH. And using a precise estimate of Schmidt [36] for the number of integral ideals with bounded
norm, which came out as a by product of the estimate (4.9) further down, we also recover a slightly
weaker version of Ruppert’s bound δ(K/Q) ≤ C2|∆K |1/4 for quadratic fields. What is more, our
strategy might yield a completely effective proof so that one could tackle Ruppert’s Conjecture
(Conjecture 1 in [32]). Special cases of Ruppert’s Conjecture have been proven by Kihel in [21]
but the general case is still open.

Now consider log δ(K/Q)/ log |∆K | as K runs over all number fields of degree e > 1. Silver-
man’s inequality shows that the smallest cluster point is at least 1/2e(e − 1), and examples of
Masser and Ruppert have shown that this is best possible. Hence the smallest cluster point is
exactly 1/2e(e − 1). Ruppert’s Question 3 and Qestion 4 ask in particular whether the largest
cluster point is at most 1/2e(e − 1) and 1/2e respectively. We have shown that the largest clus-
ter point is strictly larger than 1/2e(e − 1) if e is not a prime, e.g. it is at least 1/3e if e is
divisible by 2, and at most 1/2e if e is odd. Assuming a very weak form of Linnik’s Conjecture
(see [11] p.723), we can deduce the lower bound 1/e(e + 1) for the largest cluster point. More
ambitiously one could ask: what is the distribution of these cluster points? Are they dense in a
certain interval, maybe even in [1/2e(e− 1), 1/2e]? Can one explicitly construct families of fields
that lead to a given cluster point? In view of (3.2) it would be particularly interesting to construct
fields with large invariant δ(K/Q)? John Voight’s tables for totally real fields of small degrees (see
http://www.cems.uvm.edu/∼voight/nf-tables/index.html) indicate that (3.1) can be improved for
totally real fields of degree at least 3.

(B1): Answer Question 3 (in the negative?) for all e > 2.
(B2): Answer Question 4 (in the affirmative?) for all e > 1.
(B3): Try to find effective upper bounds in (B2), at least for e = 2, to tackle Ruppert’s Conjecture
1.
(B4): Construct explicit families of fields with large delta invariant to improve (3.3) for these
fields.
(B5): Study the distribution of the cluster points of log δ(K/Q)/ log |∆K | as K runs over all
number fields of degree e > 1.

4 (C): Counting points of fixed degree and bounded height

4.1 State of research in the area

In this project we are studying certain subsets of projective space, hence, unless stated otherwise,
we are working with the projective height as defined in (1.2). Suppose S is a set in Pn(Q) with
the property (N). Then one may consider the associated counting function

N(S,X) = ]{P ∈ S;H(P ) ≤ X} (4.1)

where X > 0 is a real parameter. So far only counting functions of sets with bounded degree
have been studied and in fact most people even restricted to the case where S lies in Pn(k) for a
certain number field k. Usually there is no hope to describe N(S,X) by a simple expression but
for many interesting sets there is hope to find an asymptotic law. The oldest and probably most
well-known result of this kind is due to Schanuel [33]. Let k be a number field of degree d and
denote by n a natural number.

Theorem 4.1 (Schanuel). As X tends to infinity one has

N(Pn(k), X) = Sk(n)Xd(n+1) +O(Xd(n+1)−1 logX). (4.2)

The constant Sk(n) involves all classical field invariants more precisely

Sk(n) =
hkRk

ωkζk(n+ 1)
(
2rk(2π)sk√
|∆k|

)n+1(n+ 1)rk+sk−1. (4.3)
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Here hk is the class number, Rk the regulator, ωk the number of roots of unity in k, ζk the
Dedekind zeta-function of k, ∆k the discriminant, rk is the number of real embeddings of k and
sk is the number of pairs of distinct complex conjugate embeddings of k.

A projective variety is the set of projective points vanishing at a given finite collection of
homogeneous polynomials. Points whose homogeneous coordinates can be chosen to lie in the field
k are called k-rational points. One of the big achievements in number theory of the last century
(Mordell, Siegel, Weil, Faltings) was to understand that the geometry of the variety is crucial
for the number of rational points, at least for projective non-singular curves. So the well-known
question “Can one hear the shape of a drum?” could be recast as “Can one count the geometry of
a variety?”. Much effort has been made to derive asymptotic estimates for the counting functions
of rational points on varieties. A nice example is Néron-Tate’s asymptotic formula (see e.g.[18]
Thm. B.6.3.) for NĤ(A(k), X), the number of k-rational points P on an abelian variety A/k of
rank r with Néron-Tate height Ĥ(P ) ≤ X,

NĤ(A(k), X) = c(logX)r/2 +O((logX)(r−1)/2). (4.4)

Here c > 0 is a constant depending on A/k. A general program was started by Franke, Manin
and Tschinkel [20] and developed by Batyrev, Salberger, Peyre and others. In this theory the set
S is a Fano variety. The asymptotics are predicted by conjectures of Batytrev, Manin [3] and
Peyre [29]. But these conjectures are proved only in some special cases (see [29] p.70) and the
original conjectures had to be modified due to some counterexamples. The simplest case of a Fano
variety is given by a linear projective variety. This case was treated by Thunder. Here it is more
convenient to use the l2-height instead of the Weil height.

Theorem 4.2 (Thunder). Let n and N ≥ n+1 be natural numbers and let V be a linear subvariety
of PN−1 of dimension n defined over k. Let N2(V (k), X) be the number of k-rational points on V
with l2-height not exceeding X. Then

N2(V (k), X) = H2(V )−dα(n, k)Xd(n+1) +O(Xd(n+1)−1 logX). (4.5)

The height H2(V ) is simply the l2-height of a set of grassmann coordinates of the subspace of
kN induced by V . The constant α is given by

α(n, k) = (2−rkπ−sk)n+1V (n+ 1)rkV (2n+ 2)skSk(n) (4.6)

where V (m) denotes the volume of the euclidean ball in Rm with radius one. Since the impor-
tant work of Bombieri, Pila [6] and Pila [31] various people (Browning, Mc-Kinnon and especially
Heath-Brown [15],[16]) succeeded in studying higher dimensional varieties by interpreting them
as a collection of curves. If the variety is generated by lines Theorem 4.2 can be used to get
information about N(S,X) (see [26] and [5] Theorem 11.10.11).

According to Northcott’s Theorem there is no need to restrict the coordinates of points in S
to a fixed number field . Therefore it might be more natural to investigate the set Pn(k; e); the set
of points in Pn(k) with relative degree [k(P ) : k] = e. A first detailed treatment of the counting
function of Pn(k; e) was presented by Schmidt in [35]. No asymptotic estimates were given in
this paper but Schmidt already announced his asymptotic results for quadratic points over Q that
appeared in [36]. This initiated the problem (see also [34] p.27) of finding the asymptotics for the
more general set Pn(k; e).

Problem 1 (Schmidt). Find (when possible) an asymptotic estimate for N(Pn(k; e), X) as X
tends to infinity.

As already mentioned it was Schmidt himself who made a first contribution with his pioneering
work [36].
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Theorem 4.3 (Schmidt). One has

N(Pn(Q; 2), X) =


C(Q, 2, 1)X6 +O(X4 logX) if n = 1
C(Q, 2, 2)X6 logX +O(X6

√
logX) if n = 2

C(Q, 2, n)X2(n+1) +O(X2n+1) if n > 2
. (4.7)

Here C(Q, 2, 1) = 8
ζ(3) , C(Q, 2, 2) = 96+8π2

ζ(3)2 and C(Q, 2, n) is given by the infinite sum C(Q, 2, n) =∑
K SK(n) where the sum runs over all quadratic extensions K.

Schmidt proved also an analogue to the above result for a more general kind of height and
showed that this leads to asymptotic formulae for the number of decomposable quadratic forms
f(x0, ..., xn) =

∑
0≤i≤j≤n aijxixj with coefficients aij in Z having |aij | ≤ X. The form f can also

be written as f =
∑n
i,j=0 bijxixj . By definition a form is decomposable if it is a product of linear

forms with algebraic coefficients. This is exactly the case when the symmetric matrix [bij ] has
rank ≤ 2. Therefore the number of quadratic decomposable forms as above can be interpreted as
the number of symmetric (n + 1) × (n + 1) matrices with rank ≤ 2 such that bii ∈ Z, |bii| ≤ X
and 2bij ∈ Z, 2|bij | ≤ X for i 6= j. One year after Schmidt’s article his Ph.D. student X. Gao [14]
established results for arbitrary degrees in large dimensions, but still with k = Q only.

Theorem 4.4 (Gao). For n > e > 2 one has

N(Pn(Q; e), X) = C(Q, e, n)Xe(n+1) +O(Xe(n+1)−1). (4.8)

The constant C(Q, e, n) is given by the infinite sum C(Q, e, n) =
∑
K SK(n) where the sum runs

over all extensions K of degree e.

Note that even the case of cubic points in two dimensions remains unsolved. The strategy
of Schmidt and Gao was to prove a result similar to (4.2) but with kn replaced by the subset of
“primitive” points P in Kn i.e. Q(P ) = K. The main term remains the same as in (4.2), with K
instead of k of course, but Schmidt could replace the error term by

O

(√
hKRK log(3 + hKRK)

|∆K |n/2
X2n+1

)
(4.9)

where the constant in O depends only on n but is independent of the field K. This is the major
step of the proof and involves many new ideas. Now one can sum over all number fields of degree e
and the Theorem of Siegel-Brauer ensures that the sum over the main term SK(n) as well as over
the error term converges, provided n is large enough compared to e. This condition on n is the
reason for the restriction n > e in Gao’s result. For 1 ≤ n ≤ e Gao found also the correct order of
magnitude of N(Pn((Q; e), X). However, for k 6= Q, e > 1 there was no asymptotic formula, not
even in a single case, until in 2003 when Masser and Vaaler [25] realized that adapting Schanuel’s
proof to a new class of heights and using the volume computations of Chern and Vaaler [8] provides
an asymptotic formula for n = 1.

Theorem 4.5 (Masser, Vaaler). One has

N(P1(k; e), X) = eVR(e)rkVC(e)skSk(e)Xde(e+1) +O(Xde(e+1)−e logX). (4.10)

The constants VR(e), VC(e) have their origins in [8]. A simpler version of Theorem 4.5 for
k = Q was given in [24]. Unfortunately the proof of Masser and Vaaler’s Theorem shed no light on
the case n > 1 and more seriously: for k 6= Q and e, n > 1 not even the correct order of magnitude
was known. However, for n large enough I was able to deduce an asymptotic estimate (see [40] or
[41]).

Theorem 4.6 (W. 2007). Suppose k is a number field of degree d and n > 5e/2 + 4 + 2/(de).
Then

N(Pn(k; e), X) = C(k, e, n)Xde(n+1) +O(Xde(n+1)−1 logX),

where C(k, e, n) =
∑
K SK(n) and the sum is taken over all extensions K of k of degree e.
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The proof of Theorem 4.6 depends heavily on the work [45] where we proved estimates for the
error terms similar to (4.9) but we were using the simpler invariant δ(K/k) from Section 3 instead
of the discriminant. With Jeff Thunder [38] we have recently obtained analogous results in the
function field case in positive characteristic.

Regarding integral points not so much is known. However, very recently [46] I have been
able to prove an asymptotic estimate for the number of integral points in k

n
of degree e over the

fixed number field k, provided either e = 1 or n > e + 7 (for e ≥ 9 we can take n > e + 2).
The somewhat astonishing aspect of our result is that we actually have found the first e(qk + 1)
main terms (here qk = rk + sk − 1 denotes the rank of the unit group of k), whereas all the other
mentioned asymptotic results provide only the first main term. In the simplest situation our result
counts integral points of kn. Let Lq(t) be the q−th Laguerre polynomial then the result reads

N(Onk , X) =
2rkn(2π)sknXdn

|∆k|n/2
Lqk

(−n log(Xd)) +O(Xdn−1(logX)qk).

The points on a variety over k are necessarily restricted via Diophantine constraints like Falt-
ings’ Theorem [13] or the various conjectural generalizations. Indeed, the points are often restricted
to proper Zarisky-closed subsets. But any variety defined over Q say, has a Zarisky dense set of
points over Q of sufficiently large fixed degree. Thus one can hope that the behavior of points of
fixed degree should be easier to study. However, only little attempts have been made towards this
modified Franke-Manin-Tschinkel program (see also Remarks (a) in [19]). The analogue to Gao’s
result for Thunder’s Theorem 4.2, deduced in [40] and [44], can be considered as a first step in
this program. For a variety V in PN−1 defined over k we set

V (k; e) = V (k) ∩ PN−1(k; e).

As in Theorem 4.2 we are counting with respect to the l2-height.

Theorem 4.7 (W. 2007). Let e, n and N ≥ n + 1 be natural numbers and let V be a linear
subvariety of PN−1 of dimension n defined over k. Suppose that either e = 1 or

n > 5e/2 + 4 + 2/(de).

Then

N2(V (k; e), X) = H2(V )−deβ(e, n, k)Xde(n+1) +O(Xde(n+1)−1 logX).

The constant β is defined by the sum

β(e, n, k) =
∑
K

α(n,K)

taken over all extensions K of k of relative degree e and α(n,K) is defined in Theorem 4.2.

However, more interesting than counting results for linear varieties are results for elliptic curves,
defined over Q, and more generally, for abelian varieties defined over a number field. Su-ion Ih
from the University of Colorado and others have thought about this problem and formulated an
interesting question. We shall get back at this question in the next subsection.

4.2 Research goals and methods

Let A be an abelian variety defined over a number field k. The famous formula of Néron-Tate
gives an asymptotic estimate for the number of k-rational points of bounded height on A as the
height tends to infinity. Just as in Problem 1 it would be interesting to prove asymptotic estimates
for the set of points on A with given degree e > 1 over k. No results in this direction appeared
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so far, although some people, mainly Su-ion Ih, have worked on the special case where A is an
elliptic curve defined over Q. In a personal communication Su-ion Ih suggested an interesting
asymptotic formula that might be the starting point of a new program. This formula merges two
fundamental asymptotic formulae: Schanuel’s formula and the Néron-Tate formula. To the best
of our knowledge they have never appeared in the same context so far. If Su-ion Ih’s suggestion
is correct then it might be a more general phenomenon that holds for arbitrary abelian varieties.
Unfortunately it seems that the strategy of proving asymptotics for fixed number fields and then
summing over all number fields of fixed degree, as done in [36], [14], [41] and [44] does not work
here. However, the problem of quadratic points P over a rational elliptic curve E is promising.
One can take the conjugate P ′, and then Q = P + P ′ is rational. One can consider Q fixed
and try to count the points P , e.g. by taking lines through Q and seeing where they cut E.
The case Q = O gives the examples with random rational x which show that the dependence
is at least polynomial (here y2 = x3 + ax + b is an affine model of E). Or one could throw in
R = P − P ′. This is rational on a “twist” Ed of E. So the study of P reduces to the study of
the pairs (Q,R) on E ×Ed. We might try fixing d and counting the points R. The height should
behave quite well; for example the logarithmic Néron-Tate height ĥ(·) satisfies the exact formula
ĥ(Q) + ĥ(R) = 2ĥ(P ) + 2ĥ(P ′) = 4ĥ(P ). Even though a general asymptotic formula might be out
of reach it would be interesting to provide numerical evidence for the suggested formula, at least
for quadratic points and some simple elliptic curves of small rank.

(C1): Provide numerical data to test Su-ion Ih’s “asymptotic formula”.
(C2): Prove or disprove Su-ion Ih’s suggested formula for elliptic curves.
(C3): Generalize the previous results to abelian varieties.
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