
Contemporary Mathemati
s
Generating fun
tion te
hniques for random walks on graphsWolfgang WOESSDedi
ated to the memory of Bob Brooks.Abstra
t. This survey outlines the use of generating fun
tions and 
omplexanalysis in the study of random walks on graphs and groups, espe
ially fordetermining the pre
ise asymptoti
 behaviour of transition probabilities.Contents1. Introdu
tion2. An in
omplete survey of some results3. Generating fun
tions4. First walks on trees5. Free produ
ts, n�3=2, and a surprising result of Cartwright6. Finite range random walks on free groups7. Uniform spa
e-time estimates on trees8. Sierpi�nski graphs, and the use of Singularity Analysis9. Final remarksReferen
es 1. Introdu
tionIf (an) is any sequen
e of real or 
omplex numbers, then its generating fun
tionis the power series f(z) = P1n=0 an zn, where z 2 C . Generating fun
tions arewidely used in Combinatori
s and Probability, where the an typi
ally stand for thenumber of 
ertain obje
ts of \size" n, or the probabilities of 
ertain sequen
es ofevents, respe
tively. In these 
ases, the an will be non-negative.The general spirit is that one applies algebrai
 and/or analyti
 methods tothe generating fun
tion in order to obtain information about the numbers an. Invery favourable 
ases, this may lead to expli
it 
omputation of the an, while moretypi
ally, the result is an asymptoti
 evaluation of the sequen
e. Su
h asymptoti
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2 WOLFGANG WOESSresults are obtained by a 
areful study of the singularities on the 
ir
le of 
on-vergen
e around 0 of the power series, 
ombined with a use of Cau
hy's formularepresenting the an in terms of f(z).Among the many typi
al asymptoti
 methods, there are the somewhat \old-fashioned" (but still often eÆ
ient) method of Darboux and the more modern singu-larity analysis of Flajolet and Odlyzko [20℄. For general surveys on asymptoti
methods in 
ombinatorial problems, see Bender [5℄ and Odlyzko [47℄.The purpose of the present notes is to give an outline, resp. review, of appli-
ations of te
hniques of this type to study transition probabilities of random walkson in�nite graphs { the analogue of the heat kernel in dis
rete time and spa
e. Thenotes follow 
losely the set of le
tures whi
h the author has given during the HeatKernel Trimester at Centre �Emile Borel in April{June 2002. Besides the variousoriginal arti
les, many of the results presented here, mostly along with detailedproofs, 
an be found in the author's book [66℄. Here, the main goal is to presentresults in a uni�ed way so that one 
an understand the s
ope and appli
ability ofthis type of methods. A parti
ular emphasis is on the explanation of the math-emati
al tools that have been used so far for obtaining asymptoti
s of transitionprobabilities via generating fun
tions.Let X be a graph, i.e., a set X with a symmetri
 neighbourhood relation � :A path of length n from x to y (x; y 2 X) is a sequen
e [x = x0; x1; : : : ; xn = y℄su
h that xi � xi�1.In the sequel, graphs shall mostly have bounded geometry: they have boundedvertex degrees deg(x) = jfy : y � xgj and are 
onne
ted, i.e., for every pair ofverti
es there is a path between the two. The distan
e d(x; y) is then the minimallength of a path 
onne
ting x and y. Also, our graphs will usually be (
ountably)in�nite.A random walk on X is an X-valued Markov 
hain, whose random position attime n is denoted Zn. Thus, ea
h Zn is an X-valued random variable de�ned ona model probability spa
e (
;A;Pr), the sequen
e (Zn) has the Markov property(\the future depends only on the present, and - given the latter - not on the past"),and the transition probabilitiesp(x; y) = Pr[Zn+1 = y j Zn = x℄do not depend on n. We shall write Prx for the model probability measure on X ,when the initial distribution (of Z0) is Æx (i.e., the 
hain is 
onditioned to start atx). When we speak of a random walk on X , we have in mind that the sto
hasti
transition matrix P = �p(x; y)�x;y2Xis adapted to graph stru
ture in some way to spe
i�ed more pre
isely in ea
h 
ase.Example 1.1. Simple random walk (SRW) on X has transition probabilitiesp(x; y) =8<: 1deg(x) ; y � x ;0 ; otherwise.The BASIC QUESTION addressed in these notes 
on
erns the asymptoti
behaviour of the n-step transition probabilitiesp(n)(x; y) = Prx[Zn = y℄ ; as n!1 :



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 3How are these asymptoti
s linked to the geometry of X ?A basi
 assumption (whi
h on its own is not yet a geometri
 adaptedness 
on-dition) is irredu
ibility: 8 x; y 9 n � 0 : p(n)(x; y) > 0 :This is of 
ourse satis�ed for SRW on a 
onne
ted graph. An additional assumption,that will be used often, but not always and is no serious restri
tion, is aperiodi
ity:8 x; y 9 n0 = n0(x; y) : p(n)(x; y) > 0 8 n � n0 :Finitely generated groups enter the pi
ture via their Cayley graphs. If � is a�nitely generated group and S a �nite, symmetri
 set of generators, then the Cayleygraph X(�; S) has vertex set X = �, and x � y () x�1y 2 S. In this 
ase, theobvious 
ondition of adaptedness to the group stru
ture is to require �-invarian
e,i.e., p(gx; gy) = p(x; y) for all x; y; g 2 �. Setting �(x) = p(o; x), where o is thegroup identity (we use this atypi
al notation, be
ause the symbol e is often used foredges), then the transition probabilities are determined by the probability measure� on �, and we speak of the random walk on � with law �.Regarding asymptoti
 behaviour, in the present notes we shall be primarily
on
erned with asymptoti
 equivalen
e an � bn (n ! 1). For two positive se-quen
es (an), (bn) this means that an=bn ! 1. (It will be obvious from the 
ontextwhether � refers to neighbourhood of two verti
es or asympoti
 equivalen
e of twosequen
es.)There is a weaker notion, namely asymptoti
 type, denoted �. We writean 4 bn :() an � C supfbk : 
n � k � Cng (
; C > 0) ; andan � bn :() an 4 bn and bn 4 an :2. An in
omplete survey of some resultsIn this se
tion, we give an overview of some results, mostly regarding the as-ymptoti
 type of transition probabilities, for random walks on various types ofgraphs and groups. The purpose is not 
ompleteness, but to give a 
avour of thetype of results that appear. Those 
ases where generating fun
tions are used willnot be reviewed here, sin
e they are the prin
ipal subje
t of the later se
tions.A. Integer grids. X = Zd ; the standard Cayley graph of the free abeliangroup with d generators. This group is of 
ourse written additively.Theorem 2.1. Suppose that p(x; y) = �(y � x) de�nes an irredu
ible andaperiodi
 random walk on Zd, and that the moment 
onditions Px x�(x) = 0 andPx jxj2�(x) <1 are satis�ed. Let � be the 
ovarian
e matrix of � and ��1[�℄ thequadrati
 form asso
iated with ��1. Thenp(n)(0; x) � C n�d=2 exp �� 12n��1[x℄�uniformly for x=pn bounded, where C = (2�)�d=2(det�)�1=2.See Ney and Spitzer [45℄. Extensions to generalized latti
es (graphs onwhi
h Zd a
ts by isometries with �nitely many orbits) are due to Kr�amli andSz�asz [38℄, Guivar
'h [30℄, Kotani, Shirai, and Sunada [37℄.



4 WOLFGANG WOESSB. Graphs with polynomial growth. For A � X , de�ne its volume byVol(A) =Px2A deg(x). LetV (x; r) = Vol�B(x; r)� ; where B(x; r) = fy : d(y; x) � rg :Theorem 2.2. If V (x; r) � rd uniformly in x, and X satis�es a property ofquasi-homogeneity (\Poin
ar�e inequality") then for SRWp(2n)(x; x) � n�d=2 and
 n�d=2 exp��d(x;y)2
n � � p(n)(x; y) � C n�d=2 exp��d(x;y)2Cn � :In the lower bound, one needs d(x; y) � 
0n, and for bipartite graphs, one has totake into a

ount the parity of d(x; y)� n.This applies in parti
ular to groups with polynomial growth (� virtually nilpo-tent by Gromov [28℄), and to quasi-transitive graphs (i.e., whose isometry groupa
ts with �nitely many orbits) with polynomial growth.See Varopoulos [60℄, Hebis
h and Saloff-Coste [33℄, Lust-Piquard[43℄, Delmotte [14℄, Coulhon and Grigor'yan [13℄, and various further (alsomore re
ent) papers.C. Non-amenable graphs. The boundary of A � X is �A = E(A$ X nA),the set of edges between A and its 
omplement. We set Area(�A) = j�Aj andde�ne the isoperimetri
 
onstant of X ,�(X) = inf �Area(�A)Vol(A) : A � X �nite�The graph X is 
alled amenable if �(X) = 0. If X is a Cayley graph of a �nitelygenerated group �, this means that � is an amenable group.Non-amenability implies exponential growth: V (x; r) � C �r , where � > 1.Theorem 2.3. If X is a non-amenable graph then SRW on X satis�esp(2n)(x; x) � e�n ; that is, �(P ) = lim sup p(n)(x; x)1=n < 1 :See Kesten [36℄ for groups, and Dodziuk [16℄, Dodziuk and Kendall [17℄,Gerl [23℄ for graphs.Finer results for more spe
i�
 non-amenable graphs will be explained below.D. Amenable graphs and groups with exponential growth.Theorem 2.4. A general upper bound for SRW on groups with exponentialgrowth is p(n)(x; x) 4 exp(�n1=3) :This is due to Varopoulos [60℄.D.1. Poly
y
li
 groups. A group � is poly
y
li
 if it has a normal series� = �0 � �1 � � � � � �r with all quotient groups �i=�i+1 
y
li
. The lower boundin the following asymptoti
 estimate is due to Alexopoulos [2℄.Theorem 2.5. If � is poly
y
li
 and not virtually nilpotent then it has expo-nential growth, and for SRW on any Cayley graph of �p(2n)(x; x) � exp(�n1=3)



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 5D.2. Lamplighter graphs - wreath produ
ts of groups. GivenX , a (typ-i
ally in�nite) graph, and (L; o) a (�nite or in�nite) graph with root o, a 
on�gura-tion on X is a fun
tion � : X ! L with �nite support supp � = fx 2 X j �(x) 6= og.Let C = C(X ! L) be the set of all 
on�gurations. The lamplighter graph L oXhas vertex set C �X , neighbourhood is given by(�; x) � (�0; x0) () (x � x0 in X ; and � = �0 ; orx = x0 ; �(x) � �0(x) in L ; and �(y) = �0(y) 8 y 6= x :(Interpretation of (�; x) : at ea
h vertex y, there is a lamp. Its 
urrent state is �(y).The vertex x 2 X is the 
urrent position of a lamplighter.)If X and L are Cayley graphs of groups G and K, respe
tively, then L o X isa Cayley graph of the wreath produ
t � = K o G. For the following (and further)examples 
onerning wreath produ
ts of groups, see Pittet and Saloff-Coste[49℄, [50℄.Theorem 2.6. (1) On � = F oZd , with �nite group Fp(2n)(x; x) � exp��nd=(d+2)�(2) On � = Z oZd , p(2n)(x; x) � exp��nd=(d+2)(logn)2=(d+2)�(3) If K is in�nite with polynomial growth, then on � = K o Z ,p(2n)(x; x) � exp��n1=3(log n)2=3�(4) If K is poly
y
li
 with exponential growth, then on � = K oZ ,p(2n)(x; x) � exp��n1=2�E. Spa
e-time estimates and the Einstein relation. There are three 
ar-a
teristi
 
onstants asso
iated with a graph with polynomial growth that satis�es
ertain regularity 
onditions :(1) The fra
tal dimension Æf su
h that V (x; r) � rÆf , as r !1. This is theexponent of polynomial growth, not ne
essarily an integer.(2) The spe
tral dimension Æs, su
h that p(2n)(x; x) � n�Æs=2 .(3) The walk dimension Æw is su
h that the expe
ted time until the �rst exitfrom the n-ball around the starting point is � nÆw .Theorem 2.7. Under 
ertain regularity 
onditions, the \Einstein relation"holds: Æs = 2Æf=Æw ;and SRW satis�esp(n)(x; y) � n�Æs=2 exp��
 d(x; y)Æw=(Æw�1)n1=(Æw�1) �uniformly in x and y as n!1.The (positive) 
onstants may di�er in upper and lower bounds, and for bipartitegraphs, in the lower bound n�d(x; y) should be even and n � 
0d(x; y). For details,see Tel
s [56℄, [57℄, [58℄ and Grigor'yan and Tel
s [27℄. In the theoreti
al



6 WOLFGANG WOESSphysi
s literature, the \Einstein relation" was known before, up to mathemati
alrigour.For groups with polynomial growth, Æs = Æf and Æw = 2, see Subse
tion Babove. Examples where the \Einstein relation" holds, but Æw 6= 2, are provided byfra
tal graphs, see below. 3. Generating fun
tionsA. The Green fun
tion. The Green fun
tion is the power seriesG(x; yjz) = 1Xn=0 p(n)(x; y) zn ; x; y 2 X ; z 2 C :The following is a simple 
onsequen
e of irredu
ibilityLemma 3.1. For real z > 0, the series G(x; yjz) either diverge or 
onvergesimultaneously for all x; y 2 X.Indeed, p(k+n+`)(x1; y1) � p(k)(x1; x2)p(n)(x2; y2)p(`)(y2; y1)and hen
e, for z > 0,G(x1; y1jz) � p(k)(x1; x2)p(`)(y2; y1)zk+`G(x2; y2jz) :Therefore, all the G(x; yjz) (where x; y 2 X) have the same radius of 
onvergen
er(P ) = 1=�(P ), where �(P ) is the \spe
tral radius",�(P ) = lim supn!1 p(n)(x; y)1=n :Furthermore, sin
e G(x; yjz) is a power series with non-negative 
oeÆ
ients, r(P )is a singularity of ea
h G(x; yjz).1Our plan is to use Cau
hy's integral formulap(n)(x; y) = 12�i IC G(x; yjz)zn+1 dz ;(C a positively oriented, simple 
losed 
urve in C with 0 in its interior and all sin-gularities in its exterior) and methods that derive from here (Darboux, SingularityAnalysis, Saddle Point Method).If the random walk is symmetri
, or more generally, reversible, that is, thereare positive weights m(x), x 2 X , su
h thatm(x)p(x; y) = m(y)p(y; x) 8 x; y ;then G(x; yjz) has no singularities on the 
ir
le of 
onvergen
e besides r(P ) andpossibly �r(P ). This is be
ause 1zG(x; yj 1z ) is the (x; y)-matrix-element of theresolvent (z � P )�1 of the self-adjoint operator P on the Hilbert spa
e `2(X;m).SRW is reversible with m(x) = deg(x).There is a more general result by Cartwright [10℄:1An old theorem of Pringsheim says that for a power series with non-negative 
oeÆ
ients,its radius of 
onvergen
e is a singularity.



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 7Lemma 3.2. The radius of 
onvergen
e r(P ) is the only singularity of G(x; yjz)on the 
ir
le of 
onvergen
e when P is strongly aperiodi
, i.e., there is n0 su
h thatinfx p(n)(x; x) > 0 8 n � n0 :B. Further generating fun
tions. Consider the following hitting times andasso
iated generating fun
tions.sx = minfn � 0 : Zn = xg ; tx = minfn � 1 : Zn = xg ;F (x; yjz) = 1Xn=0Prx[sy = n℄ zn ; U(x; xjz) = 1Xn=0Prx[tx = n℄ zn ; z 2 C :Note that sy = ty Prx-almost-surely, when y 6= x, while sx = 0 Prx-almost-surely. In parti
ular, F (x; xjz) � 1. On the other hand, when the starting point isZ0 = x, then tx is the �rst return time to x after starting.Proposition 3.3 (Basi
 equations). (a) G(x; xjz) = 11� U(x; xjz) ;(b) G(x; yjz) = F (x; yjz)G(y; yjz) ;(
) F (x; yjz) = p(x; y)z +Xw 6=y p(x;w)z F (w; yjz) ; if y 6= x ;(d) U(x; xjz) = p(x; x)z +Xw 6=x p(x;w)z F (w; xjz) :Proof. (a) and (b) follow from the identityp(n)(x; y) = nXk=0Prx[ty = k℄ p(n�k)(y; y) ; if n � 1 ;while p(0)(x; y) = Æy(x) and Prx[ty = 0℄ = 0.Parts (
) and (d) are obtained by fa
toring though the �rst step, that is, thepossible states of Z1, the random walk at time 1. �4. First walks on treesA tree is a 
onne
ted graph T without loops or 
y
les.For every pair of verti
es x; y 2 T there is a unique path (geodesi
 ar
) x y oflength d(x; y) 
onne
ting the two.Lemma 4.1 (Tree equation). Let P be a nearest neighbour random walk on T ,that is, p(x; y) > 0 () x � y.If w 2 x y then F (x; yjz) = F (x;wjz)F (w; yjz) .Proof. The random walk must pass through w on the way from x to y. Prob-abilisti
ally, this means that Prx[sw � sy℄ = 1. Thus, 
onditioning with respe
t tothe time of the �rst visit to w and using the Markov property,Prx[sy = n℄ = nXk=0Prx[sw = k℄Prw[sy = n� k℄ �



8 WOLFGANG WOESSFrom Proposition 3.3 and Lemma 4.1, we see that for the 
omputation of theGreen fun
tion of a nearest neighbour random walk on a tree, one only needs allfun
tions F (x; yjz), where x � y.A. A random walk on homogeneous trees. Let Ts be the homogeneoustree with degree s � 3. We 
an label (or assign types to) the edges by the numbers1; : : : ; s su
h that ea
h vertex is in
ident with pre
isely one edge of ea
h type. Wede�ne a symmetri
 nearest neighbour random walk where the probability of walkingalong an edge with label i is pi > 0, with Psi=1 pi = 1. See Figure 1, where s = 3.
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Figure 1This is a random walk on the group � = ha1; : : : ; as j a2i = id i. The tree isits Cayley graph with respe
t to the set of generators S = fa1; : : : ; asg, and thelaw of the random walk is the probability measure � on � with supp(�) = S and�(ai) = pi. Thus, p(x; y) = �(x�1y) :If x � y is an edge of type i, then F (x; yjz) = Fi(z) depends only on i. Also,G(z) = G(x; xjz) is independent of x. By Proposition 3.3(a+d),(4.1) G(z) = 11�Pi piz Fi(z) ;and Proposition 3.3(
) plus the Tree Equation 4.1 yieldFi(z) = piz +Xj 6=i pjz Fj(z)Fi(z) :Thus, Fi(z) = piz1�Pj 6=i pjz Fj(z) = piz1G(z) + piz Fi(z) :The right one among the two solutions of the resulting quadrati
 equation is(4.2) Fi(z) = p1 + 4p2i z2G(z)2 � 12piz G(z) ;sin
e Fi(0) = 0. Combining 4.1 and 4.2,(4.3) G(z) = ��zG(z)� ; where�(t) = 1 + 12 sXi=1 �q1 + 4p2i t2 � 1� :



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 9The fun
tion � is analyti
 in the 
omplex plane ex
ept for the t on the imaginaryaxis with jtj � 1=(2min pi) > 0. For positive real t, it is in
reasing, 
onvex,�(0) = 1, �0(0) = 0, with asymptote y = t� s�22 as t! +1. For 0 < z < r = r(P ),the value G(z) is the y-
oordinate of the (leftmost) interse
tion point of y = �(t)with y = 1z t. See Figure 2.
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........................................................................................................................................................................y = �(t)
�G(z) Figure 2We want to determine the radius of 
onvergen
e r, whi
h we know to be thesmallest positive singularity of G(z).There is a unique tangent to y = �(t) through the origin, with slope � < 1.Let ��;�(�)� be the tangent point. For 0 < z < 1=�, the angle of interse
tion ofy = �(t) with y = 1z t is non-zero, when
e G(z) is analyti
 there. In addition, for1 < z < 1=�, there is a se
ond interse
tion point on the right of �. For z = 1=�, thetwo points \
ollapse", and for z > 1=�, there is no real interse
tion point.Sin
e G(z) must be real for real z < r, we see that r = 1=�, and � = �(P ). We�nd G(r) < 1, as it must be by a theorem of Guivar
'h [29℄, see Thm. 7.8 inWoess [66℄, sin
e � is non-amenable and hen
e non-r-re
urrent. Also,(4.4) �(P ) = �0(�) = mint>0 �(t)t = minu>0  u+ 12 sXi=1�qu2 + 4p2i � u�! :Compare with the formula of Akemann and Ostrand [1℄ for the norm of free
onvolution operators. A short proof of that formula using the above type of randomwalk argument is given in Woess [64℄.Next, set F(z; w) = �(z w) � w :This fun
tion is analyti
 in all (z; w) 2 C 2 for whi
h � is analyti
 in z w, in parti
-ular in a neighbourhood of the point �r; G(r)�. We haveF�z;G(z)� = 0for z in a neighbourhood of the real segment [0 ; r) in C , and the partial derivativesFw�r; G(r)� = 0 and Fww�r; G(r)� = r2�00(�) > 0 :



10 WOLFGANG WOESSTherefore, the root w0 = G(r) of the fun
tion w 7! F(r; w) has multipli
ity 2. TheWeierstrass preparation theorem, see e.g. H�ormander [34℄, Thm. 7.5.1, impliesexisten
e of the following de
omposition in a neighbourhood U of the point �r; G(r)�F(z; w) = H(z; w)�a(z) + b(z)�w �G(r)� + �w �G(r)�2� ;H is analyti
 and non-zero in U, and a(z) and b(z) are analyti
 in the z-proje
tionV of U . We 
omputea(r) = b(r) = 0 and a0(r) = 2��0(�)4Æ�00(�) > 0 :This leads to a quadrati
 equation for G(z) in V, and solving, we �nd(4.5) G(z) = A(z)�B(z)pr� z ;where A(z) and B(z) analyti
 in V, and B(r) =pa0(r).Note that G(�z) = G(z). Hen
e there is an analogous expansion near �r.Sin
e the random walk is symmetri
, there are no further singularities on the 
ir
leof 
onvergen
e fjzj = rg.The method of Darboux, see e.g. P�olya [51℄ and the 
omments below, impliesthe following asymptoti
 behaviour of the return probabilities:(4.6) p(2n)(x; x) = C �2n n�3=2 +O(�2n n�5=2) ; as n!1 ;where C =q2��0(�)3Æ��00(�) :Pre
isely the same method works for \nearest neighbour" random walks onfree groups, see Gerl [21℄ and Gerl and Woess [24℄. The method also works,without any 
hange, when s =1, i.e., the tree has 
ountably in�nite degree.How 
an one extend this method ? We shall 
onsider the following 
ases in thesubsequent se
tions.� \Nearest neighbour" random walks on free produ
ts, see Woess [65℄,Cartwright and Soardi [11℄, Cartwright [9℄.� Arbitrary �nite range RWs on (virtually) free groups, Lalley [41℄.� Random walks on trees with �nitely many 
one types, Nagnibeda andWoess [44℄, Lalley [42℄, Berta

hi and Zu

a [6℄.B. Comments on the method of Darboux. The Riemann{Lebesgue lemmasays that if F (z) = Pn fn zn has radius of 
onvergen
e r and if F is k times
ontinuously di�erentiable on the 
ir
le of 
onvergen
e (i.e., the fun
tion t 7! F (reit)is k times 
ontinuously di�erentiable in t 2 R), then fn = o(r�nn�k) as n ! 1.See e.g. Olver [48℄, p. 310.In order to apply this to G(x; yjz), one looks for the leading singular termS1(z) in the expansion of G(z) near z = r and the other singularities on fjzj = rg.Typi
ally, for this singular term alone, one knows the 
oeÆ
ients S1(z) =Pn an znof its Taylor expansion around 0, or an expli
it asymptoti
 equivalent of the an.One wants to 
on
lude that p(n)(x; y) � an. To this end, one 
onsiders H(z) =G(x; yjz)�S1(z). If this di�eren
e is k times 
ontinuously di�erentiable on fjzj = rg,then we get p(n)(x; y)� an = o(r�nn�k)



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 11If k is big enough so that the latter o(�) tends to zero faster than an then we haverea
hed our goal.Otherwise, one has to 
ontinue the expansion beyond the �rst singular term,subtra
ting further terms with known expansion, until one rea
hes a remainderwhere the Riemann{Lebesgue lemma yields o(an) Taylor 
oeÆ
ients.In our example, in (4.5) we had G(x; xjz) = G(z) = A(z) � B(z)pr� z , andwrite B(z) = b0 + b1(r� z) +D(z)(r� z)2near r, with D(z) analyti
 in V. An Analogous expansion holds near �r. Thus, we
an 
onsider the auxiliary fun
tionH(z) = G(z) + �b0pr� z + b1pr� z3 +D(r)pr� z5�+ �b0pr+ z + b1pr+ z3 +D(r)pr+ z5� :It is analyti
 in fjzj < rg, and its Taylor expansion at z = 0 has non-zero 
oeÆ
ientsh2n = p(2n)(x; x) � C �n n�3=2 +O(�n n�5=2) ;H(z) is three times 
ontinuously di�erentiable on fjzj = rg, when
e by Riemmann{Lebesgue hn = o(�nn�3). It would suÆ
e to stop after the terms b1pr� z3. Inthis 
ase, we would get a fun
tion H(z) that is twi
e di�erentiable on fjzj = rg,yielding only O(�nn�2) for the error term in the asymptoti
s.5. Free produ
ts, n�3=2, and a surprising result of CartwrightA. A Fun
tional equation. In the sequel, we shall use the following notation:Ua denotes an open neighbourhood of the real segment or half-line [0 ; a) in C , where0 < a � +1. Let X be our graph, P the transition matrix of a random walk onX , and o 2 X a \root" vertex. We de�neG(z) = G(o; ojz) = 1Xn=0 p(n)(o; o) zn ;r = r(P ) = 1=�(P ) 2 [1 ; 1) the radius of 
onvergen
e of G(z),� = �(P ) = rG(r) 2 (1 ; 1℄ :Proposition 5.1. There are sets Ur and U� and a fun
tion �(�), analyti
 inU�, su
h that zG(z) 2 U� whenever z 2 Ur andG(z) = ��zG(z)� ; z 2 Ur :The fun
tion �(�) is unique up to analyti
 
ontinuation.For t in the real interval [0 ; �), the fun
tion �(t) is stri
tly in
reasing andstri
tly 
onvex, �(t) � 1 + �(P ) t , �0(0) = p(o; o) , and �0(��) � �(P ).Proof. Let V (t) be the inverse fun
tion of W (z) = zG(z). The existen
e ofthis inverse fun
tion is guaranteed by stri
t monotoni
ity of W (z) for z 2 [0 ; r).Then �(t) = t=V (t) has the required properties. �Note that it may o

ur that � = +1.The tangent to y = �(t) at �t0;�(t0)� interse
ts the y-axis at y = 	(t0), where	(t) = �(t)� t�0(t) :
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�G(z) Figure 3If t =W (z) = zG(z), 0 � z < r, then	(t) = G(z)2zG0(z) +G(z) = 11 +P1n=1(n� 1)Pro[to = n℄ zn :This implies that 	(t) is stri
tly de
reasing and > 0 for 0 � t < �. We shall seethe use of the fun
tions � and 	 below. First, we exhibit a table of values.Table 1graph P �(P ) �(P ) 	(��)�nite, regular SRW 1 1 1=jX j�nite group p(x; y) = �(x�1y) 1 1 1=jX jZd ; d 2 f1; 2g p(x; y) = �(y � x) � 1 1 0Zd ; d 2 f3; 4g p(x; y) = �(y � x) � 1 <1 0Zd ; d � 5 p(x; y) = �(y � x) � 1 <1 > 0Zd ; d � 5 SRW 1 <1 > 1=2On Zd, we suppose that � has �nite �rst (d = 1), resp. se
ond (d � 2) moment.B. Free produ
ts. Let (Xi; oi), i 2 I, be loopless, �nite or in�nite, 
onne
tedgraphs with roots oi. The index set I is usually assumed to be �nite, but it mayalso be 
ountable.We 
onstru
t the free produ
t (X; o) = �i2I(Xi; oi) as follows.Identify all oi with the new root o, and let X 0i = Xi n foig. Write �(x) = i ifx 2 X 0i. Then X is the set of all words with letters from the X 0i , su
h that no twosu

essive letters 
ome from the same X 0i :X = fx1x2 � � �xn : n � 0 ; xj 2 SiX 0i ; �(xj) 6= �(xj�1)g ;



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 13for n = 0, we get the empty word o. In parti
ular, Xi � X .Write X>i = fx1 � � �xn 2 X : �(xn) 6= ig [ fog. If u 2 X>i and x 2 Xi, then uxis their 
on
atenation, in parti
ular uo = u.The graph stru
ture on X is as follows: if x; y 2 Xi, x � y in Xi, then ux � uyin X for all u 2 X>i .We may imagine X as an in�nite \
a
tus", whose \leaves" are 
opies of the Xi.At the root o, all Xi are joined by their respe
tive roots. At ea
h other point ofXi, we atta
h 
opies of all the Xj , j 6= i, by their roots. At ea
h of the new pointsx1x2 we then atta
h 
opies of the Xk, k 6= j, and so on (indu
tively). If the Xi areCayley graphs of groups �i then X is Cayley graph of the free produ
t group �.Next, we 
onstru
t random walks that are adapted to this produ
t stru
ture.Given, transition matri
es Pi over Xi, i 2 I, we lift Pi to �Pi on X : if u 2 X>i andv; w 2 Xi then �pi(uv; uw) = pi(v; w);and �pi(x; y) = 0 in all other 
ases. Then we build the free \sum" (or more pre
isely,
onvex 
ombination)P =Xi2I �i �Pi ; where �i > 0 ; Xi �i = 1 :In the spe
i�
 
ase of a free produ
t of groups �i, where pi(x; y) = �i(x�1y), and�i is a probability measure on �i, we get the free produ
t group �, whi
h 
ontainsea
h �i as a subgroup. Thus, p(x; y) = �(x�1y) with � =Pi �i �i, where ea
h �iis 
onsidered as a probability measure on � whose support is 
ontained in �i.The following was proved byWoess [65℄ and Cartwright and Soardi [11℄.Theorem 5.2. In the above setting of a free produ
t, if �i is asso
iated withPi in the same way as � with P ,�(t) = 1 +Xi2I��i(�it)� 1� :The fun
tion �(t) is analyti
 in U��, where�� = inff�(Pi)=�i : i 2 Ig � �(P ) :The proof of Woess [65℄ uses generating fun
tions and assumes an underlyinggroup stru
ture. See also Gutkin [31℄ for a 
ombinatorial proof without use ofgroups. For a detailed exposition, see Woess [66℄, x9.C and x17 and the remarksplus additional referen
es on pp. 136{137.Regarding the asymptoti
 behaviour of the n-step return probabilities to o, themain point in the above theorem is the following. A priori, the fun
tion � given byProposition 5.1 is known to be analyti
 only up to the point � = rG(r), as depi
tedin Figure 3. But in the formula of Theorem 5.2, it may happen that in 
omposing� by the �i, one gets that � extends analyti
ally beyond �, i.e., it may happenthat �� > �(P ) stri
tly. If this is the 
ase, then the situation is pre
isely as in theexample of the homogeneous tree that was des
ribed in detail in x4.A and depi
tedin Figure 2. In parti
ular, one obtains the same type of formula for �(P ) as in (4.4)and the same asymptoti
s as in (4.6).



14 WOLFGANG WOESSIn order to understand when �� > �(P ), we remark that for the fun
tion 	 onthe free produ
t, the following 
omposition formula follows from Theorem 5.2.	(t) = 1 +Xi2I�	i(�it)� 1� ; t 2 U�� :Then the following holds, see Woess [65℄ and [66℄, Theorem 9.22.Theorem 5.3. Two 
ases 
an o

ur.(i) If 	(���) < 0 then �(P ) is the unique solution in (0 ; ��) of 	(t) = 0,�(P ) = minf�(t)=t : 0 < t < ��g = �0(�) < 1 ; andp(n)(o; o) = C �n n�3=2 +O(�n n�5=2) ; n!1 ; n � 0(d):(ii) If 	(���) � 0 then �(P ) = ��, and �(P ) = limt!�����(t)=t� .In (i), d = g
d fn � 1 : p(n)(x; x) > 0g is the period of P .C. The typi
al 
ase: n�3=2. Using Table 1, one obtains the typi
al asymp-toti
 behaviour of (4.6) in the following 
ases, see [65℄ and [66℄, x17.A.Corollary 5.4. Let �i be irredu
ible2 probability measures on the groups �i,i 2 I, and � a 
onvex 
ombination of the �i on the free produ
t � = �i2I �i. Thenfor p(x; y) = �(x�1y)p(n)(x; x) = C �n n�3=2 +O(�n n�5=2) ; n!1 ; n � 0(d)in ea
h of the following 
ases.(a) Ea
h �i is �nite and the �i are arbitrary, with the ex
eption of the 
asejIj = j�1j = j�2j = 2.(b) �i = Zdi with di � 4, and the �i have �nite support, or �nite mean and�nite moments of order minfdi; 2g.(
) Ea
h �i has polynomial growth with degree di � 4, and the �i are sym-metri
 with �nite moments of order minfdi; 2g.(d) � is the free produ
t of �nitely many identi
al pie
es �i = �0 and �i = �0,with �i = 1=jIj, and jIj > 1=�1�	0(�0�)�.Proof. (a) We have �� = 1 and 	i(�i�) = 1=j�ij. Therefore, unless jIj =j�1j = j�2j = 2, we get 	(���) = 1 +Pi� 1j�ij � 1� < 0.(b) In this 
ase 	i(�i�) = 0. If i0 2 I is su
h that �� = �i=�i then	(��) =Xi 6=i0�	i(�i��)� 1� < 0 ;as 	i(t) < 1 for t > 0.(
) The argument is the same as for (b).(d) Here, �� = jIj�0 ;�(t) = jIj�0( tjIj)� (jIj � 1) and 	(t) = jIj	0( tjIj)� (jIj � 1) :2Irredu
ible in the sense that the 
orresponding transition matrix is irredu
ible.



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 15If jIj is suÆ
iently large then 	0(�0�) < (jIj � 1)=jIj, that is, 	(���) < 0. �\Mixtures" of (a), (b), (
) are also possible; the basi
 requirement is �(���) < 0,whi
h 
an be a
hieved in many 
ases. In (a), the group stru
ture is not essential.For example, one may take arbitrary �nite, regular graphs Xi with roots oi in thepla
e of �i, and SRW on Xi for ea
h Pi. Then the same result holds at x = o, theroot of �i2I(Xi; oi), ex
ept when jIj = 2 and jXij = 2 (i = 1; 2). We also stress that(a) holds for in�nite free produ
ts: in [65℄, this is stated only for reversible randomwalks of this type, but that 
ondition served just to 
ontrol the singularities of G(z)on fjzj = rg and has be
ome super
uous in view of Cartwright's Lemma 3.2.Cartwright [9℄ has proved the following.Lemma 5.5. If � = �1 � �2, with ex
eption of the 
ase j�1j = j�2j = 2, thenthere is a symmetri
, irredu
ible probability measure � on � for whi
hp(2n)(x; x) � C �2n n�3=2 :This is based on the following.If S is a �nite, symmetri
 set of generators of a group � that 
ontains anelement of order � 3 (possibly 1), then there is a symmetri
 probability measure� supported by S su
h that 	�(��) < 1=2.D. Instability of the exponent. We now explain a surprising result ofCartwright [9℄. Let �1 = �2 = Zd, where d � 5. Let S1 = S2 be the setof natural generators and their inverses (unit ve
tors in Zd). Consider a probabilitymeasure �1 = �2 whi
h 
on
entrates most of its mass on the �rst generator andits inverse. This is an example where 	�i��(�i)�� < 1=2, i.e., Lemma 5.5 applies.Therefore, setting � = 12 (�1 + �2) on Zd �Zd, and q(x; y) = �(x�1y),q(2n)(x; x) � CQ �(Q)2n n�3=2 :On the other hand, Let �i be the equidistribution on Si. Then 	�i��(�i)�� >1=2. (See Table 1). The simple random walk on Zd�Zd is p(x; y) = �(x�1y), where� = 12 (�1 + �2). We get �(�) = �� = 2�(�i) and 	���(�)� > 0.The angle of interse
tion of y = t=r with y = ��(t) at the point ���;G(r)� ispositive. We are in the situation of Theorem 5.3.Proposition 5.6. The Green fun
tion Gd(z) = Gd(0; 0jz) of SRW on the gridZd (d � 1) has a singular expansion near z = 1Gd(z) = (f(z) + g(z) (1� z)(d�2)=2 ; if d is odd,f(z) + g(z) (1� z)(d�2)=2 log(1� z) ; if d is even,where f (= fd) and g (= gd) are analyti
 in a neighbourhood of 1 and g(1) 6= 0.On the basis of this expansion, via Theorem 5.2, further (lengthy) 
omputationsyield the following.



16 WOLFGANG WOESSProposition 5.7. Let r = 1=�(P ) for SRW on Zd�Zd (d � 5), and L = dd�22 e.Near r, for jzj � r, the Green fun
tion G(z) = G(x; xjz) has singular expansionG(z) = LXk=0 gk (r� z)k +R(z) +O�(r� z)L+1� ; whereR(z) = (�
0 + 
1 (r� z)�(r� z)(d�2)=2 ; if d is odd,�
0 + 
1 (r� z)�(r� z)(d�2)=2 log(r� z) ; if d is even;when d = 6, there is an additional term �
1(r� z)3 log2(r� z) in R(z).All 
oeÆ
ients depend on d, and 
0 6= 0.The last two propositions are due to Cartwright [8℄, see also Woess [66℄,x17.B. One 
an now apply the method of Darboux to obtainTheorem 5.8. For d � 5, SRW on Zd �Zd satis�esp(2n)(x; x) � CP �(P )2n n�d=2 as n!1 :On the other hand, the random walk Q with law � having the same support as �satis�es q(2n)(x; x) � CQ �(Q)2n n�3=2 as n!1 :Before this result appeared, it had been a 
ommon belief that the asymptoti
behaviour should be of the same form for all �nite range, symmetri
 random walkson the same group. While this is true for asymptoti
 type (whi
h does not 
apturethe non-exponential se
ond term, on
e there is exponential de
ay), we see that itis not true for the pre
ise asymptoti
 behaviour.6. Finite range random walks on free groupsThe free group on s free generators is Fs = ha1; : : : ; as j i. Its Cayley graphwith respe
t to S = fa�11 ; : : : ; a�1s g is the homogeneous tree with degree 2s. Also,it is the free produ
t �1 � � � � � �s, where ea
h �i = haii �= Z is in�nite 
y
li
.Thus, lo
al limit theorems (des
ribing the asymptoti
s of transition probabilities)for random walks on Fs arise as a spe
ial 
ase of Corollary 5.4. In parti
ular, if thelaw of the random walk is supported by S, then the 
omputation is almost exa
tlythe same as in the homogeneous tree example of x4.A. See Woess [63℄ and Gerland Woess [24℄.For example, from Corollary 5.4 we also get the typi
al behaviour p(n)(x; x) �C �(P )n n�3=2, when P arises from a probability measure � = Pi �i �i, whereea
h �i is symmetri
 with �nite �rst moment on �i �= Z. The same asymptoti
salso hold for arbitrary isotropi
 random walks on free groups, resp. homogeneoustrees, that is, random walks whose transition probabilities p(x; y) depend only onthe distan
e d(x; y). This has been shown by 
ompletely di�erent methods, usingharmoni
 analysis, by Sawyer [53℄.In this se
tion, we address the same question for arbitrary (irredu
ible, aperi-odi
) random walks on Fs with �nite range, i.e., arising from a �nitely supportedprobability measure �.We start by explaining the 
omplex-analyti
 tool used by Lalley [41℄ in orderto solve this problem.



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 17A. Systems of polynomial equations for generating fun
tions. Letfi(z) = Pn�0 fi;n zn be the generating fun
tions of the non-negative sequen
es(fi;n)n�0 , i = 1; : : : ; �, and let ri be the radius of 
onvergen
e of fi(z). We supposethat fi(0) = 0 and that r = mini ri > 0. We assume that the fi(z) satisfy a systemof equations(6.1) fi(z) = Qi�z; f1(z); : : : ; f�(z)� ; i = 1; : : : ; � ;where Qi(z; y1; : : : ; y�) = Xjnj�N ai;n(z)yn ; z 2 C ; i = 1; : : : ; � ;are polynomials of degree between 1 and N in the variables y1; : : : ; y� . Here, y =(y1; : : : ; y�), n = (n1; : : : ; n�) 2 N�0 , yn = yn11 � � � yn�� and jnj = n1 + � � � + n� .We further assume that the 
oeÆ
ient fun
tions ai;n(z) are polynomials with non-negative 
oeÆ
ients, and that at least one among the ai;0(z) is non-
onstant andai;n(0) = 0 for all i, when jnj = 1.The dependen
y di-graph D of our system of equations (6.1) has vertex setf1; : : : ; �g, and there is an oriented edge from i to j (notation i! j), if yj appearsin a non-zero term of Qi(z; y1; : : : ; y�). The di-graph is 
alled strongly 
onne
ted iffor every pair of verti
es there is an oriented path from one to the other.We want to extra
t information about the singular expansion of the fun
tionsfi(z) near ri. Re
all that ri has to be a singularity of fi(z) by Pringsheim's theorem.From the stru
ture of the system (6.1), it is 
lear that if i! j, then ri � rj .Lemma 6.1. If D is strongly 
onne
ted then all ri 
oin
ide, ri = r. If thesystem (6.1) is linear (i.e., the polynomials Qi have degree 1 in the variables yj),then fi(r) = +1 for all i. Otherwise, fi(r) <1 for all i.For 0 � z � r, 
onsider the Ja
obian matrix of our system of equations:J(z) = ��Qi�yj �z; f1(z); : : : ; f�(z)���i;j=1 :This is a non-negative matrix whose entries are in
reasing in z � 0. Our assumptionthat fi(0) = 0 for all i implies that J(0) is the zero matrix. Furthermore, for0 < z < r, the (i; j)-entry of J(z) is positive pre
isely when i ! j in D. We nowassume that D is strongly 
onne
ted, and use the Perron-Frobenius theory of non-negative matri
es, see Seneta [55℄: if 0 < z < r then J(z) has a positive eigenvalue�(z), whi
h has maximal absolute value among all eigenvalues of J(z), algebrai
 andgeometri
 multipli
ity 1 and stri
tly positive left and right eigenve
tors. We have�(0) = 0. As all entries of J(z) in
rease with z, so does �(z).Proposition 6.2. If D is strongly 
onne
ted then J(r) is �nite andr = minfz > 0 : �(z) = 1g:If (6.1) is linear then the solutions fi(z) are rational fun
tions. We are interestedin the 
ase when D is strongly 
onne
ted and (6.1) is non-linear. It is a highly non-trivial, but well known result of Algebrai
 Geometry that the solutions fi(z) mustbe algebrai
 fun
tions (solutions of single polynomial equations). See e.g. van derWaerden [62℄, x31, or - in a more spe
i�
 random walk 
ontext - Lalley [41℄,[42℄. Therefore ea
h fi(z) has a Puiseux expansion near z = r (ex
ept for realz > r) of the form fi(z) = fi(r)� bi(r� z)�(i) + h:o:t:;



18 WOLFGANG WOESSwhere bi > 0 and h:o:t: stands for \higher order terms", whi
h are all of the formh real 
oeÆ
ient �(r � z)pi, where p > �(i) is rational; the o

urring rationalexponents form a dis
rete sequen
e. See e.g. Dim
a [15℄, pp. 177{179.The main tool is now the following.Theorem 6.3. If D is strongly 
onne
ted and (6.1) is non-linear then �(i) =1=2, i.e., near z = r (ex
ept z > r real)fi(z) = fi(r)� bi(r � z)1=2 + h:o:t:;In parti
ular, if r is the only singularity of fi(z) on the 
ir
le fjzj = rg, then thepower series 
oeÆ
ients of fi(z) satisfyfi;n � 
i r�n n�3=2 as n!1 :The last 
on
lusion is of 
ourse immediate from the singular expansion bythe method of Darboux (or Singularity Analysis, see x8 below). For proofs ofLemma 6.1, Proposition 6.2 and Theorem 6.3, see Lalley [41℄ (who developedthis method), Woess [66℄ in a random walk 
ontext. In a related setting (groupsand languages), Lemma 6.1 and Proposition 6.2 are proved in a slightly more generalform by Ce

herini-Silberstein and Woess [12℄. (There, we use, but forget tostate the assumption ai;n(0) = 0 for jnj = 1.) Finally, see Drmota [19℄ for a moregeneral variant in the general 
ontext of Combinatorial Analysis and some furtherreferen
es.B. Finite range random walks on free groups. We now indi
ate how thetool of the last sub-se
tion 
an be applied to random walks on Fs whose law � has�nite support.We shall refer to distan
e, geodesi
s and balls in Fs as those of its Cayleygraph T2s with respe
t the the generating set S of the free generators and theirinverses. We write jxj = d(x; id). Let M be the smallest integer su
h that supp� is
ontained in B = B(id;M), so that B(x;M) = xB for any x 2 Fs . The followingis an immediate 
onsequen
e of the tree stru
ture, in analogy with Lemma 4.1.Lemma 6.4. If w 2 x y then the random walk starting at x has to pass throughwB in order to rea
h y.For every y 2 FM de�ne the stopping time �y = minfn � 0 : Zn 2 yBg and forx 6= y the matrix Hx;y(z) = �Hx;y(xa; ybjz)�a;b2B withHx;y(xa; ybjz) = 1Xn=0Prxa[�y = n ; Zn = yb℄ zn :This is a power series with n-th 
oeÆ
ient � p(n)(xa; yb), so that it 
ertainly
onverges for jzj � r = 1=�(P ). If xa = yb then Hx;y(xa; ybjz) � 1, and if xa 6= ybthen Hx;y(xa; ybj0) = 0. It may also happen that Hx;y(xa; ybjz) � 0, namely whenyb 6= xa 2 yB, or when xa =2 yB, but the �rst entran
e in yB 
annot o

ur at yb.Lemma 6.5. If x; y 2 Fs and x y = [x = x0; x1; : : : ; xk = y℄ then(a) Hx;y(z) = kYj=1Hxj�1;xj (z)



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 19(b) Hx;y(xa; ybjz) = 8><>:Æyb(xa) ; if xa 2 yB ;Xa02B�(a0)z Hxa;y(xaa0; ybjz) ; otherwise.Statement (a) follows from Lemma 6.4, and (b) is obtained by de
omposingwith respe
t to the �rst step of the random walk.Note that by group invarian
e Hx;y(xa; ybjz) = Hid;x�1y(a; x�1ybjz), so thatea
h of the terms Hxa(xaa0; ybjz) o

urring in the right hand side of (b) is byvirtue of (a) a matrix element in a produ
t of at most M + 1 matri
es from theset fHid;v(z) : v 2 Sg. We eliminate the 
onstant ones (with value 0 or 1) amongthem, and write Hi(z), i = 1; : : : ; � for the non-
onstant ones among the matrixelements of all the Ho;v(z), v 2 S.The basi
 result for obtaining the asymptoti
s of transition probabilities on Fsis the following.Proposition 6.6. The fun
tions Hi(z), i = 1; : : : ; �, satisfy a system of poly-nomial equations of the form (6.1), with Hi(z) in the pla
e of fi(z).The system is non-linear, and if �(x) > 0 for every x 2 Fs with jxj � 2 thenthe dependen
y di-graph of the system is strongly 
onne
ted, and the radius of 
on-vergen
e of the Hi(z) as well as that of all fun
tions F (x; yjZ), x; y 2 Fs 
oin
ideswith r = 1=�(P ).The fa
t that the Hi(z) do indeed satisfy a non-linear system of form (6.1) isimmediate from Lemma 6.5. The proof of strong 
onne
tivity of the dependen
ydi-graph requires a 
onsiderable 
ombinatorial e�ort, see Woess [66℄, Proposition(19.12) (and 
omments on p. 218), and for this it suÆ
es to have �(x) > 0 forevery x 2 S. Finally, to show that the 
ommon radius of 
onvergen
e of the Hi(z)is r when supp� 
ontains all elements with jxj � 2 is not as hard, but uses in a
ru
ial way a theorem of Guivar
'h [29℄ (see [66℄, x7.B for a proof) whi
h saysthat G(r) < 1 on every non-re
urrent group. (By Varopoulos [61℄, only thoseamong all �nitely generated groups that 
ontain Z or Z2 as a subgroup with �niteindex may 
arry a re
urrent random walk, i.e, one with G(1) =1.)The algebrai
 link between the Green fun
tion and the fun
tions F (x; yjz) isgiven in general by the Basi
 Equations 3.3. In the present spe
i�
 
ase, the linkbetween the fun
tions F (x; yjz) and Hi(z) is provided by the followingLemma 6.7. For a 2 B n fidg,F (a; idjz) =M(a; idjz) + Xb2BnfidgM(a; bjz)F (b; idjz) ; whereM(a; bjz) = �(a�1b)z + Xx2aBnB �(a�1x)z Hx;o(x; bjz) ; a; b 2 B :Thus, if �(x) > 0 for every x 2 Fs with jxj � 2 then Theorem 6.3 yields thesingular expansions Hi(z) = Hi(r) � bi(r� z)1=2 + h:o:t:;and via Lemma 6.7, we obtain the same type of expansions for the fun
tionsF (b; idjz), b 2 B n fidg, and subsequently for G(z) = G(x; xjz) (whi
h is thesame for all x by group invarian
e). By Lemma 3.2, z = r is the only singularityof G(z) on the 
ir
le of 
onvergen
e, and we 
an apply the method of Darboux



20 WOLFGANG WOESSto obtain the asymptoti
s. In general, if � is �nitely supported and su
h that therandom walk is irredu
ible and aperiodi
 (hen
e strongly aperiodi
, sin
e we are ona group), then there is an index k0, su
h that for all k � k0 one has �(k)(x) > 0 forall x 2 Fs with jxj � 2. Here, �(k) is the k-th 
onvolution power of �, whi
h is thelaw of the random walk with transition matrix P k. We 
an now apply the methodsexplained above to the random walks with laws �(k0) and �(k0+1), and sin
e thetwo exponents are relatively prime, one 
an 
on
lude as follows.Theorem 6.8. Let � be the law of a �nite range, irredu
ible and aperiodi
random walk on Fs . Then as n!1p(n)(x; x) � C �(P )n n�3=2 :Indeed, a relatively simple �nal step is to 
arry this over to the asymptoti
s ofp(n)(x; y), as n!1, with a leading 
onstant C = Cx;y > 0 that depends on x�1y.This signi�
ant theorem is due to Lalley [41℄.We remark that the method outlined in Subse
tion A 
an also be used to deriveresults of other types, su
h as the 
omputation of the rate of es
ape, i.e., the almostsure limit of d(Zn; o)=n, and a 
entral limit theorem for d(Zn; o). For free groups,see Sawyer and Steger [54℄ and Lalley [41℄.More generally, a 
lass of graphs where the methods des
ribed here lead to verysatisfa
tory results (asymptoti
s of transition probabilities, rate of es
ape, 
entrallimit theorem, et
.) are the trees with �nitely many 
one types. These trees doin general not arise from groups, nor do they admit (quasi) transitive a
tions ofisometry groups. Instead, regularity of their stru
ture is des
ribed in terms ofa �nite state automaton, whi
h is nothing but a labelled, �nite di-graph. If thelatter satis�es a 
ertain irredu
ibility (i.e., strong 
onne
tivity) 
ondition, then thesame type of results as those des
ribed above for free groups 
an be obtained. SeeNagnibeda and Woess [44℄ for nearest neighbour walks on trees with �nitelymany 
one types, and Lalley [42℄ for more general �nite range random walks inthe basi
ally equivalent setting of regular languages.7. Uniform spa
e-time estimates on treesFor aperiodi
 nearest neighbour random walks on some types of trees3, in par-ti
ular homogeneous trees, one 
an use generating fun
tions to obtain asymptoti
estimates of p(n)(x; o) that are uniform in spa
e (x) and time (n), as n ! 1. Inthis 
ase, typi
ally one 
an write(7.1) G(x; ojz) = G(z)F (z)k ; k = d(x; o) ;where G(z) = G(o; ojz) and F (z) = F (x; x�jz), with x� the prede
essor of x onthe geodesi
 o x. In some examples, di�erent fun
tions F (z) will o

ur for di�erentstarting points x. We start by outlining the general approa
h. A good referen
e(
on
erning single 
ontour integrals, and not uniform behaviour with respe
t to aparameter k as here) is de Bruijn [7℄.3Here, we suppose that p(x; y) > 0 () d(x; y) � 1.



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 21A. The saddle point method. We make the spe
i�
 assumptions that F (z)and G(z) have the same radius of 
onvergen
e r, that this is their only singularityon fjzj = rg, and that both fun
tions extend analyti
ally to a larger disk around theorigin with ex
eption of the real half-line [r ; +1). Writing F (z) =Pn�0 fn zn, weassume that f0 = 0, F (r) <1 and g
d fn � 1 : fn > 0g = 1. The latter 
onditionamounts to aperiodi
ity of the random walk.We write Cau
hy's integral formula as(7.2) p(n)(x; o) = 12�i IC G(x)F (z)kzn+1 dz = IC G(x)z exp�n�� logF (z)� log z�� dz ;where � = k=n ; k = d(x; o).For nearest neighbour random walks, we must have k � n, that is, 0 � � � 1.We shall usually only 
onsider the range 0 � � � 1 � 
, where 
 > 0, sin
e for k
lose to n, the uniform estimates are usually less interesting, and there are simple\ad ho
" methods to get good approximations of the asymptoti
s.Now we pro
eed as follows: let(7.3) '(�) = minf	�(z) : 0 � z � rg ; where 	�(z) = � logF (z)� log zThe minimum is attained at a point z(�) with z(0) = r and z(1) = 0 ; the fun
tion� ! z(�) is de
reasing. We have for any z with jzj � r that jF (z)j � F (jzj). If we
hoose an angle 
 < �=2 then(7.4) supfjF (z)j=F (jzj) : z 2 (0 ; r℄ ; jarg(z)j � 
g < 1 :In parti
ular, on the 
ir
le fz : jzj = z(�)g, the fun
tion z 7! jF �z)�=zj attains itsmaximum at z(�), and be
ause of the assumptions on F (�), this is the only pointon that 
ir
le where the maximum is attained. Thus, for � �xed , z(�) is a saddlepoint (minimum along the real axis, maximum along the 
ir
le).We next write the lor expansion of z 7! 	�(z) at z(�). It is of the form(7.5) 	�(z) = '(�) + b(�)�z � z(�)�2 +O���z � z(�)�3� ;the remainder term depends on �. We have b(�) 2 R and b(�) � 0. In typi
al 
ases,b(�) > 0 stri
tly. We 
hoose an integration 
ontour C whi
h 
rosses the positivereal axis at z(�) and su
h that the real part of 	�(z) de
ays as rapidly as possiblewhen we leave z(�) along C (steepest des
ent).Case 1. When � varies in a range [a ; 1� 
℄, where a > 0, then z(�) 2 [�a; r� �
℄with �a; �
 > 0. Typi
ally, the 
oeÆ
ient b(�) remains bounded and bounded awayfrom 0, and the O� in the remainder term is uniform in �. We assume that all thisholds. In that 
ase, the most suitable integration 
ontour C is the 
ir
le z(�; t) =z(�)eit, t 2 [�� ; �℄. The expansion (7.5) be
omes(7.6) 	��z(�; t)� = '(�) � �b(�)2 t2 +R(�; t) ;where �b(�)2 = b(�)z(�)2 and R(�; t)=t2 ! 0 uniformly for � 2 [a ; 1� 
℄, as t ! 0.In parti
ular, we 
an �nd 0 < 
 < �=2 su
h that(7.7) jR(�; t)j � �b(�)t2=2 for all t 2 [�
 ; 
℄ :



22 WOLFGANG WOESSWe de
ompose the integral over C in (7.2) in the two parts where jtj � 
 and
 < jtj � �. Then the se
ond part be
omes12� exp�n'(�)� Z
<jtj�� F �z(�)eit�F �z(�)� !n� e�intG�z(�)eit� dtwhi
h by (7.4) is asymptoti
ally negligible with respe
t to the �rst part, whi
h wewrite as 12� exp�n'(�)� Z 
�
 exp��n�b(�)2t2 + nR(�; t)�G�z(�)eit� dt :We substitute � = tpn�b(�) to rewrite this asG�z(�)�2��b(�) exp�n'(�)�n�1=2�Z pn�b(�)
�pn�b(�)
 exp���2 + nR��; �pn�b(�)��G�z(�) exp�i �pn�b(�)�G�z(�)� d� :Due to our 
hoi
e of 
, we 
an bound the integrand in absolute value by exp(��2=2).Thus we 
an apply Lebesgue's theorem (dominated 
onvergen
e) to see that thelast integral tends to RR e��2 d� uniformly in �. We have obtained(7.8) p(n)(x; o) � G�z(�)�2p� �b(�) exp�n'(�)�n�1=2uniformly for � = d(x; o)n 2 [a ; 1� 
℄ .Case 2. If � 2 [0 ; a℄ then z(�) is 
lose to the singularity r, and it usually happensthat b(�) and the O� in (7.5) are unbounded, so that the method of Case 1 fails.One suitable method here is to 
hoose a di�erent 
ontour C, whi
h is a suitable
urve z(�; t) in the vi
inity z(�), with z(�; 0) = z(�). We follow this 
urve beyondthe 
ir
le fjzj = rg (whi
h is possible by our initial assumptions) until we rea
h the
ir
le fjzj = r+ "0g, where "0 > 0 is suitably 
hosen, and then follow a long ar
 ofthat 
ir
le, until we rea
h the 
urve z(�; t) on the other side. See Figure 4 for anexample. The integration 
ontoursin Cases 1 and 2The dashed 
ir
le is jzj = r. C2C1 .................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................. ....................................................................................................................................................................................................................................................................................................................... ........ ........ ........ ........ ........ ........ ........................................................Figure 4One then needs to verify that on fjzj = r+ "0g n fr+ "0g, the fun
tions jF (z)jand jG(z)j are bounded by some C > 0 (being 
areful when G(r) = 1). Then,



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 23using (7.2), one �nds that the integral along the ar
 is bounded above byexp�n'(�)�C �n ; where � = � CF (r� �
)�a rr+ "0 :This determines the 
hoi
e of the value a at whi
h we subdivide into 
ases 1 and2: we 
hoose a small enough so that � < 1. Then the integral over the ar
 willbe asymptoti
ally negligible as 
ompared with the integral over the 
urve z(�; t),whose asymptoti
 evaluation will yield the behaviour of the transition probablities.From this point onwards, the 
omputations depend heavily on the individual
ase, in parti
ular, the types of singularities of G(z) and F (z) at r. It may happenthat one has to subdivide further into two sub-
ases � 2 [n�� ; a℄ and � 2 [0 ; n��℄ ;with a suitable 
hoi
e of a, and that the 
hoi
e of the 
urve z(�; t) 
hanges a

ord-ingly. The 
ru
ial part is the 
ontrol of the expansion (7.6) along our 
urve. Thelatter determines the 
hoi
e of "0 above, whi
h in turn determines the 
hoi
e of a.The use of the saddle point method in probability to obtain uniform estimates(as in Case 1, with G(z) � 1) is old, see e.g. Good [25℄. In the 
ontext of 
ombi-natorial analysis, Drmota [18℄ gives a very pre
ise uniform estimate for the 
aseG(z) � 1 and F (z) having a simple bran
h point at z = r.B. Aperiodi
 simple random walk on the homogenous tree. Sin
e SRWon Ts has period two, we 
onsider instead the random walk on Ts (s � 3) withtransition probabilitiesp(x; x) = 1=2 and p(x; y) = 1=(2s) when y � x :There are obvious modi�
ations for simple random walk, taking into a

ount theparities of n and jxj = d(x; o). With dire
t 
al
ulations, simpler than those of x4.A,we get G(x; ojz) = G(z)F (z)jxj , where(7.9) F (z) = M(M�1)z ��1� 12z��p(1� z=r)(1� z=s)� andG(z) = 11� 12z � 12zF (z) ; withr = � 12 + ps�1s ��1 and s = � 12 � ps�1s ��1 :We have �(P ) = 1=r. We are in the situation des
ribed in Subse
tion A, andCase 1 works pre
isely as des
ribed there. The fun
tion '(�) 
an be 
omputedexpli
itly, and its expansion at 0 (for � � 0) is of the form'(�) = � log r� � logps� 1� 
s �2 +O(�3) ; where 
s = s+ 2ps� 14ps� 1 :In Case 2, we 
hoose the 
urvez(�; t) = z(�) + t2 + 2itpr� z(�) ;whi
h is part of a parabola, as shown in Figure 4. We omit the details of the 
om-putations in Case 2: a subdivision into � 2 [n�1=4 ; a℄ and � 2 [0 ; n�1=4℄ is fruitful.The �rst sub-
ase is handled like Case 1, but the se
ond is more deli
ate. The �nalresult is as follows, see Woess [66℄, x19.A for the details of the 
omputation.Theorem 7.1. As n!1, we have uniformly for jxj � (1� 
)n with 
 > 0p(n)(x; o) � B(jxj=n)�1 + M�2M jxj� exp�n'(jxj=n)�n�3=2 ;



24 WOLFGANG WOESSwhere B(�) is a 
ontinuous, stri
tly positive fun
tion on [0 ; 1) whi
h satis�eslim�!1�B(�)p1� � > 0. In parti
ularp(n)(x; o) � B(0)�1 + s�2s jxj� 1ps� 1jxj exp��
sjxj2=n��(P )n n�3=2uniformly for jxj=pn bounded.This material of [66℄ was elaborated on the basis of Lalley [40℄. Lalley also
onsiders the more general 
ase of arbitrary nearest neighbour random walks on Tsof the same form as in x4.A above, with an additional \staying" probability p(x; x) =p0 > 0 for all x in order to guarantee aperiodi
ity. In this more general 
ase, onehas s di�erent fun
tions Fi(z), i = 1; : : : ; s, and G(x; ojz) = Fi1 (z) � � �Fik(z)G(z)when x = ai1 � � �aik (redu
ed representation in � = ha1; : : : ; as j a2i = id i). Thismakes the method more involved; the result itself is qualitatively the same. The
omputations in Case 1 of Subse
tion A above also extend to the still more generalsituation of �nite range random walk on free groups, as 
onsidered in x6.B; see [41℄.C. Simple random walk on 
omb latti
es. The d-dimensional 
omb latti
eCd is a natural spanning tree of Zd , neighbourhood of verti
es is given by(k1; : : : ; kj�1; kj ; 0; : : : ; 0) � (k1; : : : ; kj�1; kj + 1; 0; : : : ; 0) ;where j = 1; : : : ; d and ki 2 Z (1 � i � j).Thus, C1 = Z, and C2 is obtained from the square grid Z2 by deleting allhorizontal edges ex
ept those that lie on the x-axis; see Figure 5. The 
omb latti
eCd 
an be 
onstru
ted by taking Z and atta
hing at ea
h point of Z a 
opy of Cd�1by its origin. (That is, Z is a \spit" running through the 
entres of all the 
opiesof Cd�1.)
0 x4y3

� � � � � � � � �� � � � � � � � �� � � � � � � � �� � � � � � � � �� � � � � � � � �� � � � � � � � �� � � � � � � � �
Figure 5Let Fd(z) = F (1; 0jz) and Gd(z) = G(0; 0jz) for SRW on Cd. Using the TreeEquation 4.1 and translation invarian
e of the SRW along the \spit" Z, on 
an
ompute the following re
urren
e relation for Gd(z).(7.10) � dGd(z)�2 = �1 + d� 1Gd�1(z)�2 � z2 ; G1(z) = 1p1� z2 :Therefore Gd(z) is algebrai
, r = 1, and �1 are the only singularities on the 
ir
leof 
onvergen
e (sin
e SRW is reversible). One has a Puiseux series expansion whoseinitial term 
an be 
omputed by 
omparing exponents in (7.10),Gd(z) = d 2�1+21�d(1� z2)�2�d + h:o:t:



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 25The method of Darboux implies the following, see Gerl [22℄.Theorem 7.2. SRW on Cd satis�esp(2n)(0; 0) � 2�1+21�d d�(2�d) n�1+2�d :In parti
ular, 
onsider the 2-dimensional 
omb C2 with G(z) = G2(0; 0jz), andwrite xk and yk for the points on the x- and y-axis, respe
tively (x0 = y0 = 0).Using the methods explained in x4, we 
ompute(7.11) G(yk; 0jz) = G(z)F1(z)jkj and G(xk ; 0jz) = G(z)F2(z)jkj ; whereF1(z) = 1z�1�p1� z2� ;F2(z) = 1z �1 +p1� z2 �p2q1� z2 +p1� z2� ; andG(z) = p2p1� z2 +p1� z2 :Therefore, the methods explained in Subse
tion A above 
an be used to 
omputeuniform spa
e-time estimates along the two axes. Sin
e SRW has period two, onehas to take into a

ount the parities of n and k; it is best to substitute z in pla
eof z2, so that r = 1 be
omes the only singularity on the 
ir
le of 
onvergen
e.Computations are more involved than on the homogeneous tree, in parti
ular alongthe x-axis, and have been 
arried out by Berta

hi and Zu

a [6℄. In parti
ular,in [6℄ the following is proved.Theorem 7.3. For SRW on C2, there are 
onstants 
1; 
2 > 0 and 
ontinuous,stri
tly positive fun
tions C1(t); C2(t) on [0 ; 1℄ su
h that for n ! 1, when n � kis even,p(n)(xk ; 0) � C1(k=n1=4) exp��
1 k4=3=n1=3�n�3=4 uniformly for k � n1=4, andp(n)(yk; 0) � C2(k=n1=2) exp��
2 k2=n�n�3=4 uniformly for k � n1=2.Thus, SRW on C2 is the simplest example where the \Einstein relation" (seeabove in x2.E) does not hold.8. Sierpi�nski graphs, and the use of Singularity AnalysisWe start by des
ribing the re
ursive 
onstru
tion of the d-dimensional Sierpi�nskigraph Sd. Let 0 = x0; x1; : : : ; xd be the verti
es of a standard equilateral simplexin the non-negative 
one of Rd . Its 1-skeleton S(0) = S(0)d is the 
omplete graphwith verti
es 0; x1; : : : ; xd. Next, letS(k+1) = S(k+1)d = d[j=0�2k xj + S(k)� ;(where we take translates in Rd), and let �S(k) be the re
e
tion of S(k) through theorigin. We obtain the in
reasing family of �nite graphs S(k) = S(k)d = �S(k) [S(k).The Sierpi�nski graph is Sd = Sk�0 S(k)d . It is regular, all vertex degrees being= 2d. Figure 6 shows S2, and the part with the bigger �'s is S(1)2 .
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� �� � � �� ���� �� � 0 Figure 6In general, S(k) is the ball with respe
t to the graph metri
 in S of radius 2k
entred at 0. With respe
t to the 
ounting measure, the size of the r-ball isV (0; r) � rÆf with Æf = log(d+ 1)log 2 :The following theorem is due to Jones [35℄ and shows that the \Einstein relation"is satis�ed for SRW on S2. (Note that d(x; y) � jx�yj for the graph and Eu
lideandistan
es.)Theorem 8.1. On S2, with Æs = 2 log 3= log 5 and Æw = log 5= log 2,
1 n�Æs=2 exp��
2 jx� yjÆw=(Æw�1)n1=(Æw�1) �� p(n)(x; y) � 
3 n�Æs=2 exp��
4 jx� yjÆw=(Æw�1)n1=(Æw�1) �for all n � n0, x; y 2 S2; in the lower bound on needs n � 
0jx� yj.For analogous results on other types of \fra
tal" graphs, see e.g. Barlow andBass [3℄ and Hambly and Kumagai [32℄. On the Sierpi�nski graphs, Grabnerand Woess [26℄ have obtained a more pre
ise lo
al result by use of generatingfun
tions, adapting a method of Odlyzko [46℄, and using the Singularity Analysisof Flajolet and Odlyzko [20℄. By \lo
al", we mean that the result is notuniform in spa
e and time as Theorem 8.1, but on the other hand it is more pre
isein the sense that it regards asymptoti
 equivalen
e instead of asymptoti
 type, andit exhibits an interesting phenomenon of periodi
 os
illations.A. A Fun
tional equation for the Green fun
tion. The \blown up" graph2Sd has its vertex set 
ontained in Sd. The latter subdivides its double in the sensethat neighbours in 2Sd have distan
e 2 in Sd.Consider SRW (Zn) on Sd, suppose Z0 = 2x 2 2Sd � Sd. We fa
tor therandom walk with respe
t to its su

essive visits in 2Sd. That is, we 
onsider the



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 27stopping times�0 = 0 ; �j = minfn > �j�1 : Zn 2 2Sd ; Zn 6= Z�j�1g :The neighbourhood of any 2x in Sd is always the same, see Figure 7.
...................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................... �� �� �� � ��� � 2x

2y
Figure 7Therefore one gets the following.Lemma 8.2. The in
rements �j � �j�1 are i.i.d. with probability generatingfun
tion �(z) = E2x (z�1) = z21 + (z � 1)�(d� 2)z � (2d� 1)� :For y � x in Sd, E2x�z�1 12y(Z�1)� = 12d�(z) :Furthermore, (z) = 1Xn=1Pr2x[Zn = 2x ; �1 > n℄ zn = d� (d� 2)zd+ z �(z) :The lemma impliesProposition 8.3. For all x; y 2 Sd and jzj < 1,G(2x; 2yjz) = �1 +  (z)�G�x; yj�(z)� :In parti
ular, setting G(z) = G(0; 0jz),(8.1) G(z) = �1 +  (z)�G��(z)� :The radius of 
onvergen
e r = 1 is the only singularity on the 
ir
le of 
onvergen
e.This is known as the \De
imation pro
edure" in the Theoreti
al Physi
s liter-ature, see e.g. Rammal [52℄.B. Singular expansion of G(z) at z = 1. We start with a wrong heuristi
argument of Theoreti
al Physi
ists: \Near z = 1, there will be a de
ompositionG(z) = (1� z)�H+(z)with H+(z) analyti
. Substitute this into fun
tional equation (8.1) and 
ompareexponents. Thus �nd � = log(d+ 1)log(d+ 3) � 1 :Classi
al methods (Darboux, Tauber) yield p(n)(0; 0) � C n� log(d+1)= log(d+3)."This argument and the above asymptoti
 equivalen
e are wrong, be
auseH+(z)is not analyti
 near 1. But this does yield the 
orre
t leading exponent �. On just



28 WOLFGANG WOESShas to repla
e \H+(z) analyti
" with \H+(z) bounded and non-zero near z = 1".4The strategy is now the following: we \remove" the leading term (1 � z)� by
onsidering H+(z) = G(z)=(1 � z)�. Substituting this in the fun
tional equation(8.1), we �nd a new equation for H+(z),(8.2) H+(z) = �1 + f(z)�H+��(z)� ; where1 + f(z) = �1 +  (z)��1� �(z)1� z �� :(Note f(0) = 0.)We then plan to repla
e H+(z) with another fun
tion H(z) satisfying the ni
erfun
tional equation H(z) = H��(z)�, i.e., the leading fa
tor �1 + f(z)� is absent.It will then be rather 
lear how to obtain a singular expansion of H(z) near z = 1,and then we have to tra
e the latter ba
k to singular expansions of H+(z) andG(z). We �rst need to study the dynami
s of the rational fun
tion �.Lemma 8.4. �(n)(z) ! 0 for all z 2 C ex
ept for 1=z in a Cantor subset J�1of the interval [d�32d ; 1℄ � R, whose endpoints belong to J�1.Convergen
e is uniform for z in 
losed subsets of C n J .In parti
ular, in C n J the in�nite produ
tH+(z) = 1Yn=0�1 + f��(n)(z)�� ;obtained by iterating (8.2) 
onverges to an analyti
 fun
tion.J�1 is the Julia set of 1Æ�(1=z) = 1 + 2d(z � 1)(z � d�32d ). For �, we have theattra
tive �xed point z = 0 and the repulsive �xed point z = 1.Sin
e �0(1) = d + 3, there is neighbourhood U � C of z = 1 where the inversefun
tion �(�1) has z = 1 as its unique attra
tive �xed point. ThereforeH�(z) = 1Yn=1�1 + f��(�n)(z)��
onverges and is analyti
 in U. On U, 
onsider the \ba
kward 
ompletion" of H+(z)H(z) = H�(z)H+(z) = 1Yn=�1�1 + f��(n)(z)��It is analyti
 in U n J , and { as we wanted {H(z) = H��(�1)(z)� :Now one 
an modify H(z) to obtain a periodi
 fun
tion: see Beardon [4℄, Thm.6.3.2. Namely, one 
an extra
t the linear part of the expansion of �(�1) at z = 1,by 
onjugating with a fun
tion g(z) that is analyti
 in U, and real-valued if z 2 Uis real: g(�1) Æ �(�1) Æ g(z) = 1 + 1d+3 (z � 1) ; and g(1) = g0(1) = 1 :4A Theoreti
al Phy
isist has expressed the interesting viewpoint that su
h arguments are
orre
t proofs until somebody proves a\better" version, and anyway, Mathemati
ians keep redoingthings that Phy
isits had done 10 years earlier. I believe that at least in the development ofRandom Walk theory, Mathemati
ians have their nose ahead.
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 in U n J and K(z) = K�1 + 1d+3 (z � 1)� :Thus, T0(w) = K�1 � (d + 3)w� is 1-periodi
, analyti
 in the strip fj=(w)j <�= log(d+ 3)g � C , and thus has a rapidly 
onverging Fourier expansionT0(w) = 1Xk=�1 ak exp(2k � iw) withak = O�exp��� 2�2log(d+3) � "�jkj��for all " > 0. Now we go ba
k. We want to 
ontrol the approximation error whenrepla
ing H+(z) by H(z) and then by K(z).Lemma 8.5. Near z = 1 and for jarg(z � 1)j � � ,H+(z)�K(z) = O�;"(jz � 1j1�") as z ! 1 :Theorem 8.6. Near z = 1 and for jarg(z � 1)j � � ,G(z) = (1� z)� �T0� log(1� z)log(d+ 3)�+O(jz � 1j1�")�= 1Xk=�1 ak (1� z)�+2k�i= log(d+3) +O(jz � 1j�+1�") :for all � < �2 and " > 0, where � = log(d+1)log(d+3)�1 and T0(w) is a non-
onstant periodi
fun
tion with period 1 whi
h is analyti
 in the strip fj=(w)j < �log(d+3)g � C .Remark 8.7. The same type of expansion holds for a larger 
lass of \fra
talgraphs", see Kr�on and Teufl [39℄, who also show that non-
onstantness of T0follows from the fa
t that the Julia set of the respe
tive fun
tion � is a Cantor set.C. Singularity analysis. Let D�;Æ = fz 2 C : jzj � 1+ Æ ; jarg(z� 1)j � �g ,where 0 < � < �2 and Æ > 0. See Figure 8. ...........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................1jzj = 1 + Æ
Figure 8Singularity Analysis is subsumed in the following theorem of Flajolet andOdlyzko [20℄.



30 WOLFGANG WOESSTheorem 8.8. Let F (z) = Pn fn zn be a power series with real 
oeÆ
ientsand a singularity at z = 1. Assume that it extends analyti
ally to a suitable setD�;Æ n f1g. If F (z) = C (1� z)� +O(j1� zj�)as z ! 1 in D�;Æ, where � 2 C n N0 and � 2 R, � > <(�), thenfn = C�n� � � 1n �+O(n���1) :We use the parti
ular 
ase C = 0. The seriesG(z) = 1Xk=�1 ak (1� z)�+2k�i= log(d+3) +O(jz � 1j�+1�")
onverges uniformly. Hen
e Singularity Analysis yieldsp(n)(0; 0) = 1Xk=�1 ak �n� log(d+1)+2k�ilog(d+3)n �+O�n�(�+2�")� :Con
lusion:Theorem 8.9. For SRW on Sd,p(n)(0; 0) � n� log(d+1)= log(d+3) T� lognlog(d+ 3)� ;where T (w) is a non-
onstant periodi
 C1-fun
tion with period 1. Its Fourier seriesis T (w) = 1Xk=�1 ak��1� log(d+1)+2k�ilog(d+3) � exp(�2k � iw) ;where the ak are the Fourier 
oeÆ
ients of T0(w).The noteworthy fa
t here is the presen
e of the log-periodi
 os
illations inthe asymptoti
 behaviour of the n-step return probabilities. Again, this type ofresult holds for a larger 
lass of self-similar graphs, see Kr�on and Teufl [39℄.Furthermore, a 
areful analysis of the general type of fun
tional equations as theone of (8.1) has been 
arried out by Teufl [59℄.9. Final remarksSingularity Analysis versus the Method of Darboux. The latter is nowoften said to be out of date in view of the �rst. In deriving Theorem 8.9, the useof Singularity Analysis is 
ru
ial. If we look on
e more at Se
tion 5.D, in orderto derive the asymptoti
s of SRW on Zd � Zd given in Theorem 5.8, we mighthave used Singularity Analysis instead of Darboux' method. This would meanto derive the singular expansion of Proposition 5.7 only up to the �rst singularterm. However, then we would need that singular expansion in a domain of theform D�;Æ(r) = fz 2 C : jzj � r + Æ ; jarg(z � r)j � �g . This would require a
omputational e�ort similar to the one needed for Proposition 5.7, see [66℄, pp.193{195, where we did need to go beyond the �rst singular term suÆ
iently far toallow use of the Riemann-Lebesgue lemma, but did not need to go beyond the diskof 
onvergen
e fjzj � rg. In this sense, there seems to be a balan
e between thetwo methods in that 
ase.



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 31Tauberian theorems. In these notes, we did not dis
uss another 
lassi
almethod, namely, the use of Tauberian theorems. This method applies typi
allyin simpler 
ir
umstan
es than those where one uses the method of Darboux orSingularity Analysis. For example, it may serve to dedu
e the asymptoti
s ofp(n)(x; x) from those of Prx[tx = n℄ in favourable 
ases (Renewal Theory). For ageneral outline in the 
ontext of Combinatorial Analysis, see Odlyzko [47℄, x8.2.Con
lusion. The methods des
ribed here are quite spe
i�
 and require ex-pli
it 
omputability, or at least 
omputability of fun
tional equations or systems ofequations, for Green fun
tions and related generating fun
tions. When appli
able,the methods yield very sharp results. The 
lasses of stru
tures where these meth-ods apply are of 
ourse more limited than those where asymptoti
 type has been
onsidered. Still, there are some larger 
lasses of graphs/groups and random walkswhere the methods yield very satisfa
tory results, most of whi
h so far 
ould notbe obtained by di�erent methods:� all �nite range random walks on (virtually) free groups;� random walks on free produ
ts that are adapted to the free produ
t stru
-ture (\free sums" or \nearest neighbour" walks);� random walks on trees with �nitely many 
one types, or equivalently,regular languages.All these results rely in some way on a \tree-likeness" of the graph, althoughthe general stru
ture, in parti
ular for free produ
ts, may be far more 
ompli
atedthat that of a tree.� Random walks on a reasonably large 
lass of self-similar graphs.Of the latter type, here we have only seen the Sierpi�nski graphs. An interestingphenomenon o

urring there are the periodi
 os
illations. In many 
ases where oneonly knows only asymptoti
 type, one does not know if os
illations are present.A
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