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1 Introduction

In a series of papers [10], [11], [12] based on ideas introduced by Soardi and Woess [15]
and Salvatori [13], we have developed tools to compute the norms and/or spectral
radii of Markov operators that are invariant under the left action of a group when
the action is either transitive or almost transitive (i.e has a compact factor space).
In [10], [11], we where concerned with countable homogeneous spaces. A typical
example is given by the simple random walk on the vertex set of the (r + 1)-regular
tree T = T,. For each vertex v, set K (v, w) =1/(r + 1) if w is a neighbor of v, and
K(v,w) = 0 otherwise. There are many groups G that act transitively on the vertex
set of the tree and such that K(gv,gw) = K(v,w) for all ¢ € G. One such group
is the group of those isometries of the tree that fix one end. See Figure 1 below
in Section 4. This group is amenable and non-unimodular. These two properties
lead to an easy computation of the norms o,(K) and spectral radii p,(K) of the the
operator K acting on L,(T), 1 < p < oo (the reference measure here is the counting
measure).

In [12], the theory developed in [11] is extended to general locally compact state
spaces. The purpose of the present paper is to illustrate some of the results of [12]
with concrete applications and examples. In Section 2, we briefly introduce the
general framework and recall the relevant results of [12], in particular the main tool,
Theorem 2.1. In the short Section 3, we explain a generalization of Theorem 2.1 and
its relation with an identity of Hardy, Littlewood and and Pélya [5] plus extensions of
the latter. The remaining Sections are devoted to two classes of examples: Section 4
deals with diffusion operators with constant coefficients on a regular tree, seen as a
1-complex where each edge is a copy of the unit interval. Section 5 links our results
with classic harmonic analysis by looking at convolution operators on semisimple and
other Lie groups, as well as general locally compact groups, not always necessarily
connected.



2 Theoretical background

The notation used in this section follows closely that of [12].

2.A Invariant measures

Let X be a metric space whose closed balls are compact (i.e., a proper metric space).
Let G be a locally compact group which acts properly on X. Let I be the quotient
space I = G\ X (we use this notation because we will always think of of G acting on
X from the left). For each s € I, we denote by X the corresponding equivalence
class in X so that

X=Jx..

sel
Each orbit X is a G-homogeneous space, and for each z € X, we have X, = G/G,
where G, C G is the stabilizer of x. By properness of the action, G, is compact.
On each X, there is, up to a multiplicative constant, a unique G-invariant measure
dx, . Given a fixed left Haar measure dg on G and a fixed G-invariant measure dx,
on each X, we obtain for each x € X a specific Haar measure dg, on the stabilizer

G.. so that
[ Fordes = | ( [ P dgwh) dx.y. 1)

V(z) = |G| (2)
denote the total mass of the compact group G, under dg, . There is a slight abuse
of notation here because the precise normalization of the measure dg, depends on
the point x. In particular, for two points  # z in X, we can have |G,| # |G.| even
if G, = G, as subgroups of G.

We now have to face the question of the choice of a G-invariant measure on X
and its decomposition over /. Indeed, as soon as [ is not a singleton, there are non-
equivalent G-invariant measures on G. Moreover, there are many ways to decompose
a given G-invariant measure over the quotient space I.

Let dx be a G-invariant measure on X. Let Cyo(X) be the space of all continuous
compactly supported function on X. Assume that the factor space I is equipped
with a measure d\, that each orbit X, is equipped with a fixed G-invariant measure
dx,, and that the measure dxx decomposes as follows:

(a) For any f € Cypo(X) and its restriction fs to X,

/X f() dxa = / [ o) e irgs). (3)

Let

(b) The function v : z +— ~y(x) = |G,| induced by the choice of the G-invariant
measures dy,_ is continuous on X.

We call such a decomposition of dx a continuous decomposition. See [12, §9] for a
proof of the existence of such a decomposition for any G-invariant measure on X.



2.B Invariant operators

On X as above, consider a non-negative kernel k(x,y) and the associated operator

Kﬂ@=iLk@wﬁ@ﬁhy

This definition makes sense, very generally, at least for non-negative functions f.
We make the crucial hypothesis that K is G-invariant, that is, for all z,y € X and
geag,

k(gz, gy) = k(z,y).
We do not assume here that k is a Markov kernel although it will be Markovian in
most of our applications. Our aim is to compute the norms

op(K) = sup{||[K [l : f € LP(X,dx), =0, [[fll, <1}

and spectral radii
pp(K) = lim 0, (K™)'/"

n—~o0

where 1 < p < oo and (for p # o0)

IUﬂp=:<j£|f@ﬁdex)lm.

Since k is non-negative, this makes sense without further assumption if we admit
the possibility that those quantities are infinite.
For each s,t € I and each p € [1, o], set

ot =kl = [ (20 ke, o (@)

where z; is a fixed reference point in X and the function v is defined by (2). By
G-invariance, one can check that a,(s,t) does not depend on the choice of z, in X,
see [12, Theorem 2.12]. The crucial fact here is that for any ¢ € G and = € X, we
have (see [12, Lemma 2.6])

Alg) =~(x)/v(gz), (5)

where A(g) is the modular function of G defined by

/f@dw /f

Denote by A, = A,[K] the operator on LP(I,d\) defined by

A1) = [apls0f0 AN ()
I
We denote by 0,(A) (resp. p,(A)) the norm (resp. spetral radius) of A acting on
LP(1,d)\). The result whose application we want to illustrate in this paper is the
following.



Theorem 2.1 Assume that G is amenable and that we have a continuous decom-
position of dx over I as in (3). Then

0p(K) = 0,(Ap[K]) and pp(K) = py(A4,[K]).

When [ is compact, this is contained in [12, Theorem 5.3]. The proof goes
through also when I is non-compact (see also [11] for the case when X is countable);
compactness is needed in [12] for the deducing amenability from the above equalities.

Remark 2.2 (a) Denote by K* the operator with kernel k*(x,y) = k(y,z) (ie.,
the “formal” adjoint of K'). Then, for any 1 < p,q < oo with 1/p+ 1/q¢ = 1, we
have a,[K*|(s,t) = a,[K](t, s), in accordance with the fact that o,(K*) = 0,(K)
and py(K*) = p,(K).

(b) Let K7, K5 be two operators with kernels kq, ks as above. Then, for any 1 < p <
o0, we have

ap[K1JG)(s, 8) = /Iap[Kl](Sa t)ap[K5](t, s') dA(L),

that is,
A K1 K] = Ap[Kq|Ap[Ky. (7)

3 A generalization, and an identity of Hardy,
Littlewood and Pdlya

Suppose we want to compute the norms and spectral radii of K as above but on
LP(X,du) with du(z) = m(z) dxx , where m is a positive and measurable function.
Here, we assume furthermore that there is a function ¢(-) on G such that

m(x)/m(gz) = c(g) (8)

forall z € X, g € G. A simple argument, using the bijective isometry from LP(X, )
to LP(X,dy) given by f — m~Y/?f shows that the norm o,(K, ;) and the spectral
radius p,(K, p) of K acting on LP(X, u) satisty

op(K,p) = 0p(Kp) and  p,(K, 1) = pp(Kp),

where K, denotes the operator with kernel

(m(z)/m(y)) " k(z,y)

acting on LP(X,dy). Under the hypothesis (8), the kernel of K, is invariant under
the action of G, which is assumed to be amenable. Theorem 2.1 applies to K, and
gives the following result.



Theorem 3.1 Let G, X, I, dx and X\ be as in sections 2A-B. Assume that G is
amenable, and that the G-invariant measure dx has a continuous decomposition over
(I,\) as in (3). Let k be a non-negative G-invariant kernel on X, and let 1 be a
measure on X whose density with respect to dx is positive and satisfies (8).

Then the associated integral operator K acting on LP(X,du) satisfies

op(K, 1) = 0p(ApulK])  and  pp(K, p) = pp(A4,uK]) (9)
where
m(zs)\ P
AplK)Gs.0) = [ (T k) d.

Above, x, is again a fixed reference point in X, and ~y(-) is defined by (2).

Let us connect (9) to a well known and useful identity of Hardy, Littlewood and
Pélya [5]. On (0,00), consider a non-negative kernel k(z,y) satisfying k(tz,ty) =
t=k(x,y), i.e., homogeneous of degree —1. Then that identity says that the operator
Kf(z) = [;" k(z,y)f(y) dy is bounded on LP((0,00), dz) if and only if

M :/ k(1,y)y VP dy < . (10)
0

Moreover, the associated norm is || K||,—, = M. See also Strichartz [17] and Stein
[16, p. 271]. This result is a special case of (9). Indeed, consider G = X = (0, c0)
as a multiplicative group acting on itself. The action is of course transitive so
that I is a singleton. The group G is amenable and unimodular. The G-invariant
measure on X = (0,00) is the (multiplicative !) Haar measure z~'dz. Write
Kf(z)= [~ k(z,y) 2~  dz with k(z,y) = k(z,y)/y. Then k is G-invariant, and the
measure du(z) = dz = m(z) 2! dx, where m(z) = z, satisfies (8). Now, (9) clearly
becomes

HKMWZMKMIAﬁﬂwyW@

as desired. Section 2 of [17] discusses this example and generalizations to higher
dimensions. The results presented there can also be derived directly from Theorem
3.1.

4 Diffusions on trees

4.A  The regular tree and its affine group

In this section we illustrate Theorem 2.1 by looking at diffusions on the (r+1)-regular
tree viewed as a 1-dimensional simplicial complex.

Let X = T be the 1-skeleton of the (r + 1)-regular tree and let V. = VT be the
vertex set of that tree. Choose a reference vertex o and a reference end (boundary
point) w of T regarded as a “mythical ancestor”. Draw T in horocycle layers with
respect to w. Call Hy the horocycle of 0. The other horocycles are labeled so that

5



H,, contains the n-th descendant generation of o with respect to w whereas H_,
contains the n-th ascendant generation of o with respect to w. The tree T can be
parametrized as T = V x [0, 1) where, for any v € V, {v} x [0, 1) is the oriented
edge from v to its (uniquely defined) predecessor. We call this edge the 0-edge at v
and we (arbitrarily) enumerate the r remaining edges as e; = {v;} x [0, 1), where v;,
1 =1,...,r, are the successors of v. The discrete graph metric on V has an obvious
“linear” extension to T. See Figure 1.

Figure 1

For v € V, we set h(v) =nif v € H,. For z = (v,t) e T=V x [0, 1), we set

n(z) =h(v) and b(x) =b(v) -1 (11)

The horocycles in T are the sets Hy = {x = (v,t) : h(v,t) = s}, andif s =n—1
with ¢t € [0, 1) then Hy = {x = (v,t) : v € H,}.

As a reference measure on T, we will use Lebesgue measure on each of the edges,
that is the measure drx defined by

/Tf(x) dra = Zfolf(v,t) dt. (12)

veV

Next, we consider the group G = Aff(T) of all graph isometries that fix w, see
[15], [10], [11], [12]. This group is amenable, it acts properly on X = T, and
its action is transitive on V. The factor space I = G\T is the circle which we
parametrize in an obvious way by the interval I = [0, 1). The natural projection of
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(v,t) € T on I is then simply t € I. The orbits under the action of G are the sets
X: = {(v,t) : v € V}. The constant multiples of the counting measure on X; are
exactly the measures that are invariant under G.

Let us take the counting measure on Xy = V and normalize the left Haar measure
on G by setting v(0) = |G,| = 1. Then, for any v € V, v(v) = |G,| = r . By
construction, the stabilizer of (v,t) € T is Guy = Gy, but in order to have a
continuous decomposition of dr, we should normalize the measure dx, to be equal
to r~* times the counting measure, so that the function of (2) becomes y(z) = r=7®)
Then the measure A on [ is

d\(t) = r'dt. (13)
With this notation we have found the following.

Lemma 4.1 The Lebesgue measure dy on T has the continuous decomposition

/T F (&) dzar = / 1 [r‘th(v,t)] A1),

veV

where the term in brackets is [y f(r)dx, .

4.B Diffusions with constant coefficients

The transition operators that we want to study are those associated with the heat
semigroups of conservative “constant coefficients” diffusions on T. To define these,
we need some notation.

Let f be a function on T. For each vertex v, define f, to be the function on the
open interval (0, 1) given by

fv(t> :f(vvt>v te (07 1)?

and set

£,(0) = lim £u(6) and [, (1) = lim £, (1),

whenever these limits exist. If f, is continuous on (0, 1) and f,(0), f,(1) exist and
are finite, we say that f, is continuous on [0, 1].

Let dpw = m(+) dr be a measure with a positive density such that m,, is continuous
on [0, 1] for each vertex v. Denote by H,, the space of all functions in L*(T, 1) whose
distributional derivative on each interior edge v x (0, 1) can be represented by a
function f, € L*((0, 1)) and such that the function f’ : (v,t) — fi(t) (which is
defined almost everywhere) is in L*(T, u1). Let H} be the space of those functions
fin H) such that f' € H} and define f” accordingly. The spaces H) and H are
equipped with the norms

1/2
£l = ( [ase+10 du) and (14)
i 1/2
1l = ( Jase+1rp+10) du) , (15)
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respectively, which turn them into Hilbert spaces. Let us note that any f in H i can
be represented by a function such that each f, is continuous on [0, 1]. Similarly,
any f € H 3 can be represented by a function such that f, and f; are continuous on
[0, 1].

We say that a function f is edgewise differentiable if f, admits a derivative
f1(t) on each open edge v x (0, 1). We say that f is edgewise C! if it is edgewise

v
differentiable with continuous derivative f! on each open edge, and

fim f1(1) = £1(0) andlim £1(1) = ()

t—0

both exist and are finite (i.e., f; is continuous on [0, 1]). Note that such funcions f
need not be continuous at a given vertex v. If f is edgewise differentiable, we set

f(z) = fl(t) if = (v,t) with t€ (0, 1),

(2

so that f’ is well defined on T \ V. If f is edgewise C, we set

fllw) = fi(t)  ifx=(v,t)withte (0, 1),
folz) = f,(0) ifz = (v,0),
fite) = f,(1) ifz = (v,0),

where {v;, 1 < i < r} is the set of all successors of v as introduced above. We will
often abuse notation and write f/(v) for f/(v,0).

We say that a function f is edgewise twice differentiable (resp. edgewise C?) if
f is edgewise C! and f’ is edgewise differentiable (resp. edgewise C'). For such a
function, we set f” = (f').

We are now ready to introduce our “constant coefficients” diffusions on T.

Definition 4.2 Let o, be two real parameters with § > 0. The “generator”
L = L, is defined on continuous edgewise C* functions by

Lf(z) = ["(@) + af'(z) ifz=(u,t), te(0,1) (16)
with the “boundary type” condition

ﬁZfZ'(x) = fy(z) at each z = (v,0). (17)

Lemma 4.3 The generator L is symmetric on L*(T,du) , where the density du of
the measure |1 = (1. 1S given by

du(x) = m(x)dez  with m(z) = mgg(z) = @ e 0@ (18)
Proof.  On each open edge v x (0, 1), integration by parts gives
1
/ le)(t)g;(t)ﬁn(v)e—ah(v)-l-at dt = / f v, t + agv( ))ﬁn(v)e—ab(v)—i-at dt
0
+ fo(1)g.(1 )/gn(v —ab(v — £,(0)g.(0 )/gn(v)e—ab(v)'

8



Now, at a given vetex v, the residual term coming from the r + 1 incident edges is
— 3= £ (0) gl (v) 4 [ e D)+ £ () Z gi(v)
i=1

= 6n(v)€—ah(v)fv(0) (—gé(v) + ﬂz gé(v)) ,

and it vanishes if ¢ satisfies the boundary condition (16). O

In fact, it is not hard to show that L, extended in the obvious way to the set
of all functions in H satisfying (17), becomes a self-adjoint operator on L*(T, dpu).
In this sense, L is the infinitesimal generator of the Markov semigroup H, = e™*
associated with the Dirichlet form

széwmwm»

on L*(T,u). By the very general results of Eells and Fuglede [4] and Sturm [18],
[19], [20], we have the following

Proposition 4.4 The semigroup H, admits a bounded continuous kernel h*(z,y)
with respect to the reversible measure pn = piq,p. That is,

Hszﬁw@wwmm»

Moreover,
hﬁf (Ia y) S Ca(min{l, T})_1/26—11(96)eah(w)e_cd(x,ypﬁ (19>

for all 7 > 0 and z,y € T. As h*(x,y) = h*(y,z), the factor f7"®e@) can be
replaced by 3" edW)

From this, it follows that H, can also be viewed as a semigroup acting on bounded
continuous functions on T and that, in addition to the reversible measure dy =
m(-) dr, it admits also the measure dr as invariant measure. As a matter of fact, for
our computation, we will mostly use the kernel

he (2, y) = bl (z,y)m(y),

which is the kernel of H, with respect to the G-invariant measure dr. Indeed, this
kernel is invariant under the action of G, i.e., for each g € G, h,(gz, gy) = h-(z,y),
whereas this is not true for h#(z,y). Note that (19) and the subsequent remark
concerning symmetry give

he(z,y) < Co(min{1, 7})"V2e cd@)?/7 (20)



4.C Reduction to the factor space and computations

Applying Theorem 2.1, we can compute the norm and spectral radius of H, on
various spaces. Recall that I = G\T is the circle parametrised by the interval [0, 1).
For any s € [0, 1), set z; = (0,s) € T. We will need to use the action of some
elements of GG. Recall that o;, 1 < i <r are the “children” of 0. For each 1 <i <'r,
let g; be a fixed element of G such that g;0; = 0. Since all elements of G fix w, the
image of o under g; must be the unique predecessor of o.

Spectral radii on LP(T,du)

Let pt = ptq g be the measure defined in Lemma 4.3. In the case of LP(T, 1), Theorem
2.1 does not directly apply since p is not invariant under G. Hence, we must instead
use Remark 2.2 following Theorem 2.1. Accordingly, for a fixed p € (1,00), we
consider the operator A,, 7 > 0, acting on LP(I, d\) with kernel

a-(s,t) = /Xt (%)w he (s, y) dx,y

=t Z(r =)W=t/ g=nO/p (1 (v, 1)).

veV

(21)

By (20), this is a bounded continuous kernel on [0, 1). It follows that A, is a compact
operator on L"(I,d)\) for any 1 < r < oo (see, e.g., Schaefer [14, p. 283]) and, by
(7), the family (A;),o forms a semigroup of bounded operators. It follows from the
Gaussian bound (20) that this semigroup is Cy. As any L" (I, d))-eigenfunction for
A, must be bounded, the spectrum of A, is independent of r. Let p, = p(A,) be
the spectral radius of A, on L"(I,d\). Since A, A;, = As 4, , there are w > 0 and
a positive function u on I such that

wT

pr=¢€" and Au=e“"u (22)

We are going to compute w as the smallest real eigenvalue of a simple eigenvalue
problem, see (24) below.

As a function of s € [0, 1), a,(s,t) is continuous on [0, 1) and smooth on
(0, 1). We now study its discontinuities at the endpoints. (Recall that the interval
parametrizes the torus.) The following two limits exist:

a-(1,t) = £i_1>r%a7(s,t) and 0%a,(1,t) = £1£1% OBa.(s,t), (23)
where B = (re™®)”"? and 0P = B*9,B™*.
Lemma 4.5 (a) We have
a-(1,t) = 7 a.(0,t) and Brofa,(1,t) = Y0P a,(0,1).
(b) For s e (0, 1),

ra-(s,t) = (07)ar(s,t) + a 9Par(s,t).
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Proof.  Regarding the first identity of (a), recall that g0 is the unique predecessor
of 0. We compute

fa,(1,1) = 3 B 5 0OR b ((g10), (0, 1)

veV

_ Z Bhw)—t+1 ﬁ—ﬂ(v)/p h. (07 (gl_l’U, t))
veEV

= 37 BVt gm0 (o, (70, 1))
veV

= 37 B0 G000 (o (0,8)) = B¢ 4, (0, 1)

veV
For the second identity of (a), set h¥(z) = h,(x,y). Then
i 0Pa,(s,t) = BT gmn0l/e g plod) ().
veV

Observe that for each i € {1,...,r}, we have
: y -1 Y((a:0.
}SI_I)I} dshY((o,5)) = }gl_r)ri dshY ((gioi, s))
T 9 v (9
= £1£r{85h7 ((0i,8)) = (k7 7). (0),
and compute

rt 85%(1, t) _ Z Bb(v)—t—l—l 6—n(v)/p (hs-g;w’t))/,(O)

veV

= 37 B It gl -/ (00 ()

veV

= Y3 Bt g/ (30 ().

veV

Now the identity follows after recalling that the function h¥ must satisfy (17), that
is,

B (h2)i(v) = (), (v).
1
Finally, for s € (0, 1), a,(s,t) is smooth, and by (16),

d:hr ((0,8),y) = 82h. (0, 5),y) + adsh,((0,5),y) .
The identity (b) follows. O
(22) and Lemma 4.5 lead to the eigenvalue problem

(833)2u(8) + adBu(s) = —wu(s) on (0,1)
u(1) = 87 u(0) (24)
r30Pu(1) = 8"7 07u(0)

11



where the values of v and 9Pu at 0 and 1 must be understood as limits as s tends
to either 0 or 1. Setting v(s) = B~%u(s), we find the following.

Corollary 4.6 The spectral radius of A, on LP(I,\) is p, = e 7, where w is the
smallest real solution of

V'(s) +av'(s) = —wuo(s) on (0,1)
v(1) = bP0(0), (25)
V(1) = (rB)~ a"P0(0),

where b =b(a,f) =B PB=rfe*>0.

We can now solve (4.6). If 4w # a® and w > 0, the general real solution of
V' +av +wo=0Iis

’U(S) = 6(—a+z)s/2 + ¢y e(—a—z)s/2

with
Va2 —4w, if o > 4w
z =
iViw —a?, if o? < 4dw.

We are lead to the linear system

) (e(—a+2)/2 — bl/p) + ¢y (e(—a—Z)/2 — bl/:n) =0
cr(—a+ 2) (62— (rB)71OYP) + co(—ar — 2) (eCT07A2 — (rB) 1 0MP) =

This linear system has a non-trivial solution (¢, ¢o) if and only if its determinant is
0, which leads to the equation

alfr— 1)M = (Br+ 1) cosh(z/2) — e*?((r Be~)b~P + b/P). (26)
If we substitute z = i then (26) becomes
a(Br— 1)Sin(§/ 2 (Bra1)cos(¢/2) — (B £ 1), (27)

The last term can of course be simplified to
((rﬁe—a)b—l/p ‘l’ bl/p) — (bl/p ‘l‘ bl_l/p) ’

but we shall need it in the above form later on. We can now summarize the com-
putation of w. In the follwing theorem, we first consider three special cases.

Theorem 4.7 The spectral gap w = wy(a, 5) of the operator L, acting on the
space LP(T, dpuy ) is given as follows.

12



(I) No continuous drift: o= 0. Then

w= {arceos <(rﬁ)1/p + (rﬁ)l_l/p” 2 :
1+r06

In particular, if « =0 and B = 1/r then w = 0.
(IT) No discrete drift: §=1/r. Then

w=a’p? (1 — p_l) .
(ITI) No total drift: b(a,3) =rBe* =1. Then w =0, there is no spectral gap.
(IV) The general case: a#0, fr#1,rGe “#1.
(Vi) If «a(Br—1)< 2</6 r+1—e2(b(c, B)7 + b(ar, /6)1_1/7”)) then

1
w = Z(Oéz‘l‘cg),

where (y is the smallest positive solution (in () of (27).
(IV.ii) If «Bfr—1)> 2<ﬁr +1—e*2(a(a, )7 + a(a,ﬁ)l_l/p)) then

1
w = —(Oé2—Zg)’

4

where zy is the unique positive real solution of (26).

Proof.  (I) When a = 0, equation (27) becomes

(rB)7 + (r3)' 717
1+rp ’

Note that the right hand side is in (0, 1]. In the special case « = 0, 5 = 1/r, we
have no spectral gap (w = 0 is solution) and (25) with w = 0 admits the constant
function v = 1 as a solution.

(IT) When 8 = 1/r, equation (26) gives

cos v/w =

cosh(z/2) = cosh(a(1/2 —1/p)),

leading to the proposed smallest positive solution for w.

(III) If b(cr, B) = 1, it is easy to check directly that (25) admits w =0, v = 1 has a
solution.

(IV.i) In this case, (26) has no real solution, so that we need the smallest positive
real solution (o = (o(r, o, 5, p) of (27).

(IV.ii) In the second case, (26) has a unique real positive solution zy = z(r, @, 3, p) ,
and w = (a? — 22)/4.
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In particular, when «(fr—1) = Q(ﬁr + 1 — e*2(b(a, B)/P + b(a,ﬁ)l_l/p))
then the characteristic equation of the differential equation v” + av’ + wv = 0 has
a double root, and the general form of the solution is (c; 4 c3 s)e™**/2. Thus, one
easily checks that w = a?/4 is indeed a solution. 0J

We remark that in the case p = 2, our analysis shows that

w > a?/4 if and only if m <1.

VB -1
We also remark that Cattaneo [2] considers an analog of the operator Ly 3 on general
networks and relates the L?-spectrum of that Laplacian with the £2-spectrum of the
transition operator on the vertex set of the network. In particular, on can combine
her results with the well-known formula for the spectral radius of simple random
walk on the tree to obtain w = w9(0, 1), corresponding to case (I) of Theorem 4.7
with 3 =1 and p = 2.

Spectral radii with respect to other measures on T

By (20), the semigroup H, = e~ '* not only acts on LP(T,du.), but also on

LP(T,dp, ), with the measure p,, defined as in (18) for any k € R and n > 0
in the place of o and . In particular, LP(T,dr) corresponds to k =0, n = 1.

Accordingly, for a fixed p € (1,00), we consider the operator A,, 7 > 0, acting
on LP(I,d\) with kernel

ar(s,t) = /Xt (w)w he(2s,y) dxy

7($s)mn,n(y)
—rt Z(r =)~ OO =P p=n) (1 (0, 1))
veV
An analysis similar to that of the special case of LP(T,du,s) shows that the
spectral radius of A, is e™“" where w is the smallest real solution of the same
eigenvalue problem as in (25), but with different constant
b=>b(k,n)=rne " >0. (28)

In this situation, since L, g is in general not negative semi-definite on LP(T, dpi ),
we can no more speak of the “spectral gap”, since w may also become negative. We
get the following results (with arcosh = cosh™?).

Theorem 4.8 Withb = b(k,n) asin (28), the top of the spectrum —w = —w,(«a, 5; K, 1)
of the operator Lo g acting on the space LP(T, d. ) is given as follows.

(I) No continuous drift: o= 0. Then

1/p ~1/p\ 1?
{arccos (b ;:i?g )] . if (WP —rp)(bYP —1) <0,

1/p -1/p\ 12
[arcosh <b ;—;?g )] ,af (P —rp) (/P —1)>0.
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(IT) No discrete drift: §=1/r. Then

log b 2
p

log b B
p

(III) The case rpe " =1: Here, b=1 and w = 0.
(IV) The general case: a#0,rG#1,rne " #1.

(IVi) If alrp—1)< 2<(rﬁ +1) —e2((rBe )b 1P + bl/p)> then

W=«

1
“(a®+ ),

w:4(

where (o is the smallest positive solution (in ) of (27).
(IVii) If a(fr—1)> 2((r B4 1) —e/2((rBeo)b1p 4 bl/P)) then

1
W= 2 2)

Z(oz —z),

where zy is the unique positive real solution of (26).

5 Convolution on locally compact connected groups

5.A Unravelling Theorem 2.1

This section relates Theorem 2.1 to questions of classic harmonic analysis questions.
To preserve natural notation, we will have to change our own notation a bit. Let
X = G be a locally compact group equipped with a fixed left Haar measure dg.
Denote by Ag the modular function on G.

While primarily we have in mind the case when the group is connected, we shall
see on several occasions that this is not necessarily required.

Let us assume that the kernel k(z,y) > 0 is a continuous function of (z,y), that
fX x,y)dgy = 1, and that the operator

Kf(w) = [ k) I o) doy (29)
X
is invariant under the left action of G. In this case, if we set

¢( ) ¢g( ) (6 Yy 1) :k(y76>7 d(I):(bdg, (30>

we have

Kf(z) = f »(x /cbylar y) dey
(31)



that is, K = Rg is the operator of right convolution by the probability measure ®
(or equivalently, by its density, the function ¢) on G. Obviously, we could as well
have started with ¢ on G and set k(x,y) = ¢(y~'x). We are interested in computing
the norm o,(K) € (0, 1] and spectral radius p,(K) € (0, 1] of K = Rg acting on
LP(G,dg), 1 < p < oo (right convolution operator, but left Haar measure !).

By Theorem 2.1, these numbers equal one if and only if G is both amenable and
unimodular. Our goal is to get a better understanding of what happens when G is
non-unimodular or non-amenable or both, under the additional assumption that G
is connected. It will be useful to proceed in several steps.

Step 1: reduction to the semisimple case with finite center

We start with the following simple application of Theorem 2.1, valid also without
assuming connectedness. For connected groups it provides the reduction addressed
above.

Proposition 5.1 Let G be a locally compact group and let K, k, ¢ be as above. Let
Q be a closed normal amenable subgroup and L = Q\G. Then, for any 1 < p < oo,

UP(K> = Up(K£> and /)p(K> = pp(Kg),

where K is the left invariant operator acting on LP(L) associated with the kernel

=1z, )\ VP x

Here x, € G denotes any representative of u € L.

Proof. By Bourbaki [1, chap. VII, §2], we have Ag(z) = Ag(x) for all z € Q.
Moreover, there exists a continuous decomposition of dgx under the left action of Q
such that the mesure d\ on the quotient £ = I = Q\G is the left Haar measure on
L. Note that in [1, chap VII, §2], the quotient by Q (called G’ in [1]) is the right
quotient so that some translation is needed to obtain the desired decomposition.
Namely, for any f € Cyo(X) we have

[ #torden = [ {522 [ ) doy } den.

In this decomposition, the invariant measure dy, & on the orbit

Xy={{=yz,:ycQ}

equals
Ag(wy)

R V(7

dgy .
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Note that here {e} = G, C Q C G is the stabilizer of 2 € G under the left action of
Q. Hence, formula (1) shows that, for each u € £, x € X,,, we have

() = Heblo. = 5507

With these remarks, the proposition is immediately deduced from Theorem 2.1. [J

Remark 5.2 By [1, chap. VII, §2], if for z € G we set ¢, : Q@ — Q,y — a 'yx
then A

(zu)
Ai(u) /f(y) doy .

/Q F(652(9)) doy =
It follows that we can write

1l 1/p
kﬁ(uv U) = <%) /Q Ag (y>—1/p ]f(:(fu, xvy> de

Ag(l’_ll’u))l/p/ 1 _
= (29 Tu) Ac(y) VP k(z . y) doy .
(Ag(v‘lu) o g(y) ( v y) QY

This shows that the operator K is a (right) convolution operator on L, i.e.,
ke(u,v) = ¢r(v )
depends only on v~'u. The correspondence between ¢ and ¢, is given by
belu) = Aela) ™ [ Bgly )P oy ) do.
Q

For p,q € (1,00) such that 1/p + 1/q = 1, denote by ¢, r, ¢, the corresponding
functions on £. Then, we have

()pcls) = Ap(u) /Q Ag(zu-19) ™ $(zory) doy
= Ag(w)/e / Ag(yat) P D) dlya—s) doy
Q
= Az(u_l)_l/q/ Ag(y - ¢y 1) doy

Q

= dq.c(u) = (¢g.0) (1)

This is consistent with the fact that if K is the operator of right convolution by a
function ¢ on a group G, its formal adjoint K™ is right convolution by ¢ and for
p,q € [1,00] with 1/p+1/q =1, 0,(K) = 0,(K*).

17



Step 2: unimodular groups of type PK, where P is amenable
and X compact
Let £ be a locally compact unimodular group such that there are closed subgroups
P, KC with P amenable and K compact such that £ = PK . Let

ke(u,v) = ¢p(v )

be a left invariant kernel under the action of £. In particular, k. is left invariant
under the action of the closed amenable subgroup P. Thus we can apply Theorem
2.1. In general, P is not normal in £ and the quotient space

I=P\L=[KNP\K

is compact. Let d)\ be the unique K invariant measure on I such that the normalized
Haar measures on K and I NP satisfy div = dicrpaxd\(s). Classical results show
that there is a continuous decomposition of the Haar measure on L as

deu=dpxdA(s), s€l, u=s modP

with v(z) = Ap(x)~t. Again, y(z) = |{e}|g, where {e} =G, C P C L is viewed as
the stabilizer of x € £ under the left action of P.
For any u = zv € £ with x € P, v € K, we set
AB(u) = Ap(z). (32)
This makes sense because if u = zv € L, x € P, v € K and u = 2/v' € L with
' € P, v € K then v'v=! € PNK and thus Ap(v'v™') =1 (PN K is a compact).
Hence Ap(z’) = Ap(z). We insist in using this somewhat cumbersome notation
instead of a lighter alternative such as Ap(u), because in general, for u,v € L,
A5 (uv) # A5 (u) A5(v).

In this context, Theorem 2.1 leads to the study of the operator with kernel
ki(s,t) = / Ap(x) YPke(s, xt) dpa .
P

acting on LP(I,d)\), 1 < p < oo. However, one can lift this operator from the
quotient space I = [LNPJ\K to K in an obvious way without changing its norm or
spectral radius. This gives the following.

Proposition 5.3 Let L be a unimodular locally compact group such that L = PK
for two closed subgroups P,K with P amenable and K compact. Let kp(u,v) =
b (v ) be a left invariant kernel on L as above. Fizp,q € [1,00] with1/p+1/q= 1.
Then

op(Kz) = 0,(Kx) and py(He) = pp(Kx),
where Ky is the operator on LP(K) with kernel

e (s,1) — / Ap(2) Y7 ke(s, t) dpx .
P

In particular, we have the following results:

18



(a)

K < { [ ([ srortosetoanans) o] }

(b) Assume that kg(e,vs) = ke(e,sv) foralls € K, v € L. Then
0p(Kc) = pp(Ke) = / A(0) "7 kg(e,v) dev
c
(c) Assume that kg(e,vs) = ke(e,v) for all s € K,v € L. Then
P 1/p
o,(Kr) = {/ (/ Ap(x)_l/pkﬁ(s,x)dpx) d;cs]
K \Jp
and, assuming o,(K) < 0o,
opl2) = / AE(0) ke (v,€) dio.
c
(d) Assume that kz(e, sv) = ke(e,v) for all s € K,v € L. Then
q 1/q
op(Kp) = {/ (/ Ap(x)" VP kp(e, zs) dpzc) sz]
K \Jp
and, assuming o,(K) < oo,

po(Kr) = /ﬁ AL ()P kg, v) dgv.

Proof.  To prove this proposition, we apply Theorem 2.1. Part (a) follows from
a standard estimation of o,(Ky).

For (b), observe that kx(s,t) depends only on ¢t~'s. Hence K is a convolution
operator with non-negative kernel on K and its norm equals its spectral radius,
which equals [ ki (e, s) dis.

we have K f(s) = ([, f di) ki (s, €). The formula for o, (K) follows. Moreover,

pp(Ke) = //Ap ~1/p kr(s,x) dpx dis

// )V Ap (a7 ke s, ) dpr dics
//AP )Y ke (ws, ) dpa dics
- [ a5

(33)
YVakr(v,e)dew,
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as stated.
In (d) we have Ki f(s) = [, k(e t) f(t) dct, and the desired results follow since

po(Kr) = / / Ap(2) "7 kig(e, 25) dpa dics — / AL ()P ko, v) dgo.
KJP L

Note that (c¢) and (d) are dual to each other by passing to the adjoint operator (i.e.,
changing k. (u,v) to kg(v,u)). O

The following statement is a simple corollary of Proposition 5.3 together with
the characterization of amenability in terms of convolution operator norms (see [3,
Prop. 4.2] and [12]).

Theorem 5.4 Let L be a locally compact unimodular group of type PK with P, K
two closed subgroups, P amenable, KC compact. Then L is non-amenable if and only
if P is non-unimodular.

The results of this section apply to real connected semisimple Lie group with
finite center and to the group of K-points of a connected (in the Zariski toplogy)
linear algebraic semisimple group defined over the local field K. In both cases there
are Iwasawa decompositions that yield £ = PK with P, closed subgroups, P
amenable, IC compact. In the general case of algebraic groups, the intersection of
P and K may not be reduced to {e}. Other interesting cases arise as subgroups of
the automorphism group of a free group, see Nebbia [8]. We next give details in the
case of connected Lie groups with finite center.

The case of semisimple Lie groups with finite center

One of the most important examples of groups of type PK with P amenable and
IC compact are non-compact connected semisimple Lie group with finite center. Let
L be such a group. Then £ is unimodular and admits an Iwasawa decomposition
L =NAK with K compact and P = N'A amenable, L NP = {e}.

Although P is not normal in £, we can identify £ with PK and P\L with K as
manifolds, and we have the decomposition

deu = dpx dis,

ifu=uxs,z€P,sek.
As usual, we denote by Ap the modular function of P. This is a N -bi-invariant
function on P, and

Ap(z) = e 20e0080)  if g —ng (neN, a€ A, (34)

where p, denotes the half sum of the positive roots weighted by their multiplicities,
see, e.g., Helgason [6, p 181]) To relate these results with classic theory, we introduce
the function ., 7 € R, defined by

elo) = [ Af(ea) s, (35)
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Denote by 2 the Lie algebra of A. Recall that for each complex valued linear form
A on 2, the elementary spherical function ¢, is defined by

oa(x) = /Kexp (i)\(log a(sz)) + pe(log a(sx))) ds,

where a(z) denotes the A-component of x € £ in its N AK decomposition, p. is
the half sum of the positive roots, and loga is the element of 2 whose image by the
exponential map is a. See [6, Theorem 4.3]. From (34), it follows that

wr = P—irp- (36)
By [6, Lemma 4.4], this implies
e (27h) = Yo (2). (37)
With this notation, Proposition 5.3 leads to the following.

Theorem 5.5 Let L be a non-compact connected semisimple Lie group with finite
center and Iwasawa decomposition L = PK, P = NA. Let ¢ be a non-negative
function on L and let K denote the operator of right convolution by ¢ as in (31).
Fiz p,q € [1,00] with 1/p+1/q = 1.

(i) Assume that ¢(us) = ¢(su) for all s € K, u € L. Then
7o) = () = [ 1apl0) 6(0) deo.
L

(ii) Assume that either ¢(u) = ¢(su) for for all s € K, u € L and

/K ( /P Ap(z) P g(a71s) dpx)pd,cs@o,

or that ¢p(u) = ¢(us) for alls € K, u € L and

/K (/P Ap () Po(sz™) dpx)qd,cs .

Pp<K):/E¢1—2/p(U) d(v)dev.

Then we have

Proof. Regarding (i), Proposition 5.3(b) gives
7o) = o) = [ A5 o) dev.

Using the fact that ¢ is invariant under K-inner automorphisms and A% right K-
invariant, we find that, for any s € IC,

/ A5 ()P (v dev = / A5 (s0) VP (v dpw .
L L
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Hence, by (36) and (37),

o (K) = / AL (sv)" VP dyes d(v~1) dgo

Regarding (ii), if ¢(u) = ¢(su) for for all s € K, u € L, then kg(u,v) = ¢(v™1u)
satisfies ks (e,vs) = ke(e,v) for all v € L, s € K. Hence (33) applies and gives

pp(K) = //Ap ) VP k(s ) dpa dics
KJP
/ Az,ﬁ)(l’t)_l/p ]{ZL(S,SL’t) dpl’ d]ct d;cS

~1/p kr(s,v)devdys

A 1/Pk£ 6 S 1’0) dLUdKS

h\h\h\\

Ar,ﬁ) SU ~1/p ]{Jg(e ’U) dL’U d]cS

|

(1 2/p( )¢( )dLUdICS

The last case where ¢(u) = ¢(us) for all s € K, u € L is analogous. O

Step 3: General locally compact connected groups

Let us now explain how one can apply Steps 1 and 2 in the case of connected locally
compact groups. Any connected locally compact group G contains a compact normal
subgroup M such that M\G is a Lie group. Next, we consider the radical R of
MA\G. By definition, R is the largest connected closed normal solvable subgroup of
MA\G. See, e.g., Paterson [9, Prop. 3.7] and Varadarajan [21]. Set S = R\[M\G].
Then S is a connected semisimple Lie group and there exists a central discrete
subgroup Z = Z? C S (for some integer d € {0,1,...}) such that £ = Z\S is a
connected semisimple Lie group with finite center. By this construction we have
a surjective group homorphism from G to £. The kernel Q of this homorphism
is a closed normal subgroup, and it is amenable. Indeed, M is a closed normal
subgroup of @ and M\ Q, viewed as a subgroup of M\G, contains R as a closed
normal subgroup. Finally, R\[M\Q] = Z. Now, Z is abelian, R is solvable and M
is compact. Hence they are all amenable, and so is Q by [9, Prop 1.13]. Of course,
we have

L=0\G. (38)
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Let K be a left invariant transition operator on G as in (29). Let Q and £ be
as above in (38). Proposition 5.1 yields a left invariant transition kernel k, on the
semisimple Lie group £. Now, it is well known that £ is compact if and only if G is
amenable; see e.g. [9, Th. 3.8]. Assume that £ is compact. Then we can compute
the norm and spectral radius of K on LP(G) as

op(K) = /k‘g(u V) dev

= //Ag 2, )P Ag(y) P A () k(20, ya,) doy dev

[(35) Hewan= [ astarrtaa
This yields

oo (K) = py() = /g Ag(g) VPé(g™) dg = / Ag(g) 17 dd(g).

g

Of course, this conclusion is well known and true in complete generality as soon as
G is amenable. In fact, this formula is at the heart of the proof of Theorem 2.1 in
[12].

The more interesting case is when L is non-compact. In order to unravel our
computation, we need to introduce the following notation. By construction, £ is
semisimple with finite center and we let

L=PK, P=NA (39)

be an Iwasawa decomposition as in Step 2 above.
Define A% on G by setting

AG(g) = Apomgelg),

where A% is defined by (32) and 7g » denotes the canonical projection from G onto
L =0\G.
Similarly, define

JT(Q) = %(Wg,ﬁ(g))
with ¥, as in (35).
With these definitions, Proposition 5.3 gives the following result.

Theorem 5.6 Let G be a locally compact, connected group and K be a left invariant
transition operator on G as in (29). Let ¢ be defined by (30). Let Q, L be as in
(38) and K be as (39).

(i) Assume that kc(e,vs) = ke(e,sv) for alls € K, v € L. Then
oK) = (1) = [ [880)ole)] " ol™) dog
= [ Do) [Be(o)] 70007 dos
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(ii) Assume that K is bounded on LP(G,dgg) and kz(e,vs) = kg(e,v) forall s € K,
ve L. Then

pE) = /g [A%(9)Ag(9)] " (g) dog

(iii) Assume that K is bounded on LP(G,dgg) and that kr(e, sv) = ke(e,v) for all
seK,ve L. Then

pE) = /g [A%(9)Ag(9)] 7097 dog
- /g Frao(@) [Ae(0)] P (07) dgg.

Proof.  We prove (i). Statments (ii) and (iii) follows by similar arguments. By
Propositions 5.1 and 5.3, we have 0,(K) = p,(K), and (letting z, be, as usual, a
representative of v € £ in G)

7K) = [ A5 kee, ) deo
[ [ A8 Aot Aot ey day deo
// 9 (yw,) Ag(ya,)] P Ag(w,) ke, ya,) doy dev
= [[82@s(0)] ke, dog
= [185@@) ols ) do

as desired. The formula using Jl_g /p follows by a similar computation using Theorem
5.5. O

5.B An example: convolutions on Aff, (R?)

In this section we mostly follow the notation of Lang [7] (except for what [7] calls
the modular function A is A™! for us). The group G = Aff,(R?) is the group
of orientation preserving affine transformations of the plane, that is, Aff, (R?) =
GLS(R) x R?* where GLj (R) is the group of all invertible two by two matrices
with real coefficients and positive determinant. The action of GL3 (R) on R? is the
natural action. Thus the product is given by

(m,&)(m’, &) = (mm', £ + me').
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Any element m of GLj (R) decomposes as m = ¢ - [ where ¢ > 0 and ¢* is the
determinant of m, and [ is in SLy(R). The group GLj (R) is unimodular with
Haar measure dm = ¢! dtdl where dl is a Haar measure on SLy(R). The group
G = Aff, (R?) is non-unimodular with left Haar measure

dgg = det(m)~" dmd¢ if g = (m,¢),

and modular function
Ag(g) = det(m)~".

Observe that we can write
G = Aff{ (R?*) = SLy(R) x [R x R?]

where the action of R on R? is by dilation. When applying the result of Section 5.A
to this example, we can take Q@ = R x R? and £ = SL,(R).
Any element [ of £ = SLy(R) has a unique decomposition of the form

(=Lys=n0a,8, 2R, y>0, se0,2n),

corresponding to the MAK = PK Iwasawa decomposition of SLy(R) where

n, = 1 «x Ca, = \/g 0 b= cqss sin s ‘
01 4 0 1/ —sins coss

In these coordinates, the Haar measure on £ = SLy(R) is
del =y 2dedyds.

and we have
AR =yt

The pair (z,y) corresponds to a point in the hyperbolic upper half plane £/K. In
particular, the functions on £ which satisfy ¢, (8l) = ¢, ([€) forallt € I, [ € L are
those of the form

Oc(loy.s) = flz,8) with 2= [2"+ (y — 1)*]/y (40)

whereas the functions on £ which satisfy ¢, ([) = ¢-([€) are those of the form

¢£([w,y,s) = f(xv y)' (41>

Let ¢(g) be a non-negative function on G = Aff, (R?) and consider the operator
K on LP(G) with kernel k(g, h) = ¢(h~'g). Then the corresponding kernel k. (u,v) =
¢r(v™lu) on L = SLy(R) is given by

dt d¢
t3

t3

oet) = [ #ro(eer o) B = [ anaft o)
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Here, the t in (¢, £) stands for dilation by the factor ¢, that is, for ¢ times the indentity
matrix.

In view of (40) and (41), we are going to look at two classes of function on
G = Aff . (R?) in the coordinate system

9 = Gtzyst = (t ‘N a, Esa 6) s

namely, the functions given by

HItayse) = f(t2,5,€) with z=[2"+ (y — 1)°]/y (42)

and those given by
¢(gt,x,y,s,£) = f(t7 x,y, 5) . (43)

Proposition 5.7 On G = Aff, (R?), consider an operator K as in (29) with kernel
k(z,y) = oy~ 'z).

(1) If ¢ is as in (42) then

dt dx dy ds d§
7o) /R?/[(J27r /1&/ R+f [z + —1)]/y, 5:¢) t1+2/py2+1/p '

(ii) If K is bounded on LP(G,dgg) and ¢ is as in (43) then
dt dz dy d§
/R2 /R+/ R+f t LY, 5) t1+2/py2+1/10
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