World Scientific

Vol. 15, Nos. 5 & 6 (2005) 1261-1272
www.worldscientific.com

International Journal of Algebra and Computation \\’
© World Scientific Publishing Company

A NOTE ON THE NORMS OF TRANSITION OPERATORS
ON LAMPLIGHTER GRAPHS AND GROUPS

WOLFGANG WOESS

Institut fiir Mathematik C, Technische Universitat Graz
Steyrergasse 30, A-8010 Graz, Austria
woess@TUGraz.at

Received 31 October 2003

Communicated by the Guest Editors

Let L X be a lamplighter graph, i.e., the graph-analogue of a wreath product of groups,
and let P be the transition operator (matrix) of a random walk on that structure.
We explain how methods developed by Saloff-Coste and the author can be applied for
determining the #P-norms and spectral radii of P, if one has an amenable (not necessarily
discrete or unimodular) locally compact group of isometries that acts transitively on L.
This applies, in particular, to wreath products K { G of finitely-generated groups, where
K is amenable. As a special case, this comprises a result of Zuk regarding the £2-spectral
radius of symmetric random walks on such groups.
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1. Lamplighter Graphs, Groups, and Random Walks
1.1. Graphs

In this note, we are thinking of a graph as a finite or countable set, equipped with a
symmetric adjancency (or neighbor) relation, denoted by ~ . All graphs are locally
finite (each point x has a finite number deg(x) of neighbors) and connected (any
pair of points is joined by a path of successive neighbors). The graph distance is
denoted d(-, -).

Let X be a (typically infinite) graph, and let (L, 0) be a (finite or infinite) graph
with root o. An L-valued configuration on X is a function n : X — L with finite
support

suppn) = {z € X | n(x) # o}.
Let C = C(X — L) be the set of all L-valued configurations.

1261



1262 W. Woess

Given z € X, we define an adjacency relation ~, on C by

nren s @) ~n'(x)in L oand  n(y) =n'(y) forally € X\ {z}.
The lamplighter graph L1 X has vertex set C x X, and adjacency is given by

o)~ () s

It is obviously connected, since this is true for X and L. The interpretation is that
at each vertex of X, there is a lamp, whose possible states are the vertices of L,
including the state “off” that corresponds to the root o of L. Only finitely many
lamps may be switched on, and in a single step (that describes adjacency), one may
either go to a neighbor of the current vertex in X and leave all lamps unchanged,

x~2 inXandn=rn', or
z=2" in X andn~,7n.

or one may stay at the actual vertex of X and change the state of the lamp at x to
a neighbor state in L.

1.2. Groups

An automorphism of a graph X is a self-isometry with respect to the graph metric.
The group of all automorphisms of X is denoted by Aut(X). Equipped with the
topology of point-wise convergence, it is a totally disconnected, locally compact
group, not necessarily discrete, as various examples show (see also below).

Given the lamplighter graph L X, let K be a (typically closed) subgroup of
Aut(L), and define

¢ =d(X—K)={¢: X — K |supp ¢ finite},

where supp¢ = {z € X : ¢(x) # idx}. Then ® becomes a group when equipped
with the point-wise product in K, i.e.,

(P102)(x) = d1(x)¢2()
in the sense of the composition of two automorphisms of L, and
ide =, where «(z) =idg VoelX.
The group ® acts on the set C of all configurations by
on() = d(@)n(z)
in the sense of the action of an automorphism of L on an element of L. Indeed,
supp ¢n C supp ¢ Usupp7 is finite. Furthermore, if n ~, ' then ¢n ~, ¢n'.

Next, let G be a (typically closed) subgroup of Aut(X). Every g € G acts on C
and on ®. Write Ty, for both actions:

Tyn(z) =n(g~'z) and Tyé(x) = ¢(g~ ')
for n € C, resp. ¢ € ®. Observe that n ~; ' = Tgn ~gz Tyn'.

Finally, we define an action of pairs of elements (¢, g) on L X, where g € G
and ¢ € ®:

(¢,9)(n,x) == (¢Tyn, g).
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This action preserves the adjacency relation of L X. Therefore, (¢, g) € Aut(L1X).
One computes the composition

(01,91) (P2, 92) = (01Ty, 2, g192)-

Thus, we obtain the semi-direct product
=% xaG,
which is a subgroup of Aut(L ! X). The following is straightforward.

Proposition 1.1. (a) If G acts transitively on X and K acts transitively on L
then T acts transitively on L1 X.

(b) If G and K are closed subgroups of Aut(X) and Aut(L), respectively, then
T is closed in Aut(L1 X).

(¢) If both G and K are discrete/finitely generated/compactly generated/
amenable/unimodular then so is T.

(d) If X is a Cayley graph of the group G and L is a Cayley graph of the group K
with group identity o, then L1 X is a Cayley graph of the wreath product (lamplighter
group) T'= K1 G.

In the sequel, we shall write nz for (n,z) € L1 X and ¢g for (¢,g) e = dxG.

1.3. Transition matrices of random walks

Given any graph X, a random walk (Markov chain) on X is described by a stochastic
transition matric P = (p(ac,y))z,yex,
one step from x to y. Then P acts on functions f: X — R by

Pf(x)=> plz,y) f(y).

where p(x,y) is the probability to move in

When involving a graph structure, we have in mind that P is in some sense adapted
to that structure. The basic example is simple random walk (SRW), where p(z,y) =
1/deg(x), if y ~ z, and p(z,y) = 0, otherwise. In general, P is called reversible,
or more precisely, m-reversible, if m is a strictly positive measure on X such that
m(x)p(z,y) = m(y)p(y, z) for all x,y € X. SRW is reversible with m(z) = deg(z).
If G is a group acting on X then P is called G-invariant, if p(gx, gy) = p(x,y) for
all z,y € X and g € G. If X is a Cayley graph of GG, then G-invariance means that
p(x,y) = p(r~ly), where u is a probability measure on G, and we say that P is
induced by p.
Given P and a reference measure m on X, we write

op(P.m) = ||Pllp—p and pp(Pm) = lim [|P"[}/7,

for the norm and spectral radius of P acting on the weighted space ¢P(X, m), where
1 < p < oo. Spectral computations for random walks on lamplighter groups and
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related graphs have attracted some interest recently, see e.g. Grigorchuk and Zuk
[4], Dicks and Schick [2], or Bartholdi and Woess [1]. What we are interested in here
are the norm and spectral radius of group-invariant transition operators acting on
P(LX), or more generally, on a weighted space ¢P(L X, m), where m is a suitable
measure on the lamplighter graph.
Before this, we explain two ways for constructing transition matrices that are
adapted to the structure of L X.
We start with transition matrices Pr, and Py on L and X, respectively. We lift
P to Pr on L1 X by setting
_ ;o pr(n(z),n'(z)), ifx’ =z and ' =non X\{z},
srna 2') = {0’ (n(z), 7' ()) SO ' =non X\{z}

We also lift Py to Py on L1 X by setting

pX('T’ l‘/), if 77/ =1,

— !\
px(na,n' a') = {0’ otherwise.

Lemma 1.2. For the powers of the transition operators Px and Pr, we have
Py =Py and P} = P

The two basic models on L X are the following.

(1) “Walk or switch”. Let 0 < a < 1. Define P, on L1 X by

P, :aPX+(1—a)PL.

The interpretation of P, in lamplighter terms is as follows. If the lamplighter
stands at = and the actual configuration is 77, then he first tosses a coin. If “head”
comes up (which happens with probability @) then he makes a random move
on X according to the probability distribution px(z,-), while leaving all lamps
unchanged. If “tail” comes up then he makes no move on X, but modifies the state
of the lamp where he stands according to the distribution py, (77(3;), : )

(2) “Switch—walk—switch”. We define the transition matrix @ on L1 X by
the matrix product

Q = P.PxPr.
Here, the lamplighter interpretation is as follows. If the lamplighter stands at x
and the actual configuration is 7, then he first changes the state of the lamp at
x according to the probability distribution pr, (77(3;), ) Subsequently, he makes a
step to some point 2’ € X according to the probability distribution px (z, ), and at
last, he changes the state of the lamp at 2’ according to the probability distribution
pPL (77(35/); ! )
Observation 1.3. (a) If L and X are regular and P;, and Px are the transition
matrices of the respective SRWs, then the SRW on L X is P, with
deg
= ——"""7>,
degy +degy,

where deg; and degy are the constant vertex degrees of L and X, respectively.
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(b) Suppose that K < Aut(L) and G < Aut(X). If P, is K-invariant and Px
is G-invariant then P, and @ are I'-invariant, where I is defined as above.

(¢) Suppose that L is a Cayley graph of K, that X is a Cayley graph of G,
and that pr(k,1) = v(k~'1) and px (z,y) = u(z~'y), where v and p are probability
measures on K and G, respectively. Then P, is induced by the convex combination
a-p+ (1 —a)- v, and Q is induced by the convolution v * p * v.

Here, p and v are seen as probability measures on I', which is legitimate, since
both G and K embed naturally into T

1.4. Reference measures

If mx and my, are measures on X and L, respectively, and

mz (o) =1, (1.1)
then we construct a measure m = my !mx on L X by setting
m(nz) = mx(z)me(n), where me(n) = [ me(n(y)). (1.2)
yeX

This choice is natural because of the following.

Lemma 1.4. If Px is mx-reversible and Py, is my,-reversible, then both P, and Q
are m-reversible on L X.

2. Norms and Spectral Radii

Let X be a general graph, G a closed subgroup of Aut(X), and P a G-invariant
transition matrix on X. Furthermore, we say that a reference measure m on X is
G-compatible, if it satisfies

m(gz)/m(z) = m(gy)/m(y) forall z,y € X, g € G. (2.1)

We remark that this property is satisfied in the typical case when P is G-invariant,
m-reversible and irreducible (as a positive matrix, i.e., for every x,y € X there is
n such that p(™ (x,y), the (z,y)-entry of P", is > 0).

We also remark that every irreducible, m-reversible P acts as a self-adjoint
operator on the weighted Hilbert space £2(X, m), so that the spectral radius pz (P, m)
coincides with the norm || P||2—2 on that space. Furthermore, in this case, for all
r,y € X,

p2(P,m) = limsup p™ (z,y)"/"
n—oo
describes the exponential decay of the n-step transition probabilities. Most of these
simple facts can be found in [12].

Given G as above, let GG, denote the stabilizer of x € X. We introduce the

following function t =t on X x X:

t(z,y) = |Geyl/|Gyx].
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Here, G,y = {9y : ¢ € G,}, and | - | denotes cardinality. The function ¢ is G-
invariant. It is linked to the modular function of the group G, that is, the function
that describes the change from left to right Haar measure. In particular, when G
is unimodular then we even have t(gz, hy) = t(x,y) for all z,y € X and g,h € G.
See Schlichting [9], Trofimov [11] and Saloff-Coste and Woess [7, Lemma 1].

We can consider the family of orbits X;, ¢ € I (a suitable index set) of the
G-action on X, and the factor space I = G\ X.

Given 1 < p < oo, following Saloff-Coste and Woess [8], we now define a non-
negative, but not necessarily stochastic matrix A,(P, m) = (ap(i,j))i7j61 by
ap(i,5) = Y (ty,@)m(x)/m(y))/Pp(z,y), =€ X (2.2)

yeX;

This is independent of the specific choice of x € X; by (2.1) and G-invariance of t.

Theorem 2.1 (Saloff-Coste and Woess [8]). Suppose that P is G-invariant
and that the reference measure m satisfies (2.1). If the group G is amenable then the
norm op(P,m) = ||P|lp—p and the spectral radius py(P,m) of P acting on ¢°(X,m)
coincide with the norm and spectral radius of Ap(P, m) acting on the space (P(I),

0o(P,m) = [ Ap(P,m)[ppp and pp(Pm) = pp(Ap(P,1m)).
In particular, when G also acts transitively, then norm and spectral radius coincide.

This result has its roots in Soardi and Woess [10], who considered SRW in the
transitive case, with p = 2.

The purpose of this note is to outline how Theorem 2.1 applies to lamplighter
random walks on L X in the place of X, with suitable subgroups of the group
I'=®(X — K) x G in the place of G.

Without any assumption of group-invariance, the following holds.

Lemma 2.2. Let Px, mx on X and Pr,, my on L be given. With m constructed
as in (1.2), one has

UP(P)(,I’T‘I) = Jp(Px,mx) and UP(PL, m) = Jp(PL, mL).

The same holds for spectral radii in the place of norms.

Proof. The following notation will be useful: if nn € C then define

l;, ify=x; (i=1,...,n),
my (y) = % )
7(y), otherwise,

where x1,...,x, € X are distinct and ly,...,l, € L.

Furthermore, § € C denotes the configuration with 6(z) = o for all z € X.

We start by showing that o,(Pr,m) < op(Pr,mz). Let f € (P(L! X, m). Note
that every configuration can be written as 7., where | € L and 7 is such that
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n(x) = o, with arbitrary € X. We compute

IPLfIE =Y > D |Pufnh )|’ mx(z) me(nh)

zeX mn(x)=o lEL
> o)l )

Y (o

zeX min(x)=o0 \IlEL

mL(l)> mx () me ()

<Z Z ( PL,mL)Zf(Uiﬂﬁﬂme(l)) mx (x) me (1)

z€X nin(z)=o0 lelL
= op(PL,mp)? 13-

To show equality, we choose a reference point zyp € X and embed ¢P(L, my,) isomet-
rically into /P(L ! X, m) via f + f, where

F() mX(J;o)_l/p, if v =29 and n= 6;0 (lel),
0, otherwise.

f(nfﬂ)={

One verifies easily that Prf = Prf for all f € (P(L,mz). Therefore o,(Pr,m) =

UP(PL, rTlL)
For Px, the proof is analogous. In this case, one embeds ¢P(X, mx ) isometrically
into /P(L1 X, m) via f + f, where f(nz) = f(z) if n =0, and f(nz) = 0 otherwise.
O

We deduce that the inequalities
aP(va) < UP(vamX) O-F)(F)Lvml/)2 and
UP(P(M m) < a’UP(PXa mX) + (1 - Cl) O-P(PLa mL)
hold always. An analogous inequality for spectral radii is not obvious.

Theorem 2.3. Let Px and mx be arbitrary. Suppose that K is a locally compact
group that acts transitively on L, that Pr is K-invariant, and that the reference
measure my, on L is normalized by (1.1) and K -compatible.

If K is amenable then by Theorem 2.1,

op(Pr,mz) = pp(Pr,mr) = Z(tK(l’O)mL(l))l/ppL(O’l)’
leL

and furthermore, if m is given by (1.2), then the “switch—walk—switch” operator @
on L X satisfies

0p(Q, m) = 0p(Px,mx) 0p(Pr,m)* and  py(Q,m) = pp(Px,mx) pp(Pr,mp)?,
while the “walk or switch” operator P, satisfies
0p(Pasm) =0p(aPx +clx,mx) and pp(Py,m)=pplaPx +clx,mx),

where ¢ = (1 — a)op(Pr,my) and Ix is the identity operator over X.
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Proof. If K is amenable, then so is the group ® = ®(X — K), since it is a direct

sum of countably many copies of K. It embeds into Aut(L ! X) by ¢ — (¢,idx).

The factor space is ®\ (LX) = X, and the different orbits are the sets O, = {nz :

n € C}. The stabilizer of nx € L1 X under the action of ® is independent of x; it

is the direct sum of the stabilizers of all n(y) (y € X) under the action of K, i.e.,
Q. ={p€®:d(y) € Ky Vye X}.

Therefore, one computes for n € C and z,2’ € X

ta(na’.52) = [ trx(n(),o).

yEsuppn
When applying (2.2) to @ and P,, we have to replace I with X and X; with O,.

(1) “Switch—walk—switch”. When 2’ # z, we have ¢(d x,n2’) # 0 only when
n= (5i’,lz, for some [,!’ € L. In this case,

q(6 z, 5‘,1”[‘,;, ') = pr(o,1) px(z,2") pr(0,1').

Therefore

1/p
ap(z, ") = Z (%((522,1",59@) %) pr(o, 1) px(z,2") pr(o,1")

LUEL M3y
— z, x mX(l') e o mL(O) . "o mL(O) v
_px( ) ) (mX(x’)) llZE:L(tK(l, )mL(l) tK(l 5 )mL(l/))

x pr(o,1) pro,1)

“ et (TXY o

When z’ = , we have ¢(6 z,1x) # 0 only when 1 = 6., for some [ € L. In this case,
q(6z,0Lz) = Z pr(o, ) px (x, 2" pr(I',1).
l'eL
Note that tx(l,0) = tx(l,")tx(I',0) by [7, Lemma 1]. By transitivity of the action
of K on L, Theorem 2.1 yields that
op(Promp) = > (tx (L, U)me (') /me (1) Ppo(t',1) for every 1€ L.
leL

Therefore

ap(z, ) = Z <tq>(5i x,0x) :((iwm))

LUEL

1/p
> pr(o, ") px(z,x) pr(I',1)

mpz (I’ my(0) /P
=px(z,7) Y (tK(l,l’)mL—(l).tK(l’,o) L )> pr(0, 1) pr(l',1)

LUEL 10 me (V')

= px(z,z)op(Pr, mr)2.



A Note on the Norms of Transition Operators on Lamplighter Graphs and Groups 1269

Thus, ap(z,2") = op(Pr, mL)2pX(J;,x’)(mX(x)/mX(ac’))l/p for all z, 2’ € X. Since
the mapping f — f m;(l/p is a Banach space isomorphism from ¢P(X) (with the
counting measure) to P(X, mx), Theorem 2.1 yields that
[ Ap—p(Q,m)[lp = 0p(Pr,mz)?0p(Px,m) and
pp(Ap(Qa m)) = op(Pr, mL)zpp(PXa mx).

Since op(Pr,mr) = pp(Pr,mz), this concludes the proof for Q.

(2) “Walk or switch”. When 2’ # z, we have p,(d z,nz") # 0 only when 7 = ¢,
and in this case, p,(0 z,d2') = apx(x,2’) . Therefore

ap(z,2') = a <t¢(5 8 ) %)Uppx(w,f) - apX(x,x')( mx (2) )Up.

When 2’ = x, we have

pa(0z,02) =apx(z,x) + (1 —a)pr(o,0) and
pa(d2,6L 2) = (1 —a)prlol), 1+#o,

while p,(d 2,n2) = 0 in all other cases. Therefore,

m(Sz) \/P
ap(x,a;):apX(ac,x)+(1—a)Z(tq)(dixﬁx) 0 )) pr(o,1)

leL

mr, (o 1/p
:apx(x,x)+(1—a)z<t1<(l,0) L”) p1(0,1)

leL
=apx(z,z)+ (1 —a)op(Pr,mp).

Using once more the isomorphism f — f m;(l/p from ¢P(X) to £P(X, mx), we obtain
the proposed results for P,. O

Remark 2.4. Regarding the norms of () and P,, it appears reasonable to suspect
that the conclusions of Theorem 2.3 might hold under more general assumptions,
e.g., without assuming transitivity or amenability of the group K that acts on L.
However, at the moment, the author does not see a proof without specific assump-
tions of this type.

We now list a few special cases that may be of interest.

Corollary 2.5. Assume all hypotheses of Theorem 2.3.
(a) If in addition, my, is the counting measure, and K (besides being amenable)
is also unimodular (¢t = 1) then

op(Q,m) = op(Px,mx), op(Py,m) = Jp(aPX +(1-a)lx, mX),
oo(Q.m) = pp(Px,mx),  and  py(Paym) = pyla P+ (1—a) Ix, my).
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(b) In particular, suppose that X and L are Cayley graphs of the finitely-
generated groups G and K, and that p and v are probability measures on G and
K, respectively. If K is amenable, then the transition (= convolution) operators on
I'=K G induced by v+ pxv and a - p+ (1 — a) - v satisfy

v pxv|o—p = ll1tllp—p, la-p+ (1 —a) vp—p=lla-p+(1—a): diallp—p:
po(vx pxv) = pp(p), and ppla-p+(1—a)-v)=pyla-p+(1—a): )

(The norms and spectral radii on the left-hand sides are taken over T', while on
the right-hand sides they are over G. The reference measures are the counting
measures.)

(¢) In the general statement of Theorem 2.3, if K is amenable and Px is mx-
reversible, then for p =2 one gets

UQ(P(M m) - p2(P(1.a m) - a’p2(PX7 mX) + (1 - a’) pQ(PLv mL)~

(Recall that in this case o9(Px,myx) = p2(Px,mx) by reversibility, and
o2(Pr,mp) = pa(Pr,myp) by Theorem 2.1.)

Zuk [13] has used a completely different method to prove statement (b) in the
special case when p = 2 and p and v are finitely supported, symmetric probability
measures on the respective groups.

In Theorem 2.3, we have assumed that the group K is amenable and acts tran-
sitively on L, without any specific assumptions on X and Px. Dually, one might
try to use transitivity and amenability of G' acting on X, without specific assump-
tions on L and Pj,. However, this turns out to be much more complicated, since the
factor space of the action of G on L X is isomorphic with G, \C, where zg € X is
arbitrary and G, is the stabilizer of zy in G. (Recall that G acts on C.) Even when
X is a Cayley graph of G, in which case the factor space is =2 C and tg = 1, the
“reduced” operators A,(Q, m) and A,(P,, m) on ¢?(C) according to (2.2) appear to
be too complicated for the purpose of simplifying the computation of norms and
spectral radii.

However, if we are in the situation of Theorem 2.3, and in addition we have
an amenable group G acting (not necessarily transitively) on X, such that Px
is G-invariant and mx is G-compatible, then Theorem 2.1 can be used for explicit
computations. In particular, there are cases when a Cayley graph of a non-amenable
group admits a transitive action of an amenable (non-unimodular) group of auto-
morphisms (isometries), or such an action with only finitely many orbits. In con-
clusion, we shall now exhibit, resp. recall, a simple example of this type.

Example 2.6. Let X = T,., the homogeneous tree with degree r + 1, and L = T,
and consider the corresponding lamplighter graph Ts? T,..

Since T, is the Cayley graph of the group I'; = (a1,...,a,41 | a7 = id) with
respect to the generating set {ay,...,a,+1}, the graph T T, is a Cayley graph of
LT, (If r, resp. s, is odd, we can also take the free group.) Let Px and Pp, be
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the corresponding simple random walks, and let mx, mz and m be the respective
counting measures.

There are different ways for computing the ¢P-spectral radii. For p = 2, this
goes back to Kesten [5]. For arbitrary p, see e.g. Pytlik [6] or Figa-Talamanca and
Steger [3]. The simplest computation uses Theorem 2.1: we choose an end of T,
and consider the group G of all automorphisms (isometries) of the tree which fix
that end. This group is amenable (and nonunimodular) and acts transitively on T,..
Thus, the single-orbit-case of Theorem 2.1 applies, and one obtains

ri/p _|_,r1/q
r+1

For details of the computation and a figure, see [8].
The hypotheses of Theorem 2.3 are satisfied. For the switch—walk—switch model
on T, T,, we get

1 1
pp(SRW(T,)) = , where 5 + i 1.

Pp(Q) = 0p(Q) =

ri/p 4 pl/a (sl/p + 31/q>2

r+1 s+ 1
As mentioned before, SRW on T, T, is P, with a = T_T_‘S_Q. Since G is amenable

and acts transitively, we get from Theorem 2.1 that p,(a Px +c¢Ix) = apy(Px)+c.

Therefore

p1/p L pl/a o g1/p 4 gl/a
r+s+2

In the same way, one can compute the norms and spectral radii of random walks

on Ty, ¢---1T,, for arbitrary k£ > 2. O

P (SRW(T 1 T,)) = 0p (SRW(T, 2 T;)) =

Further examples of the same type may be constructed by using those given in
[7] and [8] (such as, e.g., the buildings associated with the matrix group PGL(n)
over a local field).
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