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1. Introduction

Throughout this paper, G=(X, E) will be a locally finite, infinite connected graph
with vertex set X and edge set E; the edges are unoriented, loops are permitted, but
no multiple edges. The graph structure induces an integer-valued metric on
X :d(x, y)is the minimal length (number of edges) of a path connecting x and y. An
automorphism of G is an isometry of X onto itself with respect to this metric. The
full group of automorphisms of G is denoted by Aut(G). With the topology of
pointwise convergence, it is a locally compact Hausdorff group. A neighbourhood
base of the identity is given by the family of all subgroups which stabilize pointwise
some finite set of vertices. These are compact open subgroups, so that Aut(G) is
totally disconnected. For a more detailed description, see e.g. Trofimov [Tr].

Tits [T 2] has shown that a solvable group of automorphisms of an infinite tree
must fix a vertex, an edge, an end or a pair of ends of the tree. Nebbia [ Ne] has
made it clear that this is in fact a consequence of amenability: a closed group of
automorphisms of the tree has one of the four properties given above if and only if
it is amenable.

The purpose of this paper is to show how Nebbia’s result can be extended to an
arbitrary graph G. We study the relation between amenability and the action of a
group I' of automorphisms on the space of ends of G.

The relevant preliminaries are presented in Sect. 2. If I' acts amenably on G
then it fixes a finite set of vertices, an end or a pair of ends (Sect. 2, Theorem 1). The
converse is not true in full generality (Sect. 4, Example 2). However, if I fixes a
finite set, an end of finite diameter or a pair of ends, then it acts amenably (Sect. 2,
Theorem 2). The proofs of the two theorems (Sect. 3) are based on a detailed graph-
theoretical study of automorphism groups fixing an end (Sect. 3, Propositions 1-3)
and an approach to amenability as it was originally introduced by J. von
Neumann.
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It is then a rather easy task to deduce that amenability of a closed subgroup of
Aut(G) is related to the same conditions as in Theorems 1 and 2 (Sect. 4,
Corollaries 1 and 2). In particular, Nebbia’s result can be obtained as a special
case. Furthermore, in Sect. 4 some examples are given which illustrate each of the
possible cases.

Although the methods and spirit of this paper are mostly those of elementary
(though not trivial) combinatorial graph theory, the results will be of interest in
questions of analytic, probabilistic and potential theoretic type. Some of these
aspects will be studied in two forthcoming papers with P. M. Soardi.

The author acknowledges stimulating discussions with W. Imrich and
N. Seifter (Leoben) and P. M. Soardi (Milano).

2. Amenable group actions and the ends of a graph

There is a great variety of equivalent approaches to amenability, to a large extent
in an analytical setting, see Pier [Pi]. However, in the present context it seems to be
more natural to go back to the very roots of amenability, as introduced by von
Neumann [vN] (see the beautiful book by Wagon [Wa)).

In the sequel, I" will be an arbitrary group of automorphisms of G, not
necessarily closed in Aut(G).

Definition 1. We say that the action of I' on G is amenable, if there is a
nonnegative set function u (called invariant measure), defined for every subset of
the vertex set X, such that

® u(X)=1,
@ u is finitely additive, and
® u(yM)= (M) for every yeI and every M CX.

Next, we describe the space of ends of G. An infinite path is a sequence
=X, X1, X5, ...] Of successively adjacent vertices without repetitions. Two
infinite paths =, 7’ are said to be equivalent if, for every finite subset U of X, there is
some finite path lying entirely outside U which connects some vertex of n with
some vertex of 7. An end is an equivalence class under this relation. The set of all
ends of G is denoted by Q. If U is a finite subset of X, then G\ U decomposes into
finitely many connected components. If B is the set of vertices in one of these
components, then we add to B all ends which have a representative infinite path
lying entirely within the component. Thus, we obtain a set CCG=XuQ. If
ze(X\U)uL, then z lies in exactly one set C of this type: this is the component of z
after removing U, denoted by C(U, 2). If 2’ is another element of (X\U)uQ and
C(U, z)#+ C(U, z'), then we say that U separatesz and z'. Varying U (finite) and z, the
family of all sets C(U, z) becomes the basis of a topology. Thus G becomes a
compact, totally disconnected Hausdorff space in which X is open and dense and 2
is compact.

The space of ends was originally introduced by Freudenthal [Fr]; in the
present terminology it is due to Halin [H 1] and Jung [J 1]. Along a different line,
see e.g. Stallings [St] for ends of groups (Cayley graphs).
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If w e Q, then one can always find a sequence {U,} of finite subsets of X such
that CU, 0)oU,, ,0CU,, o), n=1,2.... 2.1)

Such a sequence is called contracting towards w; {C(U, w)} constitutes a
neighbourhood base at w.

Definition 2. The size and diameter of w are defined respectively by

my(w)=infliminf|U,|, diam(w)=infliminfdiam(U ),

where the infima extend over all sequences {U,} contracting towards w.

Here, |U,| stands for the cardinality of U,, whereas diam(U,) refers to the
diameter in the discrete metric of G. It is rather straightforward, by Menger’s
theorem (see Ore [Or, p. 204]), that our definition of m,(w) coincides with that of
Halin [H 2]. For more details concerning diameters of ends, cf. Woess [Wo]. We
remark that diameters of ends are also of some interest in the study of harmonic
functions, see Picardello and Woess [PW].

Every automorphism y of G extends continuously to Q. In a little known, but
very instructive paper, Halin [H 3, Theorems 4 and 9] showed that either

(i) v is elliptic: it fixes a finite subset of X, or

(ii) yis parabolic: it fixes a unique end wq with m (@)= co, and for every x € X,

lim y"x = w, in the topology of G, or

(iii) y is hyperbolic: it fixes each of a unique pair of ends w,, w, with m,(w,)
=my(w,)< 00, and lim p"x=w,, lim y "x=c, for every xe X.
n—a n—ow

For trees, compare with Tits [T1]. In fact, Halin [H3] uses “Type 1” for
elliptic and “Type 2” for parabolic and hyperbolic automorphisms; the present
terminology seems to be more suggestive in accordance with classcial geometric
concepts. In cases (ii) and (iii) we say that w, is the direction of y, denoted by
dir(y)=wy, and w, is called a parabolic or hyperbolic end, respectively. It is easy to
see from Theorem 9 and its proof in [H 3] that besides finite size, a hyperbolic end
also has finite diameter. If I' C Aut(G) has no hyperbolic element, then we say that it
is nonhyperbolic; if I' has elliptic elements only then we call it an elliptic group. All
these notions depend, of course, on the graph G and the compactification under
consideration (which in our case is always the end compactification).

Now consider the following four statements.

(a) I fixes a finite subset of X.

(b) I fixes an end of G.

(b") I fixes an end of G with finite diameter.

(c) T fixes a set of two ends of G which are the directions of a hyperbolic
automorphism in I and its inverse, respectively.

Theorem 1. If the action of T’ on G is amenable, then one of (a), (b), (c) holds.
Theorem 2. If one of (a), (b'), (c) holds, then the action of T on G is amenable.

If G has only one end, then of course the theorems do not tell much. There are
good reasons for the gap between (b) and (b’) in Theorems 1 and 2. Indeed, I may
fix a connected subgraph of G whose only end has infinite diameter, see the
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examples in Sect. 4. Thus, the gap arises from the problem of a graph-theoretical
characterization of amenable group actions on graphs with one end of infinite
diameter: this is beyond the scope of the present paper, which is devoted to
studying the interplay between amenability and the space of ends.

3. Fixed ends and Banach limits

The main purpose of this section is to prove Theorems 1 and 2. For this purpose,
we first have to study in detail the action of groups which fix an end of G. We shall
always have in mind the case when [Q{=2. The following three propositions may
be of some purely graph-theoretical interest by themselves.

Speaking of a connected subset or of a component of G, we do not refer to
connectedness in the topology of G but mean that its intersection with X induces a
connected subgraph of G.

Definition 3. An automorphism ¢ of G is called a shift, if there is a finite subset U of
X, such that G\U splits into components C,,

G\U=C,uC,u...uC,, k21, (3.1)
and
a(UuC)cC; for somei. (3.2)

Observe that every shift is hyperbolic and that every hyperbolic automorphism
has a power which is a shift (this is implicit in [H 3, Theorem 97). Our first
proposition generalizes [T 1, Proposition 3.4].

Proposition 1. If I is nonhyperbolic and does not fix a finite subset of X, then
® for every finite U C X, there is a unique component Co(U) of G\U, such that
I'xnCy(U) is infinite for some (all) xe X, and
® I' fixes a unique end of G.

Proof. By assumption, for every x € X, the orbit I'x is infinite. Let U C X be any
finite set such that (3.1) holds. (If G\ U is connected then there is nothing to prove.)
We may assume that U is connected: otherwise, U can be replaced by a larger,
connected set ¥, and if the proposition is true for V then it is also true for U. Now
I'U=\J{lulue U} is infinite. There must be a component C; such that 'UNC;is
infinite. Without loss of generality, we assume that this holds for C,=Cy(U), and

set .
R=R(U)=G\(UuCy,). (3.3

Then I'UnaC, is infinite for every a € I', and {yUlyeI',yU CaC,} must be infinite.
Now let a, eI and suppose that «UnSU =@. By connectedness, fU CaC; and
alU C BC,. for some i,i'. We obtain

ozCQl)’(Uu ]l;)l C,)

as the latter set is connected and does not intersect aU. If i= 1", then aC, 2 J(UUC))
and a” 18 is a shift, a contradiction. Hence i=1". If i %0, then take yeI" such that
yUcaC, Then, by the same reasoning as above, alUCyC, and
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aCo Dy <Uu U Cj). In particular, BC; > a(UwCo) Dp(UwCy), so that B~ 1y is a shift,
ji¥o

a contradiction. Hence i=0. We have obtained the following for connected U C X
satisfying (3.1):

If o,fel’ and aUnBU=§ then aUCBC, and BUCaC,. (3.4)

This implies that I'Un«R is finite for every a.eT', so that C,, is indeed the unique
component of G\U which has infinite intersection with I'x, xe X.
We now choose some reference vertex x and define

U,={yeXld(y,x)<n}.

From some n, onwards, U, will have property (3.1), with the components and their
number depending on n. Every component C{U,, ) is contained in some C{(U,).
We have seen that for ael", I'xnaCy(U,) is infinite if and only if i=0. Hence,
Co(U,+1)CCU,) for every n. f we set V,=Co(U,_)nU,, n=1, then Co(U,)is a
component of G\V,, so that Cy(U,)=Cy(V,). We have

Co(V)o Vs 1VCo(Vosy), n21, 3.5)

and {V,|n=1} is contracting towards some end w, of G with Cy(V,)= C(V,, ). If
yel, then {yV,|n=1} is contracting towards yw,. Note that yCy(U,)= Co(yU,).
Suppose that ywy + w,. Then there must be m,n such that Co(U,)nCy(yU,)=0.
Thus, Co(yU,)C U, wR(U,,). Now, I'x has finite intersection with U,,uR(U ), while
I'xnCy(yU,) is infinite, a contradiction. Thus, F'w, = w,.

Finally, if weQ, o+w,, then w¢ Cy(U,) for some n=n, by (3.5). Hence
we R(U,). Now choose ye I such that yU,nU,=0. By (3.4), U,CyCyU,) and yU,
CCy(U,), so that yR(U,)CCx(U,). This yields yo+wo. []

We remark that along the lines of Proposition 1 and its proof one can deduce
the following, slightly stronger version of a result of Jung [J 2]: suppose that G has
more than one end and that I has only finitely many orbits on X. If U has property
(3.1) with at least two infinite components and C; is one of them, then there is a shift
o eI’ with o(UuC,;)C C;. Indeed, it suffices to assume that I' acts densely on G, i.e.,
every infinite component of G has infinite intersection with I'x, x€ X.

We now refine Proposition 1 in the case when the end fixed has finite diameter.

Proposition 2. Suppose that I' is nonhyperbolic and does not fix a finite subset of X.
Let w, bethe end of G fixed by I'. If diam(w,) < co then there exists a sequence {V,}
of finite connected subsets of X contracting towards w,, such that

® the V, have bounded diameters, and
® for every yeI there is an index n(y)=1 such that yV,=V, for every n=n(y).

Proof. We take up the notation of Proposition 1 and its proof. By the definition of
diam(w,), we can find a sequence {U,} of finite connected sets in X, such that

diam(U,)£D<w forevery n=0,
and {U,} is contracting towards @, We must have
C(U,, wg)=Co(Up)d U4 \UCo(U,4 ). (3.6)
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By deleting some of the U,, we may also assume that
dU, U, )z2D+1 forevery n=0. (3.7

If yeT, then (3.6) and (3.7) hold with {yU,} in the place of {U,}, and {yU,} is
contracting towards w,. In particular, there is a minimal index k{y)=1 such that

Uon(yU,uCo(yU,))=0 for every n=k(y).

Suppose that yU,nU,=@for n 2 k(y). Then by (3.4),yU,CCo(U,)and U, C Cy(yU,).
On the other hand, U,CC{U,) for some i+0, and C{U,)~yU,=9, so that
U,uC{U,)CC(yU,)for some j. It must be j=0, and U, CCy(yU,), a contradiction.

We have obtained:
if n=k(y) then yU,nU,+0. (3.9)
Claim 1. If o, Be T, then k(o™ f) Smax {k(x) + 1, k(B)}.

Proof of Claim1. Let nmax{k(®)+1,k(f)}. From (3.8) we infer that
U,.,naU,_,, U,nalU, and U,npU, are nonvoid. Thus, U,_,ual,_, and
U,ual,upBU,areconnected sets which do notintersect by (3.7). As U, C Co(U, _,),
we must have U, CCy(U,_,). Similarly, fU,CCy(aU,_,). On the other hand,
U,_,ualU,_,CC{BU,) for some i. By the above, we have U,CC{BU,) and
alU,CCLBU,). The choice of nzk(f) implies i=+0, and we obtain
o UOH(BUnUCO(ﬂUn)) = ¢
We now define for n>1

Vo=U{BU.IBerl, kp)=<n}.

From (3.8) and (3.7) we see that the V, are connected, pairwise disjoint sets
containing U,, and diam(V,)<3D, n=1,2,.... If ye I, then by Claim 1

yV,=V, forevery nZn(y)=k(y"Y)+1. [

In particular, if I' is as in Proposition 2, then it is an elliptic group of
automorphisms. Observe that wy need not be a hyperbolic end, even if it has finite
diameter and size. Next, we prove a hyperbolic version of Proposition 2. Although
the spirit is similar, the details are quite different.

Let ye Aut(G) and ACX. We say that the action of y is bounded on A, if

sup{d(x,yx)lxe A} <oo. (3.9

If I has a hyperbolic element and fixes an end @, then we shall show that there
exists a two-sided infinite “chain” 4 C X which has only two accumulation points
in G, one of which is w,. For every y € I', from some point onward in the direction of
w,, ¥ behaves on A like a translation, ie., its action is bounded.

Proposition 3. Suppose that I' contains a hyperbolic automorphism and fixes an end
wqo of G. Then there exist ashift o€ I' and a finite connected subset V of X such that
the following holds.

® wy=dir(0),

® G\V has at least two infinite components,

® if yeT then there are k(y), m(y)e Zu{— o} such that

WJ{e"VineZ, nzk(m}CU{e"VIneZ, nzm(y)},
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and
@ the action of y on (J{6"V|n=0} is bounded.

Proof. As I' has a hyperbolic element, G has more than one end. Thus, we can find a

shift and a corresponding finite connected set U such that (3.1) holds with at least

two infinite components. We fix U once and for all and assume that C(U, wg)= C,,.
We claim that we can choose a shift o€ I such that

Coo0(UuCy),
and
if COpUuC,) forsome yel, then du,yU)=d(U,eU). (3.10)

Indeed, we may choose a shift 7€ I such that C;>t(UuC,;) for some i, and d(U, tU)
is minimal with respect to this property. If i=0 then (3.10) is satisfied for c=1.
Assume that i3=0. Then CouU CtC; for some j. As 1w, =w, e C,, we must have
j=0. But then (3.10) holds with =11,

From now on, we fix ¢ as given by (3.10). Then w,=dir(0), {c"U|n=0} is
contracting towards @, and

C(6"U, wy)=0"CyD 0" " (UuC,) for every neZ. (3.11)

By (3.10), ¢ " (UuC,) C C; for some i % 0; without loss of generality we assume i=1.
Let w, =dir(¢ ™!). Then {c""U[n20} is contracting towards w,, and

C(e"U,w,)=0"C,De" Y(UuC,) forevery neZ. (3.12)
Now let yeI'. Then yw,=w,. In particular, we obtain from (3.11) and (3.12) that
ﬂzW"Co={wo}’ ﬂz?’“"clz{ywl}’

- ~ (3.13)
ngl yo"C, =G\{wo} and "{Ejz 96"Co=G\{yw} .

The sets 6"U, ne Z constitute an “infinite zip”. We shall see that every ye I leaves
closed at least one half of the “zip” in the direction of w,. We now define the index
m(y) where it opens.
m(y)=inf{neZlyw, €6"C,} +1.
Then by (3.13),m(y) e Zu{ — 0}, m(y)= — oo ifand only if yw, = w,, and in this case
also m(y™!)= — 00. We now define for k,meZ, ne N
L,={BelBUNe"U+0, w,¢pC,},
{ ' f}l (3.14)
V=ILU, A=\Jd'"V and A4,,={) V.
1=0

12k
First of all, observe that ¢™ e[, and that
o "I,=I, and o¢™"V=I,U forevery meZ. (3.15)

Indeed, if BUNo™U+0 and o,¢fC, then o ™BUNU*P and
w,=06""w, ¢5 "pC, and conversely.

Claim 2. If yeI then there exists k(y)e Zu{— co}, such that y4,,CA

m(y)
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Proof of Claim 2.If yo, = w, then we set k(y)= — 0. If yw, # ,, then observe that
lim 6"x =, for every x e ¥, while y~'¢™" ™ 1C,, is a neighbourhood of w,. As V

n—a

is finite, we can choose k(y) e Z (minimal) such that
A VCy le™MIC, for every k=k(y).
Now fix k= k(y), keZ, and let f<I;. By (3.13), each of the numbers
n'=max{neZly” '¢"CoD>BU},
n"=min{neZ|fCy,>y '¢"U}

is well defined and finite. We show that m(y)<n'+1£n"—1. ~
If yo, =4, then ' > — 0o =m(y). If yo, + ®,, then ¢ *BU C V¥, and

BUCy™ e 1C,

by (3.15) and the definition of k(y). Thus n' 2m(y)— 1. Furthermore, 8C;>7 " 16" C,
for some i. As ' Z2m(y)—1, ®, €y~ 16" C, by the definition of m(y). By (3.14), we
must have i 0. Now, S(UuC,) is connected and does not intersect y~ 16" U. We
infer that

16" Co D B(UUCH) Dy 1a"'U. (3.16)

Hence, we must have n"=n’+1.
Suppose that n”=n’'+1. Then we see from (3.16) that BU separates y '¢" U
from y 16" *U, and
d(U,eU)zd(U,a™"yBU),

in contradiction with (3.10): n"=n'+2.

Now set [=I(B,7)=n+1. We neither have y " '6'Cy> BU nor BC,Dy '6'U.

Suppose that y " '6'UnBU=0. Then y~*¢'U C BC,; for some i, and i=+0 by the
above. But then we must have S(UUC,)Cy ™ ¢'C; for some j. Again, j+0 by the
above. However, o, € f(UUC,), while wy¢y~'¢'C;, a contradiction.

Thus, y8UNe'U % 0. Furthermore, by (3.16), y8C,Ca" C,, which does not
contain w,. In other words, yf € I;. This holds for every f e I}, k= k(y), and Claim 2
is proved.

Claim 3. The action of yeI' on 4, is bounded.

Proof of Claim3. It is enough to show boundedness of y on some A,
k=max {k(y),0}: the set 4,\A, is finite. Note that y cannot be parabolic.

Case 1. y is elliptic, it fixes some finite WC X. Each of the sets
W, = {x e Xld(x, W) <n}

is also fixed by 7y, and one of them must separate w, from w, and be connected. We
may assume that this is already true for W itself. By construction of the 4,, we must
have A4,,C C(W, w,) for some minimal n(W)eZ. If k=max {r(W), k(y),0} then y4,
CyC(W, o) =C(W, w,) and yA, C A,,,,. Note that F =yA,\ A, y, is finite (74, has
only one accumulation point in £2). Hence, y must fix all but finitely many of the
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“cross sections”
[xeAJd(x, W)=n}, n21

of A,, compare also with the proof of Proposition 2. It is a rather obvious exercise
to show that there is a finite upper bound on the diameters of these sets, so that
the action of y on A, is bounded.

Case 2.y is hyperbolic. Then either dit(y) = w, or dir(y ™ !)= w,,. If the latter holds,
suppose that we have already shown that the action of y ™! on 4, is bounded. Then
also y is bounded on A,. Hence, we may assume without loss of generality that
dir(y))=w,. Now let k=max{k(y),0}, fix xec*V=LU [see (3.15)] and let
D =d(x,yx). By Halin’s theorems lim y"x = w,, see Sect. 2. In particular, D >0 and

P"X € Ay(yNApy for all but finitely many n.

Let yeo™V, where m>k. Consider the set A, p as defined in (3.14). Then
diam(4,, p) < K, where K =d(V,6”V)+2 diam(V). We must have y"xed'V for some
[=k+ D and for some n. If we choose this n to be minimal, then it mustbeue 4,, p
for at least one u € {y"~ 'x,y"x} (note that ¢’ ~ 'V and o'V may intersect). We obtain

d(yy, y) S d(yy, yu)+d(yu, u)+d(u, y)) < 2K+ D,
and Claim 3 is proved.
Together with (3.10) and (3.15), Claims 2 and 3 prove the proposition. []
We now have collected enough structural details in order to prove the two

theorems on amenable group actions.

Proof of Theorem 1. Let I'C Aut(G) be a group which acts amenably on G. If I' is
nonhyperbolic, then by Proposition 1 one of statements (a) or (b) holds. We are left
with the case when I” contains a hyperbolic element. But then thereis ashiftoel.

Claim 4. Let w,=dir(o) and w, =dir(c~!). Then I fixes wq, , or {wg, w}.

Proof of Claim 4. Let u be an invariant measure as in Definition 1. The orbit I'x is
infinite for every xe X. Hence, u(U)=0 for every finite UCX. If CCG, then we
write u(C) for u(CnX) to facilitate notation.

For our shift ¢ we may assume without loss of generality that in (3.1), U is
connected, all components of G\ U are infinite and i =01n (3.2). (Otherwise, we may
enlarge U and replace ¢ by a power of ¢.):

o(UuCy)CCqy, U connected.

Now, G\C, is connected in G\ o U and must be contained in a component 6C,,i=0.
Without loss of generality, we assume i=1:

UuC,CaC,.

Thus, {¢"Uln=0} is contracting towards w, and C(¢"U,w,)=0"C,, while
{e"Un20} is contracting towards w, and C(¢ ""U,w,)=0""C,. We have

k
™ 1Cod U G, 6C,d U C;, and 3 u(C)=1. (3.17)
i+1 i+0 i=0
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If k=2 in (3.1), then (3.17) gives rise to “paradox” decompositions, where one part
of G contains a copy of itself plus some disjoint copies of other parts, compare with
[Wa] and de la Harpe and Skandalis [HS]. We obtain from (3.17)

k
HCo)Z u(Co)+ i§2 HCy),

so that p(C)=0,i=2,...,k.
Now let yeI'. Observe that {yo"Uln=0} is contracting towards yw,, and
Clyo"U,yw4)=70"C,,.

Case 1. y(Co)=1, ((C,)=0. Suppose that yw,+w,. Then there are m, n=0 such
that 6™Cynyo"C, =0, and u(X)2 (6™ C,)+ i(y6"Cy) =2, a contradiction. Hence,
T fixes ;.

Case 2. y(Cy)=0, i(C,)=1. Then I fixes w,.

Case 3. 4(Cp)>0, p(C,)>0. Suppose that yw, ¢ {wy, w,}. Then there is an m=0,
such that

ywg¢a™Coua ™ ™C,=C, uC)=1. (3.18)
Now, G\C is open and contains yw,, so that
96"ConC=0 for some n=0. (3.19)
Combining (3.18) and (3.19), we obtain
HX) 2 uys"Co)+u(C)>1,

a contradiction. In the same way, we must have yo, € {wy, w,}, and I fixes
{wg, w1 }. This concludes the proofs of Claim 4 and Theorem 1. [

We remark that it should also be possible to prove Theorem 1, with similar
effort, by combining the result of [Ne] with the methods of Dunwoody [Du].
However, the direct use of the invariant measure appears to be more natural.

In addition, it may be of some interest to see where the invariant measure is
concentrated in the case when I' acts amenably and is nonhyperbolic. For the
following lemma, Co(U) and R(U) are as defined as in Proposition 1 and its proof.

Lemma L. If I is nonhyperbolic and has infinite orbits, and if u is an invariant
measure on X with respect to the action of I', then y{(Cy(U))=1 whenever UCX is
finite.

Proaf. As in the proof of Proposition 1, we may assume without loss of generality
that U is connected and that (3.1) holds. As 'UnC(U) is infinite, we can find o, =1
(the identity), oy, a5, ... in I such that a,, U na,U =@ whenever m+n. From (3.4) we
infer a,R(U)C,,Co(U), so that a,,R(U)~a,R(U)=0 for m=n. In particular,

Co(U)> | a,R(U), (3.20)
nz1
a union of disjoint sets. Thus, for every N,

uCo0nza( ) R ©)) =N -u(R(w,
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and p(R(U))=0. Recall that (U)=0 for every finite U C X. We obtain
HCo(U)=puX)—w(UURU)=1. O

Note that, as (3.17), also (3.20) is a kind of “paradox™ decomposition.

In order to prove Theorem 2, we shall actually construct an invariant measure
with respect to the action of I'. In the case of a fixed end, u(M) will be the “density”
of MCX near that end. However, such a construction is usually somehow
transcendental, relying on some variant of the Axiom of Choice. In our proof, the
Axiom of Choice will be present behind the following well known fact. -

There is a functional B-lim, called Banach limit, defined on the space of all
bounded real sequences, such that

@ B-lim is linear,

@ liminfa, < B-lima, <limsupa,, and

® B-lima,, = B-lima,,
whenever {a,} is a bounded real sequence. The proof that such a Banach limit
exists is a typical exercise of applying the Hahn-Banach extension theorem. We
remark that a first version of the latter theorem was in fact developed by Banach
[Ba] in order to prove amenability of the group of isometries of the unit circle. In
the sequel, we shall fix some Banach limit with the above properties.

Proof of Theorem 2. We subdivide the proof according to four possible cases.

Case 1. T fixes a finite subset U of X. Then u(M)=|MnU|/|U| (M C X) fulfills the
requirements of Definition 1.

Case 2. I is nonhyperbolic and has infinite orbits on X. By Proposition 1, I' fixes a
unique end of G. By assumption, this end has finite diameter. Let {¥,} be as
described in Proposition 2, and define

¥,, u(M)=B-lim M4, ,,|
neo |4yl

If yeT, then the symmetric difference 4, ,aoy~'A, , is finite by Proposition 2.
Hence, for every MC X,

Ay n= (M cX).

0
N =

MnA MnA
lim | N l,nl _ h’ N l,nl =0’
Ll IAl,nl ]Al,nl

and p(M)= p(yM).

Case 3. I contains a hyperbolic automorphism and fixes an end w, of G. Let o, V
be as in Proposition 3 and 4, , as in (3.14), and define for ke Z

IMmAk,nl
IAk.n'

First of all, u does not depend on k: A, ,A4y 41 ,C*VUd* "V and |4, =14k + 1. b
so that

u(M)=B-lim (MCX). (3.21)

IMoAy,l  IMOAg sl o V]
| 14 Aiirnl |7 1A
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which tends to zero as n—oo. If ye I' and k= k(y) is as given by Proposition 3, then
there is some s=s(p)e N such that

YAi+s.nC Ay nras forevery nelN,
as y is bounded on | ¢'V. We obtain for M CX

12k

IMnAk+s,n| < IMmynlAk,n+Zsl < IVMmAk,nl + |An,n+2s|

IAk+s,n| - IAk+s.n| = |Ak,n| |Ak,n|

As n— o0, the last term tends to zero, and by applying B-lim we get u(M) < u(yM).
By symmetry, we must have equality.

Case4. I' contains a hyperbolic automorphism ¢ and fixes the set
{wo=dir(c), w; =dir(c™?)}. If I fixes w, or , then we are in Case 3. So assume
that aw,=w, for some aeI'. Then the stabilizer I, of w, has index two and is
normal in I'. From Case 3 we have the existence of an invariant measure y, on G
with respect to I, . Now it is easy to see that

HM)=3(uo(M)+ uolaM)) (M CX)

fulfills the requirements of Definition 1 with respect to I'. [

4. Amenable groups of automorphisms

We recall the notion of an amenable group. Let I' be a locally compact Hausdorff
group and H a closed subgroup. The homogeneous space I'/H is called amenable, if
there is an invariant measure with respect to the action of I, with total mass one,
given as in Definition 1 on the family of all Borel sets of I'/H. If in particular H is
trivial, then I is called amenable. If I is amenable, then so is every continuous
action of I on some locally compact space, see e.g. [ Pi, pp. 362-363]. Thus, from
Theorem 1 we have the following

Corollary 1. If I is an amenable, closed group of automorphisms of G, thenT fixesa
finite subset of X, an end of G, or a pair of hyperbolic ends of G.

Note that we need closedness in order to have I' locally compact. The
analogous corollary to Theorem 2 needs some preliminaries. For x € X, denote by
T, the stabilizer of x in I' (while I'x is the orbit of x). As I' is closed, I, is compact
open, and the homogenecous space I'/T, can be identified with I'x by the mapping
yL+— yx. If I' acts amenably on G, then its action on I'x is not necessarily
amenable: it might happen that w(I"x)=0 for the invariant measure u on G.
However, the action is amenable if u(I'x)>0.

Corollary 2. Suppose that I' C Aut(G) is closed. If T fixes a finite subset of X, anend
of G with finite diameter or a pair of hyperbolic ends of G, then I is amenable.

Proof. 1. The nonhyperbolic case. a) If I fixes a finite set of vertices, then I' is
compact and hence amenable.

b) If I' is nonhyperbolic but has infinite orbits, then we may consider the sets
V,, n21, as given by Proposition 2. For k=1, we define I'® = {yeI'yV,=V, for
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every n=k} (compare with [Ne]). By closedness of I', the I'® constitute an
increasing sequence of compact subgroups whose union is I'. Thus I' is amenable
by {Ey, p. 171

(We remark that this argument could have also been used in the “elliptic” part
of the proof of Theorem 2. However, we have preferred to construct explicitly the
invariant measure.)

2. The hyperbolic case. a ) Suppose that I' fixes an end w,, and that ¢ and V are as in
Proposition 3. Choose xe V and consider the set M ={s*x|k>0}. For 4, , [as
defined in (3.14)] we have |4, ,|<n|V] and (M4, ,{=n. Hence, for the invariant
measure u defined in (3.21) we get

1
> >
uIx)z u(M)z ik
and the homogeneous space I'/T, is amenable. As I, is compact, also I’ must be
amenable by [Ey, p. 16].
b) If I fixes {w, @} C R, but none of the two, then we may apply the above
argument to the subgroup I, which fixes w,. This group is amenable and has
index two in I', so that I' is also amenable. [

For graphs where all ends have finite diameter, statements (b) and (b') of Sect. 2
are of course equivalent. In particular, in trees all ends have diameter zero, and the
result of [Ne] is a special case of Corollaries 1 and 2. To see this, the only
remaining task is to show that a group of automorphisms which fixes a finite set of
vertices in a tree must fix a vertex or an edge. We leave this to the reader, compare
with [H 3, Lemma 2].

We now give examples to illustrate each of the possible situations.

Example 1 (Compare with [Ne]). Let G=T be a homogeneous tree of degree at
least three. Choose a reference vertex o and an end we Q. Then there is a unique
infinite path (“geodesic”) m=[xq, x{,...] Which represents w, such that x,=o.

A) The group of all automorphisms y of T satisfying yx, = x, for all but finitely
many n is closed, fixes @ and contains only elliptic elements.

B) The group I, of all automorphisms of T which fix w is closed, contains
hyperbolic elements and acts vertex-transitively. We have y e I, if and only if there
are d,keZ, k=0, such that yx,=x,,, for every n=k.

Example 2. Let I, T, be two infinite, finitely generated groups whose Cayley
graphs have one end only. (This does not depend on the choice of the generating
set, see [Fr, St].) Let A4, be finite symmetric sets of generators of I}, i=1, 2. Consider
the free product I'=1, * I, and its Cayley graph G with respect to A,UA,.
Choose i€ {1,2}. As asubgroup of I', I induces a subgraph of G which gives rise to
an end w,; of G having infinite diameter. As a group of automorphisms of G, I;
fixes w,. An element of I is elliptic with respect to G and its ends if and only if it
has finite order; it is parabolic otherwise. The action of I on G is amenable if and
only if I] is an amenable group.

A) Choose I, T, isomorphic with Z xZ: we obtain a free product of two
square lattices, and I acts amenably on G.
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B) Choose I, I, isomorphic with IF xIF, where FF is the free group on two
generators: the action of I3 on G is nonamenable.

C) Choose I3, I, isomorphic with one of the torsion groups described by
Grigorchuk [Gr]: these groups have nonpolynomial, subexponential growth and
are amenable, so that the action of I} on G is elliptic and amenable.

D) Finally, choose I, I, isomorphic with a free periodic group with m=2
generators and odd order n=665: Adyan [Ad] has proved that these groups are
nonamenable, so that the action of I} on G is elliptic and nonamenable.

All graphs in the above examples admit a vertex-transitive group action. The
relation between the action on €, amenability and unimodularity of vertex-
transitive groups of automorphisms on one hand and the spectral radius of the
simple random walk on G on the other are studied in detail by Soardi and
Woess [SW1] and are applied to electric currents in infinite networks in [SW2].
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