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Chapter 1

Basics

In this chapter we introduce heights, give some typical applications, and
state some of their most basic properties. A standard reference for heights
is [1]. Other books containing material about heights are [10] and [11].

1.1 Basic concept

The leading question of this section is “What is a height and what is it good
for?”. Roughly speaking a height is a real valued function that measures
the arithmetic complexity of an algebraically defined object. Our objects
are the algebraic numbers Q or more generally points in Q

n
.

H : Q
n −→ [1,∞).

A height should satisfy some “Guiding Principles”:

1. Height measures the arithmetic complexity.

2. There are only finitely many points of uniformly bounded height and
degree, i.e., |{α ∈ Q

n
; [Q(α) : Q] ≤ d,H(α) ≤ X}| < ∞ for all X and

d.

3. Height translates geometric relations into arithmetic relations.

4. Height has good behavior under algebraic operations.

Typical Applications

A: To prove finiteness results: show that the set has uniformly bounded
height and degree and use 2..
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6 CHAPTER 1. BASICS

There are many examples following this simple strategy, especially in:

– Diophantine geometry (Siegel’s theorem, Mordell-Weil theorem,
Faltings’ theorem,...),

– Diophantine approximation (subspace theorem)

– arithmetic dynamics (finiteness of preperiodic points).

We will see an explicit example later on in this chapter.

Typically it is easy to prove the boundedness of the degree but hard
to prove the boundedness of the height. However, we shall also meet
some example where the converse holds.

B: Suppose S ⊂ Q
n

is an infinite set of uniformly bounded degree. We
can study its density by estimating its counting function

N(S,X) = |{α ∈ S;H(α) ≤ X}|.

Here are a few examples:
a) S = Q:

N(S,X) =
12

π2
X2 + O(X log X).

b) S = V (Q) for V : x − yzr = 0 (r > 1 fixed).

N(S,X) =
8ζ(r) − 2ζ(r + 1)

ζ(2)ζ(r + 1)
X2 + O(X log X).

c) S = {α ∈ Q; [Q(α) : Q] = 22}

N(S,X) = c1X
506 + O(X484 log X).

c) S = {α ∈ Q; [Q(α) : Q] = 22, Q(α) contains a quadratic subfield}

N(S,X) = c2X
264 + O(X253 log X).

We will construct a height satisfying the guiding principles. For this we need
absolute values.
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1.2 Absolute values

In this section we collect some basic facts about absolute values without
proofs. Proofs can be found in most books about algebraic number theory
such as [16], [12] or [8]. Some of the material stems from [21]. We start with
the most basic definition.

Definition . Let K be a field. An absolute value on K is a map a → |a|
from K to R such that

i) |a| ≥ 0 and |a| = 0 ⇐⇒ a = 0.

ii) |ab| = |a||b|.

iii) |a + b| ≤ |a| + |b|.

Examples:

a) K arbitrary and |a| = 1 for a 6= 0 and |0| = 0. This is the trivial
absolute value.

b) K = Q and |a| = |a|∞ the usual absolute value on Q.

c) K = Q and p a positive prime. Then any nonzero a can be factored
as a = pαr/s with p ∤ rs and a unique α. We put |a|p = p−α. This is
the p-adic absolute value.

Remark . The p-adic absolute value satisfies the ultrametric triangle in-
equality, i.e., |a + b|p ≤ max{|a|p, |b|p}.

Definition . An absolute value on K that satisfies the ultrametric triangle
inequality is called a non-Archimedean absolute value on K. An absolute
value on K that does not satisfies the ultrametric triangle inequality is called
an Archimedean absolute value on K.

Definition . a) An absolute value on K induces a metric on K by d(a, b) =
|a − b|.
b) We say the two absolute values |·|1 and |·|2 on K are equivalent (|·|1 ∼ |·|2)
if they induce the same topology on K.
c) The equivalence class of a nontrivial absolute value on K is called a place
of K.
d) The set of places of K is denoted by MK .
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Lemma 1.1. Let | · |1 and | · |2 be absolute values on K. The following are
equivalent:
i) | · |1 ∼ | · |2.
ii) | · |1 = | · |α2 for some fixed α > 0.

Remark . For | · |1 ∼ | · |2 we have:
| · |1 non-Archimedean ⇐⇒ | · |2 non-Archimedean.

1.2.1 Absolute values on a number field

Let K be a number field with r real embeddings σ1, ..., σr : K → R and s
pairs of complex conjugate embeddings σr+1, ..., σr+2s : K → C. We order
them in such a way that σr+s+i = σr+i (1 ≤ i ≤ s). Put d = [K : Q] = r+2s
and write OK for the ring of integers in K.

Archimedean absolute values:
Each embedding σv = σi (1 ≤ i ≤ r + s) gives an Archimedean place v. We
choose a representative as follows:

|a|v = |σv(a)|.

Each Archimedean place on K arises in this way and they are pairwise
distinct. Moreover, each of the above representatives extends the usual ab-
solute value on Q.

Non-Archimedean absolute values:
Each nonzero prime ideal ℘v of OK gives a non-Archimedean place v. We
choose a representative as follows:

|a|v = N℘
− ord℘v (a)

ev fv
v = p

− ord℘v (a)

ev
v ,

where N℘v = |OK/℘v| is the norm, pv = ℘v ∩Q is the corresponding prime
in Q, ev = e(℘v/pv) is the ramification index, fv = f(℘v/pv) is the residue
degree, and ord℘v(a) is the exponent of ℘v in the prime factorisation of the
principal ideal (a) (of course we can assume a 6= 0).

Each non-Archimedean place on K arises in this way and they are pair-
wise distinct. Moreover, each of the above representatives extends the pv-
adic absolute value on Q.
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For each v ∈ MK we put

Kv = the completion of K at | · |v,
Qv = the completion of Q at the restriction | · |v |Q to Q.

Then Kv/Qv is a finite extension and we call the degree of this extension
the local degree at v,

dv = [Kv : Qv].

Proposition 1.2. Suppose K and L are number fields. Then

i) a ∈ K∗ =⇒ |a|v = 1 for all but finitely many v ∈ MK .

ii) Product formula:
∏

v∈MK
|a|dv

v = 1 for all a ∈ K∗.

iii) If K ⊂ L and w ∈ ML then there exists a unique v ∈ MK such that
| · |w |K = | · |v. Moreover, dv | dw, and we write w | v.

vi) If K ⊂ L and v ∈ MK then there exist only finitely many w ∈ ML

with w | v, and we have
∑

w∈ML
w|v

dw = dv[L : K].

v) If v ∈ MK and v ∤ ∞ then dv = evfv.

1.3 The height on Q

Let K be a number field, d = [K : Q].

Relative height on K:

HK : K → [1,∞)

HK(α) =
∏

v∈MK

max{1, |α|v}dv .

Here are two examples:

a) K = Q, α = p/q with coprime integers p, q and q 6= 0. Then

HQ(p/q) =
∏

v∈MQ

max{1, |p/q|v}dv =
∏

v∈MQ

|q|dv
v max{1, |p/q|v}dv

=
∏

v∈MQ

max{|q|v , |p|v}dv = max{|q|∞, |p|∞}.
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b) K = Q(
√

2), α = 1+
√

2
3+

√
2
. Now N((1 +

√
2)) = 1, and so 1 +

√
2 is a

unit. And N((3+
√

2)) = 7, and so (3+
√

2) is a prime ideal of degree
1. Moreover, we have |α|v < 1 for both Archimedean absolute values.
Hence HK(α) = 7.

Lemma 1.3. Suppose L/K is a finite extension of number fields and d =
[K : Q], D = [L : Q]. Then

HK(α)1/d = HL(α)1/D for all α ∈ K.

Proof. Using Proposition 1.2 we have

HL(α)1/D =
∏

w∈ML

max{1, |α|w}dw/D =
∏

v∈MK

∏

w∈ML
w|v

max{1, |α|w}dw/D

=
∏

v∈MK

∏

w∈ML
w|v

max{1, |α|v}dw/D =
∏

v∈MK

max{1, |α|v}
P

w∈ML
w|v

dw/D

.

Moreover,
∑

w∈ML
w|v

dw = dv[L : K] = dvD/d. This completes the proof.

Lemma 1.3 shows how we can define a height on Q.

Definition (Absolute non-logarithmic Weil height).

H : Q → [1,∞)

H(α) =
∏

v∈MK

max{1, |α|v}dv/d,

where K is any number field containing α and d = [K : Q].

The next lemma shows that the height behaves well under algebraic op-
erations (i)−iii)) and translates geometric relations into arithmetic relations
(iv)).

Lemma 1.4.

i)H(α) = H(σ(α)) for all σ ∈ Gal(Q/Q).

ii)H(αβ) ≤ H(α)H(β), and H(α1 + · · · + αr) ≤ rH(α1) · · ·H(αr).

iii)H(αn) = H(α)|n| for all n ∈ Z.

iv) Suppose f ∈ Q[x], f 6= 0,degf = e. Then there exist cf , Cf > 0 such that

cfH(α)e ≤ H(f(α)) ≤ CfH(α)e ∀α ∈ Q.
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Proof. i), ii), iii) and the second inequality of iv) are easy. Let us prove
the first inequality in iv). Put f1 = f1(x1, x2) = xe

2, and f2 = f2(x1, x2) =
xe

2f(x1/x2). So f1, f2 are homogeneous polynomials of degree e without
common zeros except (x1, x2) = (0, 0). So the variety V (J) defined by
the ideal J = (f1, f2) of Q[x1, x2] consists of the point (0, 0), in particular
x1 and x2 are contained in the vanishing ideal I(V (J)). By the Hilbert
Nullstellensatz the latter is the radical of J , thus there exist positive integers
ri such that xri

i ∈ J . After replacing ri by r1r2 we may take a common r.
Hence there exist polynomials gij ∈ Q[x1, x2] such that xr

i = gi1f1 + gi2f2.
As f1, f2 are homogeneous of degree e we can replace gij by its homogeneous
part of degree r − e and the equality remains valid. Next choose a number
field K such that α, f1, f2, gij ∈ K[x1, x2] and put d = [K : Q]. For v ∈ MK

we set ǫv(l) = l if v | ∞ and ǫv(l) = 1 if v ∤ ∞. Suppose x1, x2 are also in
K. Then

|xr
i |v = |

∑

j

gijfj|v ≤ ǫv(2)max
j

{|gijfj|v} ≤ ǫv(2)max
j

{|gij |v}max
j

{|fj|v}.

Let ξ0, ..., ξr−e by the coefficients of gij and let cij,v = max{|ξ0|v , ..., |ξr−e|v}.
Note that either gi1 or gi2 is nonzero, and thus maxj{cij,v} > 0. Now

max
j

{|gij |v} ≤ ǫv(r − e + 1)max
j

{cij,v}max
j

{|x1|v, |x2|v}r−e.

We conclude

max{|x1|v, |x2|v}r ≤ ǫv(2)ǫv(r − e + 1)max
i,j

{cij,v}max
j

{|x1|v, |x2|v}r−e max
j

{|fj |v},

and therefore

max{|f1|v, |f2|v} ≥ max{|x1|v, |x2|v}e

ǫv(2)ǫv(r − e + 1)maxj{cij,v}
.

Next we take the product with multiplicities dv over all v ∈ MK . The claim
then follows by choosing x1 = α and x2 = 1.

Lemma 1.5. Suppose α is in Q with minimal polynomial Dα(x) = a0(x −
α1) · · · (x−αd) = a0x

d + · · ·+ad ∈ Z[x] (so a0 > 0, and gcd(a0, ..., ad) = 1).
Then

H(α) =

(

a0

d∏

i=1

max{1, |αi|}
)1/d

.
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Proof. Put L = Q(α1, ..., αd) and D = [L : Q]. Let σi : Q(αj) → C
(1 ≤ i ≤ d) be the embeddings of Q(αj) and for each i denote by τik

(1 ≤ k ≤ D/d) its D/d extensions to embeddings of L. Then

d∏

i=1

max{1, |αi|}D/d =

d∏

i=1

max{1, |σi(αj)|}D/d =

d∏

i=1

D/d
∏

k=1

max{1, |τik(αj)|}

=
∏

w∈ML
w|∞

max{1, |αj |w}dw .

Now for the non-Archimedean places we need Gauss’ Lemma. Suppose w ∈
ML, w ∤ ∞ and g = b0x

m+· · ·+bm ∈ L[x]. Put |g|w = max{|b0|w, ..., |bm|w}.
If g, h ∈ L[x] then by Gauss’ Lemma |gh|w = |g|w|h|w. Suppose w | p then

1 = |Dα|p = |Dα|w = |a0|w
d∏

j=1

max{1, |αj |w},

and therefore

d∏

j=1

∏

w∤∞
max{1, |αj |w}dw =

∏

w∤∞
|a0|−dw

w =
∏

p∈MQ

|a0|
−

P

w|p dw

p =
∏

p∈MQ

pordp(a0)D = aD
0 .

Combining all, and using Lemma 1.4 i), we find

H(α)dD =

d∏

j=1

H(αj)
D =





d∏

j=1

∏

w|∞
max{1, |αj |w}dw









d∏

j=1

∏

w∤∞
max{1, |αj |w}dw





=

(
d∏

i=1

max{1, |αi|}
)D

aD
0 .

Remark . For f = ξ0(x − α1) · · · (x − αd) ∈ C[x] the Mahler measure of f
is defined as

M(f) = |ξ0|
d∏

i=1

max{1, |αi|}.

Note that M(·) is multiplicative, i.e., M(fg) = M(f)M(g).
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Lemma 1.6. Suppose f = ξ0x
d+· · ·+ξd ∈ C[x]. Put |f | = max{|ξ0|, ..., |ξd|}.

Then

2−d|f | ≤ M(f) ≤ 22d+1|f |.

Proof. We start with the first inequality.

|ξi| = |ξ0

∑

I⊂{1,...,d}
|I|=i

∏

j∈I

αj| ≤
∑

I⊂{1,...,d}
|I|=i

|ξ0|
∏

j∈I

|αj | ≤
(

d

i

)

M(f) ≤ 2dM(f).

For the second inequality we factor f = PQ with P =
∏

|αi|≤1(x − αi)
and Q = ξ0

∏

|αi|>1(x − αi). Note that by the maximum principle we have
‖ϕ‖r := sup|x|≤r |ϕ(x)| = sup|x|=r |ϕ(x)| for any entire function ϕ : C → C.

For |x| = 1/2 and |αi| > 1 we have |x − αi| ≥ |αi| − 1/2 > (1/2)|αi|.
Therefore

‖Q‖1/2 ≥ 2−degQM(Q) = 2−degQM(f) ≥ 2−dM(f).

Now for |x| = 2 and |αi| ≤ 1 we have |x − αi| ≥ |x| − |αi| ≥ 1. Therefore
inf |x|=2 |P (x)| ≥ 1, and hence

‖Q‖1/2 ≤ ‖Q‖2 ≤ ‖f‖2

inf |x|=2 |P (x)| ≤ ‖f‖2 ≤ 2d|ξ0| + · · · + 20|ξd| ≤ 2d+1|f |.

Combining both estimates proves the lemma.

The following theorem, proved by Northcott in [18], establishes the
“guiding principle 2.”.

Theorem 1.7 (Northcott’s Theorem (1-dim)). Sets of uniformly bounded
height and degree are finite, i.e., N(Q(1; d),X) := |{α ∈ Q; [Q(α) : Q] ≤
d,H(α) ≤ X}| < ∞ for all d and all X.

Proof. Each α counted in N(Q(1; d),X) has a minimal polynomial Dα =
a0x

e + · · · + ae ∈ Z[x] of degree at most d. Now H(α) = M(Dα)1/e ≤ X,
and thus |Dα| ≤ 2eM(Dα) ≤ (2X)e. Hence we have at most (2(2X)e +
1)e+1 ≤ (5X)e(e+1) possibilities for the minimal polynomials of degree e,
and each of these has at most e distinct roots. Thus N(Q(1; d),X) ≤
∑d

e=1 e(5X)e(e+1) ≤ (8X)d(d+1).

Next we prove a simple consequence of Northcott’s Theorem.
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Theorem 1.8 (Kronecker’s Theorem). H(α) = 1 ⇐⇒ α = 0 or α is a root
of unity.

Proof. “⇐=”: clear.
“=⇒”: Recall that H(αn) = H(α)n = 1 for all (positive) integers n. More-
over, [Q(αn) : Q] ≤ [Q(α) : Q]. By Northcott’s Theorem we conclude that
{αn;n ∈ Z>0} is a finite set. Now the claim follows by the pigeon-hole
principle.

Northcott’s Theorem is very important and has many Diophantine ap-
plications. Therefore it would be interesting to establish generalizations and
variations of Northcott’s Theorem. To this end we introduce the so-called
Northcott property, which has been around for some while but was formally
defined rather recently in [2].

Definition (Bombieri-Zannier 2001). A subset A of Q has the Northcott

property (short property (N)) if |{α ∈ A;H(α) ≤ X}| < ∞ for all X.

So Northcott’s Theorem simply states that sets of uniformly bounded
degree have the Northcott property. Let us now give a concrete example
of a finiteness result using heights. Indeed, this example was Northcott’s
original motivation to prove his theorem.

1.3.1 Arithmetic dynamics

Let ϕ : S → S be a self map. For each point α in S one has an orbit

Oϕ(α) = {α,ϕ(α), ϕ(ϕ(α)), ...}.

Definition . A point α ∈ S is preperiodic under ϕ ⇐⇒ |Oϕ(α)| < ∞

The following basic problem is widely open.

Problem 1.1 (Northcott, Dvornicich-Zannier 2008). Suppose L ⊂ Q is a
field, f : L → L with f ∈ L[x] and degf > 1. Can one decide whether the
number of preperiodic points in L under f is finite or infinite?

Theorem 1.9 (Northcott 1949). Suppose f : S → S with f ∈ Q[x] and
degf > 1. And suppose S has the Northcott property. Then the number of
preperiodic points in S under f is finite.
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Proof. We know that H(f(α)) ≥ cfH(α)degf with some positive constant
cf ≤ 1. Suppose H(α) > c−2

f ≥ 1. Then H(f(α)) ≥ cfH(α)degf ≥ H(α)3/2.

Therefore, writing f (n) for the n-th iterate of f , H(f (n)(α)) ≥ H(α)(3/2)n →
∞. Therefore we have H(α) ≤ c−2

f for any preperiodic point α. As S has
the property (N) the result follows.

As an immediate consequence one gets an affirmative answer on Problem
1.1 for number fields.

Corollary 1.10 (Northcott 1949). Suppose L is a number field and f ∈ L[x]
with degf > 1. Then the number of preperiodic points in L under f is finite.

The upper bound obtained by the proof here, depends on cf and on
the degree of L. As we see from the proof of Lemma 1.4, the constant cf

depends not only on the degree but also on the coefficients of f . However,
Morton and Silverman conjectured that there is a uniform bound depending
only on the degrees.

Conjecture 1.1 (Uniform boundedness conjecture (Morton-Silverman 1994)).
Suppose L is a number field and f ∈ L[x] with degf > 1. Then the number
of preperiodic points in L under f is bounded from above solely in terms of
degf and [L : Q].

1.4 The height on Q
n

Let K be a number field, d = [K : Q].

Relative height on Kn:

HK : Kn → [1,∞)

HK(α) =
∏

v∈MK

max{1, |α1|v, ..., |αn|v}dv .

The proof of Lemma 1.3 shows that

HK(α)1/d = HL(α)1/D for all α ∈ Kn ⊂ Ln.

Thus we can extend the definition of the absolute non-logarithmic Weil
height to higher dimensions.
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Definition (Absolute non-logarithmic Weil height).

H : Q
n → [1,∞)

H(α) =
∏

v∈MK

max{1, |α1|v , ..., |αn|v}dv/d,

where K is any number field containing α1, ..., αn and d = [K : Q].

Here is an example:
α = (a1/a0, ..., an/a0) ∈ Qn with gcd(a0, ..., an) = 1. Then

H(α) = max{|a0|∞, ..., |an|∞}.

Note that

H(α) ≥ max{H(α1), ...,H(αn)}.

Therefore Northcott’s Theorem remains valid for Q
n
.

Theorem 1.11 (Northcott’s Theorem). Sets of uniformly bounded height
and degree are finite. More precisely, N(Q(n; d),X) := |{α ∈ Q

n
; [Q(α) :

Q] ≤ d,H(α) ≤ X}| ≤ N(Q(1; d),X)n ≤ (8X)nd(d+1) for all d and all X.



Chapter 2

Counting

2.1 Introduction

Suppose S ⊂ Q
n

has uniformly bounded degree. By Northcott’s Theorem
we can associate a counting function to S

N(S,X) = {α ∈ S;H(α) ≤ X}.

Let k be a number field and

m = [k : Q].

In view of Northcott’s Theorem a natural set to study is

k(n; d) = {α ∈ Q
n
; [k(α) : k] ≤ d}.

Problem 2.1 (Lang (d = 1), Schmidt (d > 1)). Find an asymptotic esti-
mate for N(k(n; d),X) as X → ∞.

The Problem 2.1 has been solved for various cases.

Theorem 2.1 (classical).

N(Q(n; 1),X) =
2n

ζ(n + 1)
Xn+1 + On(XnL),

where L = log X if n = 1 and L = 1 otherwise.

Proof. Let α = (a1/a0, ..., an/a0) with gcd(a0, ..., an) = 1. Then the repre-
sentative a = (a0, ..., an) is unique up to sign, and H(α) = max{|a0|∞, ..., |an|∞}.

17
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Therefore

N(Q(n; 1),X) =
1

2
|{a ∈ Zn+1 ∩ [−X,X]n+1; gcd(a0, ..., an) = 1, a0 6= 0}|

=
1

2
| {a ∈ Zn+1 ∩ [−X,X]n+1; gcd(a0, ..., an) = 1}
︸ ︷︷ ︸

f1(X)

| + On(Xn).

To get rid of the primality condition we use the Möbius inversion formula.
Let µ : Z>0 −→ {0,±1} be the Möbius function. It is multiplicative and
defined by

µ(a) =







1 : a = 1

−1 : a = prime

0 : a not square free.

By the Möbius inversion formula we have

|f1(X)| =
∑

d

µ(d)
∑

b
d|b

|fb(X)|. (2.1.1)

Note that
∑

b
d|b

|fb(X)| = |(dZ)n+1\{0} ∩ [−X,X]n+1| (2.1.2)

=

(

2

[
X

d

]

+ 1

)n+1

− 1 =

(
2X

d

)n+1

+ On

(
Xn

dn

)

.

For n > 1 we can conclude

|f1(X)| =
∑

d

µ(d)

(
2X

d

)n+1

+ On

(
∑

d

Xn

dn

)

.

But for n = 1 the sum in the above error term does not converge. However,
the right-hand side of (2.1.2) is certainly zero whenever d > X, and so we
can restrict the sum in (2.1.1) to d ≤ X. This yields

|f1(X)| =
∑

d≤X

µ(d)

(
2X

d

)2

+ O




∑

d≤X

X

d





=
∑

d

µ(d)

(
2X

d

)2

+ O

(
∑

d>X

X2

d2

)

+ O




∑

d≤X

X

d



 .

The result drops out after noting that
∑

d µ(d)/dn+1 = 1/ζ(n + 1).



2.1. INTRODUCTION 19

Lang’s problem has been solved by Schanuel in 1979. But before we
state his theorem we introduce the Schanuel constant

Sk(n) =
hkRk

wkζk(n + 1)
(
2rk(2π)sk

√

|∆k|
)n+1(n + 1)rk+sk−1. (2.1.3)

Here hk is the class number, Rk the regulator, wk the number of roots of
unity in k, ζk the Dedekind zeta-function of k, ∆k the discriminant, rk is
the number of real embeddings of k and sk is the number of pairs of distinct
complex conjugate embeddings of k.

Theorem 2.2 (Schanuel).

N(k(n; 1),X) = Sk(n)Xm(n+1) + Ok,n(Xm(n+1)−1L), (2.1.4)

where L = log X if n = m = 1 and L = 1 otherwise.

Proof. Schanuel’s original work is [20]. We give a fairly detailed sketch of
the proof in Section 2.3.

So far we have considered only the case d = 1. The case d > 1 is more
difficult. However, we already know that

N(Q(n; d),X) ≤ (8X)nd(d+1).

How good is this upper bound? The following lemma shows that at least
for n = 1 we have the correct exponent on X.

Lemma 2.3. For X ≥ X0(d) we have

N(Q(1; d),X) ≥ 2−d2−3d−6Xd(d+1).

Proof. By Lemma 1.5 and Lemma 1.6 it suffices to count irreducible poly-
nomials D = a0x

d + · · · + ad ∈ Z[x] with a0 > 0 and |D| ≤ 2−2d−1Xd = Y .
For the irreducibility (over Q) we use the Eisenstein criterion with p = 2.
So

a0 = 2n0 + 1, a1 = 2n1, ..., ad−1 = 2nd−1, ad = 2(2nd + 1).

We need also gcd(a0, ..., ad) = 1, and for this it suffices to have

gcd(ad−1/2, ad/2) = 1.

Just as in the proof of Theorem 2.1 we see that the number of pairs (b1, b2)
with coprime coordinates of modulus at most Y/2 is Y 2/(2ζ(2))+O(Y log Y ) ≥
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(Y/2)2 for Y ≥ Y0. Note that ad/2 is odd. However, any of the coprime
pairs (b1, b2) with b2 odd gives us a pair (ad−1/2, ad/2), and so we have at
least

2−3Y 2

possibilities for the pairs (ad−1, ad), provided Y ≥ Y0. For the remaining
coefficients a0, ..., ad−2 we have in total

[Y/2](2[Y/2] + 1)d−2 ≥ 2−2Y d−1

possibilities, provided Y ≥ Y1. Thus for 2−2d−1Xd = Y ≥ max{Y0, Y1}
we have at least 2−5Y d+1 = 2−d2−3d−6Xd(d+1) possibilities for the minimal
polynomials D, and this proves the lemma.

Remark . Combining Schanuel’s Theorem with Lemma 2.3 gives

N(Q(n; d),X) ≥ cn,dX
d max{d+1,n+1},

provided X ≥ X0(n, d). It is known that the exponent dmax{d + 1, n + 1}
is best possible.

Question 2.1. Does

lim
X→∞

N(Q(n; d),X)

Xd max{d+1,n+1}

exist and if so: what is it?

For d = 1 this, and much more, has been answered by Masser and Vaaler
in [13] and [14].

Theorem 2.4 (Masser-Vaaler 2007).

N(k(1; d),X) = dVR(d)rkVC(d)skSk(d)Xmd(d+1) + Ok,d(X
md(d+1)−d log X),

where

VR(d) = (d + 1)l
l∏

i=1

(2i)d−2i

(2i + 1)d+1−2i

with l = [(d − 1)/2] and the empty product is interpreted as 1, and

VC(d) =
(d + 1)d+1

((d + 1)!)2
.
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Proof. We will sketch the proof. For a detailed account see [14].

In particular,

lim
X→∞

N(Q(1; d),X)

Xd(d+1)
= dVR(d)SQ(d).

The latter is probably always a transcendental number, certainly if d is odd.
On the other hand Masser and Vaaler observed

lim
X→∞

N(k(1; d),X1/d)

N(k(d; 1),X)
= dVR(d)rkVC(d)sk ∈ Q.

Therefore they asked (see [14]) if this extends to some “reciprocity law”.

Question 2.2 (Masser-Vaaler 2007).

lim
X→∞

N(k(n; d),X1/d)

N(k(d;n),X1/n)
∈ Q?

Theorem 2.5 (Schmidt, Gao, W.). Suppose that either k = Q and n > d
or that n > 5d/2 + 5. Then

N(k(n; d),X) =
∑

L
[L:k]=d

SL(d)Xmd(n+1) + Ok,d,n(Xmd(n+1)−1).

Proof. The cases (m,d) = (1, 2) are due to Schmidt [23] (in fact Schmidt
handled also the cases n = 1, 2). The cases m = 1, n > d were done by Gao
[9], and the remaining cases are due to Widmer [27].

Remark . The best general bounds are due to Schmidt ([22]):

c(k, n, d)Xmd max{d+1,n+1} ≤ N(k(d;n),X) ≤ C(n,m, d)Xmd(n+d). (2.1.5)

The upper bound holds for all X and the lower bound for X ≥ X0(k, n, d).
So in general the correct order of magnitude is not known.

Analogous results to Schanuel’s Theorem and Theorem 2.5 for points on
linear varieties have been proven by Thunder [25], and Christensen, Gubler
[3] for d = 1, and by Widmer [30] for d ≥ 1.
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2.2 Counting lattice points

By a lattice in Rn we mean the Z-span of n linearly independent vectors
v1, ..., vn in Rn. The determinant of the lattice is then given by the modulus
of the determinant of the matrix whose columns are v1, ..., vn. For a vector
x in Rn we write |x| for the Euclidean length of x. For a point P in Rn

and a real R > 0 we write BP (R) for the closed Euclidean ball with radius
R centered at P . The successive minima λ1, ..., λn of a lattice Λ in Rn are
understood in Minkowski’s sense with respect to the unit ball B0(1), i.e., for
i = 1, ..., n

λi = inf{λ;B0(λ) ∩ Λ contains i linearly independent vectors}.

For general sets S one cannot say anything useful about |S∩Λ|. Therefore S
has to satisfy some conditions, e.g., its boundary must be “nice”. To render
this precise we introduce the following notion.

Definition . We say that a set A is in Lip(n,M,L) if A is a subset of Rn,
and if there are M maps φ1, ..., φM : [0, 1]n−1 −→ Rn satisfying a Lipschitz
condition

|φi(x) − φi(y)| ≤ L|x− y| for x,y ∈ [0, 1]n−1, i = 1, ...,M, (2.2.6)

such that A is covered by the images of the maps φi.

Any convex set has lipschitz parameterizable boundary.

Proposition 2.6. Suppose S ⊂ BP (R) ⊂ Rn and S is convex. Then ∂S is
in Lip(n, 1, 8n5/2R).

Proof. See [32] Theorem 2.6.

Immediately from the previous proposition we get the following corollary.

Corollary 2.7. Suppose S ⊂ BP (R) ⊂ Rn and ∂S ⊂
(
∪M

i=1∂Ki

)
for convex

sets K1, ...,KM . Then ∂S lies in Lip(n,M, 8n5/2R).

The following counting theorem is more precise than the standard results
(such as Theorem 2 in [12] or Theorem 5.1 in [11]) available in the literature.
Firstly because it involves the first n−1 successive minima, and secondly it is
not restricted to homogeneously expanding domains. A simpler result, also
not restricted to homogeneously expanding domains, was given By Masser
and Vaaler in [14].
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Theorem 2.8. Let Λ be a lattice in Rn with successive minima λ1, ..., λn.
Let S be a bounded set in Rn such that the boundary ∂S of S is in Lip(n,M,L).
Then S is measurable and moreover,

∣
∣
∣
∣
|S ∩ Λ| − Vol (S)

detΛ

∣
∣
∣
∣
≤ c2(n)M max

0≤i<n

Li

λ1 · · ·λi
.

For i = 0 the expression in the maximum is to be understood as 1. Further-
more, one can choose c2(n) = n3n2/2.

Proof. See [31] Theorem 5.4.

From this we easily deduce the following special case for homogeneously
expanding domains. The special feature here is that we can get rid of the
annoying 1 in the error term, provided 0 /∈ S.

Corollary 2.9. Let Λ be a lattice in Rn with successive minima λ1, ..., λn.
Let S0 be a set in Rn, and suppose 0 /∈ S0 ⊂ B0(R) and ∂S0 ∈ Lip(n,M,L0).
Then S0 is measurable and moreover, for any t > 0

∣
∣
∣
∣
|tS0 ∩ Λ| − Vol (S0)t

n

detΛ

∣
∣
∣
∣
≤ 2n3n2/2M(R + L0)

n−1

(
t

λ1

)n−1

.

Proof. We distinguish two cases:
i) λ1 > tR:
As 0 /∈ tS0 ⊂ B0(tR) we conclude |tS0 ∩ Λ| = 0. On the other hand, using
Minkowski’s second Theorem,

Vol (S0)t
n

detΛ
≤ (2Rt)n

λ1 · · ·λn
≤ 2n

(
Rt

λ1

)n−1

.

ii) λ1 ≤ tR:
Clearly ∂tS0 ∈ Lip(n,M, tL0). We apply Theorem 2.8 to deduce

∣
∣
∣
∣
|tS0 ∩ Λ| − Vol (S0)t

n

det Λ

∣
∣
∣
∣
≤ n3n2/2M max

0≤i<n

(tL0)
i

λ1 · · · λi
≤ n3n2/2M(R + L0)

n−1

(
t

λ1

)n−1

.
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2.3 Proof sketch of Schanuel’s Theorem

2.3.1 The strategy

Each α ∈ kn has a representative a = (a0, ..., an), i.e.,

i) a ∈ Ok\{0} × On
k := On

ii) α = (
a1

a0
, ...,

an

a0
).

On On we write a ∼ b if a and b represent the same α (i.e. ai/a0 = bi/b0).
Put

Oa = a0Ok + · · · + anOk.

Note that

a ∼ b =⇒ Oa ∼ Ob,

i.e., if a and b are equivalent then Oa and Ob lie in the same ideal class.

Fix a nonzero ideal C and put

• gC = {a ∈ On;Oa = C}

• B(T ) = {a ∈ On;
∏

v∈Mk
v|∞

max{|a0|v , ..., |an|v}dv ≤ Tm}.

Now for a and b in gC we have

a ∼ b =⇒ a = ηb for some η ∈ O∗
k.

Let F ⊂ On+1
k be a fundamental domain for the action (η,a) −→ (ηa) of

O∗
k on On+1

k . Put

• BF (T ) = B(T ) ∩ F ,

• fC(T ) = gC ∩ BF (T ).

Put fC(∞) =
⋃

T≥1 fC(T ). Note: each α ∈ kn has exactly one representative
a in

⋃

C∈R fC(∞), where the union runs over a full system R of inequivalent
ideals. Moreover, if a lies in fC(∞) and represents α then

H(α) =
∏

v

max{|a0|v, ..., |an|v}dv/m = NC−1/m
∏

v|∞
max{|a0|v, ..., |an|v}dv/m.
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Thus

H(α) ≤ X ⇐⇒ a ∈ fC(NC1/mX). (2.3.7)

Therefore we have

N(k(n; 1),X) =
∑

C∈R
|fC(NC1/mX)|,

Using the Möbius function on nonzero ideals in Ok and the Möbius inversion
formula we get

|fC(NC1/mX)| =
∑

D

C|D

µ(C−1D)
∑

A

D|A

|fA(NC1/mX)|.

︸ ︷︷ ︸

|Dn+1∩BF (NC1/mX)|

2.3.2 More details

We view D ⊂ Ok ⊂ k as subsets of Rr × Cs = Rm via the embeddings
σ1, ..., σr : k −→ R, and σr+1, ..., σr+s : k −→ C. Extending each of these
componentwise we get an embedding

σ : kn+1 −→ Rr(n+1) × Cs(n+1)

σ(α) = (σ1(α), ..., σr+s(α))

Now σDn+1 is a lattice in Rm(n+1) with

detσDn+1 =
(

2−s
√

|∆k|ND
)n+1

.

Next we define two maps:

p : k∗ −→ Rr+s
>0 ℓ : Rr+s

>0 −→ Rr+s

p(α) = (|σi(α)|)r+s
i=1 ℓ((xi)

r+s
i=1 ) = (di log xi)

r+s
i=1 ,

where di = 1 if i ≤ r and di = 2 if i > r. Let Σ ⊂ Rr+s be the subspace
defined by x1 + · · · + xr+s = 0. Then ℓ ◦ p : O∗

k −→ Σ is a group homomor-
phism with kernel Tk = {roots of unity in k}, and image a lattice in Σ. Let
F ⊂ Σ be a fundamental domain for the action of ℓ◦p(O∗

k) on Σ, and define
the vector sum

F (T ) = F + δ(−∞, log T ],
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where δ = (di)
r+s
i=1 . Next put En = (R∗ × Rn)r × (C∗ × Cn)s, and write

temporarily | · | for the supremum norm on Cn+1. We define

SF (T ) = {(z1, ..., zr+s) ∈ En; ℓ((|zi|)r+s
i=1 ) ∈ F (T )},

= SF (∞)
︸ ︷︷ ︸

“F”

∩{(z1, ..., zr+s) ∈ En;

r+s∏

i=1

|zi|di ≤ Tm}
︸ ︷︷ ︸

“B(T )”

.

Note that

ℓ((|Tzi|)r+s
i=1 ) = δ log T + ℓ((|zi|)r+s

i=1 ).

Hence

SF (T ) = TSF (1).

Moreover,

ℓ((|σi(ηa)|)r+s
i=1 ) = ℓ ◦ p(η) + ℓ((|σi(a)|)r+s

i=1 ).

Thus for each a ∈ On+1
k \{0} there exist exactly ωk = |Tk| units η such that

σ(ηa) ∈ SF (∞), and so

|fC(T )| =
1

ωk
|SF (T ) ∩ σgC| =

1

ωk

∑

D

C|D

µ(C−1D)|σDn+1 ∩ SF (T )|.

Lemma 2.10. Let D be a nonzero ideal in Ok. Then λ1(σDn+1) ≥
√

m
2 ND1/m.

Proof. Let α be a nonzero element of D. It suffices to consider the Euclidean
length of (σ1α, ..., σr+sα). The latter is

(
r+s∑

i=1

|σiα|2
)1/2

≥
(

1

2

r+s∑

i=1

di|σiα|2
)1/2

≥
√

m

2

(
r+s∏

i=1

|σiα|2di

)1/(2m)

=

√
m

2
N((α))1/m ≥

√
m

2
ND1/m.

Lemma 2.11. There exist constants M = M(n, k), L = L(n, k, F ), and
R = R(n, k, F ) such that SF (1) ⊂ B0(R) and ∂SF (1) ∈Lip(m(n+1),M,L).
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Proof. Not difficult but somewhat tedious.

Lemma 2.12.

|σDn+1 ∩ SF (T )| =
Vol SF (1)Tm(n+1)

(

2−s
√

|∆k|ND
)n+1 + On,k,F

(

Tm(n+1)−1

NDn+1−1/m

)

.

Proof. As 0 /∈ SF (T ) this follows immediately from Lemma 2.10 , Lemma
2.11 and Corollary 2.9.

Now

|fC(T )| =
1

ωk

∑

B

µ(B)|σ(BC)n+1 ∩ SF (T )|,

and with Lemma 2.12 and T = XNC1/m Schanuel’s Theorem follows after
summing over R.

2.4 Proof strategies for Theorem 2.4 and Theorem

2.5

2.4.1 Theorem 2.4

The basic idea is to count monic minimal polynomials over k, and to adapt
Schanuel’s proof to carry this out. For simplicity we assume k = Q.

It suffices to count numbers α of degree d > 1. We count monic ir-
reducible polynomials D = xd + (a1/a0)x

d−1 + · · · + (ad/a0) ∈ Q[x] with
gcd(a0, ..., ad) = 1 and a0 > 0. Suppose α is a root of D. Then

H(α)d = a0

d∏

i=1

max{1, |αi|}

=

(
∏

p

max{1, |a1

a0
|p, ..., |

ad

a0
|p}
)

M

(

xd +
a1

a0
xd−1 + · · · + ad

a0

)

:= HM

(
a1

a0
, ...,

ad

a0

)

Now HM : Qd −→ [1,∞) can be seen as a height function, and at the
same time as a function M0 on monic polynomials of degree at most d
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defined by HM

(
a1
a0

, ..., ad
a0

)

= M0

(

xd + a1
a0

xd−1 + · · · + ad
a0

)

. Note that M0

is multiplicative, i.e., M0(fg) = M0(f)M0(g). Adapting Schanuel’s proof to
this modified height HM we get for the number of monic polynomials f of
degree at most d with M0(f) ≤ Xd

Sd(X
d)d+1 + O(Xd2

). (2.4.8)

This implies that the number of such polynomials of degree < d is at most
C1X

d(d−1) for some constant C1. And using (2.4.8) together with the mul-
tiplicativity of M0 we see that the number of reducible polynomials counted
in (2.4.8) is at most C2X

d2
log(X + 2). As each D has exactly d pairwise

distinct roots of equal height we conclude

N(Q(1; d),X) = dSdX
d(d+1) + O(Xd2

log X).

2.4.2 Theorem 2.5

The strategy here is to prove a version of Schanuel’s Theorem restricted to
primitive points α, i.e., fix an extension L/k of degree d, and then count
the points α ∈ Ln with k(α) = L. Then sum over all possible extensions L.

Put (L/k)n = {α ∈ Ln; k(α) = L}. Then we have the disjoint union

k(n; d) =
⋃

L
[L:k]=d

(L/k)n,

and thus

N(k(n; d),X) =
∑

L
[L:k]=d

N((L/k)n,X).

The main goal is to show

N((L/k)n,X) = SL(n)Xmd(n+1) + Ok,n,d(cL(n)Xmd(n+1)−1),

so that for n large enough

∑

L
[L:k]=d

SL(n),
∑

L
[L:k]=d

cL(n)

converge. Of course the more difficult part is the convergence of the error
terms.
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Remark . This is a simplification of the strategy. In fact the error term
for each L splits up in a bunch of terms and each of those has to be summed
over a different set of fields L. Moreover, naively following Schanuel’s proof
yields a value for cL(n) of size about exp(

√

|∆L|md(n + 1) − 1) which is
extremely far away from what we need.

2.5 Integral points

Let ZQ be the ring of algebraic integers and let k be a number field of degree
m = [k : Q], and write Ok for its ring of integers. In this section we are
interested in problems analogous to those of Section 2.1 but this time for
integral points. We define

Ok(n; d) = {α ∈ Zn
Q
; [k(α) : k] ≤ d}.

Problem 2.2. Find an asymptotic estimate for N(Ok(n; d),X) as X → ∞.

For k = Q and d = 1 the problem is trivial. The following result has
been stated without proof in [11] p.80.

Theorem 2.13 (Lang).

N(Ok(1; 1),X) = γkX
m log Xqk + Ok(X

m(log X)qk−1),

where γk is a positive constant depending on k, and qk is the rank of the
unit group of Ok.

Question 2.3. Can one improve the error term? Can one find a second,
third,... order main term?

Indeed, we can expand the counting function in qk + 1 main terms. For
0 ≤ i ≤ qk we set

Ci(k, n) =
2rkn(2π)sknni

|∆k|n/2i!

(
qk

i

)

,

We have

N(Ok(n; 1),X) =

qk∑

i=0

Ci(k, n)Xmn(log Xm)i + Om,n(Xmn−1(log X)qk).

(2.5.9)
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The main term can be written in a simpler form using the q-th Laguerre
polynomial Lq(t) =

∑q
i=0(−1)i

(
q
i

)
ti

i! . With this notation we have

qk∑

i=0

Ci(k, n)Xmn(log Xm)i =
2rkn(2π)sknXmn

|∆k|n/2
Lqk

(−n log Xm).

The latter is a very special case of the following result, proved in the up-
coming article [33]. But first we need some more notation. Let Cd(k) be the
collection of all field extensions of k of degree d, i.e.,

Cd(k) = {L ⊂ Q; [L : k] = d},

and set

td(k) = sup{qL;L ∈ Cd(k)}.

For 0 ≤ i ≤ td(k) we introduce the formal sum

Di = Di(k, n, d) =
∑

L∈Cd(k)
qL≥i

Ci(L, n). (2.5.10)

Next we put for d > 1

2′ = max{2 +
4

d − 1
+

1

m(d − 1)
, 7 − d

2
+

2

md
} ≤ 7.

Now we can state the result.

Theorem 2.14 (W. 2010). Let k be a number field with m = [k : Q].
Suppose that either d = 1 or that n > d + 2′, and set t = td(k). Then the
sum in (2.5.10) converges and, as X ≥ 1 tends to infinity, one has

N(Ok(n; d),X) =
t∑

i=0

DiX
mdn(log Xmd)i + On,m,d(X

mdn−1(log X)t).

Proof. We illustrate the proof of the much simpler special case d = 1 for
(rk, sk, n) = (2, 0, 1) on the blackboard. The complete proof is given in
[33].
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2.6 Proof sketch Theorem 2.13 for d = 1

The restriction to d = 1 is significant and simplifies the proof considerably.
We also assume n = 1, this is not so serious but simplifies the notation.

Let σi : k → C (1 ≤ i ≤ m) be the embeddings ordered as usual
(σr+j+s = σr+j for 1 ≤ j ≤ s). Now for α in Ok we have

H(α) =
∏

v∈Mk

max{1, |α|v}dv/m =
∏

v|∞
max{1, |α|v}dv/m =

r+s∏

i=1

max{1, |σi(α)|}di/m,

where di = 1 if i ≤ r and di = 2 if i > r. As in the proof of Schanuel’s
Theorem we use the embedding

σ : k → Rr × Cs,

σ(α) = (σ1(α), ..., σr+s(α)).

Put

S(X) = {z ∈ Rr × Cs;

r+s∏

i=1

max{1, |zi|} ≤ Xm}.

Thus

N(Ok(1, 1),X) = N(Ok,X) = |σ(Ok) ∩ S(X)|.

So we could try to apply Theorem 2.8. However, the problem is that S(X)
is “long and thin” with “small” volume. If one parameterizes the boundary
by a single map (i.e., ∂S ∈ Lip(m, 1, L)) then L has order at least Xm giving
an error term of order Xm(m−1). But the volume, and thus the main term,
is only of order Xm(log X)qk .

The first step to overcome these difficulties is to split up the set S(X)
in several subsets. For I ⊂ {1, ..., r + s} put

SI(X) = {z ∈ S(X);|zi| ≥ 1 ∀i ∈ I

|zi| < 1 ∀i /∈ I}.

Definition . Let T be the group of R-linear maps φ : Rr × Cs → Rr × Cs

of the from φ(z) = (ξizi)
r+s
i=1 with ξi > 0 and

∏r+s
i=1 ξdi

i = 1.

Theorem 2.14 for n = d = 1 follows easily from the following proposition.
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Proposition 2.15. Suppose ∅ 6= I ⊂ {1, ..., r + s} and Λ is a lattice in
Rr × Cs. Suppose there exists µ > 0 such that λ1(φ(Λ)) ≥ µ for all φ ∈ T .
Then for all X ≥ 0

∣
∣
∣
∣
|Λ ∩ SI(X)| − Vol SI(X)

det Λ

∣
∣
∣
∣
≤ Cm

(
X

µ

)m−1

(log(X + 2))|I|−1.

Proof. We will illustrate the proof in the simplest nontrivial case r = 2, s = 0
on the blackboard.

Lemma 2.16. Let D be a nonzero ideal in Ok and φ ∈ T . Then λ1(φ(σD)) ≥
√

m/2ND1/m.

Proof. This is proved exactly in the same way as Lemma 2.10.

Next note that

N(Ok,X) = |σ(Ok) ∩ S(X)| =
∑

I

|σ(Ok) ∩ SI(X)|,

where the sum runs over all subsets I of {1, ..., r + s}. For I = ∅ and X ≥ 1
we have |σ(Ok) ∩ S(X)| = 1, and if I 6= ∅ then we can apply Proposition
2.15 with Λ = σOk and µ =

√

m/2.



Chapter 3

Height bounds for primitive

points

3.1 Introduction

Let L/k be a finite extension of number fields, m = [k : Q], d = [L : k], and
D = md = [L : Q]. Let DL/k be the relative discriminant of L/k. Moreover
we introduce the following invariant of L/k

δ(L/k) = inf{H(α);L = k(α)}.

Problem 3.1. Find good lower and upper bounds for δ(L/k) in terms of
Nk/Q(DL/k), d, and m.

Silverman gave a nice lower bound.

Theorem 3.1 (Silverman 1984). Suppose d > 1. Then

δ(L/k) ≥ d
− 1

2(d−1) Nk/Q(DL/k)
1

2md(d−1) , (3.1.1)

where Nk/Q is the norm from k to Q.

Proof. The proof is not difficult and uses essentially only the triangle in-
equality and Hadamard’s inequality. However, we omit the proof. It can be
found (as a special case) in [24].

Silverman’s Theorem has many applications; it is used in the proof of
Theorem 2.5, Theorem 2.14, and it will also play a crucial role in Chapter
4. We also briefly sketch an application to the torsion part of class groups,

33
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discovered by Ellenberg and Venkatesh.

In view of the many applications it would be nice to improve upon the ex-
ponent 1/2md(d − 1) in Silverman’s Theorem. Unfortunately this exponent
is best possible, as the following example due to Masser and Ruppert shows:
take L = k(α) with α = (p/q)1/d and primes p, q satisfying 0 < p < q < 2p
and p, q ∤ ∆k. So Dα = qxd − p is irreducible over k and [k(α) : k] = d. Now
(pq)d−1 | ∆Q(α), and ∆m

Q(α) | ∆L = ∆d
kNk/Q(DL/k). Hence

H(α) = q
1
d ≤ (2pq)

1
2d ≤ 2

1
2d |∆L|

1
2md(d−1) = 2

1
2d |∆k|

1
2m(d−1) Nk/Q(DL/k)

1
2md(d−1)

By the prime number theorem (or Bertrand’s postulate) we can take p ar-
bitrarily large. And this shows the claim.

For k = Q Silverman’s Theorem gives

δ(L/Q) ≥ D
− 1

2(D−1) |∆L|
1

2D(D−1) .

We just saw that the right hand-side is essentially sharp. Ruppert ([19]
Question 1) asked whether it is always possible to find such a small generator.

Question 3.1 (Ruppert 1998). Is there a constant CD such that for all
number fields L of degree D

δ(L/Q) ≤ CD|∆L|
1

2D(D−1) ?

For D = 2 Ruppert answered this question in the affirmative. The proof
is not easy and depends on a deep result of Duke. Moreover, the constant
CD he obtained is ineffective.

3.2 Bounds for the torsion part of class groups

Let ClL be the class group of the number field L and for a positive integer
l write ClL[l] = {a ∈ ClL; al = 1} for its l-torsion part.

Conjecture 3.1 (Brumer, Duke, Silverman, Zhang,...). Suppose l > 0 is
prime and ǫ > 0. Then there exists a constant C(ǫ, l,D) such that for all
number fields L of degree D

|ClL[l]| ≤ C(ǫ, l,D)|∆L|ǫ.
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Note that the trivial bound, using “Siegel-Brauer”, has the exponent
1/2 + ǫ on |∆L|. In [7] Ellenberg and Venkatesh obtained the first general
nontrivial result. They have shown (see also [5]) that, under GRH one has

|ClL[l]| ≤ C(ǫ, l,D)|∆L|
1
2
+ǫδ(L/Q)−

D
l
+ǫ.

Applying Silverman’s Theorem yields a nontrivial bound.

Theorem 3.2 (Ellenberg-Venkatesh 2008). Suppose l > 0 is prime and
ǫ > 0. Assume GRH holds. Then there exists a constant C(ǫ, l,D) such that
for all number fields L of degree D

|ClL[l]| ≤ C(ǫ, l,D)|∆L|
1
2
− 1

2(D−1)l
+ǫ

.

For (l,D) = (3, 2) the result is unconditional.

Here GRH is needed to guarantee the existence of many small splitting
primes. For (l,D) = (3, 2) they used that either Q(

√
m) or Q(

√
−3m) has

many small splitting primes so that the torsion bound can be deduced for
at least one of these fields. Applying the Scholz’ reflection principle gives
the conclusion for the other field, and thus the result is unconditional.

Motivated by this particular application, and inspired by a geometric re-
sult of Arbarello and Cornalba, Ellenberg implicitly addressed the following
question (see [5] p.4).

Question 3.2 (Ellenberg 2009). Is there a constant CD such that for a
“typical” number field L of degree D

δ(L/Q) ≥ CD|∆L|
1

4D ?

3.3 More results

We put

C = CD(Q) = {L ⊂ Q : [L : Q] = D}.

and for a subset S ⊂ C, and η ≥ 0 we set

Sη = {L ∈ S : δ(L/Q) ≥ |∆L|η}.

To render Question 3.2 precise we enumerate the fields. This is done, prob-
ably most naturally, by the discriminant or the modulus thereof

N∆(S, T ) = |{L ∈ S : |∆L| ≤ T}|.
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Proposition 3.3 (Vaaler-W. 2009). Suppose 2 | D or 3 | D. Then

lim
T→∞

N∆(Cη, T )

N∆(C, T )
= 1,

provided η < 1
D(D+1) .

Moreover, suppose F is number field of degree D/2 if D is even and of degree
D/3 otherwise. Put B = {L ∈ C;F ⊂ L}. Then

lim
T→∞

N∆(Bη , T )

N∆(B,T )
= 1,

provided η < 1
D(1+D/[F :Q]) .

Proof. For S ⊂ C we set PS = {α ∈ Q; Q(α) ∈ S} and Nδ(S, T ) = |{L ∈ S :
δ(L/Q) ≤ T}|. Directly from the definitions we get

N∆(S\Sη , T ) ≤ Nδ(S\Sη, T
η) ≤ Nδ(S, T η),

and

Nδ(S, T η) ≤ N(PS , T η).

By Schmidt’s bound (2.1.5)

N(PS , T η) ≤
{

CDT ηD(D+1) : S = C,

CDT
ηD(1+ D

[F :Q]
)
: S = B.

On the other hand, counting only quadratic (or cubic) extensions of F of
bounded discriminant, we get

N∆(C, T ) ≥ N∆(B,T ) ≥ cF T,

provided T ≥ T0(F ). With S = C or S = B and the hypothesis of the
proposition we conclude

lim
T→∞

N∆(S\Sη, T )

N∆(S, T )
= 0.

Remark . So if D is even than a “typical” degree D field L has δ(L/Q) ≥
|∆L|η whenever η > 1

D(D+1) .

If D is even than a “typical” degree D field L of B has δ(L/Q) ≥ |∆L|η
whenever η > 1

3D .
Suppose D = ab is composite and F is a field of degree b. The best general
lower bound N∆(B,T ) ≥ c(F, a)T 1/2+1/a2

is due to Ellenberg and Venkatesh
[6] and suffices to answer Question 3.1 in the negative if D is composite.
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Recall that for D = 2 Ruppert has positively answered his Question
3.1. For D = 2 one has 1/(2D(D − 1)) = 1/(2D), and so in general the
best exponent might be 1/(2D). Indeed, Ruppert ([19] Question 2) also
addressed the following question.

Question 3.3 (Ruppert 1998). Is there a constant CD such that for all
number fields L of degree D

δ(L/Q) ≤ CD|∆L|
1

2D ?

The answer to this question is probably yes.

Proposition 3.4 (Vaaler-W. 2009). Suppose L has a real embedding or
assume GRH. Then

δ(L/Q) ≤ CD|∆L|
1

2D ,

with a constant CD depending only on D.

Proof. If L has a real embedding then one can apply Minkowski’s convex
body theorem to get a Pisot number generator of small enough height. The
general case follows the proof of Theorem 1.1 in [29]. For details see [26].

3.4 Numerical data

Let us look at some numerical data. We consider the quantity1

log δ(L/Q)

log |∆L|

as L runs over all number fields of degree D. What are the cluster points of
this sequence? We already know that 1/(2D(D − 1)) is the smallest cluster
point. The data material of the following figures stems from John Voight’s
tables on his webpage (http://www.cems.uvm.edu/∼voight/nf-tables/index.html)

1In fact we use rather the quantity inf{|Dα|
1/degDα ; L = Q(α)} instead of δ(L/Q) but

that doesn’t change the cluster points
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Figure 3.1: Totally real fields of degree D = 3, 630 fields, 1/(2D(D − 1)) =
1/(4D) = 1/12, 1/(2D) = 1/6.
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Figure 3.2: Totally real fields of degree D = 4, 1578 fields 1/(2D(D − 1)) =
1/24, 1/(4D) = 1/16, 1/(2D) = 1/8
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Figure 3.3: Totally real fields of degree D = 5, 674 fields
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Figure 3.4: Totally real fields of degree D = 6, 827 fields
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Figure 3.5: Totally real fields of degree D = 7, 301 fields
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Figure 3.6: Totally real fields of degree D = 8, 164 fields

Question 3.4. Are the cluster points dense in an interval, maybe even in
[1/(2D(D − 1)), 1/(2D)]?
Is the smallest cluster point for totally real fields and D > 2 larger than
1/(2D(D − 1))?
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Chapter 4

The Northcott property

In this chapter we study extensions of Northcott’s Theorem. Much of the
presented material was taken verbatim from [28].

4.1 Introduction

Recall that a subset A of Q has the Northcott property, short property (N),
if for each positive real number X there are only finitely many elements α
in A with H(α) ≤ X. We have already seen in Chapter 1 that Northcott’s
Theorem, and more generally the Northcott property, is very important
and has many Diophantine applications. Bombieri, Zannier [2] and more
explicitly Dvornicich and Zannier [4] proposed the following problem.

Problem 4.1 (Bombieri-Zannier 2001, Dvornicich-Zannier, 2008). Find
other interesting sets than sets of uniformly bounded degree, e.g. infinite
field extensions, with property (N).

Indeed, a small variation of Northcott’s argument shows, that North-
cott’s Theorem remains valid for any ground field with property (N). Hence
any field of infinite degree with property (N) provides a generalization of
Northcott’s Theorem.

Theorem 4.1 (Dvornicich-Zannier, 2008). L has property (N) =⇒ sets
of bounded degree over L have property (N). In particular, property (N) is
preserved under finite extensions of fields.

Proof. Let Dα,L(x) = xd+a1x
d−1+· · ·+ad be the monic minimal polynomial

of α over L. The zeros of Dα,L(x) have equal height thanks to Lemma 1.4

43
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(i). Furthermore,

ai = symmetric function in the zeros of Dα,L(x).

Suppose H(α) ≤ X then by Lemma 1.4 (ii)

H(ai) ≤ 2dXd2d
.

Since the degree of the minimal polynomials is bounded we have only finitely
many minimal polynomials Dα,L, and thus only finitely many roots α.

Also a more concrete problem was addressed in [2] and [4]. Let k be
a number field, and let k(d) be the composite field of all extension of k of
degree at most d.

Question 4.1 (Bombieri-Zannier 2001). Does k(d) have property (N)?

This question remains open but Bombieri and Zannier have shown the

following result. Let k
(d)
ab be the maximal abelian subextension of k(d)/k,

i.e., the composite field of all abelian extensions F/k with F ⊂ k(d).

Theorem 4.2 (Bombieri-Zannier 2001). The field k
(d)
ab has property (N).

Proof. This is proved in [2]. We show the proof on the blackboard.

Clearly k
(2)
ab = k(2) which answers Question 4.1 for d = 2.

Corollary 4.3 (Bombieri-Zannier 2001). k(2) has property (N).

Another consequence of Theorem 4.2 is the following result.

Corollary 4.4 (Bombieri, Zannier). The field Q(11/d, 21/d, 31/d, 41/d, 51/d, ...)
has property (N).

Proof. Take k = Q(ζd) with a primitive d-th root of unity. Then k(a1/d)/k is

abelian of degree at most d. Thus Q(11/d, 21/d, 31/d, 41/d, 51/d, ...) ⊂ k
(d)
ab .

So far we have seen only fields that can be generated (over Q) by alge-
braic numbers of uniformly bounded degree. Are there any other examples?
Moreover, taking a finite extension of a field is a very special case of tak-
ing the compositum of two fields. In this direction one one might ask: is
property (N) preserved under composition of two fields? Both questions are
answered by the following theorem.
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Theorem 4.5 (W. 2009). Let k be a number field, let p1 < p2 < p3 < ... be
a sequence of positive primes and let d1, d2, d3, ... be a sequence of positive

integers. Then the field k(p
1/d1

1 , p
1/d2

2 , p
1/d3

3 , ...) has the Northcott property if

and only if |p1/di

i | −→ ∞ as i tends to infinity. Here p
1/di

i is any di-th root
of pi and | · | denotes the complex modulus.

If the di are prime and not uniformly bounded then Q(p
1/d1

1 , p
1/d2

2 , p
1/d3

3 , ...)
contains elements of arbitrarily large prime degree and thus it cannot be
generated over Q by algebraic numbers of bounded degree. The conclusion
remains true if we drop the primality condition on di. This can be deduced
from Proposition 1 in [2] which implies for any subfield L ⊆ Q(d) the local
degrees [Lv : Qv] are bounded solely in terms of d. Now the local degrees

of L = Q(p
1/d1

1 , p
1/d2

2 , p
1/d3

3 , ...) are not uniformly bounded and so L is not
contained in Q(d) for any choice of d.

Moreover, Theorem 4.5 easily implies the following statement.

Corollary 4.6 (W. 2009). Property (N) is not generally preserved under
taking the composite of two fields. More concretely: let pi be the i + 1-th
prime number and set di = [

√
log pi]. Let

L1 = Q(p
1/d1

1 , p
1/d2

2 , p
1/d3

3 , ...),

L2 = Q(p
1/(d1+1)
1 , p

1/(d2+1)
2 , p

1/(d3+1)
3 , ...).

Then L1 and L2 both have property (N) but their composite field does not
have property (N).

Another example proving Corollary 4.6, again coming from Theorem

4.5, is as follows: consider the fields L1 = Q(p
1/d1

1 , p
1/d2

2 , p
1/d3

3 , ...) and

L2 = Q(ζd1p
1/d1

1 , ζd2p
1/d2

2 , ζd2p
1/d3

3 , ...), where di is as in Corollary 4.6 and
ζdi

are primitive di-th roots of unity. Then plainly L1, L2 have the property
(N) (by Theorem 4.5) but L1L2 does not because it contains infinitely many
roots of unity.

Next we give a simple but rather general criterion for the property (N).
Roughly speaking it states that the union of fields in a saturated (i.e. with-
out intermediate fields) nested sequence of number fields with enough ram-
ification at each step has property (N).
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Theorem 4.7 (W. 2009). Let k be a number field, let k = K0 ( K1 ( K2 (
.... be a nested sequence of finite extensions and set L =

⋃

i Ki. Suppose that

inf
Ki−1(M⊆Ki

(
NKi−1/Q(DM/Ki−1

)
) 1

[M:K0][M:Ki−1] −→ ∞ (4.1.1)

as i tends to infinity where the infimum is taken over all intermediate fields
M strictly larger than Ki−1. Then the field L has the Northcott property.

If the nested sequence of number fields is saturated then (4.1.1) simplifies
to

NKi−1/Q(DKi/Ki−1
)

1
[Ki:K0][Ki:Ki−1] −→ ∞. (4.1.2)

As a simple application we get a very small step towards an affirmative
answer on Question 4.1 for d = 3.

Corollary 4.8 (W. 2009). Let F0 be an arbitrary number field and let
F1, F2, F3, ... be a sequence of field extensions of F0 with [Fi : F0] ≤ 3 such
that for each positive integer i there is a prime pi with pi | ∆Fi and pi ∤ ∆Fj

for 0 ≤ j < i. Then the compositum of F0, F1, F2, F3, ... has the Northcott
property.

Proof. Write Ki for the compositum of F0, ..., Fi. For i > 0 we have 1 ≤
[Ki : Ki−1] ≤ 3, in particular Ki/Ki−1 does not admit a proper intermediate
field and so (4.1.1) simplifies to (4.1.2). By assumption there is a prime pi

which ramifies in Fi but not in Fj for 0 ≤ j < i. Thus

p
[Ki:Fi]
i | ∆

[Ki:Fi]
Fi

| ∆Ki .

On the other hand pi does not ramify in F0, ..., Fi−1 and so does not ramify
in the compositum Ki−1, that is pi ∤ ∆Ki−1. We conclude

p
[Ki:Fi]
i | NKi−1/Q(DKi/Ki−1

)

and therefore

NKi−1/Q(DKi/Ki−1
)

1
[Ki:K0][Ki:Ki−1] ≥ p

[Ki:Fi]

[Ki:K0][Ki:Ki−1]

i . (4.1.3)

Since [Ki : Fi] = [Ki : K0]/[Fi : K0] and [Fi : K0] ≤ 3 and [Ki : Ki−1] ≤ 3 we

see that the right hand-side of (4.1.3) is at least p
1/9
i . Now clearly pi −→ ∞

as i tends to infinity and so the statement follows from Theorem 4.7.
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4.2 Proof of Theorem 4.7

Let L be a field of algebraic numbers of infinite degree. Now we consider a
nested sequence of fields

K0 ( K1 ( K2 ( K3 ( ...

such that

(i) K0 has the property (N),

(ii) [Ki : Ki−1] < ∞ for i > 0,

(iii)L =

∞⋃

i=0

Ki.

For a finite extension M/F of subfields of Q we define

δ(M/F ) = inf{H(α);F (α) = M}.

Note that if M has the property (N) then the infimum is attained, i.e. there
exists α ∈ M with F (α) = M and H(α) = δ(M/F ).
Since each Ki is a finite extension of K0 we deduce by (i) and Theorem 4.1
that each field Ki has property (N).

Proposition 4.9. L has property (N) if and only if

inf
Ki−1(M⊆Ki

δ(M/Ki−1) −→ ∞ as i → ∞

where the infimum is taken over all intermediate fields M strictly larger than
Ki−1.

Proof. For brevity let us write

Ai = inf
Ki−1(M⊆Ki

δ(M/Ki−1).

First we show that property (N) for the field L implies Ai → ∞.
For each i > 0 we can find αi ∈ Ki\Ki−1 with H(αi) = Ai, in particular
the elements αi are pairwise distinct. Now suppose (Ai)

∞
i=1 has a bounded

subsequence. Hence we get infinitely many elements αi ∈ L with uniformly
bounded height and so L does not have property (N).
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Next we prove that Ai → ∞ implies property (N) for the field L.
Suppose L does not have property (N). Hence there exists an infinite se-
quence α1, α2, α3, ... of pairwise distinct elements in L\K0 with H(αj) ≤ X
for a certain fixed real number X. Let i = i(αj) be such that αj ∈ Ki\Ki−1.
Thus

Ki−1 ( Ki−1(αj) ⊆ Ki

and hence

Ai ≤ δ(Ki−1(αj)/Ki−1) ≤ H(αj) ≤ X.

Since each field Ki has the property (N) we conclude i(αj) −→ ∞ as j → ∞.
Thus (Ai)

∞
i=1 has a bounded subsequence.

Now we can easily complete the proof of Theorem 4.7. From Proposition
4.9 we know it suffices to show

inf
Ki−1(M⊆Ki

δ(M/Ki−1) −→ ∞ as i → ∞.

So let M be an intermediate field Ki−1 ( M ⊆ Ki and set m = [M : Ki−1].
We apply Silverman’s Theorem from Chapter 3 to get

inf
Ki−1(M⊆Ki

δ(M/Ki−1) ≥ (1/2) inf
Ki−1(M⊆Ki

(NKi−1/Q(DM/Ki−1
))

1
2[Ki−1:Q]m(m−1) .

(4.2.4)

Now using [Ki−1 : Q]m = [K0 : Q][M : K0] and the hypothesis of the
theorem we see that the right hand-side of (4.2.4) tends to infinity as i
tends to infinity. This completes the proof of Theorem 4.7.

4.3 Proof of Theorem 4.5

Theorem 4.5 is a simple consequence of the following proposition.

Proposition 4.10. Let K0 be a number field. For i = 1, 2, 3, ... let qi be
a nonzero prime ideal in OK0, and let Di be a qi-Eisenstein polynomial in
OK0 [x]. Denote degDi = di, and let αi be any root of Di. Moreover, suppose
that qi is unramified in K0(αj) for 1 ≤ j < i, and that Nqi

1/di −→ ∞ as i
tends to infinity. Then the field K0(α1, α2, α3, ...) has the Northcott property.
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Proof. Let us recall the following well-known fact (see for instance Theorem
24. (a) p.133 in [8]): Let F,K be number fields with F ⊆ K. Let ℘ be a
prime ideal in OF . The following are equivalent:
(i) ℘ ramifies totally in K.
(ii) K = F (α) for a root α of a ℘-Eisenstein polynomial in OF [x].

We can now prove Proposition 4.10. For i > 0 let Ki = Ki−1(αi). By
assumption qi is unramified in K0(αj) for 1 ≤ j < i and thus also in Ki−1

(see [15] Corollary 1.). Now clearly K0 ( K1 ( K2 ( .... and of course
⋃∞

i=0 Ki = K(α1, α2, α3, ...). We will apply Theorem 4.7 but first we have
to make sure that condition (4.1.1) holds.

Now let i > 0 and let M be an intermediate field with Ki−1 ( M ⊆ Ki.
Moreover set m = [M : Ki−1]. Let ℘ be any prime ideal in OKi−1 above
qi. Since qi is unramified in Ki−1 we conclude that Di is a ℘-Eisenstein
polynomial in OKi−1 [x]. According to the Eisenstein criterion this implies
that Di is irreducible over Ki−1 and since Ki = Ki−1(αi) we get [Ki :
Ki−1] = di. Moreover we conclude that ℘ ramifies totally in Ki/Ki−1. Let

qi = ℘1...℘s

be the decomposition into prime ideals in OKi−1 . Since ℘j ramifies totally
in Ki/Ki−1 it also ramifies totally in M/Ki−1. Hence

℘j = Bm
j

for 1 ≤ j ≤ s and prime ideals Bj in OM . Let DM/Ki−1
be the different of

M/Ki−1 (for the definition see [17] p.195). Then we have Bm−1
j | DM/Ki−1

(see [17] (2.6) Theorem p.199) and therefore

(B1...Bs)
m−1 | DM/Ki−1

.

The discriminant DM/Ki−1
is the norm of the different DM/Ki−1

from M to
Ki−1 (see [17] (2.9) Theorem p.201). Taking then norms from Ki−1 to Q we
conclude

NKi−1/Q(DM/Ki−1
) = NKi−1/Q(NM/Ki−1

(DM/Ki−1
)) = NM/Q(DM/Ki−1

).

Therefore

NM/Q((B1...Bs)
m−1) | NKi−1/Q(DM/Ki−1

). (4.3.5)
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On the other hand we have

NM/Q((B1...Bs)
m−1) = (NM/Q(

s∏

j=1

Bm
j ))

m−1
m = (NM/Q(

s∏

j=1

℘j))
m−1

m

= (NM/Q(qi))
m−1

m = (NK0/Q(qi))
[Ki−1:K0](m−1).

Combining the latter with (4.3.5) and not forgetting that 1 < m = [M :
Ki−1] ≤ di we end up with

NKi−1/Q(DM/Ki−1
)

1
[M:K0][M:Ki−1] ≥ (NK0/Q(qi))

[Ki−1:K0](m−1)

[M:K0]m = (NK0/Q(qi))
(m−1)

m2

≥ (NK0/Q(qi))
1

2m ≥ (NK0/Q(qi))
1

2di .

By hypothesis of the theorem (NK0/Q(qi))
1
di tends to infinity. Hence we can

apply Theorem 4.7, and this completes the proof.

Now we can prove Theorem 4.5.

Since H(p
1/di

i ) = |p1/di

i | we see that condition |p1/di

i | → ∞ is necessary to
obtain property (N). Now let us prove that this condition implies property

(N). By Theorem 4.1 it suffices to show that Q(p
1/di

i ; i > i0) has property

(N) for some i0. The hypothesis |p1/di

i | → ∞ implies that there is an i0 such
that pi ∤ ∆

Q(p
1/dj
j )

for all i ≥ i0 and 1 ≤ j < i. Applying Proposition 4.10

with Di = xdi+i0 − pi+i0 , αi = p
1/di+i0
i+i0

, and K0 = Q completes the proof.
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