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1. Introduction 

Throughout this paper, G =(X, E) will be a locally finite, infinite connected graph 
with vertex set X and edge set E; the edges are unoriented, loops are permitted, but 
no multiple edges. The graph structure induces an integer-valued metric on 
X : d(x, y) is the minimal length (number of edges) of a path connecting x and y. An 
automorphism of G is an isometry of X onto itself with respect to this metric. The 
full group of automorphisms of G is denoted by Aut(G). With the topology of 
pointwise convergence, it is a locally compact Hausdorff group. A neighbourhood 
base of the identity is given by the family of all subgroups which stabilize pointwise 
some finite set of vertices. These are compact open subgroups, so that Aut(G) is 
totally disconnected. For a more detailed description, see e.g. Trofimov [Tr]. 

Tits IT 2] has shown that a solvable group of automorphisms of an infinite tree 
must fix a vertex, an edge, an end or a pair of ends of the tree. Nebbia [Ne] has 
made it clear that this is in fact a consequence of amenability: a closed group of 
automorphisms of the tree has one of the four properties given above if and only if 
it is amenable. 

The purpose of this paper is to show how Nebbia's result can be extended to an 
arbitrary graph G. We study the relation between amenability and the action of a 
group F of automorphisms on the space of ends of G. 

The relevant preliminaries are presented in Sect. 2. If F acts amenably on G 
then it fixes a finite set of vertices, an end or a pair of ends (Sect. 2, Theorem 1). The 
converse is not true in full generality (Sect. 4, Example 2). However, if F fixes a 
finite set, an end of finite diameter or a pair of ends, then it acts amenably (Sect. 2, 
Theorem 2). The proofs of the two theorems (Sect. 3) are based on a detailed graph- 
theoretical study of automorphism groups fixing an end (Sect. 3, Propositions 1-3) 
and an approach to amenability as it was originally introduced by J. von 
Neumann. 
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It is then a rather easy task to deduce that amenability of a closed subgroup of 
Aut(G) is related to the same conditions as in Theorems 1 and 2 (Sect. 4, 
Corollaries 1 and 2). In particular, Nebbia's result can be obtained as a special 
case. Furthermore, in Sect. 4 some examples are given which illustrate each of the 
possible cases. 

Although the methods and spirit of this paper are mostly those of elementary 
(though not trivial) combinatorial graph theory, the results will be of interest in 
questions of analytic, probabilistic and potential theoretic type. Some of these 
aspects will be studied in two forthcoming papers with P. M. Soardi. 

The author acknowledges stimulating discussions with W. lmrich and 
N. Seifter (Leoben) and P. M. Soardi (Milano). 

2. Amenable group actions and the ends of a graph 

There is a great variety of equivalent approaches to amenability, to a large extent 
in an analytical setting, see Pier [Pi]. However, in the present context it seems to be 
more natural to go back to the very roots of amenability, as introduced by von 
Neumann [vN] (see the beautiful book by Wagon [Wa]). 

In the sequel, s will be an arbitrary group of automorphisms of G, not 
necessarily closed in Aut(G). 

Definition 1. We say that the action of F on G is amenable, if there is a 
nonnegative set function/~ (called invariant measure), defined for every subset of 
the vertex set X, such that 

�9 l , ( x )  = 1, 
� 9  is finitely additive, and 
�9 = p(M) for every ~ e F and every M C X. 

Next, we describe the space of ends of G. An infinite path is a sequence 
n = [Xo, xl, x2 . . . .  ] of successively adjacent vertices without repetitions. Two 
infinite paths n, zt' are said to be equivalent if, for every finite subset U of X, there is 
some finite path lying entirely outside U which connects some vertex of rc with 
some vertex of rt'. An end is an equivalence class under this relation. The set of all 
ends of G is denoted by f2. If U is a finite subset of X, then G\U decomposes into 
finitely many connected components. If B is the set of vertices in one of these 
components, then we add to B all ends which have a representative infinite path 
lying entirely within the component. Thus, we obtain a set CCG=Xwt2.  If 
z e (X\U)u  t2, then z lies in exactly one set C of this type: this is the component of z 
after removing U, denoted by C(U, z). If z' is another element of (X\U)wt2 and 
C( U, z) 4: C(U, z'), then we say that U separates z and z'. Varying U (finite) and z, the 
family of all sets C(U, z) becomes the basis of a topology. Thus (7 becomes a 
compact, totally disconnected Hausdorffspace in which X is open and dense and t2 
is compact. 

The space of ends was originally introduced by Freudenthal [Fr];  in the 
present terminology it is due to Halin EH 1] and Jung EJ 1]. Along a different line, 
see e.g. Stallings [St] for ends of groups (Cayley graphs). 
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If to e f2, then one can always find a sequence { U.} of finite subsets of X such 
that 

C(U.,09)DU,+luC(U.+l, to), n = l , 2  . . . . .  (2.1) 

Such a sequence is called contracting towards 09; {C(U.,to)} constitutes a 
neighbourhood base at 09. 

Definition 2. The size and diameter of 09 are defined respectively by 

ml(to) = inflim inf I U,I, diam(to) =inf  lim infdiam(Un), 
n ~ o o  n ~ o o  

where the infima extend over all sequences { U.} contracting towards 09. 
Here, lUll stands for the cardinality of U~, whereas diam(U,) refers to the 

diameter in the discrete metric of G. It is rather straightforward, by Menger's 
theorem (see Ore [Or, p. 204]), that our definition of m1(09) coincides with that of 
Halin [H 2]. For more details concerning diameters of ends, cf. Woess [Wo]. We 
remark that diameters of ends are also of some interest in the study of harmonic 
functions, see Picardello and Woess I-PW]. 

Every automorphism V of G extends continuously to O. In a little known, but 
very instructive paper, Halin [H 3, Theorems 4 and 9] showed that either 

(i) V is elliptic: it fixes a finite subset of X, or 
(ii) V is parabolic: it fixes a unique end 090 with m~(09o) = ~ ,  and for every x s X, 

lim 7"x = 090 in the topology of (7, or 
n---~ o o  

(iii) 7 is hyperbolic: it fixes each of a unique pair of ends 090,09~ with m~(09o) 
=m~(eh)<oo, and lim ~"x=09o, lim V-"x=091 for every x e X .  

r t  ---~ o o  tl---~ o o  

For trees, compare with Tits [T1]. In fact, Halin [H3] uses "Type 1" for 
elliptic and "Type 2" for parabolic and hyperbolic automorphisms; the present 
terminology seems to be more suggestive in accordance with classcial geometric 
concepts. In cases (ii) and (iii) we say that 090 is the direction of 7, denoted by 
dir(J  = 090, and 090 is called a parabolic or hyperbolic end, respectively. It is easy to 
see from Theorem 9 and its proof in [H 3] that besides finite size, a hyperbolic end 
also has finite diameter. If F C Aut (G) has no hyperbolic element, then we say that it 
is nonhyperbolic; if F has elliptic elements only then we call it an elliptic group. All 
these notions depend, of course, on the graph G and the compactification under 
consideration (which in our case is always the end compactification). 

Now consider the following four statements. 
(a) F fixes a finite subset of X. 
(b) F fixes an end of G. 

(b') F fixes an end of G with finite diameter. 
(c) F fixes a set of two ends of G which are the directions of a hyperbolic 

automorphism in F and its inverse, respectively. 

Theorem 1 . / f  the action of F on G is amenable, then one of (a), (b), (c) holds. 

Theorem 2 . / f  one of (a), (b'), (c) holds, then the action of F on G is amenable. 

If G has only one end, then of course the theorems do not tell much. There are 
good reasons for the gap between (b) and (b') in Theorems 1 and 2. Indeed, F may 
fix a connected subgraph of G whose only end has infinite diameter, see the 
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examples in Sect. 4. Thus, the gap arises from the problem of a graph-theoretical 
characterization of amenable group actions on graphs with one end of infinite 
diameter: this is beyond the scope of the present paper, which is devoted to 
studying the interplay between amenability and the space of ends. 

3. Fixed ends and Banach limits 

The main purpose of this section is to prove Theorems 1 and 2. For this purpose, 
we first have to study in detail the action of groups which fix an end of G. We shall 
always have in mind the case when If2l __> 2. The following three propositions may 
be of some purely graph-theoretical interest by themselves. 

Speaking of a connected subset or of a component of G, we do not refer to 
connectedness in the topology of G but mean that its intersection with X induces a 
connected subgraph of G. 

Definition 3. An automorphism a of G is called a shift, if there is a finite subset U of 
X, such that G\U splits into components C i, 

G \ U = C o u C l w . . . u C k ,  k > l ,  (3.1) 
and 

a(UuCi)CCi for some i. (3.2) 

Observe that every shift is hyperbolic and that every hyperbolic automorphism 
has a power which is a shift (this is implicit in [H 3, Theorem 9]). Our first 
proposition generalizes [T 1, Proposition 3.4]. 

Proposition 1. I f  F is nonhyperbolic and does not f ix  a finite subset of X, then 
�9 for every finite UCX, there is a unique component Co(U) of G\U, such that 

FxnCo(U) is infinite for some (all) x e X, and 
�9 F fixes a unique end of G. 

Proof By assumption, for every x s X, the orbit Fx is infinite. Let U C X be any 
finite set such that (3.1) holds. (If G\U is connected then there is nothing to prove.) 
We may assume that U is connected: otherwise, U can be replaced by a larger, 
connected set V, and if the proposition is true for V then it is also true for U. Now 
FU = 0 {FuluE U} is infinite. There must be a component C i such that F U ~ C  i is 
infinite. Without loss of generality, we assume that this holds for Co = Co(U), and 
set 

R = R(U) = d \ ( U ~  Co). (3.3) 

Then FU~otCo is infinite for every ~ ~ F, and {~ Uly ~ F, 7 U C gC0} must be infinite. 
Now let a, fl e F and suppose that otUnflU =0. By connectedness, flU C ~Ci and 
o~U C flCr for some i, i'. We obtain 

as the latter set is connected and does not intersect ~U. If i 4= i', then ~Ci 3 fl(UwCi) 
and ct-lfl is a shift, a contradiction. Hence i=  i'. If i=k 0, then take ~ s F such that 

UC~Co. Then, by the same reasoning as above, 0tUCyCo and 
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�9 Co 3 ~ ( U u  U C~. In particular, ~C~ 3 ~(UuC0)3 ~(UwC~), so that fl-  1~ is a shift, 
\ j . o  ] 

a contradiction. Hence i = 0. We have obtained the following for connected U C X 
satisfying (3.1): 

If a, f l~F and ~Unf lU=~ then aUcflC o and flUCaC o. (3.4) 

This implies that FUn~R is finite for every ~ E F, so that C O is indeed the unique 
component of G\  U which has infinite intersection with Fx, x ~ X. 

We now choose some reference vertex x and define 

U. = {y ~ Xld(y, x) < n} . 

From some no onwards, U, will have property (3.1), with the components and their 
number depending on n. Every component C~(U,+ 1) is contained in some C~(U.). 
We have seen that for a e F ,  Fxc~Ci(U.) is infinite if and only if i=0.  Hence, 
Co(Un + 1) Q Co(Un) for every n. If we set V. = Co(U._ 1)c~ U,, n => 1, then Co(U,) is a 
component of 6\V,, so that Co(U,) = Co(V.). We have 

Co(V,) 3 V,+ ~ uCo(V, + 0 ,  n >  1, (3.5) 

and { V, ln > 1 } is contracting towards some end 09o of G with Co(V,) = C(V., 09o). If 
y ~F,  then {TV, ln> 1} is contracting towards 709o. Note that 7Co(U.)= Co(7U.). 
Suppose that 7090 # COo. Then there must be m, n such that Co(Um)nCo(yU,)=O. 
Thus, Co(yU.) C U,,uR(Um). Now, Fx has finite intersection with UmuR(Um), while 
Fxc~Co(VU.) is infinite, a contradiction. Thus, F09o=09o. 

Finally, if 09eO, 09~:09o, then 09r for some n>no by (3.5). Hence 
co e R(U,). Now choose 7 e F such that 7U.c~ U, = 0. By (3.4), U. r yCo(U,) and yU, 
CCo(U.), so that yR(U.)CCo(U,). This yields ~09#CO. []  

We remark that along the lines of Proposition 1 and its proof  one can deduce 
the following, slightly stronger version of a result of Jung [J 2]: suppose that G has 
more than one end and that F has only finitely many orbits on X. If U has property 
(3.1) with at least two infinite components and C~ is one of them, then there is a shift 
a ~ F with a(UwC~)C C~. Indeed, it suffices to assume that F acts densely on G, i.e., 
every infinite component of G has infinite intersection with Fx, x ~ X. 

We now refine Proposition 1 in the case when the end fixed has finite diameter. 

Proposition 2. Suppose that F is nonhyperbolic and does not f ix  a finite subset of X. 
Let 09 0 be the end of G fixed by F. I f  diam(09o) < ~ then there exists a sequence { V.} 
of finite connected subsets of X contracting towards 090, such that 

�9 the IT, have bounded diameters, and 
�9 for every y ~ F there is an index n(7) > 1 such that 7 V. = V, for every n > n(y). 

Proof We take up the notation of Proposition 1 and its proof. By the definition of 
diam(09o), we can find a sequence { U.} of finite connected sets in X, such that 

d i a m ( U , ) < O < ~  for every n ~ 0 ,  

and {U,} is contracting towards 090- We must have 

C(U., 090) = Co(U,) 3 U, + 1 w Co(U. + 1). (3.6) 
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By deleting some of the U., we may also assume that 

d(U,,U.+I)>2D+I for every n > 0 .  (3.7) 

If 7eF ,  then (3.6) and (3.7) hold with {TU,} in the place of {U.}, and {TU,} is 
contracting towards O9o. In particular, there is a minimal index k(v)> 1 such that 

Uon(yU.uCo(yU,))=O for every n>k(y). 

Suppose that V U, n U, = 0 for n > k(v). Then by (3.4), V U. C Co(U.) and U. C Co(7 U.). 
On the other hand, UoCC~U.) for some i4=0, and Ci(U.)nvU.=O, so that 
U. u C,~ U.)C Cj(TU,) for somej. It must be j = 0, and Uo C Co(7 U,), a contradiction. 
We have obtained: 

if n>k(y) then ~,U,nU.~O. (3.8) 

Claim i. If ~, fl ~ F, then k(ct- lfl) ~ max {k(a) + 1, k(fl)}. 

Proof of Claiml. Let n>max{k(a)+l,k(fl)}. From (3.8) we infer that 
U._lnctU._l ,  U.notU., and U.nflU. are nonvoid. Thus, U . _ l u a U . _ l  and 
U.uo~U~uflU. are connected sets which do not intersect by (3.7). As U. C Co(U._ 1), 
we must have flU.C Co(U._ t). Similarly, ~U.CCo(~U ._ t). On the other hand, 
U._awotU._lcCi(flU.) for some i. By the above, we have UoCCi(flU,) and 
�9 UoCC,(flU.). The choice of' n>=k(fl) implies i=~0, and we obtain 

Uo n(/~U.u C o ( ~ U . ) )  = O. 
We now define for n > 1 

V,= Y {flU, lfl e F, k(fl)<n}. 

From (3.8) and (3.7) we see that the V, are connected, pairwise disjoint sets 
containing U,, and diam(V,)< 3D, n = l, 2 . . . . .  If 7 �9 F, then by Claim 1 

~,V,=V, for every n>n(~)=k(y-1)+l.  [] 

In particular, if F is as in Proposition 2, then it is an elliptic group of 
automorphisms. Observe that co o need not be a hyperbolic end, even if it has finite 
diameter and size. Next, we prove a hyperbolic version of Proposition 2. Although 
the spirit is similar, the details are quite different. 

Let ~eAut(G) and ACX.  We say that the action of y is bounded on A, if 

sup {d(x, ~x)lx �9 A} < oo. (3.9) 

If F has a hyperbolic element and fixes an end coo, then we shall show that there 
exists a two-sided infinite "chain" A C X which has only two accumulation points 
in (~, one of which is coo- For every 7 e F, from some point onward in the direction of 
too, ~ behaves on A like a translation, i.e., its action is bounded. 

Proposition 3. Suppose that F contains a hyperbolic automorphism and fixes an end 
coo of G. Then there exist a shift a e F and a finite connected subset V of X such that 
the following holds. 

�9 coo = dir(a), 
�9 CJ\V has at least two infinite components, 
�9 if ~eF  then there are k(~), m(y)�9 w{-oo}  such that 

y(U {a"Vln~Z, n>k(~)})cU{a"VIn�9 n>m(7)}, 
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and 
�9 the action of ? on U{~r"VIn>0} is bounded. 

Proof. As F has a hyperbolic element, G has more than one end. Thus, we can find a 
shift and a corresponding finite connected set U such that (3.1) holds with at least 
two infinite components.  We fix U once and for all and assume that C(U, COo) = Co. 

We claim that we can choose a shift a ~ F such that 

Co 3 ~r(UuCo), 
and 

if C~D?(UuC~) for some ? ~ F ,  then d(u,7U)>d(U, aU). (3.10) 

Indeed, we may choose a shift z e F such that Ci3z(UwCi) for some i, and d(U, zU) 
is minimal with respect to this property. If i = 0  then (3.10) is satisfied for r  
Assume that i#0 .  Then CowUCzC; for some j. As Zero =a~o e Co, we must have 
j = 0 .  But then (3.10) holds with a=z -1. 

From now on, we fix a as given by (3.10). Then coo=dir(a), {a"U[n>O} is 
contracting towards COo, and 

C(a"U, COo)=a"CoDa"+t(UuCo) for every ne7Z. (3.11) 

By (3.10), tr-  l (Uu  C O C C i for some i #  0; without loss of generality we assume i=  1. 
Let col =di r (a -1) .  Then {a -"Uln>0}  is contracting towards COl, and 

C(a"U, COl)=a"C13an-X(UwCa) for every n~7l.. (3.12) 

Now let ? eF.  Then ?COo=COo. In particular, we obtain from (3.11) and (3.12) that 

N N ={?CO,}, 
n e Z  n e Z  

(3.13) 
U ?anCl=G\{c~ and U 7a"Co=d\{?COl}. 

n e Z  n e Z  

The sets or" U, n ~ 7Z constitute an "infinite zip". We shall see that every ? ~ F leaves 
closed at least one half of the "zip" in the direction of COo. We now define the index 
m(?) where it opens. 

m(?) = inf{n ~ 7Zl?CO i e a"C 1 } + 1. 

Then by (3.13), m(?) ~ Z w  { - ~ }, m(7 ) = - oo if and only if ?CO i = CO 1, and in this case 
also m ( ? - l ) =  - o o .  We now define for k, rneZ, nEIN 

r.= rl uc  -u #r CO, r  Co), 
n - 1  (3.14) 

V=FoU, Ak = U aIV and Ak., = U ak+lv. 
l>k  / = 0  

First of all, observe that a " ~  F,. and that 

a-"F,,=Fo and amV=F,.U for every m ~ Z .  (3.15) 

Indeed, if flUna"U#O and CO1r then a-mfluc~u#O and 
COl = a - ' o l  r ~r-'flCo and conversely. 

Claim 2. If 7 �9 F then there exists k(?) � 9  - ~} ,  such that ?Ak(~) C A,,t~ J. 
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Proof of Claim 2. If yto~ = tOt then we set k(y) = - oo. IfvtOl 4= tO~, then observe that 
lim tr"x = too for every x ~ V, while y-  ~a "~)- 1C o is a neighbourhood of to o. As V 

is finite, we can choose k(y)e Z (minimal) such that 

~kVcy-ltr"(r~-tCo for every k>k(y).  

Now fix k>k(y), k~7Z, and let f ~ F  k. By (3.13), each of the numbers 

n' = max {n ~ ZIy- ta"Co ~ flU}, 

n" = min {n ~ Z]flCo 3 7- t tr"U} 

is well defined and finite. We show that re(y) < n' + 1 < n" - 1 .  - 

If yea t = 091, then n' > - ~ = m(7). If ytOt 4 = cot, then a -  kf U C V, and 

flU C y - t a,,~)- ~ Co 

by (3.15) and the definition of k(7). Thus n' > re(y)- 1. Furthermore, flCi 3 7- a a"'Ct 
for some i. As n' >m(7 ) -  1, co~ ~ 7-la"'C~ by the definition of re(y). By (3.14), we 
must have i~=0. Now, fl(UwCo) is connected and does not intersect y- to" 'U.  We 
infer that 

y- 1#" Co 3 f(UwCo) 37-  ttr""U. (3.16) 

Hence, we must have n" > n' + 1. 
Suppose that n"=  n '+  1. Then we see from (3.16) that flU separates 3'-%-"'U 

from 7-a~r"'+ tU, and 
d(u, ~u) >= d(u, a-"'~fu), 

in contradiction with (3.10): n"> n' + 2. 
Now set l=l(fl, y)=n'+l.  We neither have y-ltrZCo3flU nor flCoDy-ttrtU. 
Suppose that y-ltrlUnflU=O. Then y-ItrIUCflC~ for some i, and i:#0 by the 

above. But then we must have fl(U u Co) C y - a trtCi for some j. Again, j 4= 0 by the 
above. However, tOo ~ f(UwCo), while COo r y-  laIC~, a contradiction. 

Thus, yfUntr tu~O.  Furthermore, by (3.16), yflCoCtr"'Co, which does not 
contain tOt. In other words, yfl e Fz. This holds for every fl ~ Fk, k > k(y), and Claim 2 
is proved. 

Claim 3. The action of y e F on Ao is bounded. 

Proof of Claim 3. It is enough to show boundedness of y on some A k, 
k > max {k(v), 0}: the set AkkAo is finite. Note that y cannot be parabolic. 

Case 1. ), is elliptic, it fixes some finite WC X. Each of the sets 

w. = {x ~ xla(x, w) <__ n} 

is also fixed by 7, and one of them must separate co o from to1 and be connected. We 
may assume that this is already true for Witself. By construction of the Ak, we must 
have A,~w) C C(W, too) for some minimal r(W) ~ 7/. If k = max {r(W), k(y), 0} then yAk 
C yC(W, tOo)= C(W, tOo) and yAk C Am(r). Note that F = 7Ak\A,~w) is finite (yAk has 
only one accumulation point in s Hence, y must fix all but finitely many of the 
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"cross sections" 

{xeAk{d(x, W)=n} ,  n >  1 

of Ak, compare also with the proof  of Proposit ion 2. It  is a rather obvious exercise 
to show that there is a finite upper bound on the diameters of these sets, so that 
the action of 7 on Ak is bounded. 

Case 2. ~ is hyperbolic. Then either d i r ( j  = O~o or dir(7-1) = 090. If the latter holds, 
suppose that we have already shown that the action of~-  1 on A o is bounded. Then 
also 7 is bounded on A o. Hence, we may assume without loss of generality that 
dir(y)=co o. Now let k=max{k(7),O }, fix X~.akV=Fk g [see (3.15)] and let 
D = d(x, yx). By Halin's theorems lira 7"x = O)o, see Sect. 2. In particular, D > 0 and 

p l~oo  

7"x ~ Ak(~)c~A,,t~) for all but finitely many  n. 
Let yea~V, where m>k. Consider the set Am, o as defined in (3.14). Then 

diam(Am o) < K, where K = d(V, tr D V) + 2 diam(V). We must have y"x e a t V for some 
1__> k + D and for some n. If we choose this n to be minimal, then it must be u ~ A.,, D 
for at least one u e {7"- tx, y"x} (note that tr t-  1V and d V  may intersect). We obtain 

d(~y, y) < d(yy, 7u) + d(Tu, u) + d(u, y) < 2K + D, 

and Claim 3 is proved. 
Together with (3.10) and (3.15), Claims 2 and 3 prove the proposition. [] 

We now have collected enough structural details in order to prove the two 
theorems on amenable group actions. 

Proof of Theorem 1. Let FC Aut(G) be a group which acts amenably on G. If F is 
nonhyperbolic, then by Proposit ion 1 one of statements (a) or (b) holds. We are left 
with the case when F contains a hyperbolic element. But then there is a shift a e F. 

Claim 4. Let 6% =dir (a)  and o91 = d i r ( a - l ) .  Then F fixes (no, co 1 or {O9o, ml}. 

Proof of Claim 4. Let # be an invariant measure as in Definition 1. The orbit Fx is 
infinite for every x ~ X .  Hence, # (U)=0  for every finite U<X. If  CCG, then we 
write #(C) for I~(Cc~X) to facilitate notation. 

For  our shift a we may assume without loss of generality that in (3.1), U is 
connected, all components  of G \  U are infinite and i = 0 in (3.2). (Otherwise, we may 
enlarge U and replace tr by a power of tr.): 

a(UuCo)C Co, U connected. 

Now, G\Co is connected in G \ a  U and must be contained in a component  aC~, i 4: 0. 
Without loss of generality, we assume i=  1 : 

Uk.JCI Q aC 1 . 

Thus, {o-"UIn>0} is contracting towards to o and C(~r"U,~oo)=a"Co, while 
{a-"UIn> 0} is contracting towards ~1 and C(a-"U, ~o~) = ~-"C1. We have 

k 

a-tCo D U Ci, aCiD U Ci, and y~ # (C3=1 .  (3.17) 
i * 1  i * O  i = 0  
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If k > 2 in (3.1), then (3.17) gives rise to "paradox" decompositions, where one part 
of G contains a copy of itself plus some disjoint copies of other parts, compare with 
[Wa] and de la Harpe and Skandalis [HS]. We obtain from (3.17) 

k 

~(Co)_-_~(Co)+ E ~(c,), 
i = 2  

so that #(C3 = 0, i=  2 . . . . .  k. 
Now let ~eF.  Observe that {Ta"U]n>O} is contracting towards yo9 o, and 

C(7o~U, 7090) = 7a"C o. 

Case 1. #(Co) = 1 , /~C0 = 0. Suppose that ?co o 4: o90. Then there are m, n_> 0 such 
that a=Co r~ya"Co = 0, and/a(X) > It(a"Co) + It(Ta"Co) = 2, a contradiction. Hence, 
F fixes co 1. 

Case 2. a(Co)=0, MC0 = 1. Then F fixes co 1. 

Case 3. g(Co)>0, p(Ct)> 0. Suppose that ~o9o r {o90, o91}. Then there is an m > 0, 
such that 

),cooea"'Coua-"C~ =C, #(C)= 1. (3.18) 

Now, G\C is open and contains Yogo, so that 

ya"Cor~C=O for some n > 0 .  (3.19) 

Combining (3.18) and (3.19), we obtain 

~(x)__> ~(~"Co) + l,(c) > l ,  

a contradiction. In the same way, we must have 7o91 e{o9o, o91}, and F fixes 
{o0,o9~}. This concludes the proofs of Claim 4 and Theorem 1. [ ]  

We remark that it should also be possible to prove Theorem 1, with similar 
effort, by combining the result of [Ne] with the methods of Dunwoody [Du]. 
However, the direct use of the invariant measure appears to be more natural. 

In addition, it may be of some interest to see where the invariant measure is 
concentrated in the case when F acts amenably and is nonhyperbolic. For  the 
following lemma, Co(U) and R(U) are as defined as in Proposition 1 and its proof. 

Lemma 1. I f  F is nonhyperbolic and has infinite orbits, and if # is an invariant 
measure on X with respect to the action of F, then/z(Co(U))= 1 whenever U CX is 
finite. 

Proof As in the proof of Proposition 1, we may assume without loss of generality 
that U is connected and that (3.1) holds. As F Uc~ Co(U ) is infinite, we can find ao = 
(the identity), ~a, a2 . . . .  in F such that amUCa~,U = 0 whenever m 4: n. From (3.4) we 
infer ct, R(U)C amCo(U), so that amR(U)na,R(U)= 0 for m 4: n. In particular, 

Co(U)~ U ~,R(U), (3.20) 
n > l  

a union of disjoint sets. Thus, for every N, 

#(C0(U))__>/~(,~l ot,R(U)) = N.,u(R(U)), 
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and/~(R(U))=0. Recall that #(U)=0 for every finite UCX. We obtain 

t~(Co(U))= ~(X)-~,(UuR(U))= 1. [] 

Note that, as (3.17), also (3.20) is a kind of "paradox" decomposition. 
In order to prove Theorem 2, we shall actually construct an invariant measure 

with respect to the action of/". In the case of a fixed end, #(M) will be the "density" 
of M C X  near that end. However, such a construction is usually somehow 
transcendental, relying on some variant of the Axiom of Choice. In our proof, the 
Axiom of Choice will be present behind the following well known fact. - 

There is a functional B-lim, called Banach limit, defined on the space of all 
bounded real sequences, such that 

�9 B-lim is linear, 
�9 lira infa. < B-lira an < lira sup a., and 

�9 B-lima.+ 1 = B-lima., 
whenever {a.} is a bounded real sequence. The proof that such a Banach limit 
exists is a typical exercise of applying the Hahn-Banach extension theorem. We 
remark that a first version of the latter theorem was in fact developed by Banach 
[Ba] in order to prove amenability of the group of isometrics of the unit circle. In 
the sequel, we shall fix some Banach limit with the above properties. 

Proof of Theorem 2. We subdivide the proof according to four possible cases. 

Case 1. F fixes a finite subset U of X. Then/t(M) = [Mc~ UI/[ U[ (M C X) fulfills the 
requirements of Definition 1. 

Case 2. F is nonhyperbolic and has infinite orbits on X. By Proposition 1, F fixes a 
unique end of G. By assumption, this end has finite diameter. Let { 1I,} be as 
described in Proposition 2, and define 

A t , . =  ~) V~, #(M)=B-l im IMc~AI'"I (MCX). 
t = l  . ~ o  lax,.[ 

If ?~F ,  then the symmetric difference AI,.z~y-IAI,. is finite by Proposition 2. 
Hence, for every M s X, 

lim Imc~Al""l [ymc~A~,.[ = 0 ,  
. ~  IAI,.I IAa,.I 

and p(M) = #(TM). 

Case 3. F contains a hyperbolic automorphism and fixes an end ~o o of G. Let a, V 
be as in Proposition 3 and Ak,. as in (3.14), and define for k e Z  

#(M)=B-lim IMc~Ak,.I (MCX). (3.21) 
.-'~ lak..I 

First of all, # does not depend on k: Ak,.zxAk+ ~,. C akVuc? +"V and [AK,.I = [AK+ 1,.[, 
SO that 

[MnAk,,I [MnAk+a,I <2 IV[ , 
- [A~k,.I I ~ k  + ~.] ' - =  JAk,.] 
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which tends to zero as n--+ ~ .  If 7 �9 F and k = k(7) is as given by Proposit ion 3, then 
there is some s = s(7)�9 lq such that 

];Ak+s, nCAk, n+2s for every n e N ,  

as y is bounded on U a l e  We obtain for M C X  
l > k  

IMnAk+s,.l < IMnT-1Ak..+2sl < lTMnAk,~l IA,,,+2sl 

Ia~+,,.I = Ia~+s,.l = IAk,.l + Iak,.I 

As n ~  ~ ,  the last term tends to zero, and by applying B-lim we get # (M)< #(?M). 
By symmetry, we must have equality. 

Case4. F contains a hyperbolic automorphism ~- and fixes the set 
{too = dir(tr), col =dir(a-1)}.  I f F  fixes co o or e~ 1 then we are in Case 3. So assume 
that ~coo = to1 for some a �9 F. Then the stabilizer F~o of to o has index two and is 
normal  in F. From Case 3 we have the existence of an invariant measure #o on G 
with respect to F~o. Now it is easy to see that 

it(M) = ~l~o(M) + l~o(aM)) (M C X) 

fulfills the requirements of Definition 1 with respect to F. [ ]  

4. Amenable groups of automorphisms 

We recall the notion of an amenable group. Let F be a locally compact  Hausdorff  
group and H a closed subgroup. The homogeneous space F/H is called amenable, if 
there is an invariant measure with respect to the action of F, with total mass one, 
given as in Definition 1 on the family of all Borel sets of  F/H. If in particular H is 
trivial, then F is called amenable. If F is amenable, then so is every continuous 
action of F on some locally compact  space, see e.g. I-Pi, pp. 362-363]. Thus, from 
Theorem 1 we have the following 

Corollary 1. I f  F is an amenable, closed group of automorphisms of G, then F fixes a 
finite subset of X, an end of G, or a pair of hyperbolic ends of G. 

Note  that we need closedness in order to have F locally compact.  The 
analogous corollary to Theorem 2 needs some preliminaries. For  x �9 X, denote by 
F~ the stabilizer of x in F (while Fx is the orbit of x). As F is closed, F~ is compact  
open, and the homogeneous space F/F~ can be identified with Fx by the mapping 
~/~--~ 7x. If F acts amenably on G, then its action on Fx is not necessarily 
amenable: it might happen that # (F x )= 0  for the invariant measure # on G. 
However, the action is amenable if #(Fx)> O. 

Corollary 2. Suppose that F C Aut (G) is closed. I f  F fixes a finite subset of X, an end 
of G with finite diameter or a pair of hyperbolic ends of G, then F is amenable. 

Proof. 1. The nonhyperbolic case. a) If F fixes a finite set of vertices, then F is 
compact  and hence amenable. 

b) If F is nonhyperbolic but has infinite orbits, then we may consider the sets 
V., n > 1, as given by Proposit ion 2. For  k > 1, we define F tk) = {7 �9 F[TV, = V~ for 
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every n>k} (compare with [Ne]). By closedness of F, the F ~k) constitute an 
increasing sequence of compact subgroups whose union is F. Thus F is amenable 
by [Ey, p. 17]. 

(We remark that this argument could have also been used in the "elliptic" part 
of the proof of Theorem 2. However, we have preferred to construct explicitly the 
invariant measure.) 

2. The hyperbolic case. a) Suppose that F fixes an end co o, and that tr and V are as in 
Proposition 3. Choose x6 V and consider the set M={trkx[k>=O}. For Ao, . [as 
defined in (3.14)] we have IAo,.[ < n[ V[ and IMC~Ao,.I > n. Hence, for the invariant 
measure/z defined in (3.21) we get 

1 
~(rx) >= ~(M) >= [~1' 

and the homogeneous space F/F~ is amenable. As F~ is compact, also F must be 
amenable by [Ey, p. 16]. 

b) If F fixes {~oo, con} C t2, but none of the two, then we may apply the above 
argument to the subgroup F, oo which fixes coo. This group is amenable and has 
index two in F, so that F is also amenable. [] 

For  graphs where all ends have finite diameter, statements (b) and (b') of Sect. 2 
are of course equivalent. In particular, in trees all ends have diameter zero, and the 
result of [Ne] is a special case of Corollaries 1 and 2. To see this, the only 
remaining task is to show that a group of automorphisms which fixes a finite set of 
vertices in a tree must fix a vertex or an edge. We leave this to the reader, compare 
with [H 3, Lemma 2]. 

We now give examples to illustrate each of the possible situations. 

Example 1 (Compare with [Ne]). Let G = T be a homogeneous tree of degree at 
least three. Choose a reference vertex o and an end co ~ f2. Then there is a unique 
infinite path ("geodesic") zr= [Xo, x~ .. . .  ] which represents co, such that xo = o. 

A) The group of all automorphisms ~ of T satisfying 7x, = x, for all but finitely 
many n is closed, fixes co and contains only elliptic elements. 

B) The group Fo, of all automorphisms of T which fix co is closed, contains 
hyperbolic elements and acts vertex-transitively. We have 7 e F,~ if and only if there 
are d,k~Z,  k~O, such that 7X,=X,+d for every n>k. 

Example 2. Let F~,F 2 be two infinite, finitely generated groups whose Cayley 
graphs have one end only. (This does not depend on the choice of the generating 
set, see [Fr, St].) Let Ai be finite symmetric sets of generators of F~, i=  1, 2. Consider 
the free product F=F~ *F  2 and its Cayley graph G with respect to A I u A  2. 
Choose i e { 1, 2}. As a subgroup of F, F~ induces a subgraph of G which gives rise to 
an end coi of G having infinite diameter. As a group of automorphisms of G, F~ 
fixes coi. An element of F~ is elliptic with respect to G and its ends if and only if it 
has finite order; it is parabolic otherwise. The action of F~ on G is amenable if and 
only if F~ is an amenable group. 

A) Choose / 'I ,F 2 isomorphic with 7Z x Z :  we obtain a free product of two 
square lattices, and/"1 acts amenably on G. 
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B) Choose F 1, F 2 isomorphic with F x F, where F is the free group on two 
generators: the action of/'1 on G is nonamenable. 

C) Choose /'1, F 2 isomorphic with one of the torsion groups described by 
Grigorchuk [Gr]: these groups have nonpolynomial, subexponential growth and 
are amenable, so that the action of/'1 on G is elliptic and amenable. 

D) Finally, choose F~, F 2 isomorphic with a free periodic group with m>2  
generators and odd order n > 665: Adyan [Ad] has proved that these groups are 
nonamenable, so that the action of/'1 on G is elliptic and nonamenable. 

All graphs in the above examples admit a vertex-transitive group action. The 
relation between the action on f2, amenability and unimodularity of vertex- 
transitive groups of automorphisms on one hand and the spectral radius of the 
simple random walk on G on the other are studied in detail by Soardi and 
Woess [SW1] and are applied to electric currents in infinite networks in [-SW2]. 
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