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Generating function techniques for random walks on graphs

Wolfgang WOESS

Dedicated to the memory of Bob Brooks.

ABSTRACT. This survey outlines the use of generating functions and complex
analysis in the study of random walks on graphs and groups, especially for
determining the precise asymptotic behaviour of transition probabilities.
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1. Introduction

If (a,,) is any sequence of real or complex numbers, then its generating function
is the power series f(z) = Y.~ an 2", where z € C. Generating functions are
widely used in Combinatorics and Probability, where the a,, typically stand for the
number of certain objects of “size” n, or the probabilities of certain sequences of
events, respectively. In these cases, the a, will be non-negative.

The general spirit is that one applies algebraic and/or analytic methods to
the generating function in order to obtain information about the numbers a,. In
very favourable cases, this may lead to explicit computation of the a,,, while more
typically, the result is an asymptotic evaluation of the sequence. Such asymptotic
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results are obtained by a careful study of the singularities on the circle of con-
vergence around 0 of the power series, combined with a use of Cauchy’s formula
representing the a,, in terms of f(z).

Among the many typical asymptotic methods, there are the somewhat “old-
fashioned” (but still often efficient) method of Darbouz and the more modern singu-
larity analysis of FLAJOLET AND ODLYZKO [20]. For general surveys on asymptotic
methods in combinatorial problems, see BENDER [5] and ODLYZKO [47].

The purpose of the present notes is to give an outline, resp. review, of appli-
cations of techniques of this type to study transition probabilities of random walks
on infinite graphs — the analogue of the heat kernel in discrete time and space. The
notes follow closely the set of lectures which the author has given during the Heat
Kernel Trimester at Centre Emile Borel in April-June 2002. Besides the various
original articles, many of the results presented here, mostly along with detailed
proofs, can be found in the author’s book [66]. Here, the main goal is to present
results in a unified way so that one can understand the scope and applicability of
this type of methods. A particular emphasis is on the explanation of the math-
ematical tools that have been used so far for obtaining asymptotics of transition
probabilities via generating functions.

Let X be a graph, i.e., a set X with a symmetric neighbourhood relation ~ .
A path of length n from z to y (z,y € X) is a sequence [x = xg,Z1,...,Tn = Y]
such that x; ~ x;_1.

In the sequel, graphs shall mostly have bounded geometry: they have bounded
vertex degrees deg(z) = |{y : y ~ z}| and are connected, i.e., for every pair of
vertices there is a path between the two. The distance d(z,y) is then the minimal
length of a path connecting x and y. Also, our graphs will usually be (countably)
infinite.

A random walk on X is an X-valued Markov chain, whose random position at
time n is denoted Z,. Thus, each Z, is an X-valued random variable defined on
a model probability space (€, 4, Pr), the sequence (Z,,) has the Markov property
(“the future depends only on the present, and - given the latter - not on the past”),
and the transition probabilities

p(z,y) = Pr[Zp1 =y | Zn = 7]

do not depend on n. We shall write Pr, for the model probability measure on X,
when the initial distribution (of Zy) is d, (i.e., the chain is conditioned to start at
x). When we speak of a random walk on X, we have in mind that the stochastic
transition matrix

P = (p(wﬂy))x7yex

is adapted to graph structure in some way to specified more precisely in each case.

ExampLE 1.1. Simple random walk (SRW) on X has transition probabilities
1
T N Y~ T,
p(a,y) = { deg(z)
0, otherwise.

The BASIC QUESTION addressed in these notes concerns the asymptotic
behaviour of the n-step transition probabilities

p(n)(w’y) = Pra:[Zn = y], as n — oo.
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How are these asymptotics linked to the geometry of X 7
A basic assumption (which on its own is not yet a geometric adaptedness con-
dition) is irreducibility:

Vz,ydn>0 :p(”)(az,y) >0.

This is of course satisfied for SRW on a connected graph. An additional assumption,
that will be used often, but not always and is no serious restriction, is aperiodicity:

V:L‘,yEI No :no(l’,y) p(n)(l_,y) >0 VnZno

Finitely generated groups enter the picture via their Cayley graphs. If T is a
finitely generated group and S a finite, symmetric set of generators, then the Cayley
graph X (T, S) has vertex set X =T, and z ~y <= z~'y € S. In this case, the
obvious condition of adaptedness to the group structure is to require I-invariance,
ie., p(gz,gy) = p(z,y) for all z,y,g € T'. Setting u(xz) = p(o,x), where o is the
group identity (we use this atypical notation, because the symbol e is often used for
edges), then the transition probabilities are determined by the probability measure
pon ') and we speak of the random walk on T with law .

Regarding asymptotic behaviour, in the present notes we shall be primarily
concerned with asymptotic equivalence a,, ~ b, (n — o0). For two positive se-
quences (ay,), (by,) this means that a, /b, — 1. (It will be obvious from the context
whether ~ refers to neighbourhood of two vertices or asympotic equivalence of two
sequences. )

There is a weaker notion, namely asymptotic type, denoted ~. We write

ap by <= ap < Csup{b, :ecn <k<Cn} (¢,C>0), and
ap ~b,:<— a,<b, and b,<a,.

2. An incomplete survey of some results

In this section, we give an overview of some results, mostly regarding the as-
ymptotic type of transition probabilities, for random walks on various types of
graphs and groups. The purpose is not completeness, but to give a flavour of the
type of results that appear. Those cases where generating functions are used will
not be reviewed here, since they are the principal subject of the later sections.

A. Integer grids. X = 7% the standard Cayley graph of the free abelian
group with d generators. This group is of course written additively.

THEOREM 2.1. Suppose that p(xz,y) = pu(y — x) defines an irreducible and
aperiodic random walk on Z%, and that the moment conditions Y, z u(z) =0 and
>, |z1Pu(z) < 0o are satisfied. Let T be the covariance matriz of j and L[] the
quadratic form associated with X~'. Then

p™(0,z) ~ Cn~? exp (-&27"[z])
uniformly for x/\/n bounded, where C = (2rr)~%?(det £) /2.

See NEY AND SPITZER [45]. Extensions to generalized lattices (graphs on
which Z? acts by isometries with finitely many orbits) are due to KRAMLI AND
SzAsz [38], GUIVARC’H [30], KOTANI, SHIRAI, AND SUNADA [37].
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B. Graphs with polynomial growth. For A C X, define its volume by
Vol(A) = 3, . 4 deg(z). Let

Viz,r) = Vol(B(:U,r)) , where B(z,r)={y:d(y,z) <r}.

THEOREM 2.2. If V(z,r) =~ r? uniformly in x, and X satisfies a property of
quasi-homogeneity (“Poincaré inequality”) then for SRW

d/2

P (z,z) mn~ and

en~ 2 exp (—d(m—’y)Q) < p™(z,y) < Cn~4? exp (——d%’g)Q) .

cn

In the lower bound, one needs d(x,y) < con, and for bipartite graphs, one has to
take into account the parity of d(x,y) — n.

This applies in particular to groups with polynomial growth (= virtually nilpo-
tent by GROMOV [28]), and to quasi-transitive graphs (i.e., whose isometry group
acts with finitely many orbits) with polynomial growth.

See VAROPOULOS [60], HEBISCH AND SALOFF-COSTE [33], LUST-PIQUARD
[43], DELMOTTE [14], COULHON AND GRIGOR’YAN [13], and various further (also
more recent) papers.

C. Non-amenable graphs. The boundary of A C X is 0A = E(A + X\ A),
the set of edges between A and its complement. We set Area(0A4) = |0A| and
define the isoperimetric constant of X,

. Area(0A)
X) =inf{ —-2~
A(X) = in { Vol(A)
The graph X is called amenable if K(X) = 0. If X is a Cayley graph of a finitely

generated group I, this means that I' is an amenable group.
Non-amenability implies exponential growth: — V(z,r) > C A", where A > 1.

cACX ﬁnite}

THEOREM 2.3. If X is a non-amenable graph then SRW on X satisfies
PP (z,2) ~e ™, thatis, p(P)=limsupp™ (z,z)"/" <1.

See KESTEN [36] for groups, and DoODZIUK [16], DODZIUK AND KENDALL [17],
GERL [23] for graphs.
Finer results for more specific non-amenable graphs will be explained below.

D. Amenable graphs and groups with exponential growth.

THEOREM 2.4. A general upper bound for SRW on groups with exponential
growth is

P (2, 7) < exp(—n'/?).
This is due to VAROPOULOS [60].

D.1. Polycyclic groups. A group T is polycyclic if it has a normal series
'=Ty>Ty > >T, with all quotient groups I';/T;11 cyclic. The lower bound
in the following asymptotic estimate is due to ALEXOPOULOS [2].

THEOREM 2.5. If T is polycyclic and not virtually nilpotent then it has expo-
nential growth, and for SRW on any Cayley graph of T

PP (2, 2) ~ exp(—n'/?)
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D.2. Lamplighter graphs - wreath products of groups. Given X, a (typ-
ically infinite) graph, and (L, 0) a (finite or infinite) graph with root o, a configura-
tion on X is a function n : X — L with finite support suppn = {z € X | n(x) # o}.
Let C = C(X — L) be the set of all configurations. The lamplighter graph L1 X
has vertex set C' x X, neighbourhood is given by

z~z'inX,andn=1n", or
z=a", () ~n'(z)inL, andn(y) =n'(y) Vy #x.
(Interpretation of (n,z): at each vertex y, there is a lamp. Its current state is n(y).
The vertex x € X is the current position of a lamplighter.)

If X and L are Cayley graphs of groups ® and R, respectively, then L X is
a Cayley graph of the wreath product I' = R1&. For the following (and further)

examples conerning wreath products of groups, see PITTET AND SALOFF-COSTE
[49], [50].

THEOREM 2.6. (1) On T = F1Z%, with finite group §

PP (2, x) ~ exp(—nd/(d+2))

(77a93) ~ (U’aﬂfl) — {

2) OnT = 7174,
P (z,z) & exp(—n?/ @+ (logn)*/ (+2))
(3) If 8 is infinite with polynomial growth, then on T = K17,
PP (z, 1) ~ exp(—nl/3 (log n)2/3)
(4) If 8 is polycyclic with exponential growth, then on T = K17,
p2™) (z,z) =~ exp(—n1/2)
E. Space-time estimates and the Einstein relation. There are three car-

acteristic constants associated with a graph with polynomial growth that satisfies
certain reqularity conditions:

(1) The fractal dimension §; such that V(z,r) ~ r’/, as r — oo. This is the
exponent of polynomial growth, not necessarily an integer.

(2) The spectral dimension d,, such that p>™ (z,x) ~ n%/2.

(3) The walk dimension &, is such that the expected time until the first exit
from the n-ball around the starting point is & n%.

THEOREM 2.7. Under certain regularity conditions, the “Einstein relation”
holds:
0s =20¢/0w,
and SRW satisfies
: d(z, )/ O
(n) 0572 — !
p (l’,y) ~ N exp < c nl/(dw—l)
uniformly in x and y as n — oo.

The (positive) constants may differ in upper and lower bounds, and for bipartite
graphs, in the lower bound n—d(x, y) should be even and n > cod(x,y). For details,
see TELCS [56], [67], [58] and GRICOR’YAN AND TELCS [27]. In the theoretical
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physics literature, the “Einstein relation” was known before, up to mathematical
rigour.

For groups with polynomial growth, d, = d¢ and d,, = 2, see Subsection B
above. Examples where the “Einstein relation” holds, but §,, # 2, are provided by
fractal graphs, see below.

3. Generating functions

A. The Green function. The Green function is the power series

(o]

G(z,ylz) = > p™(x,y)2", zyeX,zeC.

n=0
The following is a simple consequence of irreducibility
LEMMA 3.1. For real z > 0, the series G(z,y|z) either diverge or converge
simultaneously for all xz,y € X.
Indeed,

PEFHO (@ 1) > pB) (21, 20)p™ (22, y2)p (Y2, 11)

and hence, for z > 0,

G(z1,y1]2) > p®) (1, 22)p'D (y2, y1)2F TG (22, yo|2) -

Therefore, all the G(x,y|z) (where z,y € X) have the same radius of convergence
t(P) = 1/p(P), where p(P) is the “spectral radius”,

p(P) = lim sup p'™ (z, y)'/™.
n—oo

Furthermore, since G(x,y|z) is a power series with non-negative coefficients, t(P)
is a singularity of each G(z,y|z)."

Our plan is to use Cauchy’s integral formula

1 G(z,ylz
P (z,y) = — %C wdz

T 9 Zntl ’

(C a positively oriented, simple closed curve in C with 0 in its interior and all sin-
gularities in its exterior) and methods that derive from here (Darboux, Singularity
Analysis, Saddle Point Method).

If the random walk is symmetric, or more generally, reversible, that is, there
are positive weights m(z), € X, such that

m(z)p(z,y) = m(y)p(y,z) Vz,y,

then G(z,y|z) has no singularities on the circle of convergence besides t(P) and
possibly —t(P). This is because 1G(z,y|L) is the (z,y)-matrix-element of the
resolvent (z — P)~! of the self-adjoint operator P on the Hilbert space £2(X,m).
SRW is reversible with m(x) = deg(z).

There is a more general result by CARTWRIGHT [10]:

LAn old theorem of PRINGSHEIM says that for a power series with non-negative coefficients,
its radius of convergence is a singularity.
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LEMMA 3.2. The radius of convergence t(P) is the only singularity of G(z,y|z)
on the circle of convergence when P is strongly aperiodic, i.e., there is ng such that

infp(”)(:n,:n) >0 Vn>ng.
T
B. Further generating functions. Consider the following hitting times and

associated generating functions.
s’ =min{n >0:2Z, =z}, t"=min{n>1:27, ==z},

F(z,ylz) ZPrI =n]z", Uz, z|z)= ZPrz =n]z", zeC.
Note that s¥ = t¥ Pr,-almost-surely, when y # z, while s = 0 Pr,-almost-

surely. In particular, F(z,z|z) = 1. On the other hand, when the starting point is
Zy = z, then t® is the first return time to = after starting.

PROPOSITION 3.3 (Basic equations). (a) G(z,z|z) = m,
(b) G(z,ylz) = F(z,y12)G(y,yl2),
(c) F(z,y|z) = p(z,y)z + Z p(z,w)z F(w,ylz), ify#ex,
w#y
(@) Ue,al2) = pla,a)z + 3 ple, w)z Flw, 22)
wHT

Proor. (a) and (b) follow from the identity
n
p™ (z,y) = Z Pr,[tY = k] pn ) (y,y), ifn>1,
k=0

while p(© (z,y) = 6,(z) and Pr,[t¥ = 0] = 0.
Parts (c) and (d) are obtained by factoring though the first step, that is, the
possible states of Z;, the random walk at time 1. a

4. First walks on trees

A tree is a connected graph T without loops or cycles.
For every pair of vertices x,y € T there is a unique path (geodesic arc) Ty of
length d(z,y) connecting the two.

LEMMA 4.1 (Tree equation). Let P be a nearest neighbour random walk on T,
that is, p(z,y) >0 < = ~y.

If w € Ty then F(z,y|z) = F(z,w|2)F(w,y|z) .

PROOF. The random walk must pass through w on the way from z to y. Prob-

abilistically, this means that Pr,[s" < s¥] = 1. Thus, conditioning with respect to
the time of the first visit to w and using the Markov property,

Pr,[s¥ = Z Pr,[s" = k]Pry[sY = n — k]
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From Proposition 3.3 and Lemma, 4.1, we see that for the computation of the
Green function of a nearest neighbour random walk on a tree, one only needs all
functions F'(z,y|z), where x ~ y.

A. A random walk on homogeneous trees. Let T be the homogeneous
tree with degree s > 3. We can label (or assign types to) the edges by the numbers
1,...,s such that each vertex is incident with precisely one edge of each type. We
define a symmetric nearest neighbour random walk where the probability of walking
along an edge with label i is p; > 0, with >.;_, p; = 1. See Figure 1, where s = 3.

FiGURE 1

This is a random walk on the group I' = (a1,...,as | a? = id). The tree is
its Cayley graph with respect to the set of generators S = {a,...,as}, and the
law of the random walk is the probability measure g on T with supp(u) = S and
(as) = pi. Thus,

p(a,y) = plz™'y).
If z ~ y is an edge of type i, then F(z,y|z) = F;(z) depends only on i. Also,
G(z) = G(z,z|z) is independent of 2. By Proposition 3.3(a+d),
_ 1
1->,pizFi(z)’

and Proposition 3.3(c) plus the Tree Equation 4.1 yield

Fi(z) = piz + ijz F;(2)Fi(2).
J#i

(4.1) G(2)

Thus,
PDiZ biz
1=32, 4Pz Fj(2) % +piz Fi(2)

The right one among the two solutions of the resulting quadratic equation is
V1+4p222G(2)2 — 1
4.2 Fi(z) = t ,
(4.2) (2) 2012 G 2)
since F;(0) = 0. Combining 4.1 and 4.2,
G(z) = ®(2G(z)), where

(4.3) @(t):1+%i<m—l> .
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The function ® is analytic in the complex plane except for the ¢ on the imaginary
axis with |¢| > 1/(2minp;) > 0. For positive real ¢, it is increasing, convex,
®(0) =1, ®'(0) = 0, with asymptote y = ¢t — 352 ast — 4o00. For0 < z < v = ¢(P),
the value G(z) is the y-coordinate of the (leftmost) intersection point of y = ®(¢)
with y = %t. See Figure 2.

FIGURE 2

We want to determine the radius of convergence t, which we know to be the
smallest positive singularity of G(z).

There is a unique tangent to y = ®(¢) through the origin, with slope p < 1.
Let (6, ®(f)) be the tangent point. For 0 < z < 1/p, the angle of intersection of
y = ®(t) with y = %t is non-zero, whence G(z) is analytic there. In addition, for
1 < z < 1/p, there is a second intersection point on the right of . For z = 1/p, the
two points “collapse”, and for z > 1/p, there is no real intersection point.

Since G(z) must be real for real z < t, we see that t = 1/p, and p = p(P). We
find G(r) < o0, as it must be by a theorem of GUIVARC'H [29], see Thm. 7.8 in
WOESS [66], since I" is non-amenable and hence non-t-recurrent. Also,

(4.4) p(P) = #'(6) = min ? = min <u + % _ ( [u? + 4p? — u)) .

Compare with the formula of AKEMANN AND OSTRAND [1] for the norm of free
convolution operators. A short proof of that formula using the above type of random
walk argument is given in WOESS [64].

Next, set

F(z,w) =®(zw) —w.
This function is analytic in all (z,w) € C? for which & is analytic in zw, in partic-
ular in a neighbourhood of the point (t,G(r)). We have

F(z,G(z)) =0
for z in a neighbourhood of the real segment [0, t) in C, and the partial derivatives

Fu(t,G(x)) =0 and Fyuyu(t,G(r)) =*@"(0) > 0.
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Therefore, the root wg = G(t) of the function w — F(r,w) has multiplicity 2. The
Weierstrass preparation theorem, see e.g. HORMANDER [34], Thm. 7.5.1, implies
existence of the following decomposition in a neighbourhood 4 of the point (t, G (t))

Flz,w) = H(z,w) (a(z) +b(2) (w — G()) + (w — G(t))2) :
‘H is analytic and non-zero in 4, and a(z) and b(z) are analytic in the z-projection
0 of 4. We compute
a(t) =b(r) =0 and d'(x) =208'(6)"/@"(0) >0.

This leads to a quadratic equation for G(z) in U, and solving, we find
(45) G(2) = A(2) - B =%,
where A(z) and B(z) analytic in U, and B(zr) = /a'(v).

Note that G(—z) = G(z). Hence there is an analogous expansion near —t.

Since the random walk is symmetric, there are no further singularities on the circle
of convergence {|z| = t}.

The method of Darbouz, see e.g. Pdlya [51] and the comments below, implies
the following asymptotic behaviour of the return probabilities:

(4.6) PP (z,x) = Cp*"n=32 + O(p*"n™°/?), asn — oo,

where C'=/209'(6)* /7 " (6)

Precisely the same method works for “nearest neighbour” random walks on
free groups, see GERL [21] and GERL AND WOESS [24]. The method also works,
without any change, when s = oo, i.e., the tree has countably infinite degree.

How can one extend this method ? We shall consider the following cases in the
subsequent sections.

e “Nearest neighbour” random walks on free products, see WOESS [65],
CARTWRIGHT AND SOARDI [11], CARTWRIGHT [9].

e Arbitrary finite range RWs on (virtually) free groups, LALLEY [41].

e Random walks on trees with finitely many cone types, NAGNIBEDA AND
WOESS [44], LALLEY [42], BERTACCHI AND ZUCCA [6].

B. Comments on the method of Darboux. The Riemann-Lebesgue lemma
says that if F'(z) = ), fn2" has radius of convergence v and if F' is k times
continuously differentiable on the circle of convergence (i.e., the function ¢ + F(te'?)
is k times continuously differentiable in ¢+ € R), then f, = o(t7"n~*) as n — oo.
See e.g. OLVER [48], p. 310.

In order to apply this to G(z,y|z), one looks for the leading singular term
S1(z) in the expansion of G(z) near z = v and the other singularities on {|z| = t}.
Typically, for this singular term alone, one knows the coefficients Si(z) =), an 2"
of its Taylor expansion around 0, or an explicit asymptotic equivalent of the a,.

One wants to conclude that p(™ (z,y) ~ a,. To this end, one considers H(z) =
G(z,y|z)—S1(2). If this difference is k times continuously differentiable on {|z| = t},
then we get

P (@,y) —ap = o(t ")
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If k is big enough so that the latter o(-) tends to zero faster than a, then we have
reached our goal.

Otherwise, one has to continue the expansion beyond the first singular term,
subtracting further terms with known expansion, until one reaches a remainder
where the Riemann-Lebesgue lemma yields o(a,) Taylor coefficients.

In our example, in (4.5) we had G(z,z|z) = G(z) = A(z) — B(2)y/t — z, and
write
B(z2) = by + by (v — 2) + D(2)(x — 2)?
near t, with D(2) analytic in 2. An Analogous expansion holds near —t. Thus, we
can consider the auxiliary function

H(z) =G(2) + (bo\/l‘ 4 bivri— 2+ D(t)\/t——zs)
+ (bo\/t-l- 24+ b+ Z o+ D(v)V + zs) .

It is analytic in {|z] < t}, and its Taylor expansion at z = 0 has non-zero coefficients
hap = ™ (2, 2) — C p" n ™2 + O(p" n ™),

H(z) is three times continuously differentiable on {|z| = t}, whence by Riemmann-

Lebesgue h, = o(p"n~3). It would suffice to stop after the terms b;/t £ Z°. In
this case, we would get a function H(z) that is twice differentiable on {|z| = t},
yielding only O(p™n~2) for the error term in the asymptotics.

5. Free products, n 3/2, and a surprising result of Cartwright

A. A Functional equation. In the sequel, we shall use the following notation:
$1, denotes an open neighbourhood of the real segment or half-line [0, a) in C, where
0 < a < +o00. Let X be our graph, P the transition matrix of a random walk on
X, and 0 € X a “root” vertex. We define

G(z) = Glo,0lz) =Y p™(0,0) 2",

t=1t(P)=1/p(P) € [1, o) the radius of convergence of G(z),
0 =0(P)=tG(x) € (1, x9].
PROPOSITION 5.1. There are sets i, and Uy and a function ®(-), analytic in
g, such that zG(z) € Uy whenever z € U, and
G(z) = ®(2G(2)), z€U,.
The function ®(-) is unique up to analytic continuation.
For t in the real interval [0, 0), the function ®(t) is strictly increasing and
strictly convez, ®(t) <1+ p(P)t, ®'(0) = p(o,0), and ®'(0—) < p(P).

PrOOF. Let V(t) be the inverse function of W(z) = 2G(z). The existence of
this inverse function is guaranteed by strict monotonicity of W(z) for z € [0, t).
Then ®(t) = ¢t/V(t) has the required properties. O

Note that it may occur that § = +oc0.
The tangent to y = ®(¢) at (to, ®(to)) intersects the y-axis at y = ¥(ty), where
U(t) = d(t) — td'(¢t).
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— 1
y y=:t
y = ®(t)
G() |
é t
FIGURE 3

Ift =W(z) = 2G(2), 0 < z < t, then
G(z)? _ 1
2G'(2) +G(z) 1+ 00 (n—1)Pry[to =n]zn’

This implies that ¥(t) is strictly decreasing and > 0 for 0 < ¢t < §. We shall see
the use of the functions ® and ¥ below. First, we exhibit a table of values.

T(t) =

TABLE 1
graph p p(P) | 0(P) | ¥(6—)
finite, regular SRW 1 o | 1/]1X]
finite group | p(z,y) = p(z~'y) o | 1/|X|
74, de{1,2} | plz,y) = ply —z) | < 00 0
2%, d e {3,4} | pla,y) =ply—2) | <1 |<oco| 0
24, d>5 | plxy)=ply—=z)| <1 |[<oo| >0
7%, d>5 SRW 1 | <oo| >1/2

On Z4, we suppose that p has finite first (d = 1), resp. second (d > 2) moment.

B. Free products. Let (X;,0;), 1 € Z, be loopless, finite or infinite, connected
graphs with roots 0;. The index set Z is usually assumed to be finite, but it may
also be countable.

We construct the free product as follows.

(X,0) = * (Xi,0)
s
Identify all o; with the new root o, and let X/ = X; \ {0;}. Write ¢(z) =i if
x € X!. Then X is the set of all words with letters from the X, such that no two
successive letters come from the same X :

X={zzs-zp:n>0, z; €U, X], tlzj) #tlrj-1)};



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 13

for n = 0, we get the empty word o. In particular, X; C X.

Write X, = {z1 -2, € X :1(z,) #i}U{o}. Ifu € X;" and = € X;, then uz
is their concatenation, in particular uo = u.

The graph structure on X is as follows: if z,y € X;, x ~ y in X;, then ux ~ uy
in X for allu € X;".

We may imagine X as an infinite “cactus”, whose “leaves” are copies of the Xj.
At the root o, all X; are joined by their respective roots. At each other point of
X, we attach copies of all the X}, j # 4, by their roots. At each of the new points
x12T2 we then attach copies of the X, k # 7, and so on (inductively). If the X; are
Cayley graphs of groups I'; then X is Cayley graph of the free product group T.

Next, we construct random walks that are adapted to this product structure.
Given, transition matrices P; over X;, i € Z, we lift P; to P; on X: if u € X;" and
v,w € X; then

ﬁi(uva UUJ) = pi(va UJ),

and p;(z,y) = 0 in all other cases. Then we build the free “sum” (or more precisely,
convex combination)

P:Zaipi, where a; >0, Zaizl.
i€T i

In the specific case of a free product of groups I';, where p;(x,y) = p;(z~'y), and
1; is a probability measure on I';, we get the free product group I', which contains
each T; as a subgroup. Thus, p(z,y) = p(z'y) with u = >, a; p1;, where each p;
is considered as a probability measure on I' whose support is contained in T';.

The following was proved by WOESS [65] and CARTWRIGHT AND SOARDI [11].

THEOREM 5.2. In the above setting of a free product, if ®; is associated with
P; in the same way as ® with P,

B(t) =1+ (Pi(ait) —1).

i€t
The function ®(t) is analytic in 5, where

The proof of WOESS [65] uses generating functions and assumes an underlying
group structure. See also GUTKIN [31] for a combinatorial proof without use of
groups. For a detailed exposition, see WOEss [66], §9.C and §17 and the remarks
plus additional references on pp. 136-137.

Regarding the asymptotic behaviour of the n-step return probabilities to o, the
main point in the above theorem is the following. A priori, the function ® given by
Proposition 5.1 is known to be analytic only up to the point § = tG(t), as depicted
in Figure 3. But in the formula of Theorem 5.2, it may happen that in composing
® by the ®;, one gets that ® extends analytically beyond 6, i.e., it may happen
that § > A(P) strictly. If this is the case, then the situation is precisely as in the
example of the homogeneous tree that was described in detail in §4.A and depicted
in Figure 2. In particular, one obtains the same type of formula for p(P) as in (4.4)
and the same asymptotics as in (4.6).
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In order to understand when @ > #(P), we remark that for the function ¥ on
the free product, the following composition formula follows from Theorem 5.2.

\If(t)zl—l—Z(\Ifi(ait)—l), teil(;.
i€t
Then the following holds, see WOESS [65] and [66], Theorem 9.22.
THEOREM 5.3. Two cases can occur.
(i) If ¥(6—) < 0 then O(P) is the unique solution in (0, ) of ¥(t) =0,
p(P) =min{®(t)/t: 0<t< 0} =) <1, and
p™(0,0) = Cp"n 32 +O(p"n>?), n— oo, n=0(d).
(ii) If ¥(6—) > O then 6(P) = 6, and p(P) = lim (®(t)/t).
t—0—

In (i), d = ged{n > 1: p™ (x,z) > 0} is the period of P.
C. The typical case: n—3/2, Using Table 1, one obtains the typical asymp-
totic behaviour of (4.6) in the following cases, see [65] and [66], §17.A.

COROLLARY 5.4. Let pi; be irreducible® probability measures on the groups T';,
i € L, and i a convexr combination of the u; on the free product T' = ‘é] ;. Then
(3
for p(x,y) = p(z~1y)
p™(z,2) =Cp"n 2+ 0(p"n ), n—o0, n=0(d)
in each of the following cases.

(a) Each T; is finite and the p; are arbitrary, with the exception of the case
7] = |Ty| = T2 = 2.

(b) T; = Z% with d; < 4, and the p; have finite support, or finite mean and
finite moments of order min{d;,2}.

(c) Each T; has polynomial growth with degree d; < 4, and the u; are sym-
metric with finite moments of order min{d;,2}.

(d) T is the free product of finitely many identical pieces T'; = T and p; = po,
with a; = 1/|Z|, and |Z] > 1/(1 — ¥y(6o—)).
PROOF. (a) We have § = oo and ¥;(#;—) = 1/|T;|. Therefore, unless |Z| =
ITy| = T2| =2, we get ¥(f—) =1+ Zi(ﬁ —-1) <0.
(b) In this case ¥;(§;—) = 0. If iy € Z is such that § = 6;/a; then
U(B) = (¥i(aif) —1) <0,
iio
as ¥;(t) < 1 fort > 0.
(c) The argument is the same as for (b).
(d) Here, § = |Z|6o,

o(t) = |Z|®o(177) — (IZ| = 1) and ¥(t) = |Z|To(;77) — (IZ] - 1).

2Irreducible in the sense that the corresponding transition matrix is irreducible.
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If |Z| is sufficiently large then Wo(fp—) < (|Z| — 1)/|Z|, that is, ¥(f—) < 0. ad
“Mixtures” of (a), (b), (c) are also possible; the basic requirement is ®(6—) < 0,
which can be achieved in many cases. In (a), the group structure is not essential.
For example, one may take arbitrary finite, regular graphs X; with roots o; in the
place of T';, and SRW on X; for each P;. Then the same result holds at 2 = o, the
root of '*I(Xi,oi), except when |Z| = 2 and | X;| = 2 (i = 1,2). We also stress that
1€
(a) holds for infinite free products: in [65], this is stated only for reversible random
walks of this type, but that condition served just to control the singularities of G(2)
on {|z| =t} and has become superfluous in view of Cartwright’s Lemma 3.2.

CARTWRIGHT [9] has proved the following.

LEMMA 5.5. If T' =Ty % I'sy, with exception of the case [T'y| = |Ts| = 2, then
there is a symmetric, irreducible probability measure u on T for which

p(2n) (1‘,1‘) ~ Cp2n n73/2 .

This is based on the following.

If S is a finite, symmetric set of generators of a group I' that contains an
element of order > 3 (possibly co), then there is a symmetric probability measure
w supported by S such that ¥, (0—) < 1/2.

D. Instability of the exponent. We now explain a surprising result of
CARTWRIGHT [9]. Let Ty = Ty = Z% where d > 5. Let S; = Sy be the set
of natural generators and their inverses (unit vectors in Z%). Consider a probability
measure o7 = o2 which concentrates most of its mass on the first generator and
its inverse. This is an example where ¥, (0(02»)—) < 1/2,i.e., Lemma 5.5 applies.
Therefore, setting o = §(o1 + 02) on Z? % Z%, and q(z,y) = o(zy),

¢ (2,2) ~ Cqp(Q)*" n™?/%.

On the other hand, Let y; be the equidistribution on S;. Then ¥, (6(u;)—) >
1/2. (See Table 1). The simple random walk on Z¥*Z% is p(z,y) = pu(z'y), where
p= (1 + p2). We get () = 8 = 20(u;) and ¥, (8(u)) > 0.

The angle of intersection of y = t/t with y = ®,(t) at the point (,G(r)) is
positive. We are in the situation of Theorem 5.3.

PROPOSITION 5.6. The Green function G4(z) = G4(0,0|z) of SRW on the grid
7% (d > 1) has a singular expansion near z = 1

Ga(z) = LI H () (1= )22, if d is odd,
e f(2) +g(2) (1 = 2)4=2/2 log(1 — 2), ifd is even,

where f (= fa) and g (= ga) are analytic in a neighbourhood of 1 and g(1) # 0.

On the basis of this expansion, via Theorem 5.2, further (lengthy) computations
yield the following.
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PROPOSITION 5.7. Let v = 1/p(P) for SRW on Z4+7Z% (d > 5), and L = [42].
Near ¢, for |z| <, the Green function G(z) = G(z,xz|z) has singular expansion

L
G(z) = ng (t— 2)* -I-R(z)-I-O((t—z)LH) , where
k=0
R(z) = (co+e1 (v —2))(x—2)d=2/2 if d is odd,
o= (co+e1(t—2)) (v —2)4=2/2log(x — z), ifd is even;

when d = 6, there is an additional term & (v — 2)? log® (v — 2) in R(z).
All coefficients depend on d, and ¢y # 0.

The last two propositions are due to CARTWRIGHT [8], see also WOESS [66],
§17.B. One can now apply the method of Darbouz to obtain

THEOREM 5.8. For d > 5, SRW on Z% x 7.9 satisfies
p(z,2) ~ Cp p(P)>"n=%? asn — oo,

On the other hand, the random walk QQ with law o having the same support as
satisfies

¢ (z,x) ~ Co p(Q)*" n3? asn— oco.

Before this result appeared, it had been a common belief that the asymptotic
behaviour should be of the same form for all finite range, symmetric random walks
on the same group. While this is true for asymptotic type (which does not capture
the non-exponential second term, once there is exponential decay), we see that it
is mot true for the precise asymptotic behaviour.

6. Finite range random walks on free groups

The free group on s free generators is Fs = (ay,...,as | ). Its Cayley graph
with respect to S = {ai’,...,aF'} is the homogeneous tree with degree 2s. Also,
it is the free product T'y * --- * I's, where each T'; = (a;) = Z is infinite cyclic.
Thus, local limit theorems (describing the asymptotics of transition probabilities)
for random walks on Fy arise as a special case of Corollary 5.4. In particular, if the
law of the random walk is supported by S, then the computation is almost exactly
the same as in the homogeneous tree example of §4.A. See WOESS [63] and GERL
AND WOESS [24].

For example, from Corollary 5.4 we also get the typical behaviour p(™ (z,z) ~
C p(P)"n~3/2 when P arises from a probability measure p = > ;i i, where
each p; is symmetric with finite first moment on I'; 2 Z. The same asymptotics
also hold for arbitrary isotropic random walks on free groups, resp. homogeneous
trees, that is, random walks whose transition probabilities p(z,y) depend only on
the distance d(x,y). This has been shown by completely different methods, using
harmonic analysis, by SAWYER [53].

In this section, we address the same question for arbitrary (irreducible, aperi-
odic) random walks on Fy with finite range, i.e., arising from a finitely supported
probability measure p.

We start by explaining the complex-analytic tool used by LALLEY [41] in order
to solve this problem.
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A. Systems of polynomial equations for generating functions. Let
fi(2) = >,50 fin 2" be the generating functions of the non-negative sequences
(fin)n>0,1 =1,...,v, and let v; be the radius of convergence of f;(z). We suppose
that f;(0) = 0 and that t = min; t; > 0. We assume that the f;(z) satisfy a system
of equations

(6.1) fi(2) = Qi(z, fi(2),..., fu(2)), i=1,...,v,
where

Qi(z,y1,-,yn) = Z ain(2)y®, z€C,i=1,...,v,

In|<N

are polynomials of degree between 1 and N in the variables yi,...,y,. Here, y =
(y17"‘7yl/)7 n = (n17"‘7nl/) € NS, yn = y?l yg" and |Il| =N+ -+ Ny
We further assume that the coefficient functions a; n(z) are polynomials with non-
negative coefficients, and that at least one among the a; (z) is non-constant and
a; n(0) = 0 for all ¢, when |n| = 1.

The dependency di-graph D of our system of equations (6.1) has vertex set
{1,...,v}, and there is an oriented edge from i to j (notation i — j), if y; appears
in a non-zero term of Q;(z,y1,...,y,). The di-graph is called strongly connected if
for every pair of vertices there is an oriented path from one to the other.

We want to extract information about the singular expansion of the functions
fi(z) near v;. Recall that t; has to be a singularity of f;(z) by Pringsheim’s theorem.
From the structure of the system (6.1), it is clear that if ¢ — j, then v; <t;.

LEMMA 6.1. If D is strongly connected then all v; coincide, v; = t. If the
system (6.1) is linear (i.e., the polynomials Q; have degree 1 in the variables y;),
then f;(t) = +oo for all i. Otherwise, fi(t) < oo for alli.

For 0 < z < r, consider the Jacobian matrix of our system of equations:
~ 00Q;

3 = (5 A fule))
Yi

This is a non-negative matrix whose entries are increasing in z > 0. Our assumption
that f;(0) = 0 for all ¢ implies that J(0) is the zero matrix. Furthermore, for
0 < z < r, the (i, 7)-entry of J(z) is positive precisely when ¢ — j in D. We now
assume that D is strongly connected, and use the Perron-Frobenius theory of non-
negative matrices, see SENETA [55]: if 0 < z < r then J(2) has a positive eigenvalue
A(z), which has maximal absolute value among all eigenvalues of J(z), algebraic and
geometric multiplicity 1 and strictly positive left and right eigenvectors. We have
A(0) = 0. As all entries of J(z) increase with z, so does A\(z).

v

ij=1

PROPOSITION 6.2. If D is strongly connected then J(x) is finite and
t=min{z > 0: \(z) = 1}.

If (6.1) is linear then the solutions f;(z) are rational functions. We are interested
in the case when D is strongly connected and (6.1) is non-linear. It is a highly non-
trivial, but well known result of Algebraic Geometry that the solutions f;(z) must
be algebraic functions (solutions of single polynomial equations). See e.g. VAN DER
WAERDEN [62], §31, or - in a more specific random walk context - LALLEY [41],
[42]. Therefore each f;(z) has a Puiseur expansion near z = t (except for real
z > t) of the form

filz) = filt) = bi(t = 2)°D + hot.,
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where b; > 0 and h.o.t. stands for “higher order terms”, which are all of the form
(real coefficient x(r — z)P), where p > «(i) is rational; the occurring rational
exponents form a discrete sequence. See e.g. DiMcA [15], pp. 177-179.

The main tool is now the following.

THEOREM 6.3. If D is strongly connected and (6.1) is non-linear then a(i) =
1/2, i.e., near z = ¢ (except z > t real)

fi(z) = fi(x) = bi(x — 2)'* + h.oot.,

In particular, if v is the only singularity of fi(z) on the circle {|z| = t}, then the
power series coefficients of fi(z) satisfy

-n . —3/2

fin~cit "n as n — 0o.

The last conclusion is of course immediate from the singular expansion by
the method of Darboux (or Singularity Analysis, see §8 below). For proofs of
Lemma 6.1, Proposition 6.2 and Theorem 6.3, see LALLEY [41] (who developed
this method), WOESS [66] in a random walk context. In a related setting (groups
and languages), Lemma 6.1 and Proposition 6.2 are proved in a slightly more general
form by CECCHERINI-SILBERSTEIN AND WOESS [12]. (There, we use, but forget to
state the assumption a; »n(0) = 0 for |n| = 1.) Finally, see DRMOTA [19] for a more
general variant in the general context of Combinatorial Analysis and some further
references.

B. Finite range random walks on free groups. We now indicate how the
tool of the last sub-section can be applied to random walks on Fs; whose law p has
finite support.

We shall refer to distance, geodesics and balls in Fs; as those of its Cayley
graph Ts; with respect the the generating set S of the free generators and their
inverses. We write |z| = d(x,id). Let M be the smallest integer such that supp u is
contained in B = B(id, M), so that B(z, M) = zB for any = € F,;. The following
is an immediate consequence of the tree structure, in analogy with Lemma 4.1.

LEMMA 6.4. If w € Ty then the random walk starting at x has to pass through
wB in order to reach y.

For every y € Fas define the stopping time 7, = min{n > 0: Z,, € yB} and for
x # y the matrix H, ,(2) = (Hm’y(xa,yb|z))a pep With

o0
H, (za,yblz) = Z Pryory =n, Z, = yb] z".

n=0

This is a power series with n-th coefficient < p(™ (za,yd), so that it certainly
converges for |z| < v =1/p(P). If za = yb then H, ,(za,yb|z) =1, and if za # yb
then H, ,(za,yb|0) = 0. It may also happen that H, ,(za,yb|z) = 0, namely when
yb # xa € yB, or when za ¢ yB, but the first entrance in yB cannot occur at yb.

LEMMA 6.5. If z,y € Fs and Ty = [ = zo, 21, ...,z = y] then

k
(a) Hay(2) = HHIFLIJ‘ (2)
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dyp(za), if xa € yB,
(b) Hy y(wa,yblz) = Z w(a')z Hyqy(zaa',yblz), otherwise.
a'€B

Statement (a) follows from Lemma 6.4, and (b) is obtained by decomposing
with respect to the first step of the random walk.

Note that by group invariance H, y(za,yb|z) = H;q,-1,(a, 37 yb|z), so that
each of the terms H,,(zaa',yb|z) occurring in the right hand side of (b) is by
virtue of (a) a matrix element in a product of at most M + 1 matrices from the
set {H;aw(2) : v € S}. We eliminate the constant ones (with value 0 or 1) among
them, and write H;(z), ¢ = 1,...,v for the non-constant ones among the matrix
elements of all the H, ,(z), v € S.

The basic result for obtaining the asymptotics of transition probabilities on F;
is the following.

PROPOSITION 6.6. The functions H;(z), 1 = 1,...,v, satisfy a system of poly-
nomial equations of the form (6.1), with H;(z) in the place of f;(z).

The system is non-linear, and if p(z) > 0 for every x € Fy with |z| < 2 then
the dependency di-graph of the system is strongly connected, and the radius of con-

vergence of the H;(z) as well as that of all functions F(z,y|Z), z,y € By coincides
with v = 1/p(P).

The fact that the H;(z) do indeed satisfy a non-linear system of form (6.1) is
immediate from Lemma 6.5. The proof of strong connectivity of the dependency
di-graph requires a considerable combinatorial effort, see WOESS [66], Proposition
(19.12) (and comments on p. 218), and for this it suffices to have u(xz) > 0 for
every x € S. Finally, to show that the common radius of convergence of the H;(z)
is v when supp p contains all elements with |z| < 2 is not as hard, but uses in a
crucial way a theorem of GUIVARC’H [29] (see [66], §7.B for a proof) which says
that G(r) < oo on every non-recurrent group. (By VAROPOULOS [61], only those
among all finitely generated groups that contain Z or Z?2 as a subgroup with finite
index may carry a recurrent random walk, i.e, one with G(1) = o0o.)

The algebraic link between the Green function and the functions F(z,y|z) is
given in general by the Basic Equations 3.3. In the present specific case, the link
between the functions F(z,y|z) and H;(z) is provided by the following

LEMMA 6.7. For a € B\ {id},

F(a,id|z) = M(a,id|z) + Z M(a,blz) F(b,id|z), where

beB\{id}
M (a,blz) = u(a™'b)z + Z pwla™'z)z Hy o(2,b|2), a,b€ B.
z€aB\B
Thus, if p(xz) > 0 for every x € Fy; with || < 2 then Theorem 6.3 yields the
singular expansions
H;(z) = Hi(x) — bi(x — 2)'/? + hoot.,

and via Lemma 6.7, we obtain the same type of expansions for the functions
F(b,id|z), b € B\ {id}, and subsequently for G(z) = G(z,z|z) (which is the
same for all z by group invariance). By Lemma 3.2, z = v is the only singularity
of G(z) on the circle of convergence, and we can apply the method of Darboux
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to obtain the asymptotics. In general, if u is finitely supported and such that the
random walk is irreducible and aperiodic (hence strongly aperiodic, since we are on
a group), then there is an index ko, such that for all & > ko one has p¥) () > 0 for
all z € F, with |z| < 2. Here, u®) is the k-th convolution power of y, which is the
law of the random walk with transition matrix P¥. We can now apply the methods
explained above to the random walks with laws p(k) and p(ko+Y | and since the
two exponents are relatively prime, one can conclude as follows.

THEOREM 6.8. Let p be the law of a finite range, irreducible and aperiodic
random walk on Fy. Then as n — 0o

P (@, @) ~ C p(P)*n=?/2.

Indeed, a relatively simple final step is to carry this over to the asymptotics of
p™(z,y), as n — oo, with a leading constant C' = Cr,y > 0 that depends on 2z~ 'y.
This significant theorem is due to LALLEY [41].

We remark that the method outlined in Subsection A can also be used to derive
results of other types, such as the computation of the rate of escape, i.e., the almost
sure limit of d(Z,,,0)/n, and a central limit theorem for d(Z,,o0). For free groups,
see SAWYER AND STEGER [54] and LALLEY [41].

More generally, a class of graphs where the methods described here lead to very
satisfactory results (asymptotics of transition probabilities, rate of escape, central
limit theorem, etc.) are the trees with finitely many cone types. These trees do
in general not arise from groups, nor do they admit (quasi) transitive actions of
isometry groups. Instead, regularity of their structure is described in terms of
a finite state automaton, which is nothing but a labelled, finite di-graph. If the
latter satisfies a certain irreducibility (i.e., strong connectivity) condition, then the
same type of results as those described above for free groups can be obtained. See
NAGNIBEDA AND WOESS [44] for nearest neighbour walks on trees with finitely
many cone types, and LALLEY [42] for more general finite range random walks in
the basically equivalent setting of regular languages.

7. Uniform space-time estimates on trees

For aperiodic nearest neighbour random walks on some types of trees?, in par-
ticular homogeneous trees, one can use generating functions to obtain asymptotic
estimates of p(™ (z,0) that are uniform in space (z) and time (n), as n — co. In
this case, typically one can write

(7.1) G(z,0lz) = G(2)F(2)*, k=d(z,0),

where G(z) = G(0,0|z) and F(z) = F(z,z |z), with 2~ the predecessor of = on
the geodesic 0Z. In some examples, different functions F(z) will occur for different
starting points x. We start by outlining the general approach. A good reference
(concerning single contour integrals, and not uniform behaviour with respect to a
parameter k as here) is DE BRULIN [7].

3Here, we suppose that p(z,y) >0 < d(z,y) <1
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A. The saddle point method. We make the specific assumptions that F(z)
and G(z) have the same radius of convergence t, that this is their only singularity
on {|z| = ¢}, and that both functions extend analytically to a larger disk around the
origin with exception of the real half-line [t, +-00). Writing F'(z) = >, <, fn 2", we
assume that fy = 0, F(t) < oo and ged{n >1: f, > 0} = 1. The latter condition
amounts to aperiodicity of the random walk.

We write Cauchy’s integral formula as

z)F(z)* T
(7.2) p™(z,0) = 1 7€ G(Z)n#dz = %c ?exp(n(flogF(z) - logz)) dz,

27
where £ = k/n, k =d(z,o0).

For nearest neighbour random walks, we must have k& < n, that is, 0 < ¢ < 1.
We shall usually only consider the range 0 < ¢ < 1 — ¢, where ¢ > 0, since for &
close to n, the uniform estimates are usually less interesting, and there are simple
“ad hoc” methods to get good approximations of the asymptotics.

Now we proceed as follows: let

(7.3) e(€) =min{¥e(2) : 0 < z<t}, where U.(z)=~¢ElogF(z)—logz

The minimum is attained at a point z(£) with z(0) = v and 2(1) = 0; the function
& — z(&) is decreasing. We have for any z with |z| < ¢ that |F(z)| < F(|z]). If we
choose an angle v < 7/2 then

(7.4) sup{|F'(2)[/F(|z]) : z € (0, ¢], Jarg(2)] > 7} < 1.

In particular, on the circle {z : |z| = z(£)}, the function z — |F(2)¢/z] attains its
maximum at z(£), and because of the assumptions on F'(-), this is the only point
on that circle where the maximum is attained. Thus, for ¢ fixed , 2(&) is a saddle
point (minimum along the real axis, maximum along the circle).

We next write the lor expansion of z — W¢(z) at z(€). It is of the form

(7.5) Te(2) = (€) +b(€) (2 — 2(6)) " + O¢ (2 — 2(6))7) 5

the remainder term depends on £. We have b(€) € R and b(§) > 0. In typical cases,
b(&) > 0 strictly. We choose an integration contour C which crosses the positive
real axis at z(£) and such that the real part of ¥¢(z) decays as rapidly as possible
when we leave z(&) along C (steepest descent).

Case 1. When ¢ varies in a range [a, 1 — ¢|, where a > 0, then 2(£) € [a,t — ]
with a@,é > 0. Typically, the coefficient b(£) remains bounded and bounded away
from 0, and the O in the remainder term is uniform in £&. We assume that all this
holds. In that case, the most suitable integration contour C is the circle z(§,t) =
z(€)e', t € [-m, w]. The expansion (7.5) becomes

(7.6) Te(2(&,1) = (€) —b(€)* £ + R(E, 1),

where b(£)? = b(£)2(€)? and R(&,t)/t? — 0 uniformly for &€ € [a, 1 —¢], as t — 0.
In particular, we can find 0 < v < 7/2 such that

(7.7) |R(&, 1) < b(E)2/2 forallt € [—v, 7].
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We decompose the integral over C in (7.2) in the two parts where |t| < v and
v < |t| < w. Then the second part becomes

) né
iex n M e*int P eit
o exp go(f))/mlq( ) ) G(=(©)e") di

which by (7.4) is asymptotically negligible with respect to the first part, which we
write as

2= exp(ne(6)) [ exp(—nb(©P +nR(EN)G(O)") dr.

—y
We substitute § = t\/n b(£) to rewrite this as
G(2(£ _
Rb(E)y G(z(g) exp (i—=L )
—62 R(¢, -2 Vnb(§) 9
X/\/ﬁb(g)w exp( +nR(& ﬁb(g))) EG)

Due to our choice of 7, we can bound the integrand in absolute value by exp(—62/2).
Thus we can apply Lebesgue’s theorem (dominated convergence) to see that the
last integral tends to fR e~ df uniformly in £&. We have obtained

G(2(9)

(7.8) P (x,0) ~ Wexp(rﬂp(f))TfI/2

€la,1—¢.

uniformly for & = M
n

Case 2.If £ € [0, a] then z(§) is close to the singularity ¢, and it usually happens
that b(¢) and the O¢ in (7.5) are unbounded, so that the method of Case 1 fails.
One suitable method here is to choose a different contour C, which is a suitable
curve z(£,t) in the vicinity z(§), with z(£,0) = 2(£). We follow this curve beyond
the circle {|z| = t} (which is possible by our initial assumptions) until we reach the
circle {|z| =t + €0}, where g9 > 0 is suitably chosen, and then follow a long arc of
that circle, until we reach the curve z(&,t) on the other side. See Figure 4 for an
example.

The integration contours
in Cases 1 and 2
The dashed circle is |z| = t.

FIGURE 4

One then needs to verify that on {|z] =t +¢eo} \ {v + &0}, the functions |F(z)]
and |G(z)| are bounded by some C > 0 (being careful when G(tr) = oo). Then,
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using (7.2), one finds that the integral along the arc is bounded above by

exp(n¢(€)) CA™, where A:(F(C )>

t—¢C

T

t+eo
This determines the choice of the value a at which we subdivide into cases 1 and
2: we choose a small enough so that A < 1. Then the integral over the arc will
be asymptotically negligible as compared with the integral over the curve z(¢,t),
whose asymptotic evaluation will yield the behaviour of the transition probablities.

From this point onwards, the computations depend heavily on the individual
case, in particular, the types of singularities of G(z) and F(z) at . It may happen
that one has to subdivide further into two sub-cases £ € [n™%, a] and £ € [0, n™?],
with a suitable choice of a, and that the choice of the curve z(&,t) changes accord-
ingly. The crucial part is the control of the expansion (7.6) along our curve. The
latter determines the choice of ¢ above, which in turn determines the choice of a.

The use of the saddle point method in probability to obtain uniform estimates
(as in Case 1, with G(z) = 1) is old, see e.g. GooD [25]. In the context of combi-
natorial analysis, DRMOTA [18] gives a very precise uniform estimate for the case
G(z) =1 and F(z) having a simple branch point at z = t.

B. Aperiodic simple random walk on the homogenous tree. Since SRW
on T, has period two, we consider instead the random walk on Ty (s > 3) with
transition probabilities

p(z,z) =1/2 and p(z,y) =1/(2s) wheny~zx.

There are obvious modifications for simple random walk, taking into account the
parities of n and |z| = d(x, 0). With direct calculations, simpler than those of §4.A,
we get G(z,0|z) = G(z) F(2)!*!, where

F(2) = s (1= 32) = VT = 2/0)(1 - 2/5))  and
(7.9) G(z) = with
—1 —1
t:(%+ 871) and 5:(%— szl) .
We have p(P) = 1/v. We are in the situation described in Subsection A, and

Case 1 works precisely as described there. The function ¢(-) can be computed
explicitly, and its expansion at 0 (for £ > 0) is of the form

[y

@

gp(f):—lOgl‘_glOgvS_l_Cs€2+O(£3)v where Cs:%.

In Case 2, we choose the curve

2(6,8) = 2(§) + 17 + 2it/t — 2(§),,
which is part of a parabola, as shown in Figure 4. We omit the details of the com-
putations in Case 2: a subdivision into ¢ € [n~/*, a] and € € [0, n='/4] is fruitful.
The first sub-case is handled like Case 1, but the second is more delicate. The final
result is as follows, see WOESS [66], §19.A for the details of the computation.

THEOREM 7.1. As n — oo, we have uniformly for |x| < (1 — ¢)n with ¢ > 0

P (@,0) ~ B(jz|/n) (1 + 2%72(a| ) exp(n p(lal /n) ) n /2,
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where B(-) is a continuous, strictly positive function on [0, 1) which satisfies
lime_y1— B(€)v/1 =€ > 0. In particular

p™ (z,0) ~ B(0) (1 + %M) ﬁ eXp(—0s|$|2/n) p(P)" n=%/?

uniformly for |z|/\/n bounded.

This material of [66] was elaborated on the basis of LALLEY [40]. Lalley also
considers the more general case of arbitrary nearest neighbour random walks on T
of the same form as in §4.A above, with an additional “staying” probability p(z, z) =
po > 0 for all z in order to guarantee aperiodicity. In this more general case, one
has s different functions Fi(z), i = 1,...,s, and G(z,0lz) = F}, (2)--- F;, (»)G(2)
when = a;, ---a;, (reduced representation in I' = (ay,...,as | a? = id)). This
makes the method more involved; the result itself is qualitatively the same. The
computations in Case 1 of Subsection A above also extend to the still more general
situation of finite range random walk on free groups, as considered in §6.B; see [41].

C. Simple random walk on comb lattices. The d-dimensional comb lattice
C, is a natural spanning tree of Z<, neighbourhood of vertices is given by
(k}l,...,k}]’_l,k/‘]’,o,...,O) ~ (kla'-')kj—lakj + 1,0,...,0),
where j =1,...,dand k; € Z (1 <i < j).
Thus, C; = Z, and C, is obtained from the square grid Z?2 by deleting all
horizontal edges except those that lie on the z-axis; see Figure 5. The comb lattice
C, can be constructed by taking Z and attaching at each point of Z a copy of C4_1

by its origin. (That is, Z is a “spit” running through the centres of all the copies
of Cd,1 )

Y3

FIGURE 5

Let Fy(z) = F(1,0]|z) and G4(z) = G(0,0|z) for SRW on C,4. Using the Tree
Equation 4.1 and translation invariance of the SRW along the “spit” Z, on can
compute the following recurrence relation for G4(2).

(7.10) (%(z)f = <1 + Gi;ﬂlz)f -2%, Gi(z) = \/1%_22

Therefore G4(z) is algebraic, v = 1, and £1 are the only singularities on the circle
of convergence (since SRW is reversible). One has a Puiseux series expansion whose
initial term can be computed by comparing exponents in (7.10),

Gy(z) = d2*1+21_d(1 - z2)72_d + h.o.t.



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 25

The method of Darbouz implies the following, see GERL [22].

THEOREM 7.2. SRW on C, satisfies

271+21—d d
r2-4

In particular, consider the 2-dimensional comb Cs with G(z) = G2(0,0|z), and

write z and y for the points on the z- and y-axis, respectively (zg = yo = 0).
Using the methods explained in §4, we compute

Gye,0|z) = G(2) Fi(2)!* and  G(xx,0|2) = G(2) Fa(2)*!,  where
Fi(z) = 1(1—\/1—22),
(7.11) F2(z):;<1+\/1—z2—\/§\/1—z2+ 1—z2>, and

V2

\/ 1—224+/1-22

Therefore, the methods explained in Subsection A above can be used to compute
uniform space-time estimates along the two axes. Since SRW has period two, one
has to take into account the parities of n and k; it is best to substitute z in place
of 22, so that t = 1 becomes the only singularity on the circle of convergence.
Computations are more involved than on the homogeneous tree, in particular along
the z-axis, and have been carried out by BERTACCHT AND ZUCCA [6]. In particular,
in [6] the following is proved.

P> (0,0) ~ e

G(z) =

THEOREM 7.3. For SRW on C,, there are constants ci,ca > 0 and continuous,
strictly positive functions C1(t),C2(t) on [0, 1] such that for n — oo, when n — k
1S even,

p™ (2x,0) ~ Cy(k/n'/*) exp(—e1 k4/3/n1/3) n 3% uniformly for k < n/4, and
™ (yk,0) ~ Cs(k/n'/?) exp(—co k*/n) n /4 uniformly for k < n'/2.

Thus, SRW on C, is the simplest example where the “Einstein relation” (see
above in §2.E) does not hold.

8. Sierpinski graphs, and the use of Singularity Analysis

We start by describing the recursive construction of the d-dimensional Sierpiriski
graph S;. Let 0 = xg,21,...,24 be the vertices of a standard equilateral simplex

in the non-negative cone of R%. Its 1-skeleton S(© = S&O) is the complete graph
with vertices 0,z1,...,z4. Next, let
S+ = gD = Ldj z; + M)
j=
(where we take translates in R?), and let —S(*) be the reflection of S*) through the
origin. We obtain the increasing family of finite graphs S(*) = S((ik) =-Skyshk,

The Sierpiriski graphis  Sq = U, Sgk). It is regular, all vertex degrees being
= 2d. Figure 6 shows S», and the part with the bigger o’s is Sgl).
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FIGURE 6

In general, S*) is the ball with respect to the graph metric in S of radius 2*

centred at 0. With respect to the counting measure, the size of the r-ball is
log(d + 1
V(0,r) %  with & = M.
log 2

The following theorem is due to JONES [35] and shows that the “Einstein relation”
is satisfied for SRW on S». (Note that d(z,y) =~ |z —y| for the graph and Euclidean
distances.)

THEOREM 8.1. On S, with 05 = 2log3/log5 and é,, = log5/log2,

— gy|0w/(6w—1)
—0./2 . |z —y|
c1tn exp ( C2 nl/(dw—l)
)

< p™(w,y) <csn™%/? exp (‘“ 1/ Gu—1)

for all n > ng, x,y € Sa; in the lower bound on needs n > colz — y|.

For analogous results on other types of “fractal” graphs, see e.g. BARLOW AND
Bass [3] and HAMBLY AND KUMAGAT [32]. On the Sierpiriski graphs, GRABNER
AND WOESS [26] have obtained a more precise local result by use of generating
functions, adapting a method of ODLYZKO [46], and using the Singularity Analysis
of FLAJOLET AND ODLYZKO [20]. By “local”, we mean that the result is not
uniform in space and time as Theorem 8.1, but on the other hand it is more precise
in the sense that it regards asymptotic equivalence instead of asymptotic type, and
it exhibits an interesting phenomenon of periodic oscillations.

A. A Functional equation for the Green function. The “blown up” graph
2S, has its vertex set contained in S;. The latter subdivides its double in the sense
that neighbours in 2S; have distance 2 in Sy.

Consider SRW (Z,,) on Sy, suppose Zg = 2z € 2S; C S;. We factor the
random walk with respect to its successive visits in 2S4. That is, we consider the



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 27

stopping times
T0=0, 7Tj=min{n>7; 1:2,€28q, Zn#Zr;_,}.

The neighbourhood of any 2z in S; is always the same, see Figure 7.

2y

2z
FIGURE 7

Therefore one gets the following.

LEMMA 8.2. The increments 7; — Tj—1 are i.i.d. with probability generating
function

22

1+(z—1)((d—2)z—(2d—1)) '

$(2) = Epp (27) =
For y ~ x in Sy,
Bae (27 1y (Z)) = 30(2).
Furthermore,
d—(d-2)z

o0
¢(Z):2Pr2x[zn:2fﬂ,7'1 >7’L]Zn: d+2

n=1

¢(2) .

The lemma implies
PROPOSITION 8.3. For all z,y € Sy and |z| < 1,
G(22,29]2) = (1+9(2)) G(2,516(2)) .
In particular, setting G(z) = G(0,0|z),
(8.1) G(2) = (1+ () G(6(2))
The radius of convergence v = 1 is the only singularity on the circle of convergence.

This is known as the “Decimation procedure” in the Theoretical Physics liter-
ature, see e.g. RAMMAL [52].

B. Singular expansion of G(z) at z = 1. We start with a wrong heuristic
argument of Theoretical Physicists: “Near z = 1, there will be a decomposition
G(2) = (1 - 2)"H..(2)

with H,(z) analytic. Substitute this into functional equation (8.1) and compare
exponents. Thus find
_ log(d +1)
~ log(d +3)
Classical methods (Darboux, Tauber) yield p{™ (0,0) ~ C n~108(d+1)/log(d+3) »

This argument and the above asymptotic equivalence are wrong, because H, (z)
is mot analytic near 1. But this does yield the correct leading exponent 1. On just
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has to replace “H, (z) analytic” with “H, (z) bounded and non-zero near z = 1.4

The strategy is now the following: we “remove” the leading term (1 — z)7 by
considering Hy (z) = G(z)/(1 — z)". Substituting this in the functional equation
(8.1), we find a new equation for H*(z),

Hi(z) = (1+ f(2) Hi (4(2)),  where

liz))”,

8.2
®.2) 1-|-f(z):(1-|-1/1(z))< T

(Note f(0) =0.)

We then plan to replace H(z) with another function H(z) satisfying the nicer
functional equation H(z) = H(¢(z)), i.e., the leading factor (1 + f(z)) is absent.
It will then be rather clear how to obtain a singular expansion of H(z) near z = 1,
and then we have to trace the latter back to singular expansions of H*(z) and
G(z). We first need to study the dynamics of the rational function ¢.

LEMMA 8.4. ¢ (2) = 0 for all z € C except for 1/z in a Cantor subset J~*

of the interval [dQ—_d3 , 1] C R, whose endpoints belong to J .

Convergence is uniform for z in closed subsets of C\ J.

In particular, in C\ J the infinite product

o0

H(z) = [T (1+ (6™ (=)

n=0

obtained by iterating (8.2) converges to an analytic function.

J~1is the Julia set of 1/¢(1/2) = 1+ 2d(z — 1)(z — &2). For ¢, we have the
attractive fixed point z = 0 and the repulsive fixed point z = 1.

Since ¢'(1) = d + 3, there is neighbourhood i C C of z = 1 where the inverse
function ¢~ has z = 1 as its unique attractive fixed point. Therefore

H(z) = ﬁ (14 (6 2))

n=1

converges and is analytic in 4. On {, consider the “backward completion” of H, (z)

H(z) = H-() () = [ (1+7(6™())

n=-—oo

It is analytic in U \ J, and — as we wanted —

H(z) = H(¢o" V().
Now one can modify H(z) to obtain a periodic function: see BEARDON [4], Thm.
6.3.2. Namely, one can extract the linear part of the expansion of ¢(=") at z = 1,
by conjugating with a function g(z) that is analytic in 4, and real-valued if z € {
is real:

gV o¢Wogz)=1+5(2—1), and g(1)=g'(1)=1.

4A Theoretical Phycisist has expressed the interesting viewpoint that such arguments are
correct proofs until somebody proves a“better” version, and anyway, Mathematicians keep redoing
things that Phycisits had done 10 years earlier. I believe that at least in the development of
Random Walk theory, Mathematicians have their nose ahead.
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Then

is analytic in 8L\ J and

K(z)=K(1+ gz(z-1).
Thus, To(w) = K(1 — (d + 3)¥) is 1-periodic, analytic in the strip {|S(w)| <
7/ log(d + 3)} C C, and thus has a rapidly converging Fourier expansion

To(w) = Z ay, exp(2k Tiw) with

k=—o0
ap = O(exp(—(% — 5)|k|))
for all € > 0. Now we go back. We want to control the approximation error when
replacing H, (z) by H(z) and then by K(z).
LEMMA 8.5. Near z =1 and for |arg(z — 1)| > a,
Hy(2) = K(2)=04:(z = 1"%) asz—1.

THEOREM 8.6. Near z =1 and for |arg(z — 1)| > «,

log(1 — 2) -
= — n o\ <) _ e
G(z)=(1-2) (To(log(d+3))+o(|z 1/1°)
= Z ap (1 — 2)1H2kmi/ 108(d43) L (|5 — )mH1—=)
k=—o0
log(d+1)

foralla < 5 ande > 0, wheren = Tog(d+3) —1 and To(w) is a non-constant periodic
function with period 1 which is analytic in the strip {|S(w)| < m} cC.

REMARK 8.7. The same type of expansion holds for a larger class of “fractal
graphs”, see KRON AND TEUFL [39], who also show that non-constantness of Tj
follows from the fact that the Julia set of the respective function ¢ is a Cantor set.

C. Singularity analysis. Let Dy 5= {2 € C:|2| <1+94, |arg(z —1)| > a},
where 0 < a < § and ¢ > 0. See Figure 8.

|zl =1+0

FIGURE 8

Singularity Analysis is subsumed in the following theorem of FLAJOLET AND
ODLYZKO [20].
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THEOREM 8.8. Let F(z) = Y, fn2™ be a power series with real coefficients
and a singularity ot z = 1. Assume that it extends analytically to a suitable set
Das \ {1}. If

F(z)=C(1-2)°+0(1-2"
as z— 1 in Dy 5, where ( € C\ Ny and 8 € R, g > R((), then

fo= C(”_i_ 1) +Omn A,

We use the particular case C = 0. The series
oo
Glz) = Y ar (1= 2)7 s 1 o(|z — 17417
k=—o00

converges uniformly. Hence Singularity Analysis yields

- 00 n— 10g(d+(1)+2)k7ri (n+2e)
n — log(d+3 —(n+2—¢
P (0,0) k;wak< z >+O(n ).

Conclusion:
THEOREM 8.9. For SRW on S,

logn
(n) ~ " log(d+1)/log(d+3) -
p(0,0) ~n (log(d + 3)) ’

where T'(w) is a non-constant periodic C*° -function with period 1. Its Fourier series
8

o0
ag .
T(w) = Z ] gk exp(—2kmiw),
k=—o00 ( T 7 log(d+3) )

where the ay, are the Fourier coefficients of To(w).

The noteworthy fact here is the presence of the log-periodic oscillations in
the asymptotic behaviour of the n-step return probabilities. Again, this type of
result holds for a larger class of self-similar graphs, see KRON AND TEUFL [39].
Furthermore, a careful analysis of the general type of functional equations as the
one of (8.1) has been carried out by TEUFL [59].

9. Final remarks

Singularity Analysis versus the Method of Darboux. The latter is now
often said to be out of date in view of the first. In deriving Theorem 8.9, the use
of Singularity Analysis is crucial. If we look once more at Section 5.D, in order
to derive the asymptotics of SRW on Z? % Z given in Theorem 5.8, we might
have used Singularity Analysis instead of Darboux’ method. This would mean
to derive the singular expansion of Proposition 5.7 only up to the first singular
term. However, then we would need that singular expansion in a domain of the
form Dy s(t) = {z € C: |z|] < v+, |arg(z — )] > a}. This would require a
computational effort similar to the one needed for Proposition 5.7, see [66], pp.
193-195, where we did need to go beyond the first singular term sufficiently far to
allow use of the Riemann-Lebesgue lemma, but did not need to go beyond the disk
of convergence {|z| < t}. In this sense, there seems to be a balance between the
two methods in that case.
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Tauberian theorems. In these notes, we did not discuss another classical
method, namely, the use of Tauberian theorems. This method applies typically
in simpler circumstances than those where one uses the method of Darboux or
Singularity Analysis. For example, it may serve to deduce the asymptotics of
p™(x, ) from those of Pr,[t* = n] in favourable cases (Renewal Theory). For a
general outline in the context of Combinatorial Analysis, see ODLYZKO [47], §8.2.

Conclusion. The methods described here are quite specific and require ex-
plicit computability, or at least computability of functional equations or systems of
equations, for Green functions and related generating functions. When applicable,
the methods yield very sharp results. The classes of structures where these meth-
ods apply are of course more limited than those where asymptotic type has been
considered. Still, there are some larger classes of graphs/groups and random walks
where the methods yield very satisfactory results, most of which so far could not
be obtained by different methods:

e all finite range random walks on (virtually) free groups;

e random walks on free products that are adapted to the free product struc-
ture (“free sums” or “nearest neighbour” walks);

e random walks on trees with finitely many cone types, or equivalently,
regular languages.

All these results rely in some way on a “tree-likeness” of the graph, although
the general structure, in particular for free products, may be far more complicated
that that of a tree.

¢ Random walks on a reasonably large class of self-similar graphs.

Of the latter type, here we have only seen the Sierpiniski graphs. An interesting
phenomenon occurring there are the periodic oscillations. In many cases where one
only knows only asymptotic type, one does not know if oscillations are present.

Acknowledgement. The author is grateful to the organizers of the Heat Ker-
nel Trimester at Paris for the kind invitation, and acknowledges the warm hospital-
ity of Centre Emile Borel. He also acknowledges helpful comments on these notes
by M. Drmota and P. J. Grabner.

References

[1] C. A. Akemann and P. A. Ostrand, Computing norms in group C*-algebras, Amer. J. Math.
98, 1015-1047.

[2] G. Alexopoulos, A lower estimate for central probabilities on polycyclic groups, Canadian J.
Math. 44 (1992), 897-910.

[3] M. T. Barlow and R. F. Bass, Random walks on graphical Sierpinski carpets, Symposia Math.
39 (1999) 26-55.

[4] A. F. Beardon, Iteration of Rational Functions, Springer, Berlin, 1991.

[5] E. A. Bender, Asymptotic methods in enumeration, SIAM Review 16 (1974), 485-515.

[6] D. Bertacchi and F. Zucca, Uniform asymptotic estimates of transition probabilities on combs,
J. Austral. Math. Soc, in print.

[7] N. G. de Bruijn, Asymptotic Methods in Analysis, North-Holland, Amsterdam, 1958.

[8] D. I. Cartwright, Some examples of random walks on free products of discrete groups, Ann.
Mat. Pura Appl. 151 (1988), 1-15.

[9] D. L. Cartwright, On the asymptotic behaviour of convolution powers of probabilities on dis-
crete groups, Monatsh. Math. 107 (1989), 287-290.

[10] D. I. Cartwright, Singularities of the Green function of a random walk on a discrete group,
Monatsh. Math. 113 (1992), 183-188.



32 WOLFGANG WOESS

[11] D. I Cartwright and P. M. Soardi, Random walks on free products, quotients, and amalgams,
Nagoya Math. J. 102 (1986), 163-180.

[12] T. Ceccherini-Silberstein and W. Woess, Growth and ergodicity of context-free languages,
Trans. Amer. Math. Soc. 354 (2002), 4597-4625.

[13] T. Coulhon, and A. Grigor’yan, Random walks on graphs with regular volume growth, GAFA
8 (1998), 656-701.

[14] T. Delmotte, Parabolic Harnack inequality and estimates of Markov chains on graphs, Rev.
Mat. Iberoamericana 15 (1999), 181-132.

[15] A. Dimca, Topics on Real and Complex Singularities, Vieweg, Braunschweig, 1977.

[16] J. Dodziuk, Difference equations, isoperimetric inequality, and transience of certain random
walks, Trans. Amer. Math. Soc. 284 (1984), 787-794.

[17] J. Dodziuk and W. S. Kendall, Combinatorial Laplacians and isoperimetric inequality, in
From Local Times to Global Geometry, Control and Physics, (ed. K. D. Elworthy), Pitman
Res. Notes Math. Ser. 150, 1986, pp. 68-74.

(18] M. Drmota, A bivariate asymptotic expansion of coefficients of powers of generating func-
tions, European J. Combin. 15 (1994), 139-152.

[19] M. Drmota, Systems of functional equations, Random Struct. Alg. 10 (1997), 103-124.

[20] R. Flajolet and A. M. Odlyzko, Singularity analysis of generating functions, SIAM J. Discrete
Math. 3 (1990), 216-240.

[21] P. Gerl, Irrfahrten auf Fo, Monatsh. Math. 84 (1977), 29-35.

[22] P. Gerl, Natural spanning trees of Z% are recurrent, Discrete Math. 61 (1986), 333-336.

(23] P. Gerl, Random walks on graphs with a strong isoperimetric inequality, J. Theoret. Probab.
1 (1988), 171-187.

[24] P. Gerl and W. Woess, Local limits and harmonic functions for nonisotropic random walks
on free groups, Probab. Th. Rel. Fields 71 (1986), 341-355.

[25] 1. J. Good, Saddle-point methods for the multinomial distribution, Ann. Math. Stat. 28
(1957), 861-881.

[26] P. J. Grabner and W. Woess, Functional iterations and periodic oscillations for SRW on the
Sierpiniski graph, Stochastic Proc. Appl. 69 (1997), 127-138.

[27] A. Grigor’yan and A. Telcs, Sub-Gaussian estimates of heat kernels on infinite graphs Duke
Math. J. 109, (2001) 451-510.

(28] M. Gromov, Groups of polynomial growth and ezpanding maps, Publ. Math. I. H. E. S. 53
(1981), 53-73.

[29] Y. Guivarc’h, Sur la loi des grands nombres et le rayon spectral d’une marche aléatoire,
Astérisque 74 (1980), 47-98.

[30] Y. Guivarc’h, Application d’un théoréme limite local & la transience et a la récurrence de
marches de Markov, in Colloque de Théorie du Potentiel — Jacques Deny (Orsay 1983),
Lecture Notes in Math. 1096, Springer, Berlin, 1984, pp. 301-332.

[31] E. Gutkin, Green’s functions of free products of operators, with applications to graph spectra
and to random walks, Nagoya Math. J. 149 (1998), 93-116.

[32] B. M. Hambly and T. Kumagai, Heat kernel estimates for symmetric random walks on a class
of fractal graphs and stability under rough isometry, Proc. Symp. Pure Math., to appear.

[33] W. Hebisch and L. Saloff-Coste, Gaussian estimates for Markov chains and random walks
on groups, Ann. Probab. 21 (1993), 673-709.

[34] L. Hormander, The Analysis of Linear Partial Differential Operators. I (2nd edition),
Springer, Berlin, 1990.

[35] O.D. Jones, Transition probabilities for the simple random walk on the Sierpiriski graph,
Stochastic Processes Appl. 61 (1996), 45-69.

[36] H. Kesten, Full Banach mean values on countable groups, Math. Scand 7 (1959), 146-156.

[37] M. Kotani, T. Shirai and T. Sunada, (1998) Asymptotic behavior of the transition probability
of a random walk on an infinite graph, J. Funct. Anal. 159 (1998), 664-689.

[38] A. Kramli and D. Szdsz, Random walks with internal degrees of freedom, I. Local limit
theorems, Z. Wahrscheinlichkeitsth. verw. Geb. 63 (1983), 85-95.

[39] B. Kron and E. Teufl, Transition probabilities of simple random walk on self-similar graphs,
Trans. Amer. Math. Soc., in print.

[40] S. P. Lalley, Saddlepoint approzimations and space-time Martin boundary for nearest neigh-
bour random walk on a homogeneous tree, J. Theoret. Probab. 4 (1992), 701-723.



GENERATING FUNCTION TECHNIQUES FOR RANDOM WALKS ON GRAPHS 33

[41] S. P. Lalley, Finite range random walks on free groups and homogeneous trees, Ann. Probab.
21 (1993), 2087-2130.

[42] S. P. Lalley, Random walks on regular languages and algebraic systems of generating func-
tions, in Algebraic methods in statistics and probability (Notre Dame, IN, 2000), Contemp.
Math. 287, Amer. Math. Soc., Providence, RI, 2001, pp. 201-230.

[43] F. Lust-Piquard, Lower bounds on ||K"||1— 00 for some contractions K of L?(u), with ap-
plications to Markov operators, Math. Ann. 303 (1995), 699-712.

[44] T. Nagnibeda and W. Woess, Random walks on trees with finitely many cone types, J. The-
oret. Probab. 15 (2002), 399-438.

[45] P. Ney and F. Spitzer, The Martin boundary for random walk, Trans. Amer. Math. Soc. 121
(1966), 116-132.

[46] A. M. Odlyzko, Periodic oscillations of coefficients of power series that satisfy functional
equations, Adv. Math. 44 (1982), 180-205.

[47] A. M. Odlyzko, Asymptotic enumeration methods, in Handbook of Combinatorics, Chapter
22 (eds. R. L. Graham, M. Grotschel, L. Lovasz), North-Holland - Elsevier, Amsterdam, 1995,
pp. 1063-1229.

[48] F. W. J. Olver, Asymptotics and Special Functions, Academic Press, San Diego, 1974.

[49] C. Pittet and L. Saloff-Coste, Amenable groups, isoperimetric profiles and random walks, in
Geometric group theory down under (Canberra, 1996), de Gruyter, Berlin, 1999, pp. 293-316.

[50] C. Pittet and L. Saloff-Coste, On random walks on wreath products, Ann. Probab. 30 (2002),
948-977.

[51] G. Pdlya, Orthogonal Polynomials, American Math. Society, Providence, R. I., 1939.

[52] R. Rammal, Random walk statistics on fractal structures, J. Statist. Physics 36 (1984), 547—
560.

[53] S. Sawyer, Isotropic random walks in a tree, Z. Wahrscheinlichkeitsth. verw. Geb. 42 (1978),
279-292.

[54] S. Sawyer and T. Steger, The rate of escape for anisotropic random walks in a tree, Probab.
Th. Rel. Fields 76 (1987), 207-230.

[55] E. Seneta, Non-negative Matrices and Markov Chains, 2nd ed., Springer Series in Statistics,
New-York 1973.

[56] A. Telcs, Spectra of graphs and fractal dimensions. I, Probab. Th. Rel. Fields 85 (1990),
489-497.

[57] A. Telcs, Spectra of graphs and fractal dimensions. II, J. Theoret. Probab. 8 (1995), 77-96.

(58] A. Telcs, Local sub-Gaussian estimates on graphs: the strongly recurrent case, Electron. J.
Probab. 6 (2001).

[59] E. Teufl, Asymptotic Problems Related to Self-Similar Graphs and Fractals, Ph.D. Thesis,
TU Graz, 2002.

[60] N. Th. Varopoulos, Isoperimetric inequalities and Markov chains, J. Funct. Anal. 63 (1985),
215-239.

[61] N. Th. Varopoulos, Théorie du potentiel sur des groupes et des variétés, C. R. Acad. Sc.
Paris, Série I, 302 (1986), 203-205.

[62] B. L. van der Waerden Einfihrung in die algebraische Geometrie, Springer, Berlin, 1939.

[63] W. Woess, Puissances de convolution sur les groupes libres ayant un nombre quelconque de
générateurs, Tnst. Elie Cartan 7 (1983), 181-190.

[64] W. Woess, A short computation of the norms of free convolution operators, Proc. Amer.
Math. Soc. 96 (1986), 167-170.

[65] W. Woess, Nearest neighbour random walks on free products of discrete groups, Boll. Un.
Mat. Ital. 5-B (1986), 961-982.

[66] W. Woess, Random Walks on Infinite Graphs and Groups, Cambridge Tracts in Mathematics
138, Cambridge University Press, Cambridge, 2000.

INSTITUT FUR MATHEMATIK, TECHNISCHE UNIVERSITAT GRAZ,
STEYRERGASSE 30, A-8010 GRAZ, AUSTRIA
E-mail address: woess@TUGraz.at



