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Abstract Let d > 1 be an integer, and let X be a locally finite thick building
of type Ag. When d = 1, X is a tree, which we assume is homogeneous, and a
transition probability matrix p, or the corresponding random walk, on the vertex set
of X is called isotropic if for any vertices x, y, p(x, y) depends only on the graph
distance from x to y. In this paper we extend the definition of isotropic to general
d in a natural way, and study isotropic random walks (Z,,) on the vertex set of X.
In particular, we prove a rate of escape theorem d(Z,, 0)/n — y, with an explicit
formula for y, we prove a central limit theorem and a local limit theorem. These
generalize results of Sawyer [21] in the case d = 1. We do not need to assume that
X is obtained from a local field F by the standard construction, but in that case our
results may be translated into theorems about bi- K -invariant probability measures
on groups such as PGL(d + 1, F) and SL(d + 1, F) which act on X.

Mathematics Subject Classification (2000): 60J05, 60B15, 43A90

1 Introduction

In [21], Sawyer studied random walks (Z,,),en on the vertex set of a homogeneous
tree X which are isotropic, meaning that the transition probabilities p(x, y) =
P(Z,+1 = y | Z, = x) depend only on the graph distance dist(x, y) between x
and y. For k € N = {0, 1, ...}, write Sx(x) for the set of vertices at distance k
from x, and Nj for the common value of |Si(x)|. Then the transition probability
matrix P = (p(x, y)) of the random walk must have the form

P =Y aP, (1.1)
k

where P, = (pi(x, y)) for
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1/Ni ify € Si(x),

1.2
0 otherwise, (1.2

Pr(x,y) ={

and where a; > 0 for each k, and ), ax = 1.

Now let X be a locally finite thick building of type Ay, with vertex set X,
Here d > 1;if d = 1, then X is a tree, which we assume to be homogeneous. As
explained below, for each vertex x in X, %Y is in a natural way the disjoint union of
sets Sg(x), k € N Ifk = (ky, ..., kg) € N? and y € Sk(x), the graph-theoretic
distance between x and y is |k| = k1 + - - - + k4. The number | Sy (x)| depends only
on k, and we again denote it Ny.

We consider random walks (Z,),cn on X°. It is natural to define a transition
probability matrix P = (p(x, y)), yex0, or the corresponding random walk, to

be isotropic if P has the form (1.1), where now the index k runs over N¢. By the
second of the properties of the sets Sx(x) listed at the end of the introduction, iso-
tropic random walks need not be symmetric when d > 2. That is, p(x, y) need not
equal p(y, x). The simple nearest neighbour random walk on X? is isotropic. For
each vertex x has a type t(x) € {0, 1, ... ,d}, and if y is a neighbour of x, then
t(y)=1(x)+r (modd+ 1) forsomer € {1, ...,d}. If e, denotes as usual the
d-tuple having r-th coordinate 1 and all others 0, then it turns out that S, (x) is just
the set of neighbours y of x such that 7(y) = t(x) + r (mod d + 1). Hence the
transition matrix of the simple nearest neighbour random walk is

d d
P=() NePe)/(Q_Ne). (1.3)
r=1 r=1

This random walk has already been considered in [20].

In Section 2 we summarize the methods we need to prove our main results about
isotropic random walks (Z,,) on X°. To avoid trivialities, we always assume that
ay > 0 for at least one k # 0. In Section 3 we prove a rate of escape theorem, i.e.,
we prove (assuming that ), |k|ax < o0), that there is a number y > 0, so that if
o is any vertex, then with probability 1, dist(Z,, 0)/n — y asn — oo. We also
show that there are numbers y /) > 0 so that with probability 1, k;(Z,)/n — y/)
as n — oo. Here (k1(Z,), ... ,kq(Z,)) = k means that Z,, € Sx(0). We deduce
from this the almost sure convergence of (Z,) to a random point of the boundary
of X. In Section 4, we give an explicit formula for y, which shows in particular
that y > 0. Rate of escape theorems are routine applications of Kingman’s subad-
ditive ergodic theorem, at least in the context of random walks on groups (see [11],
for example), so the main interest here is that y can be calculated explicitly. In
Section 5 we prove a local limit theorem, describing the asymptotic behaviour as
n — oo of the n-step transition probabilities p (x, y). This involves the study of
“spherical functions” ¢, (see Section 2) in which the parameter z is a d + 1-tuple
of complex numbers of modulus 1. We also give necessary and sufficient condi-
tions in terms of the gy, for the irreducibility and aperiodicity of (Z,). In Section 6,
we give necessary and sufficient conditions on z for a spherical function ¢, to
be bounded. This is used in Section 7, where we prove a central limit theorem,
showing that (provided ), |k|>ax < 00) there is a positive definite matrix ¥ such
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that (k1(Z,) — y(])n, e ka(Zy) — y(d)n)/ﬁtends in distribution to the normal
distribution N (0, X). This generalizes the result for d = 2 in [15], where ¥ was
only shown to be positive semidefinite. Consequently, (dist(Z,,, 0) — ny)//n is
asymptotically normal with strictly positive variance.

Finally, in Section 8 we apply these results to studying convolution powers of
bi-K -invariant probability densities on G, where G is a group acting on X. More
precisely, let F be a (not necessarily commutative) local field. Then for each d > 1
there is a building X = X4 r of type Ad associated to F' (see [18, §9.2]). Indeed,
if d > 3, it is known that every X equals X4 r for some F [18, Theorem 10.22].
Our proofs are valid for all d > 1, with no assumption that X = X, r. Apply-
ing our results to the case X = X, r, we obtain theorems about random walks
associated with bi- K -invariant probability densities on certain groups G, including
SL(d+ 1, F)and PGL(d + 1, F), which act on X. Here K is a certain compact
open subgroup of G; for example, if G = PGL(d + 1, F) then K is the maximal
compact subgroup PGL(d + 1, O) of G corresponding to the matrices g such that
both g and g~! have entries in the valuation ring O of F.

In the context of semisimple Lie groups G, there is an extensive literature,
going back nearly 40 years, containing theorems on rate of escape and almost sure
convergence to a boundary point (e.g., [12], [13]), local limit theorems ([2], [3])
and central limit theorems (e.g., [24]). The rate of escape theorems are usually
proved by first showing almost sure convergence to a boundary point. By contrast,
in our context, we indicate how the latter follows from the former. While these
theorems are valid for very general probability measures on such G, the quantities
corresponding to our explicitly calculated limit y are shown to be positive, but
not calculated (see formula (7.9) in [12] for one case where one can be somewhat
more explicit). If K is a maximal compact subgroup of a semisimple Lie group G,
several of these results, such as the local limit theorem proved in [3] for probability
measures (£ on G, make no K -invariance assumptions on p. Our local limit theorem
for the case SL(d + 1, F) is a refinement of a theorem obtained by Tolli [23].

Our results in the case d = 1 were obtained by Sawyer [21], and most of our
results for d = 2 by Lindlbauer and Voit [15]. Our main goal was to extend the
results of those two papers (more in the spirit of [21]) by using the machinery of
spherical harmonic analysis, as worked out by Macdonald [16],[17], but developed
in a group-free context in [7], [8].

Let us now give some background facts about buildings of type A,. We adopt
the definition of building given in [4]. Thus a building X of type Ay is a certain
sort of simplicial complex. Each vertex x has a type (x) € {0, 1, ..., d} so that
each maximal simplex has exactly one vertex of each type. In X there is a family
of subcomplexes called apartments, each of which is isomorphic to the following
Ad Coxeter complex, X.

The vertex set of X is the additive group Zd“/Zl, forl=(1,1,...,1). Two
vertices A +Z1 and 1« +Z1 are called adjacent if for some representatives A = (X ;)
and p = () of these vertices we have A; < u; < A; + 1forall j. A simplex is
then a set of vertices, any two of which are adjacent; a chamber is a maximal sim-
plex. For A = () € 7441 let AX denote the d-tuple (A1 — X2, ... , Ag — Ag+1).
We often identify Z7*!/Z1 and Z¢ via the isomorphism A + Z1 — AX.
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Forr=1,...,d,letB, =(1,...,1,0,...,0) € Z¢*! in which there are r
1’s. Thus ApB, is the standard basis vector e,. The standard chamber Cy consists
of the vertices 0, ey, ... , eq, the images under A of 0, 81, ..., B4 € 74+,

Fori € {0,1,...,d}, and any vertex x = X + Z1, we write t(x) = i if
Z?le Aj =i (modd + 1), and call 7(x) the type of x.

Let E denote the vector space R‘“‘l/RI. Forl <i#j<d+1landm € Z, l~et
H; j m denote the affine hyperplane {A +R1 € E : A; — A; = m}. The group Wy
generated by the reflections in these hyperplanes, i.e., the underlying Coxeter group,

is the semidirect product of {1 € Z?*! : Z‘Jii} Aj = 0} and Sy41, the symmetric
groupon 1, ... ,d+1.Itactsin a type-preserving way on the simplicial complex X
via (A, w).(n +Z1) = w.pu + A + Z1, where w.pt = (Ly=1(1ys + -+ 5 Kyp=1(a41))-

It acts simply transitively on the set of chambers. The semidirect product W of
all of Z4*! and Sy also acts on ¥ via (A, w).(u + Z1) = w.;u + A + Z1, not
in a type-preserving way, but in a “type-rotating” way: t((A, w).x) = t(x) +r
(modd+1)forr = Z;’I{ Aj. Obviously, W acts transitively on the set of vertices
of X, unlike Wo, which only acts transitively on each set of vertices of X of the
same type. In fact, W is simply transitive on the set of pairs (C, x), where C is a
chamber and x is a vertex of C (see the proof of Lemma 5.1 below). We also have
the non-type-rotating automorphisms u + Z1 — —w.u + A + Z1 of X.

Given vertices x, y in our building X, there is an apartment A of X contain-
ing x and y, and there is a type-rotating isomorphism ¢ : A — X such that
e(x) = 0 and ¢(y) = (ki,...,ky) € N4, ie., @(y) is the image under A of
A= (ki +--+ka, ... kg, 0) € Z4 This k = (ki, ... , kg) does not depend
on the particular A nor the particular ¢ chosen (see [6, Lemma 2.3]). We write
y € Si(x). For example, if x # y € X0 are neighbouring vertices, then 7(y) =
7(x) +r (mod d + 1) forsomer € {1,...,d},and y € S, (x). For any k € N4,
if y € Sg(x) then t(y) = t(x) + ||k|| (mod d + 1), where |k| = Z?:l ik;
(=295 ajif = Gy + - +kao ... ka, 0).

Two chambers C and C’ in X, are called i-adjacent if they are equal or if they
have in common all vertices except those of type i . The hypotheses that X is thick
and locally finite imply, when d > 2, that there is an integer ¢ > 2 such that for
each chamber C and eachi € {0, 1, ... , d}, there are exactly ¢ chambers C' # C
which are i-adjacent to C (cf. [18, Proposition 3.3]). A thick locally finite building
of type A1 is just a tree in which each vertex has at least 3 neighbours, and so when
d = 1 below, we shall assume that this tree is homogeneous, with each vertex
having exactly ¢ 4 1 neighbours. For any d > 1, when X = X, r as above, g is
the order of the residual field of F.

As we saw in [6], for x, y € X% and k = (kq, ... , kg) € N?, (1) Ny = |Si(x)|
does not depend on x; (2) y € Si(x) if and only if x € Sgx(y), where k* =
(kgy ..., k1); (3) Nyx = Ng.

2 Techniques used

The methods we need to prove our results are “spherical harmonic analysis” tech-
niques, for which we refer the reader to [7]. The methods have two main ingredients:
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(a) the boundary €2 of the building and (b) the algebra A described below. These
objects may be defined for any Ay building, but in the case when X = X4 F, let
G = PGL(d+ 1,F),and let K = PGL(d + 1,9). Then  is isomorphic to
the homogeneous space G/ B, where B is the subgroup of G corresponding to the
upper-triangular matrices (see [22, p. 104]). Also, A is isomorphic to the convolu-
tion algebra C.(K\G/K) of bi-K -invariant compactly supported functions on G,
and (G, K) is a Gelfand pair (cf. [8, Proposition 2.4]).

Our use of €2 rather than G /B and of A rather than C.(K\G/K) gives a unified
approach to all A buildings when d > 2, as well as to homogeneous trees (which
are A 1 buildings, but not the only ones). In the case d = 2, there are “non-classical
buildings” not coming from a local field [19], and not associated with a Gelfand
pair. Even when d > 2, where a result of Tits shows that all fid buildings come
from a (possibly non-commutative) local field F (see [18, Theorem 10.22]), the
literature on G/B and C.(K\G/K) usually only deals with the case when F' is
commutative. Our approach covers all these problematic cases at the same time.

2.1 The boundary Q2 and the functions h;(x, y; ®)

The standard sector Sp in X is the subcomplex having {A +Z1 € ¥ : A > --- >
Aa+1) as its vertex set. It corresponds under A to N¢. A subcomplex S of X is called
a sector if there is an apartment A containing S and a type-rotating isomorphism
¢ : A — X suchthat(S) = Sp. The vertex of S mapped to 0 by ¢ is called the base
vertex of S.If S and S’ are sectors in X and if S’ C S, then we call S’ a subsector
of S. We call two sectors in X equivalent if they contain a common subsector. The
boundary 2 of X is the set of equivalence classes of sectors. It is the chamber set of
the “spherical building at infinity” associated with X [18, §9.3]. Given any x € X°
and any w € €2, there is a unique sector S* (w) in X in the equivalence class w and
having base vertex x [18, Lemma 9.7]. If A is any apartment containing S*(w),
there is a type- rotating isomorphism ¢ : A — X mapping x to 0 and S*(w) to Sp.
Ifk = (ki, ..., ks) € N¢, we define S’“ kg (w) to be the vertex of S*(w) mapped
by ¢ to (kl, ..., kg). This does not depend on the particular apartment A nor on
the particular 1somorphlsm ¢ : A — X chosen [6, §4].

Ifx,y € X% and w € , then $*(w) and S” (w) contain a common subsector,
and so there are integers h; = h;(x, y; w) fori =1, ... ,d, so that

y QX
Sjlw-wfd (@) = Sj1+h1’--»7jd+hd (@)

for all sufficiently large ji, ..., jg € N.Whend = 1, hi(x, y; w) is the familiar
horocycle index of a tree [25, p. 129]. It is clear that A; (x, y; w) = h;(x, z; w) +
hi(z, y; w) for any vertices x, y, z, and hence h;(x, x; ) = 0 and 4; (y, x; ) =
—hi(x, y; ®). In the next lemma, proved in [6], &, denotes the set of d + 1-tuples
€ = (€1,...,€q4+1) of 0’s and 1’s in which there are exactly » 1’s.

Lemma 2.1. Let x, y be neighbouring vertices, with t(y) = t(x) + r (mod d +
1), iie, y € S, (x). If we fix any w € , then there is an € € &, such that
hi(x,y;w) = € —€j41 fori = 1,...,d. Moreover, for fixed x, w and €, the
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number of y € S,, (x) for which hi(x, y; w) =€ —€jy1fori =1,...,d is gM©),
where
d+1
r(r+1) .
M(E):_T+ E i€;. 2.1

1

The first part of this lemma shows that |h; (x, y; )| < 1 for any neighbouring
vertices x, y, and so |h; (x, y; )| < dist(x, y) for any x, y.

Let ui(x,y;w) = hi(x,y; o) + --- + hg(x,y;w) fori = 1,...,d, and
let pat1(x,y; ) = 0. So pi(x, y; @) — pit1(x, y; 0) = hi(x,y; ) fori =
1,...,d. The first statement in Lemma 2.1 also shows that |u; (x, y; w)| < 1 for
any neighbouring vertices x, y, and so |u; (x, y; )| < dist(x, y) for any x, y.

Lemma 2.2. Fork = (ki, ... ,kg) € N% and y € S;(x),

d d
> ihi(x,yiw) = |lk| =) ik; (modd + 1) (2.2)
i=1 i=1

for any o € Q. In other notation, setting A = (k1 +--- + kg, ... ,kq,0) € 74+,

and |M| = Ay + -+ 4+ Ag41, and defining pi(x, y; w) as above,
u1(x, y; @) + -+ pa1(x, y; 0) = A =1(y) —t(x) (modd +1). (2.3)

Proof. If y € S, (x), Lemma 2.1 shows that u; (x, y; w) = €; — €441 foreach i, so
that the left hand side of (2.3) equals Z?:ll € —(d+ Dege1 =r — (d+ Deg+a,
and (2.3) holds. The proof that (2.3) holds for general k € N9 is a routine induction
on |k|. Forif k € N¢ and if k, > 0, let K’ = k — e,. There is a vertex z € Sy (x)
such that y € S, (z). This may be seen by taking an apartment containing x and y,
and identifying it with X, with x corresponding to 0 and y to A + Z1. Then let
7= @A— B+ Z1. |

Fix any vertex o. For any vertex v, let €2, (v) be the set of @ € € such that v lies
in the sector S°(w). There is a compact totally disconnected Hausdorff topology
on 2 having the sets €, (v), v € X°, as basis. This topology does not depend on the
choice of the vertex o. The functions w — h; (x, y; w) are locally constant on €2 for
this topology. There is a unique regular Borel probability measure v, on € which
assigns measure 1/Ny to each set Q,(v), v € Sk(0). If 0, x are vertices, then v,
and v, are mutually absolutely continuous, and the Radon—Nykodym derivative
dvy /dv, is given by

dvy

- () = qZ?:] i(d+1—i)h,'(0,x;w). (2.4)
o
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2.2 The algebra A and the algebra homomorphisms A — C

For complex-valued functions f on X°, > vexo Pk(x, ¥) f(y) (where pi(x, y) is
defined in (1.2)) is what we denoted by (Ag f )(x) in [7]. We shall write Py in place
of Ay here, and think of Py as either an operator or a transition matrix. The Pj’s
span a commutative algebra A (under composition) [6, Theorem 3.1]. For each
d + 1-tuple z = (z1, . .. , Z4+1) of complex numbers having product 1, there is an
algebra homomorphism 4, : A — C such that

g’ @+1-n/2
hy(Pe,) = or (215 -+ 5 Zd+1)
N,,
forr =1,...,d. Here o, is the r-th elementary symmetric polynomial. Any alge-

bra homomorphism A — C equals 4 for some such d + 1-tuple z, and h, = h
if and only if z is a permutation of z". If we fix a vertex o, the spherical function
@, associated to h; is defined to be the function which for each k € N takes the
constant value /,(Py) on the set Si(0). We have two formulas for the spherical
function ¢, (x) [7, Propositions 3.1 and 2.4]. The first, an analogue of Formula (34)
in [5], is

hi(o.x;0)++ha(0,x;0) _ha(o,x;0)++hq(0.x;0) ha(o,x;)

1 2 24
= d .
¢2(x) /Q q—% >4 i(d+1—i)h; (0.x:0) Vo(®)
(2.5)
The second, valid when zy, . .. , 7441 are distinct, essentially due to Macdonald (see

[16], [17] or [5, Thm 4.4]) states that if x € S;(0), where k = (ky, ... ,kq) € N4,
then

@;(x) = Cq~2 21 1@HI=Dk § 2oy Ty €@y -+ Zw@+n)s
WESd+1

(2.6)

where C = ¢9@+D/2 ]_[?:}((q — /(¢! — 1)), where A; = k; + --- 4 kg for
i=1,...,d, Aq+1 = 0, and where

U
cGroeevzar) =[] (M) @2.7)

l<i<j<d4l TR

Each P; can be regarded as a linear operator on the Hilbert space £2(X)
of square summable functions on %9, with the natural inner product (f, g) =
Zx f(x)m. As such, we have | Pi|| < 1 [7, Lemma 4.1]. We may regard the
algebra A as a sub-algebra of the algebra L2(X%) of bounded linear opera-
tors on £2(X%). This sub-algebra is self-adjoint, with P} = Py, where k* =
(ka, ... k1) ifk=(k1,... kg).

The algebra homomorphisms #,, where z = (zy, ... , Z4+1), Which are contin-
uous for the operator norm on A are precisely those for which |z ;| = 1 for each j
[7, §4]. Let T; denote the compact group of all d 4 1-tuples of complex numbers
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of modulus 1 having product 1. The algebra homomorphisms h;, t € Ty, being
continuous for the operator norm on A, extend uniquely to the closure A of A
in £(£2(%9)). We shall write A(?) in place of /;(A) for any A € A.

For example, if P is as in (1.1), then we can regard P as in A, and so ﬁ(t) is
defined, and

P =) aPi().

keNd

Because A is a sub-algebra of £(£2(%°)), the product P Q of two isotropic transi-
tion probability matrices P and Q on X is again an isotropic transition probability
matrix, and I/’b(z‘) = ﬁ(t)@(t). Thus the n-th power P* = (p™ (x, Y, yex0
of P may be written

Z a(n)

keNd

Moreover, p(”)(x, y) = a(")/Nk whenever y € Si(x), and P”(t) = (ﬁ(t))n for
allt € Ty.

Ift = (t1,...,t3+1) € Ty, note that 1/c(z) (with c(z) defined in (2.7)) makes
sense even when some of the #;’s are equal. Let 1 be the measure on 7, given
by du(t) = Cyyq |c(t)|_2dt, where dt is the normalized Haar measure on T,, and
where Cy,4 is C™!/(d + 1)!, with C as in (2.6). Then for any x, y € X%, k € N9,
and A € A, if y € Sg(x) then

(Ady)(x) = /T A0 P(t) dp(); (2.8)
d

see [7, Corollary 4.10]. This is called the Plancherel inversion formula.

3 The rate of escape theorem

Let P = (p(x, y))x,yex be a transition probability matrix for any set X. Let
X = ;s Xi be a partition of X. We call P factorizable (over I) if for each
i,j € I, the sum ZveXi p(x,y) has the same value for all x € X;. We then

write p(i, j) for this value, and form the matrix P = p(i, j))i,jer- The following
elementary lemma is well-known.

Lemma 3.1. Suppose that P is factorizable over I. Then P is a transition prob-
ability matrix. If P and Q are transition probability matrices, both factorizable
over I, then P Q is factorizable over I, and PQ = PQ.If P = Dm0 Py is a
finite or infinite convex combination of factorizable matrices Py, then P is factor-
izable, and P =Y, oty P If (Z4)eN is a Markov chain on X with factorizable
transition matrix P, then set Zy =i if Z, € X;. This defines a Markov chain on 1
with transition matrix P.
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Write h(x, y; w) for the d-tuple (h1(x, y; w), ..., hq(x, y; ®)) € 74, where
X,y € X9, @ € Q, and where the &; (x, y; w) were defined above. Fix o € %Y and
w € 2, and consider the partition of %9 into the sets %2 ={x e x0 . h(x,o; w) =
a},a € 7°.

Lemma 3.2. The matrices P.,, v = 1, ... ,d, are all factorizable, and I3€r does
not depend on o or w. Moreover, p,.(a,b) = p,.(0,b —a) foralla,b e 74,

Proof. Ifa,b € Z¢ and x € X0, then as h(y, 0; w) = h(y, x; ®) + h(x, 0; w) =
h(y, x; w) +a,

1
Z per(x’y)z Ner

{yeS.,x):h(y, o= b}‘

ye%?
1
= | e S, ho. v =b-a).
Ne,
Lemma 2.1 shows that this equals qM(E)/Ner ifb—a=(y—e€1,...,€441 —€q)
for some € € &,, and zero otherwise. m]

Proposition 3.3. Any isotropic Markov transition probability matrix P on X0 is fac-
torizable over the above partition of X°. Moreover, for any a, b € 72, p(a, b) =
p(0, b —a), and p(a, b) does not depend on o or w. If (Z,),eN is a Markov chain
in X0 with transition probability matrix P, then the corresponding Markov chain
in 2% is (Z,) = (h(Zn, 0; w)).

Proof. By Lemma 3.1, we may assume that P = Py for some k € N?. But Py
is a polynomial in P, ..., Pe, and the identity matrix, because A is generated
by Pe,, ..., Pe; [6, Theorem 3.1]. The coefficients in such a polynomial could be
negative, but we may write Py + o1 Q1 = o202, where Q1 and Q> are convex
combinations of products of P,;’s and a1, a2 > 0. So the factorizability of P fol-
lows from that of Q1 and Q», as do the other properties stated in the proposition.

O

Remark 3.4. Any isotropic Markov transition probability matrix P on X° is also
factorizable over the partition of X° into the sets Si(0), k € N?. For any prod-
uct Py Py can be written as a sum ZreNd ¢k o:r Pr, and it is easy to check that
> vesi(o) Pm(x,¥) = Nicme;j/N; for all x € S;(0). We shall not be making
explicit use of this factorizability below. Still, it may be useful to note that it implies
that our random walk induces a Markov chain on the hypergroup N¢ (see [15]).

Proposition 3.5. Consider the integral

/ hj(x, 0; @) dvy(®), 3.1
Q

(i) The integral 3.1 takes the same value for all x € Sy (0), call this value yk(d+1_j)

(this index-reversing makes the statements of the main theorems simpler). It
does not depend on o.
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(ii) If (Zp)nen is a Markov chain in X0 with transition probability matrix Py,
and such that Zy = o, then for any w € Q2 the expectation B(h;(Z1, 0; w))

of hj(Z1, 0; w) equals yk(dH_j).
o (dFl—j ‘
(iii) yk( - yk(f).

Proof. Note that |h(x, 0; w)| < dist(x, 0) = |k| for all @, and that the integrand
is locally constant. The integral therefore exists.
Notice that the integrand in (2.5) is

2 r(d1-r)2)r @%@
H(Zl e Zrq ) . (3.2)
r=1

Let alf = q_d/z‘“_1 fori = 1,...,d + 1. These numbers have product 1,

and @/ coealqg" @12 = 1 forr =1,...,d+ 1. Nowlet j € {I,...,d} and
9 € R. Set 7. = al/.e’e, Zii+1 = a&+le9, and z; = a; fori # j,d + 1. Fix
x € Sk(o), and consider the integral formula (2.5) for ¢,/ (x), which we denote
by F;(#). Since 2] - - ~z;q’(d+l_’)/2 equals 1 forr = 1,..., j—1,and equals e~
forr = j,...,d, using (3.2) we find that F;(0) equals

/efe(hj(o,x;w)+~~+hd(o,x;w)) dvy (o) :/ ee(hj(x,o;a))+~~+hd(x,a;w)) dvy(w).
Q Q

Hence
Fj(0) = f (hj(x. 0: @) + -+ ha(x, 0; @) dv(®).
Q

Thus the integral (3.1) equals F' j/ ) —-F ]’ 11 (0), which has the same value for any
x € Sk(o) because ¢,/(x) has this property. This proves the first part of (i). The
independence of yk(d+1 =7 on o follows from the fact that F 1 (0) equals h (Py) for
the above 7/, and this does not depend on o.

To prove (ii), notice that Z| € Si(0) with probability 1, because Zy = 0. So
Johj(Z1, 0; @) dvy(@) = 1T 77 with probability 1, by (i). If (A, P, P) is the
underlying probability space on which the Z,’s are defined, and if B is the Borel
o-algebra of €2, then the maps (A, w) > h;(Z,(A), 0; w) are P x B-measurable,
because for any m € Z,

(A, 0) e AXxQ: hj(Z,(A), 0; w) = m}
= U{keA:Z,,()»):x}x{weQ:hj(x,o;w)zm}

xeXx0

expresses the set on the left as a member of P x 5. Hence we can use Fubini’s
Theorem and take expectations under the integral sign:

J/k<d+17j):/QE(;ZJ»(Z],o; w)) dvy(w).
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By Proposition (3.3), the distribution of % ;(Z1, 0; w), and so E(h;(Z1, 0; w)), is
independent of w. Thus (ii) follows.

To prove (iii), we reverse the d + 1-tuple z’ used in proving (i). Let o; =
g2~ fori =1,...,d + 1, and set z; = ae?, Zd42—j = ad+2_je_9, and
i = fori # 1,d+2— j. Now zy ---z,¢"@H1=/2 equals ¢"@H+1=7e? for
r=1,...,d+1 —j,andequalsqr(d+1_’) forr =d+2—j,...,d.Using (3.2)
and ¢, (x) = ¢,(x), and using (2.4) to express the integral in terms of vy, we see
that F;(6) also equals

eI h1(0,x;0)++hay1-j(0,x;0))
| v, (@)
Q

g >4 i(d+1—-i)hi (0,x;0)

:/ P OX ot 050D g, (1)
Q

Hence, as well as equalling yk(l) 4+t yk(dH*j), FJ’. (0) equals

/Q(hl(o,x;w)+---+hd+1fj(0,x;w)) dvy (o).

Since 0 € Six(x), this equals y(f) 4+ -+ y,ff). This proves (iii). O
We next want to calculate the quantities yk(dH*JI ) using (2.6). We shall again

use the d + 1-tuple used in the above proof of Proposition 3.5(iii).

Lemma 3.6. Let o; = qd/z”'“fori =1,...,d+1,andletc(zy, ..., z4+1) and
C be as in (2.6) and (2.7). Then c(0y(1y, - - - » %w@+1)) = 0 for all w # id, and
Cc(ay, ... ,aq+1) = 1. The algebra homomorphism hy, satisfies hy (Py) = 1 for
all k e N4,

Proof. The first statement is an easy calculation. If w € Sgyj andr € {1, ... ,d},
letj = w='(r)andi = w=!(r+1).1fi < j,thenthereisa factor oy ) —au(j)/q =
arp1—0p /g = 0in o1y, - - - 5 Ow(d+1))- So unless w! r) < w! (r+1) forall
ref{l,...,d}, cloy, ... owa+1)) = 0. Butid is the only monotone permuta-
tion. The final statement is now easily seen from (2.6). For a proof that 4 (Py) = 1
based on (2.5), take & = 0 and j = 1, say, in F; (@) above. |
Proposition 3.7. Foreach j € {1, ... ,d}and k = (ky, ... , kq) € N¢,

v =kj+ o). (3.3)

Forall x € XY,

dist(x, 0) = / (h](x, o;w)+ -+ hg(x,0; a))) dv,(w) + O(1). (3.4
Q
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Proof. Letz) = a1e9,2d+2_j = ad+2_]~e’9 andz; = o fori #£1,d+2—j,asin
the proof of Proposition 3.5(iii). Assuming |#| < log g, the z;’s are distinct, and we
can use (2.6) to find ¢, (x). Let D, denote the derivative of Cc(zy (1), - - - » Zw(d+1))
with respect to 6, evaluated at & = 0. Note that the w-th summand in (2.6) equals

Ky
Cc@u(lys -+ » Zwd+1)) H(Zw(l) - ~Zw(r>q*’("“7”/2)
r=1
) Zw \ b
= Celuays - 2w [ (=22 ) (3.5)
r:l al e ar

The contribution from the term w = id in (2.6) to F;(0) = ¢,(x) is
ee(k]+.A.+kd+17j)CC((X1€9, a, ... ,otd+2_.,-e_9, e Ot 1),
and so by the first part of Lemma 3.6, the contribution to F ]/ O is
ki +---+kay1-j + Diqg. (3.6)

By (3.5) and the second part of Lemma 3.6, from any w # id we get the contribution

D, H(dw(l) aw(,)> 37)

(073

Since the «;’s are positive and decreasing, oy, (1) - - - 0ty () < a1 -, for all r.
Hence this contribution to F J/ (0) is bounded by |D,,|. Thus

1 d+1
D4y T = FLO) =+ kageg + M, (3.8)
where |M; ;| < ZwGS,H] | Dy |. Thus
d+1—
) — kg <2 > IDul.

WESg+1

This proves (3.3), and 3.4 follows from taking any x € Si(0) and summing (3.3)
over j, or from (3.8) with j = 1. O

Let yx denote the value of the integral on the right in (3.4) when x € S (0), i.e.,

1 d
o=y +-+ 7.

Let us fix a vertex o, and for x € X0, write kj(x), j=1,...,d, for the “coor-
dinates” of x with respect to o, i.e., if x € Si(0), where k = (ky, ... ,kg) € N4,
write k;(x) = k;. Here is our rate of escape theorem.
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Theorem 3.8. Let P be an isotropic transition probability matrix, as in (1.1). As-
sume that ) .na lklax < 0o. Let (Z,)neN be the corresponding Markov chain.
Then with probability 1,

1 .
-ki(Z,) — vy asn — oo, (3.9)
n

where yU) = Y keNd Ak yk(j). Hence, also with probability 1,
1
—dist(Z,,0) > y asn — o0 (3.10)
n

fory =yW ... 4y@ = D ok Ak Vi

Proof. We may assume that Zp = 0. By (3.3), we need only show that

/ hj(Zn,O; ) dvy () — )/(d+l_j).
Q n

As in the proof of Proposition 3.5, let (A, P, IP) be the underlying probability space
on which the Z,’s are defined. By Proposition (3.3), for each fixed w, h j (Z,, 0; w)
is a random variable on A, distributed like a sum of n independent real random
variables, each with the distribution of X; = h;(Z1, 0; w). Now X; has finite
expectation, because |h;(Z1, 0; w)| < dist(Z1, 0) and

E(dist(Z1,0)) = Y [kIP(Z1 € Si(0)) = Y |klax < oo. (3.11)
keNd keNd

Similarly, the expected value of X is y @17/, So by the classical law of large
numbers, for each fixed w € 2,

1 .
—hj(Zn (1), 0; @) — y =

for almost all A € A. Now |h;(Z,, 0; w)|/n < dist(Z,, 0)/n for each j, n and w.
The sequence (dist(Z, (1), 0)/n) isbounded foreach L inaset A; C A of probabil-
ity 1, by the second part of [25, Proposition 8.8(a)] (the uniform first moment con-
dition being satisfied because the oy (n) there is independent of x). So for A € Ay,
the Bounded Convergence Theorem shows that

hj(Zy,, 0; . hi(Z,,o0; .
fim [ @) ) = / lim En OO 4 ) = @I,
n Q n

n—oo Q n—oo

So (3.9) holds, and we get (3.10) simply by summing (3.9) over j. O

One can topologize X% U € in a natural way, so that the subspace topology on 2
is the compact topology mentioned in Section 2.1, the subspace topology on X is
discrete, and convergence of a sequence (x,) in X% to an € Q is defined as fol-
lows. Given w € Q andr € N, recall that S¢ (w) denotes the unique vertex in S, (0)
lying in the sector S’ (w) having base vertex o and representing w. Write x, —  if
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for each r € N9 there is a v, such that S?(w) is in the convex hull [0, x, ] if v > v,
(see before Lemma 2.4 in [6] for the definition of convex hull). This definition of
convergence to a boundary point does not depend on the choice of the base point o.
Note that X% U € is not compact if d > 2. For example, if x, = Sg,o,..i ,0(“’) for
each v, then (x,) has no convergent subsequence.

Proposition 3.9. Assume the notation and hypotheses of Theorem 3.8. Then with
probability 1, Z, — w for some random element w of 2.

Proof. We omit a detailed proof, because it follows from a general result [ 14] about
nonpositively curved manifolds such as our building ([1], [4, pp. 152—155]). More-
over, the finite first moment condition of Theorem 3.8 is not necessary in the case
d = 1[9], and might not be needed for general d. The main point of a proof using
our methods is that y /) > 0 for all j (see the remark after Proposition 4.6 below),
so that by (3.9) with probability 1 the j-th coordinate k;(Z,) of Z, is large when
n is large. This shows that Z, is not close to the wall of any w, and avoids the
difficulty arising from examples like the one mentioned in the sentence before this
proposition. O

4 Exact calculation of y;

We calculate y; by taking j = 1 in the proof of Proposition 3.7. So z; = ae?,
Zd+1 = Od+1 e %,z =« fori # 1,d + 1. We need to evaluate the derivatives D,
appearing in the contributions (3.6) and (3.7) to F|(0).

Lemma 4.1. Assuming that d > 2, the derivative D, is non-zero precisely when
w is one of the following 2d 4 1 permutations: 1. w = id, in which case, D, = I

for

—2q(q¢ -1
I — q(qd : ) . @
(g — D@ =1
2. w is one of the cyclic permutations w, = (1,2,...,v+ 1) or w, = (d +
1.d,....d—=v+1),vell,...,d}, inwhich case Dy, = Dy, = D, for
(g — Dgq"”
. 4 42)

T @ -DE@T -
When d = 1, D;g = I is valid, but D, = 2D for w = (1, 2).

Proof. Ifr € {2, ... ,d—1}andi = w=(r + 1) is less than j = w~!(r), then (for
any 0) ¢(Zw(1), - - - » Zw(d+1)) contains the factor zy, ) — Zw(j)/q = Ary1 —ar/q =
0, and so D,, = 0.

Ifi = w'(2)isless than j = w™ (1) and i’ = w~'(d + 1) is less than
j' = w™l(d), then c(Zw(1)s - - - » Zw(d+1)) contains the factor zy;) — zw(j)/q =
72 —21/q9 = ar(l — e?), and also the factor Zw(i’) — Zw(H/q9 = Zd+1 — 2d/q =
ad_H(e_e — 1), and so is 0(6%) as & — 0. Hence D, # 0 only if wl(r)
w'(r+ 1) forallr € {2,...,d — 1} and at most one of r = 1 and r = d.

A
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Case I: w™'(r) <w='(r+ 1) forall r € {1,...,d}. Then w = id, and routine
calculations show that (4.1) holds.

Case 2: w'(r) < w™'(r+ 1D forallr € {2,...,d}, but w=(1) > w™l(2).
Write w™!(1) = v + 1. Thenv € {1, ... ,d}, and it is easy to see that

_ 12+« v v+1lv4+2---dd+1 _
Y=\23.ccv41 1 v42.idd+1) ="

Routine calculations verify that D, = D,,.

Case 3: w'(r) <w™'r+Dforallr € {1,...,d —1},butw'd+1) <

w(d). Writew™ ' (d+1)=d —v+1.Thenv € {1, ... ,d}, and it is easy
to see that

(1-~-d—vd—v+1d—v+2-~-d+1> ,

w = w

l--vd—v d+1 d—v+1--- d )= "V
Similar calculations verify that D,, = D,,.

If d > 2, then Cases 2 and 3 are disjoint, and so D,, # 0 for exactly 2d + 1
permutations. If d = 1, then Cases 2 and 3 coincide, and showing D,, = 2D for
w = (1, 2) is a simple exercise. |

Proposition 4.2. Foranyd > 1 and k € N9, we have

d
1 1
ve=kit-tkatlat Z D”<qk1+2k2+--~+vku + g kd—v 1+ 2ka 1+ )

v=1

4.3)

Proof. If w = w,, it is easy to see that the expression in (3.7) is D,, times

(/@) (a3 /) - (@it o) = g 72
Similarly, if w = w),, then the expression in (3.7) is Dy, times
(ad+1 )kd (ad+1 )kd—l o ( od+1 )kd—v+1 — ke ami vk
oy aqd—1 Ad—v+1
So the result follows from the proof of Proposition 3.7. O

Example 4.3. If d = 1, then writing k| =k,

2D, 2 1
)%=k+ly+7ﬁ—=k—q2_10—~7>

This calculation was done in [21].

Example 4.4. 1If d = 2, then writing k; = k and kp = ¢,

1 1 1 1
Vi€ =k+K+Iz+D1(—+—> +D2(—+_),
gk q¢ gkt2t T g2kt
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Example 4.5. Let us now calculate y, when k = e, In this case,

0 ifl<v<r-—1,

ki+---+ vk, =
: "Tr ifr<v<ad
Hence
d 1 r—1 1 & d 14
> Do = 2 Dvt 2 De =2 D= (1= ) YD,
v=1 4 v=1 q v=r v=1 4q v=r
Note that
d
1 1 1 1 1
D, = ( - ): - — L.
VZ‘I v VX_; P TS D R S T L
Similarly,
d | d—r 1 d
Z quukd,v+1+~~+kd = Z D, + gd—r+1 Z Dy
v=1 v=1 v=d—r+1
1
- ZDV - (1 - qd—r+1) Z Dy
v=1 v=d—r+1
Hence by (4.3),
1\ < 1 -
Ve, =1— (1 - ?)ZDV (1 B qd—r+1> Z Dy
v=r v=d—r+1
Evaluating the sums and rearranging, we get
1 qd+l 1 1
Ve, = gt —1 + g+l — 1( - ? o qd—r+1)' “4.4)

For example, if d = 2 and r = 1, we get y10 = (q> = 1)/(g* + q + 1). By
Proposition 3.5(iii), 0.1 = (¢ — 1)/(g*> + ¢ + 1) too. So for the simple nearest
neighbour random walk we have

Cyiot+va . gt —1
2 g>+q+1

Ford=1,y =y, = (@ —1)/(q@+1).

Proposition 4.6. For any nonzero k € N¢, y; is strictly positive, and so the y of
Theorem 3.8 is strictly positive if ax > 0 for some k # 0.
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Proof. The only negative term in the formula (4.3) is I, and

Ll = — 2 2 ) itg=3
= — < 1 .

Since the term k1 + - - - 4+ k4 in (4.3) is at least 1 if £ # 0, the proof is complete for
g #2.1f g =2, then |I;] =2 —2/%F! — 1) < 2, and so y; is again positive if
ki 4+ -+ kg > 2. Finally if ¢ = 2 and k = ¢, then yx > 0 by (4.4). O

Remark 4.7. The last result follows from Theorem 8.14 of [25] when (Z,,) is irre-
ducible (see Theorem 5.12 below). One can also show that the numbers y /), and
therefore y, are all strictly positive using Proposition 3.7 and using Theorem 5.12
below. For the m-th power P™ of P has the form Za,ﬁm)Pk. Take ¢ € N with
each component a large multiple of D1, and let x € S¢(0). By Theorem 5.12 we
can choose a large m so that p(’")(o, x) > 0, and therefore aém) > 0. The y(-/ ) for

P, say y U™, satisties y U > a"™ ye(j), which by Proposition 3.7 is strictly

positive. But y U™ = my () by Theorem 3.8, for example, so that y /) > 0 too.

Remark 4.8. We haven’t an explicit formula for yk(j ) in general, but for d = 2 the
methods of Lemma 4.1 show that

1 2 1
(1)—)/(2)—Z—Q(CI+ ) q ( )

kit —7k C]3—1 6]2—1 qli qk

n q> ( 2 1 )
(q2_ 1)(q2+q+1) q2k+€ qk+2£ :

5 The local limit theorem

In this section, P = ), .\« ax Py is an isotropic transition probability matrix
on XY, also denoted (p(x, ¥))x,yex0, With n-th power P* = (p™ (x, Y)x,yexo-As
remarked above, P" is also isotropic, and i’\”(t) = (ﬁ (t))n for all t € T,. Hence
for any y € Si(x), (2.8) applied to A = P" shows that

P x,y) = fT (P())" Pe(1) dps(r). (5.1)
d

In this section we use this to describe the asymptotic behaviour of p™ (x, y).

Lemma 5.1. Ler k € NY, k # 0, and let x € Sk(0). If d > 2, there is a vertex
y € Sk(o) such thaty € S10,.. 01x);ifd = 1, thereis a 'y € Sx(o) such that
y € S2(x).

Proof. The case d = 1 is clear, so assume that d > 2 below. First observe that if C
and D are distinct i -adjacent chambers in X, having in common all except their type i
vertices a and b, respectively, then b € Sj ... 0,1(a). For let A be an apartment
of X containing C and D, which we identify with X. Using the simple transitivity
property of Wy mentioned in the introduction, we may assume that C is the standard
chamber Cy. Using the element (A1, ... , Ag41) +Z1 = (Agy1+1, A2, ... , Xg)+
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71 of W which maps Cy to Cy and cyclically permutes its vertices, we may also
assume that a = 0. Then b must be (1,0, ...,0,1) = A(2,1,...,1,0)).

Recall that a gallery Cy, ..., C, in a building is a finite sequence of cham-
bers such that for each j < n, C; is i-adjacent to C; for some i. Choose an
apartment A containing o and x, and then choose a gallery Co, ... , C, in A with
o € Cp, x € C, and n minimal. Let C = C,. This gallery is a minimal gallery
from Cy to C. So by [18, Proposition 2.7], if H is the wall in A determined by
the panel # = C \ {x}, and if U, U’ the two half-spaces in A determined by H,
thenx € U, x ¢ U’ and 0o € U’ (0 could also be in U). Let C’ # C be the other
chamber in A containing 7 (C’ = C,—; if n > 1). Thus C’ C U’. Since X is thick,
there is a chamber D # C, C’ containing 7. Let y be the vertex of D not in 7.
Then y € S1,0.....,0.1(x) by the first paragraph above. The diagram illustrates the
cased = 2.

Now y € Si(0). For there is an apartment B containing U’ and D ([4, p. 169,
Exercise 3], [18, p. 35, Exercise 3]). The retraction p4 ¢ ([4, p. 86], [18, p. 32]),
restricted to B, is an isomorphism B — A fixing U’, and in particular o, and as it
preserves distances from C’, it must map D to C and so y to x. O

Lemma 5.2. Suppose that x, y € X° lie in a common apartment of X, which we
identify with X, with x = 0 and y = (y;) + Z1. For each w € Syy1, let @, be
the equivalence class of the sector Sy, = (A + Z1 : A1y = -+ = Ay(a+1)}. Then
hi(x, y; ©w) = Yuw() — Yw(i+1) for eachi.

Proof. We refer to the definition of S (w) given in Section 2.1. Since A + Z1
w1 4 Z1 is an isomorphism mapping 0 to 0 and S, = S%(w,) to Sp, we see
that S)(wy) = w.u+Z1ifk = Ap € N9 Also, $¥ (wy) = {y +A+Z1 : Ayq1) >

- > Aw@+1)}, sothat A + Z1 — w~'.(A — y) 4+ Z1 is an isomorphism mapping
yto0and §¥ (w,) to So, and S} (wy) = w.u+y+Z1ifk = A € N¢. The result

follows. o
Let us write 1 for the d + 1-tuple (1, 1,... ,1) € T,.

Lemma53. Let t = (11, ... ,1g41) € Ty Then |P(t)] < Pr(1), and if equality

holds in this inequality for some k # 0, then ty = --- = tg41 € {1,¢,...,¢%

where { = ¢¥7/d+]),
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Proof. Let o, x be any vertices such that x € Si(0). We can write (2.5) in the more
symmetric form

r@xiw) o) i1 (0,X;0)
D 1 2 d+1
P.(t) = dv,(w), 5.2
k(0 /Q q—%z‘{i(d+1—i)h,»(o,x;w) o(®) (5-2)

where (i (0, x; w)) is any d + 1-tuple such that u; (o, x; ®) — pit1(0, x; ®) =
hi(o, x; w) for each i. The inequality |f’7{(t)| < f’;{(l) is clear from (5.2). Suppose
that equality holds in this inequality. Denote the integrand in (5.2) by f(w) for
a moment. Then f is a continuous (indeed, locally constant) function on €2, and
f(w) # 0 for all w. Hence |Py(1)| = Pr(1) implies that f(w)/| f(w)]| is constant.
Thus #}' oxie) tﬁ{l(o’x;w) is constant with respect to w, the constant value
being f’;(t)/f’;(l). But the integral (5.2) is independent of x € Si(0), and so if
x,y € Sk(0), we have

wm1(0,x;w) Hd+1(0,x;0) _ p1(0,y;) Ha+1(0,y;@)
1 ol =1 ol (5.3)

for all w € Q. By Lemma 5.1, there exist x, y € Sg(o) with y € S10,....0,1(x).
We now use h; (o0, y; w) = h;i(o, x; w) + h; (x, y; w). Take any apartment A con-
taining x and y. We may identify A with ¥ and x with 0 and y with (y;) + Z1 =
(2,1,...,1,0) + Z1. Taking @ = w,, as in Lemma 5.2, we have 4; (x, y; @) =
Yw(i) — Yw(i+1), and so (5.3) implies that

Yw()  Yw(2) Yw(d+1) __
1" T =1
for any permutation (yy(;) of (y;) = (2,1,...,1,0). Clearly this implies that
t] = --- = t4+1, and since their product is 1, their common value must be a power
of ¢. O
Lemma 5.4. Let 01, ..., 0441 € R satisfy Y921 0; = 0 and |0;| < 7 for each j.
Lett = (€91, ..., el%+1) € Ty. Then for each nonzero k € N¢,
d+1
Pi(t) = Pe(1) = Y bbby + Ri(O1. ... . 0as1), (5.4)
r,s=1
where Zfi':ll bk rs0r0s > O unless 01 = --- = 0441 = 0, and where
1 d+1 3
RO, OasD)| = 2@+ D2 (Y 67) 2 (5.5)

Jj=1

Proof. 1t is elementary that for 6 € R we can write el =14i0 — %92 + E0),

where |[E(0)| < |6]3/6. We apply this to 6 = Z;’Z% Ojmjo, x; ), where x €
Sk(0), w € Q, nj(o,x;0) = hj(o,x;w) +---+hglo,x;w)forj =1,....,d
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and pg41(0, x; w) = 0. As remarked after Lemma 2.1, we have |u; (0, x; w)| <
dist(o, x) = |k| for each j. Hence the numerator of the integrand in (5.2) equals

d+1 1 d+1
1406500, x; w)——(Ze,u,(o @)+ E@r. b0,
j=1
where

d—H 1 d+1 3/2
Ec@r, ... 0] < - \Zeju,(oxw)\ c@+DRP(Y07)
j=I

Next observe that for each j,

/ wj (0, %; @) dvy(w) = 0. (5.6)
Q

q_% >4 i(d+1—i)h; (0,x;0)

To see this, let0y, ... ,0; € R,and 6341 = — (01 + - - - +64). Write F(0y, ..., 0)
for h; (Py) = f’\k(t), where t; = ¢'% for each Jj. By (5.2), with wg+1 (0, x; ®) taken
to be 0, it follows that for each j € {1, ..., d}, %F, evaluated at (61, ... ,60y) =
O, ...,0),equals

) wjo, x; w)
d . 5.7
l/gzqéz7i(d+]i)hi(o,x;w) Vo (@) 37

But ht(Pk) = hy(Py) if ¢’ is any permutation of 7. Interchanging tj and 1541, we
see that 55~ F evaluated at (61, ...,64) = (0, ... ,0), also equals minus 1 times
the right hand side of (5.7). Thus (5.6) holds. It is now clear that we have a for-
mula (5.4), and that (5.5) holds. It is also clear that Zm bk r,s0r0s > 0. If equality
holds, then Y451 614 (0. x: ) = 0 for all . But then Py (1) = Pi(1) by (5.2),
and so by Lemma 5.3 there is a v € {0, ..., d} such that ¢!/ = ¢V for each j.
Hence for each j we can write 6; = 2w v/(d + 1) + 27 n; for some integer n ;. The
condition |6;| < 7 now implies that the n;’s are all 0 or all —1, and the condition

Z‘Hl 0; = 0 then implies that v = 0, and that 6; = O for all ;. O

Lemma 5.5. There is a polynomial Q(ky, ... ,kq) of degree at most d(d + 1)/2
such that

=~ Q(klﬂ9kd)
Pk(l) = 1 d . .
q? > G Jd+1=))k;
forallk = (ky, ..., kqs) € N Hence there is a number M, depending only on d
and g, such that
R Mk 1 d(d+1)/2
By < L ED (58)

g3 T i@ r1=pk;
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Proof. (cf[16, §4.6]) Assume that z1, ... , z44+1 € C are distinct, not necessarily
with product 1. The sum on the right in (2.6) can be written

A Ad+1 -1
ZweSd_H e(w)zwl(l) e Zw(ZH) H15i<jsd+1(zw(i) —q" Zu()))

n15i<jsd+1(zi —2zj)

) (5.9)

where A; = k; + - - - + k4 for each i, as usual, and where € (w) is the sign of the
permutation w. We know that this sum is a polynomial in zy, ... , Z4+1, and so the
limit exists as the z;’s tend to 1. To find the limit, we use L’Hopital’s rule repeat-
edly. First we fix z4+1 = 1, and let z4 tend to 1. Because of the factor z; — z441 in
the denominator, we must differentiate the numerator and the denominator of (5.9)
just once with respect to z4, and evaluate the ratio of these derivatives at z; = 1.
The denominator now has a factor (zg—; — 1)2, and we must next differentiate the
new numerator and denominator exactly twice with respect to z4_1, and evaluate
the ratio of these derivatives at z;—1 = 1. Continuing in this way, we successively

eliminate zg4, z4—1, . .. , 21, differentiating the numerator and denominator each a

totalof 1 +2 +---+d = d(d + 1)/2 times. Since the exponents of the z,,(;)’s in

the numerator of (5.9) are linear in &y, . .. , kg, the final numerator is a polynomial

of degree at most d(d + 1)/2 in the k;’s. |

Corollary 5.6. Let0. ... . 0441 € Rsatisfy Y91 0; = 0and |0;| < 7 for each j.

Lett = (em’, ..., %1y e Ty Assume that ag > 0 for at least one k #£ 0. Then
d+1

POy =PM(1= Y bbby + ROL .. . 0a11)),

r,s=1

where ijzll by s6,0s > O unless 61 = --- = 0441 = 0, and where
d+1 "
Y2 2
IR@.... .6+ < KP(D)T' (D 67) (5.10)
j=1

for some K > 0 depending only on d and q.

Proof. Setting bo,.s = 0 and Ro(61. ... . 0as1) = 0, brs = P()™1 Y abyrs

and R(01, ... ,0441) = P! > wakRk(61, ..., 6441). Then(5.10) follows from
d . .

(5.5) and (5.7). We simply use Y, |k|3+d(d+1)/2q7% Lj=1J@HI=Dkj _ o and the

fact that a; < 1. O

Lemma 5.7. Let 0 < u € R and let v € C, with |u — v| < u/2. Then forn > u,

2

‘(l - B)" —e ' < 67”/4(;—71 + |u— v|).

n

Proof. Fora,b e C,da" —b" = f% nz""! dz, and so la™ — b"| < nla — b| 1
where ¢ = max{|(1 — )b+ ta| : 0 <t < 1}. We apply thisto b = e /" and
a =1—v/n. Notice that l[a| = |l —u/n+ u —v)/n| <1 —u/n+u/2n =
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1—u/2n < e U2 andsoc < e /2" Thus ¢! < e #(=D/2n < o—u/4 g the
result follows from the estimate

2
la —b| = 1—E—e_“/” < ‘1_E_e—'4/ﬂ +u§”_2 u
n n n 2n n
[m}
Lemma 5.8. Let t; = e, where 01,...,04+1 € Rand Z‘jl:} 0; =0, and write
t=(t,...,t34+1) € Ty. Then for some constant M > 0,
1 6) — 6)*
—_— = - (1+E;«), (5.11)
2 1_[ _ 2( J’k>
coP ~ Ll =)

where |Ej | < M(0; — Bk)zfor each j, k.
Proof. 1t is elementary that there is an M > 0 so that for x € R,

e — 1|2 2(1 — cos x) 2

X
leir —1/q12 (1 —1/¢)*+ (2/q)(1 —cosx) (1 —1/q)?

(1+Ew),

where |E(x)| < Mx?. Applying this to x = 0; — 0y for each j < k, we get (5.11).
O

Recall that for x € X0, 7(x) is the type of x, and that 7(x) € {0, 1,...,d},
which we shall think of here as the additive group Z/(d + 1)Z. Recall also that for
k= (ki,... ka) € N? weset|k| =0, ik;.

Lemma 5.9. The sequence (t(Z,)) is a random walk on Z./(d + 1)Z with distri-
bution | :7Z/(d + 1)Z — [0, 1] given by

n(j) = Z ag.

killkll=j (mod d+1)

Proof. Asnoted in the introduction, if y € Sg(x) then 7(y) = t(x)+ ||k|| (mod d +
1). So if T(x) = i, the sum p(i, j) of p(x, y) over the y € X0 such that t(y) = j
equals

Y

k:||k||=j—i (mod d+1)
So writing X; = {x € X0 : 7(x) = j}, the transition probability matrix P is fac-
torizable over Z/(d 4+ 1)Z, and p(i, j) = p(0, j —i) = n(j —i). By Lemma 3.1,
the corresponding random walk on Z/(d + 1)Z is (t(Z,)). O

The following fact is well-known (cf. [10, §1.3], for example).
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Lemma 5.10. Let (W),) be a random walk on the additive group 7./ N Z, with dis-
tribution . Let D1 [respectively D»] denote the greatest common divisor of N
and the numbers j € {0, 1,... , N — 1} with u(j) > 0 [respectively, the numbers
j—j wherej,j €{0,1,...,N—1}and u(j), u(j') > 0]. Then D, is divisible
by Dy. Write Do = D1D. Then D is the greatest common divisor of the set of
integers n such that W (0) > 0. Also, (W) is irreducible if and only if D; = 1,
and is aperiodic if and only if D = 1.

Below, Dy, Dy, D are the numbers of Lemma 5.10 for the random walk (7 (Z,))
on Z/(d + 1)Z. Clearly D [respectively, D3] is the greatest common divisor of
d + 1 and the numbers ||k|| with a; > O [respectively, the numbers | k|| — ||k/|,
where ag, ap > 0].

Lemma 5.11. Assume that ar > 0 for at least one k # 0. Let t € Ty. Then

|ﬁ(t)| < ﬁ(l) unless t = (5", ...,8,") for somem € {0, ..., Dy — 1}, where
0 = &2Til/Ds,

Proof. Fort € Ty,

1P(1)] = \Zakﬁk(o] <Y @l <) aP(l)=P1).  (5.12)
k k k

If equality holds in the second of the two inequalities, then |f5k(t)] = Py(1) forall
k € N such that ar > 0. Since a; > 0 for some k # 0, by Lemma 5.3 there is
ave{0,...,d}suchthatt = (¢",...,C"), where ¢ = e2mi/(d+1) Taking any
k € N? and any x € Sx(0), and using (2.3), the numerator of the integrand in (5.2)
is

;”(Z?j pi(ox;w) _ v Eiiiki _ Ikl

) I/J\k(t) = ¢Vl 1/3;((1). If equality also holds in the first inequality of (5.12), the
numbers {““k”, where a; > 0, must all be equal. That is, if a;,ar > 0, then
v(|lk|| — |I£"||) must be divisible by d + 1. Since Dj is an integer linear combination
of d + 1 and some numbers of the form || k|| — ||k'||, ak, apr > 0, we see that vD;
is divisible by d + 1. Thus ¢¥ = ¢ for some m € {0, ..., Dy — 1}. O

Theorem 5.12. Assume that ay > 0 for at least one k # 0. Then the random walk
(Zn)nenN associated to P is irreducible if and only if Dy = 1. For each x € X9,
the greatest common divisor of {n : p™ (x, x) > 0} is D. Thus (Z,),en is irreduc-
ible and aperiodic if and only if Dy = 1. In general, given vertices o, x such that
x € S¢(0), then p™ (0, x) > 0 for some n if and only if ||| is a multiple of D;.
There is a constant A > 0, and for any £ € N? with ||€|| divisible by Dy, there is
an ny such that p(”)(o, x) > 0forn=ny+rD, r €N, and for such n,

" A(P()" (1) 1
0. x) = =t (14 0(%)) (5.13)

asn — oQ.
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Proof. Choose any k° € N9 such that age > 0. For ¢ € Ty, write t = rp¢', where
tr = (L2, ..., 02). Then P(t) = t)*1 (1" for each k € N, and if a; > O then

M = (1 Hence P(1at) = )P (1), Since c(tat’) = c(t'), for x € Sp(0) we

have

p"(0,x) = /T (P(at"))" Po(tar’) dpu(ty = g5 1F 1141 fT (P))" Po(t') du(t')
d

d
= W= o . (5.14)

So p™ (o, x) = 0 unless n||k°|| — ||£| is divisible by D5, and if p™ (0, x) > 0,
then ||£|| must be divisible by D;. Next, write ||k°|| = m°Dj, and notice that
ged(m®, D) = 1. For we can write D1 = no(d + 1) + }_; njllk/|| for some
integers n; and for some k/ e N9 with a;; > 0. Hence Dy — (Zj np)k] =
no(d + 1) + Zj nj(||kj|| — |Ik°|) is divisible by D>. So for some integers a, b,
Dy =allk°|| +bDy =am°Dy +bDD1. Thus 1 =am® + bD.

Now let £ € N9, with €]l = m¢D; divisible by Dy. If n = amy + r D, with
r € Nlarge enough, then n > 0, and n||k°|| — ||£|| = (—bmg¢ 4+ rm°®) D5 is divisible
by D. The n, of the theorem’s statement will be am, + ro D, where r is chosen
large enough to ensure that p™ (0, x) > 0 for all n = ny + r D with r > 0, which
is possible, as the calculation below shows.

Now let € > 0, and let N, denote the set of (¢'?1, ..., ¢/%+1) e Ty such that
0441 = —(01 +---+06y) and |0;| < e for j = 1,...,d. By (5.10), there is a
positive € < m/d, so that

d+1
RO, 0ayDl < 5 D brsb,s

r,s=1

if e € N, where e'? = (i1, ... | ¢ifd =IO+ +00)) an abbreviation also used
below.
Assuming n||k°|| — ||£]| is divisible by D», then arguing as for (5.14),

/N (P())" P(r) du(t):/N (P(1))"Pe(t) du(t) form =0,...,Dp— 1.
té" € €

Hence if we set N, = Ty \ (N6 UnN.U---U tzDz_lNg), then

P00 =Dx [ (POY RO dut) + [ (POY 0 due). .19

/
Ne .

The normalized Haar integral on 7y is

1 T 7 "
f / (%) doy - - - do,.

H —
(0, SR N
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So fo(ﬁ(t))nﬁZ(l‘) du(t) equals

; /6 e fE (ﬁ(eie))ni)\e(eie) Cd,q d@] - dgd

ey J o Je lc(e’®)?
Let 0;. = /nbjfor j =1,...,d Writing 0441 = —(01 + - - - + 6,4), and A
/18441, Corollary 5.6 tells us that (F(eie))n equals

d+1

(P(Vm)" = (P(1)) ( - = me9 9§+R(9—fi 0”[7“»

= (Pay)" (e ot E).

where
d+1 d+1
1 \d+L , K 2\3/2
Eil<e 4 Zr,s:lbmerg ( ( b ) + —< 9/ ) )
| 1|_ VES : r? P(l)n1/2 E]

Using (5.2) and |¢/* — 1] < |x| for x € R, it is easy to see that

Py(e'?) = Po(1)(1 + E),

where
1 art 2
|Eal < —=le1d + D23 6).
va =
By Lemma 5.8
1 14+ E3 /
S 0) — 6>,
0y(2 dd+1)/2(1 — d(d+1) H ( k
lc(e'?)] n (I-1/q) |<j<k<d+tl
where
9/, ...,0
1) < 100 i)
n
for some polynomial ¢(6;, ... , 60’1“).

Finally, by Lemma 5.9, there is a p. < 1 so that |ﬁ(t)| < Pe ﬁ(l) for all
t € N/. So the second integral in (5.15) is negligible compared to the right hand
side of (5.13).

Combining the above estimates, we see that (5.13) holds, and that A is equal to
D2Cy4/ )4 (1 — 1/q)? @+ times

x o0
/ f e im0 T @) - 62 doj -+~ b, 0
—00 —00

I<j<k=<d+1
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6 Bounded spherical functions

Consider the algebra A with the norm || )", ax Pilli = ) lak|. This makes A
a normed algebra. For let A = )", axPr and B = ) ; by Pk, and write AB =

>k ¢k Pr. Then ") [cx| < (Zk |ak|) (Zk |bk|) holds because this is clearly true

(with equality) when a; > 0, by > O and ) ,ax = 1 = ), by. The algebra
homomorphisms 4 : A — C continuous for this norm are clearly the &;’s for
which the values h,(Py) of the spherical function ¢, are bounded. In this section
we determine the z’s for which this holds.

If &, is continuous on this normed algebra, then it can be extended by continuity
to the completion of .A. Any isotropic transition probability matrix P as in (1.1)
can be regarded as an element of this completion, and so A, (P), also denoted P (2),
is defined.

We first obtain a simpler expression for ¢, (x) in the case x € Sy, (0):

Lemma 6.1. Let z = (z1, ... , za+1) € CtY with 2122 - - - zaw1 = 1 and suppose
thatzy, ..., zq+1 aredistinct. Letr € {1, ... ,d},m € N, andletx € S (o) fork =
mey. Foreach subsetU of {1, ... ,d+1}withexactlyr elements, write {uy, ... , u,}
for{zj:je U}, andle'tU/ ={uy, oo uyYbelzr, oo zapi )\ un, o up)
4/2=i+1 g5 usual,

D DI =y L | (N TL T

CrCyt1- o] uj —
rld+1-r U U|=r 1 r 1<j<r Jj k
1<k<d+1-r

Then withoj; = g

where C, = g""t1D/2 ]_[;-Zl ((q—])/(qj —1)), and similarly for Cqy1 and Cqy1—y.

Proof. By (2.6), ¢ (x) is the sum over w € Sy4 of the terms

Ce(zw@ys - - - ,muuﬂ(u) (6.2)
al PR ar

(¢f 3.5)). For U C {l1,...,d + 1} with [U| = r, let Zy be the sum of the
terms (6.2) over the w € Sy41 such that w({l, ..., r}) = U. With the notation of
the above statement, Xy is C(uy - - - u, /oy - - - o)™ times the sum over w; € S,
and wy € Sj41—r of the products

/ /
Uun() ~ Um0/ Wy ~ Uuny/4

o / _ /
I<j<ker Hwi() TUHor®) i g M) T Yl

w1
o l—[ Uwy () ”wz(k)/q.

!
1<j<r M) T My
1<k<d+1-r

The last of these products is
1—[ uj—u/q

4
1<jzr T M
1<k<d+1-r
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independent of w; and w». The sum of the terms Cc(zy(1), - - - , Zw(@+1)) over all
w € Sg+11s 1, because ¢, (0) = 1. Here C = C441. The condition z1 - - - zg4+1 = 1
is clearly not needed for this. Applying this with r in place of d + 1, we see that
the sum over w; € S, of the first of the above products is 1/C,, and the sum over
wy € Sg41—r of the middle of the above products is 1/Cg41—,. So (6.1) holds. O

Proposition 6.2. Let z = (21, ... , za+1) € C/H with 2120 - zg41 = 1. Assume
that |z1| > |z2| = -+ = |zd+1|. Then the spherical function ¢, is bounded if and
onlyif |z1---z,| < g9 forr =1,... ,d.

Proof. Since o1 -+ - = q(d+l_’)’/2, the condition is that |z{--- 2| < a1+ -,
for each r. This implies that |zy(1) - - - Zw()| < a1 - - -, for each permutation w,
since the |z;|’s are decreasing. When the z;’s are distinct, ¢,(x) is the sum of
terms (3.5), and so |@;(x)]| < ZweS‘M Cle(Zw(1)s - - - » Zw(@+1))| for any vertex x,
and so ¢, is bounded. Since the algebra A with the norm || - ||; is a normed algebra,
the algebra homomorphisms % : A — C which are continuous for this norm must
all have norm 1, and so in fact |¢;(x)| < 1 holds for all vertices x.

Now suppose that the z;’s are not distinct, but satisfy |z1] > - -+ > |z441| and
lz1-- 2/ <ay---a forallr.Letz™ = (z1., ... , Z4+1.n), Where L= zje"eiv"
for each j, n, and where ) j 0, = 0 for each n. It is clear that we can choose
0jn’s in R so that z1 5, ..., zg41,, are distinct for each n and so that 6, — 0
as n — oo, for each j. Then ¢ m (x) — ¢, (x) for each x, and |@,m) (x)| < 1 for
each n, x. Hence |¢,(x)| < 1 for all x, so that ¢, is bounded.

Suppose, conversely, that z1z2 - - - zg+1 = 1, that |z1] > |z2] = -+ > |zg+1],
and that ¢, is bounded. Set A = max{|z;---zr|/a1 -0 1 ¥ = 1,...,d}.
Choose any r € {1,...,d} so that |z1---z/|/a1 -+ - = A. Note that |z,41| <
|zr| if A > 1. For otherwise, A > |z1---zr41l/01 - - &ry1 = AlZpr31l/0tr41 =
Mzrlg/ar, so that |z,| < «/q. But this implies that |zq ---z,|/o1 - - - & 1S less
than |zy -+ -z,—1]/o1 - - - o¢—1, contrary to the choice of r. Thus if {uy, ... ,u,} =

{zj : j e Ut where Ul =rand U # Uy = {l,...,r}, and if A > 1, then
luy -« url/oy - -0 < |21 Zr—12r411/21 - - - @y is strictly less that A.

When the z;’s are distinct, we can use (6.1), and see that the sum there is dom-
inated by the U = Up term if A > 1, and so is clearly unbounded as m — o0. So
A > 1 cannot happen, i.e., |z] --- 2| < q(d“_’)r/z must hold for each r, if ¢, is
bounded.

Now suppose z = (21, ... , Zd+1), with the |z;|’s decreasing, the z;’s not dis-
tinct, ¢, bounded, but A > 1. Write Ay for u; - - - u, /oty - - - o for U as above. Let
w =max{|Ay| : U # Uy} (< A). As above, z is the limit of d + 1-tuples z’ such
that |z/j| = |z;| for each j, and such that z7, ... , 2}, ; are distinct. Applying (6.1)
to .7, we have

@z (x) = Cpy, Q)™ + D Cap)™, (6.3)
U+#Uy

for certain coefficients C b (independent of m). We now use this and the fact that
@, (x) = limy_,, ¢, (x) to obtain an expression for ¢, (x) when x € Sy, (0).

As Mzry1l/lzrl = |21+ Zr—12r41l /@1 - - -0y < p, we have |zx] < (u/A)|z}]
forl < j <randr+1 <k < d + 1. Hence in the coefficient Cbo of ()JUO)’"
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in (6.3), the factors z’j -z, <j<r,r+1<k=<d+1,see (6.1)) in the
denominator tend to z; — zx # 0, and so the term C bo ()JUO)’" in (6.3) tends to a
limit Cy, (Ay,)™ as 7/ — z.

The sum of the remaining terms in (6.3) must therefore also tend to a limit as
7/ — z. We can write this sum as a quotient

m
ZU;&UO(HjeU Z;) puo(@), ... ’ZZHI)

/ /
n1§j<k§d+l(zj - )

6.4)

where the py s are polynomials with rational coefficients independent of m. After
differentiating the numerator with respect to several of the z; ’s, a total of £ times,
we get a sum

S ()" poaGh i,

U#Uy jeU

where the py ¢’s are polynomials with coefficients which are polynomials in Q[m],
of degree at most £ in m. We obtain the limit of (6.3) as 77 — z by using L’Hdpital’s
Rule, differentiating the numerator and the denominator in (6.4) repeatedly, then
evaluating at 7’ = z. It follows that for x € S, (0) there is a formula

¢:(x) = Cyy Qo)™ + Y, CumGa)™, (6.5)
U+#Uy

for ¢, (x), where Cy, # 0, and the other coefficients Cy (m) are O (m") for some
integer £, and where |Ay,| = A and [Ay| < p for all U # Uy. It is now clear that
as A > 1 this is not bounded as m — oo. This is a contradiction to the hypothesis
that ¢, is bounded. So A > 1 cannot hold. O

7 A Central Limit Theorem

Lemma 7.1. quj =1,...,d+1leta; = qd/szurl as usual, let 0 € [—m, ],
and z; = otje’af. Let 7 = (21,...,2Zd+1), and assume that Zj 0; = 0. Let
k=(ki,....kg) € N. Then there is a number M, independent of k and the 0; s,
so that

|hz(Pk) _ ei(91k1+(91+92)k2+-~+(91+“-+9d)kd)} <M(61] + -+ 6441]). (7.1

Proof. For any x € S (0), h;(Pr) = ¢,(x), and this is the sum of the terms (3.5)
over w € Sy41. The w = id term is

d
Zl "'Z kr . d
Ce(zt, ..., 2d+1) l_[<—r) =Ccz1, ..., zay1)e Zom1 Ot +00k
, 1 al -..ar
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For the z;’s as in the statement, c(z1, ..., Zg+1) is smooth function of the 6;’s
about (0, ..., 0), so by Lemma 3.6 there is a number M4 so that
[Cc(zty - sza+1) — 1 =1Cc(z1, .- s 2a+1) — Cc(ay, - .., og1)]

< Mig(101] + - + 10a+10)-
Now |z;| = a; for each j, and as observed after (3.7), aty(1) -+ - 0wy < @1 -+ - 0t

forr =1,...,d. Soby Lemma 3.6, for w # id the modulus of the w term (3.5)
is at most

[Cc(zwy, -« s Zw+)| = 1Cc@wys - - Zw@+1) — Cel@wy, - - -, Au@E+1)|
which is at most My, (|61 + - - - + |64+11) for some constant M,,. The result follows.
O

Lemma 7.2. Let (Z,),eN be as in Theorem 3.8, and assume that Zo = o. Let
2= (21, ...,2d+1) € C¥ be such that ¢, are bounded (see Proposition 6.2).
Then

E(p.(Z) = (P(2))".

Proof. For n € N, we can write P" = ), a,i")Pk, and a,i") = P(Z, € Si(0)).
Since ¢ (Zy) = h (Py) if Z, € Sk(0), E((Pz(zn)) equals

Y h(POP(Zy € Sk(0) = Y a"ho(Ph) = ho(P") = (h(P))",  (12)

keNd keNd

which equals (ﬁ (z))". We have used the continuity of 4, on the completion of A
with respect to || - || to justify the last two equations in (7.2). O

Lemma 7.3. Let P be as in (1.1), with Zk |k|2ak < 00, and ai > 0 for at least
one k # 0. Then there are numbers ¢y, r,s = 1,... ,d, such that, writing a =

(o1, ... ,0q+41) and wel? = (ocleigl, e ,ad+1ei9d+1), where |0;| < m for all j
and 9d+1 = — Z?:l 9/',
d d
Pdy=1+i) (yV +-+yD)o; — - Z Cr.507 05 +O(Zej2),
j=1 r,s=1 j=I

and where

d
Z Cr.s0,05 > (Z( oA +---+y<"l>)9,~)2 (7.4)

r,s=1 j=1

unless 91 = --- =64 =0.
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Proof. As in the proof of Lemma 5.4, write u (0, x; ) = hj(0o, x;w) +--- +
ha(o, x;w)forj=1,... ,dand pug41(0, x; w) =0.Weuse (2.5)withz; = ajeie-i
for all j. As in the proof of Proposition 3.5(iii), using (2.4) to express the integral
in terms of v,, we obtain

@2 (x) :/ o' G111 (0.x;0) 4464 pa (0,x;0)) dvy (w), (7.5)
Q

which we denote by Fy(01,...,04) or Fr(0) if x € Si(0). Hence F;(0) = 1,
as we can also see because Fy(0) = hy(Pr) = 1 by Lemma 3.6. Also, using
Proposition 3.5, we have

dFy
e /Quj(o ;@) dve(@) = i(yD + -+ D).
6=0

Now write
d
f O101(0, X3 @) + -+ + Oapra (0, x; @))% dve (@) = Y CrrsOrby.
Q

r,s=1

As noted after Lemma 2.1, | (0, x; w)| < |k| for x € Sk (0), and so from (7.5) we
also have

< |k
00,00,
forr,s =1,...,d.Since P(ae’®) = ¥, ax Pe(ae'®) = 3", ay Fy.(6), the hypoth-
eses show that this function of 0y, ..., 6; has continuous second order partial

derivatives, and that (7.3) holds with ¢, s = >} akck,rs-

To see (7.4), let By = Y9_ (p + -+ + )6 and Ch = X, corsOrbs.
Then

d
(Z W4 y D)o ) (ZakBk) SzakB;fSZaka
j=1 k k
= Zcr,sergs
r,s

by the Cauchy-Schwarz inequality for series and for integrals. Indeed, if x € Sk (o),
2
B = (f 011210, X @) + -+ apta (0,5 ) dvy (@)
Q
< [(Ouio.xio) 4+ bunao ) du =G (16
Q

If equality holds in (7.6) for some k # 0, then 011 (0, x; @)+ - -+ 604 14(0, Xx; ®)
must be independent of w, and hence independent of x € Six(0) too, by Prop-
osition 3.5. As in the proof of Lemma 5.3, we can find x,y € Si(o) so that
y € 81,0,...,0,1(x) and then for each w € Sy find w,, € Qsothath(x, y; wy) =
Yu()—Yw(j+nTorj=1,... ,d,where(y;) = (2,1,...,1,0).Sou;(0, y; wy)—
mj(0, x; ww) = Yu(j) — Yw(d+1), and therefore Z‘;:} 0 yw(j) = 0 for each w, so
that the 6;’s are all equal, and so 0. O
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Theorem 7.4. Let P be as in (1.1), with ), |k|?a; < oo, and ax > O for at least
one k # 0. Then there is a positive definite d x d matrix ¥ = (0,5) such that

<k1<zn> —yWn ka(Zn) — N)n)
= N =

converges in distribution to the normal distribution N (0, X).

Proof. Fix 91, ..., 9, € R. We show that, for o, ; defined below, as n — oo,
E(ei(Mq(Zu)—y<1>n>+~--+z9d<kd<zn)—y<d>n>)/ﬁ) e I XU (77

In Lemma 7.1, take 6; = (¢; — z?j_l)/ﬁ for j =1,...,d (setting ¥9 = 0), so

that&y +---+0; = ﬁj/ﬁfor each j. Set0y4+1 = —(01 + - - - + 64), and assume
that n is large enough so that |6;| < 7 for all j. By Lemma 7.1,

. 9]
el(ﬂlkl(Zn)+~~+19d/<d(Zn))/ﬁ = @i (Zy) + 0<Zl ] )
Jn

Since ¥, ... , ¥4 are fixed, by Lemma 7.2,

IE(ei('jlkl(Z")+"‘+’9dkd(zn))/ﬁ) = (P(ae'®))" + O(%)
n

By Lemma 7.3, P(xe'?) equals
i &
1+ — Z(yw +o D@ =9
et

d
1 1
—2= D s = )@ = Do) +o( ).

r,s=1

while

. d
—i(nyO+t9y @)y _ L ) DY(9. _ 1.
e ( ) =1 ﬁ;(y + D@ —0-1)

d
1 ) 2
_ﬁ(i (y(J) 4t V(d))(ﬁj _ 19],_1))
j=1

1
O(—5)-
+0( ns/z)
Routine calculations now show that (7.7) holds, with Zm o sV, U equal to
d d . 2
D s = 0r )W — D1) — (Z(y“) +o D, - 19,-,0) :

r,s=1 j=1

a positive definite form by Lemma 7.3. O
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8 Application to convolution powers of bi-invariant densities

Let G be a locally compact group, and let K be a compact open subgroup of G. Let
m denote left Haar measure on G, normalized so that m(K) = 1. Let¢p : G — R
be bi-K -invariant, i.e., satisfy ¢(kgk’) = ¢(g) forall g € G, k, k' € K. Assume
also that ¢(g) > 0 for all g, and that fG ¢ dm = 1. Thus ¢ is the density function
of a bi-K -invariant probability measure on G.

Now suppose that G acts on a building X of type Ay, and that K = {g € G :
go = o}, where o is some fixed vertex. Assume that for each g € G the automor-
phism x — gx of X is type-rotating. Then gS, (x) = S,(gx) forallr e N, g € G
and x € X%, and so K maps each set S, (0), r € N4, into itself.

Lemma 8.1. Suppose that G acts transitively on X°, and that K acts transitively
on each set S,(0), r € N. Then we can define an isotropic transition probability
matrix on X° by setting

p(go,8'0) = p(g™'g).

Proof. Note first that the transitivity of G and the bi- K -invariance of ¢ shows that
p(x,y) is well-defined for all x, y € X¥°. For each x € X%, choose g, € G such
that gy0 = x. Then G is the disjoint union of the cosets g, K, y € %0, and for fixed

x e X9, Zy p(x,y) equals

Z‘P(gx_lgy)=2/71 ®(8) dg=/ @(g) dg = u(G) = 1.
y y Y& &K G

Suppose that y € S,(x) and v € S,(u). Write x = go, y = g'o, u = ho and
v ="Hho.Then g~ 'g’0 € S,(0) and h~'Wo € S,(0). So there is a k € K so that
kh='hWo =g 'g'0,andsoak’ € K sothat g~'g’ = kh~'n'k’. Thus

pu,v) = oh~'h) = okh™'W'K) = 9(¢7"¢) = p(x. y).
Hence p is isotropic. O

In the notation of Lemma 8.1, it is easy to see that the n-step transition proba-
bilities are given by the n-th convolution power of ¢:

p™ (g0, 8'0) = o™ (g7 'g)). (8.1)

So Theorem 5.12 can be interpreted as a statement about convolution powers of ¢.
The assumption that @y > 0 for some k # 0 means that ¢ is not simply the indi-
cator function of K. Write ¢,(g) for h,(P;) if go € S, (0). The expression f/;g(l)
appearing in (5.13) is h1(Py), and so equals ¢1(g) if go € S¢(0). Thus (5.13)
becomes

0*(g) = %(1 + 0(%)) (8.2)

as n — oo (with n = ny mod D).
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We remark that the hypotheses that G acts transitively on X° and that K acts
transitively on each set S, (0), r € N9, imply that the algebra A of Section 2.2 is
isomorphic to the convolution algebra C.(K'\G/K) of compactly supported bi-K -
invariant functions on G (see [8, Proposition 2.4]). If for each r € N? we choose
gr € G such that g,o € S,(0), then G is the disjoint union of the double cosets
Kg,K.Also, N, is the Haar measure of K g, K. Any bi-K -invariant function ¢ on G
has the form ZreNd ar(1kg, x/Ny),and (if ¢ > 0 and fG ¢(g) dg = 1), the isotro-
pic transition probability matrix p obtained from ¢ by Lemma 8.11is )", .y« a, Py
Note also that the map f +— [, c f(8)9:(g) dg is an algebra homomorphism
C.(K\G/K) — C, corresponding to the algebra homomorphism %, : A — C
of A.

Example 8.2. Let d = 1, so that X is a homogeneous tree of valency g + 1. The
hypotheses of Lemma 8.1 are satisfied by G = Aut(X)and K = {g € G : go = o},
for any fixed vertex o.

Example 8.3. Let F be a (not-necessarily commutative) local field. There is a build-
ing X = X4 5 of type Xd associated with F (see [4], [18], [22]). Indeed, let
ord : F — Z U {00} be the valuation on F.Let O = {x € F : ord(x) > 0} be the
valuation ring of F. In the vector space V = F9*+! alattice is the O-span of some
basis vy, ..., vg11. Lattices L, L’ are called equivalent if L’ = ¢ L for somet € F.
The vertex set of X is the set of lattice classes [L]. The group Gr = GL(d + 1, F)
acts on X, acting on the vertices by g[L] = [gL]. Since any basis of V equals
g(e1), ..., g(eqy1) for some g € GF, this action is transitive. The set of g € G
such that this action is trivial on X is the centre Z = {AI : A central in F} of G,
and so G = G/Z acts transitively and faithfully on X. Let Lo denote the lattice
Ot corresponding to the standard basis e, ... , e4+1, and write o for [Lg]. The
set of g € GF such that gLy = Ly is the subgroup G o consisting of the k € GF
such that the entries of both k and k~! are in O. The set G, of g € GrF such that
go = o equals the set of Ak, 0 #£ A € F, k € Gp. Fix an element @ € F with
v(w) = 1.ForA = (A1,..., g+1) € 741 let D, denote the diagonal matrix with
diagonal entries !, ... , w*d+1 The set of vertices [ Dy Lo, A € Z¢T!, forms an
apartment Ag in X, the map A+7Z1 +— [D; Lo] being an isomorphism ¥ — Ag. The
other apartments of X are of the form gAg, g € G r. The Invariant Factor Theorem
shows that for any ¢ € G thereexistk, k' € GoandA = (A1, ..., gy1) € 74+
such that Ay > -+ > Ay and kgk’ = D, (see [22, Proposition 3.1]). In this case
go € S,(0), where r = AX € N4, 1t follows that G, and its image K in G acts
transitively on each set S, (0). So the hypotheses of Lemma 8.1 are satisfied for G
and K.

Example 8.4. Letd > 1,and let G| = SL(d + 1, F), where F is as in Example 2
(see [18, p. 116] for the definition of G| when F is not commutative). We cannot
immediately apply Lemma 8.1 because G does not act transitively on X°, because
it acts in a type-preserving way. But G does act transitively on the set of vertices
of each given type. Let 0 = [Lo] as in Example 2, and for each i € {0, ..., d},
let g; € G be a matrix such that g;o has type i. Then each vertex of type i has
the form g;ho, where h € G1. Let K| = G N Gy, and let ¢ be a bi-K-invariant
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probability density on G1. Then we can define an isotropic transition probability
matrix p on X by setting p(x, y) = 0if (x) # v(y), and

p(giho, gih'o) = (h™'h')

foreachh,h’ € Gyandi € {0, ..., d}. To see that p is isotropic, suppose that y €
Sy(x)andv € Sy (u). Thent(y) = t(x)+||r|| (modd + 1) and 7 (v) = 7 (u) + ||7||
(modd—+1).If t(y) # t(x),then ||r|| £ 0 (mod d + 1) and so 7 (v) # 7(u); in this
case p(x,y) = 0= pu,v).If t(y) = t(x) =i, then ||r|| = 0 (mod d + 1) and
so T(v) = t(u), = j, say. Write x = g;jgo, y = gig'o,u = gjho and v = gjh’o,
where g, ¢’ h,h’ € Gi. Then y € S,(x) shows that g~'g’0 € S,(0). So there
isak € Ggo so that kh~'h'o = g~'g’0. If one considers carefully the various
definitions, taking into the account the definition of G given in [18], then it is
clear that k can be chosen in Gy N G| = K. Thus there is a k' € G so that
g 'g’ =kh~'W'k'. Necessarily k' € K. Thus

pu,v) = ™'H) = pkh™'W'K) = 0(g7'g") = p(x, y).
Hence p is isotropic.

Corollary 8.5. Let ¢ be a bi-K-invariant probability density function on G| =
SL(d + 1, F), different from the indicator function of K1. Then for all g € Gy,
(8.2) holds as n — oo.

Proof. The transition matrix p is of the form (1.1), where a; > 0 only if ||k|| is
divisible by d + 1. Hence D; = D, = d + 1. Hence D = 1. The hypothesis that
¢ # 1k, means that a; > 0 for some k # 0. So Theorem 5.12 may be applied. O

References

1. Ballmann, W.: Lectures on spaces of nonpositive curvature. Birkhduser Verlag, 1995

2. Bougerol, P.: Comportement asymptotique des puissances de convolution d’une prob-
abilité sur un espace symétrique. Astérisque 74, 29-45 (1980)

3. Bougerol, P.: Théoreme central limite local sur certains groupes de Lie. Ann. scient.
Ec. Norm. Sup. 14, 403432 (1981)

4. Brown, K.S.: Buildings. Springer-Verlag, Berlin, New York, 1989

5. Cartier, P.: Representations of p-adic groups: a survey. Proc. Symposia Pure Math.
33(1), 111-155 (1979)

6. Cartwright, D.1.: Harmonic functions on buildings of type A,. Proceedings of a con-
ference “Random walks and discrete potential theory”. Cortona, Italy, 22-28 June,
1997

7. Cartwright, D.I.: Spherical harmonic analysis on buildings of type A,,. Monatsh. Math.
133, 93-109 (2001)

8. Cartwright, D.I., Mtotkowski, W.: Harmonic analysis for groups acting on triangle
buildings. J. Austral. Math. Soc. 56, 345-383 (1994)

9. Cartwright, D.I., Soardi, PM.: Convergence to ends for random walks on the auto-
morphism group of a tree. Proc. Amer. Math. Soc. 107, 817-823 (1989)

10. Chung, K.L.: Markov Chains with stationary transition probabities. Grundlehren der
mathemathischen Wissenschaften 104, Springer Verlag, 1967



Isotropic random walks in a building of type Ay 135

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

Derriennic, Y.: Quelques applications du théoreme ergodique sous-additif. Astérisque
74, 183-201 (1980)

Furstenberg, H.: Noncommuting random products. Trans. Amer. Math. Soc. 108,
377-428 (1963)

Guivarc’h, Y.: Surlaloi des grands nombres et le rayon spectral d’une marche aléatoire.
Astérisque 74, 47-98 (1980)

Karlsson, A., Margulis, G.: A multiplicative ergodic theorem and nonpositively curved
spaces. Comm. Math. Phys. 208, 107-123 (1999)

Lindlbauer, M., Voit, M.: Limit theorems for isotropic random walks on triangle build-
ings. J. Austral. Math. Soc. 73, 301-333 (2002)

Macdonald, I.G.: Spherical functions on a group of p-adic type. Ramanujan Inst.
Publications 2, University of Madras, 1971

Macdonald, I.G.: Symmetric functions and Hall polynomials. second edition, Oxford
University Press, 1995

Ronan, M.: Lectures on buildings. Academic Press, 1989

Ronan, M.: Building buildings. Math. Ann. 278, 291-306 (1987)

Saloff-Coste, L., Woess, W.: Transition operators, groups, norms, and spectral radii.
Pacific J. Math. 180, 333-367 (1997)

Sawyer, S.: Isotropic random walks in a tree. Z. Wahrscheinlichkeitsth. verw. Geb.
42, 279-292 (1978)

Steger, T.: Local fields and buildings. Harmonic functions on trees and buildings (New
York 1995), Contemp. Math. 206, Amer. Math. Soc., Providence, RI, 1997, pp. 79-107
Tolli, F.: A local limit theorem on certain p-adic groups and buildings. Monatsh. Math.
133, 163-173 (2001)

Tutubalin, V.N.: Limit theorems for a product of random matrices. Teor. Verojatnost.
i Primenen. 10, 19-32 (1965)

Woess, W.: Random walks on infinite graphs and groups. Cambridge Tracts in Mathe-
matics 138, Cambridge University Press, 2000



