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ABSTRACT. We present all steps which are necessary in order to
classify all locally finite, infinite graphs which carry a quasi transitive
random walk that is recurrent. Some new and/or simpler proofs are
given. Most of them rely on the fact that autmomorphism groups of
locally finite graphs are locally compact with respect to the topology
of pointwise convergence - this allows the use of integration on these
groups.

1. Introduction and main theorem

Let X be a locally finite, infinite connected graph. A random walk
on X is an X-valued Markov chain (Z,)n>o induced by a stochastic
transition matrix P = (p(@,y)), ,ex Which is in some way (to specify
more precisely) adapted to the graph structure.

The most typical example is the simple random walk (SRW) on X,
whose one-step transition probabilities are given by

N amm, iy~
plz.y) = {0 ,g( ) otherwise.

Here, ~ indicates neighbourhood, and deg(z) denotes the number of
neighbours of vertex ¢ € X. (Our way of thinking of a graph is that of
a set of vertices X together with a symmetric neighbourhood relation ~,
also considered as the edge set £ = E(X)C X x X.)

In general, we always require irreducibility: for every z,y € X,
there is n > 0 such that p(®(z,y) (the probability to be in y after »
steps when starting from z) is > 0. For the SRW, irreducibility follows
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from connectedness. The random walk, or the pair (X, P), is called
recurrent if

G(z,y|1) = o0,
where
G(z,y|z) = Zp(")(a:,y) Z" (2 € C) [the Green function],
n=0

for some ( <= every) z,y € X. If (X, P) is not recurrent, then it is
called transient.

The graph X carries a natural discrete metric: d(z,y) = dx(z,y)
is the minimal length (number of edges) of some path in X connecting
z and y. The automorphism group AUT(X) is the group of all self-
isometries of X with respect to this metric. We say that X is quasi
transitive, if AUT(X) acts with finitely many orbits, and transitive, if
there is just one orbit. Also, we denote by

AUT(X, P) = {y € AUT(X) : p(yz,7y) = p(z,y) for all z,y}

the automorphism group of (X, P), and we say that the random walk
(or (X, P)) is (quasi) transitive if this group acts (quasi) transitively.
This is a strong adaptendness property.

These groups are locally compact with respect to the topology of
pointwise convergence (i.e., v, — v <= for every z, 2 = vz for all
but finitely many n). For any closed subgroup I of AUT(X), a subbase
of the neighbourhood filter at the identity ¢ is given by the stabilizers
T'; of the vertices z € X in T. In particular, a subset of T is compact if
and only if it has finite orbits. (See e.g. Woess [W2] for more details.)

If Xi,4 € I, are the orbits of I', then we can define the factor graph
[\ X. Its vertex set is I, and i ~ j in T\ X if some (<= every) vertex
in X; has some neighbour in X;.

By Z? we denote the (additive) group of integer elements in R?,
that is, the free abelian group on d generators.

MAIN THEOREM ~  Let (X, P) be irreducible, quasi transitive and
recurrent. Then each of the following holds.
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(1) the SRW on X is recurrent, and

(I) there is a compact normal subgroup & of AUT(X, P) such that
the factor group T' = AUT(X, P)/ R is discrete, finitely generated,
and contains a subgroup isomorphic with Z or Z* which has finite
indez in T and hence acts quasi transitively on the factor graph
AX.

This generalizes Varopoulos’ [V1], [V2], [V-S-C] solution of a famous
problem of Kesten [Ke], namely, the classification of all finitely gener-
ated, infinite groups which carry a recurrent random walk (they have a
finite index subgroup isomorphic with Z or Z?%; Gromov’s [Gr] classifi-
cation of all groups with polynomial growth is crucial). The extension
given by above theorem was indicated in the survey by Woess [W3] and
proved (for strongly reversible random walks) by Saloff-Coste [SC].

Here, we present all necessary steps leading to the theorem and
give some new proofs, involving integration on AUT(X), which sim-
plify and/or extend previous results (in particular of [SC]). This is a
considerably enlarged version of the author’s “inaugural lecture” as a
professor of Probability at the University of Milano. The paper was
written during a visit at the University of Salzburg in May 1995. The
author acknowledges the hospitality of the Institute of Mathematics
and of Mrs. D. Eaton, Salzburg.

2. Some recurrence criteria

Let P be the stochastic transition matrix of an irreducible Markov
chain on X. We let P act on functions f : X — R by Pf(z) =
>y p(z,y) f(y) , whenever this sum is absolutely convergent. We denote
by P, the probability measure governing the Markov chain with Zo = «,
and by E, the associated expectation. We have G(z,y|1) = Eg(|{n :
Z, = y}|). For y € X, consider the stopping time s?¥ = inf{n > 0 :
Z, =y} and define

(o]

F(2,y) = PolZn = y], Flz,ylz) = Y fM(a,y)2" (2 € C).

n=0
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Thus, F(z,y) = F(z,y|1) is the probability of ever reaching y when
starting in . It is well known and easy to prove that

G(z,yl2) = F(2,y]2)G(y, yl2) - (1
A measure (thought of as a row vector) v : X — (0, 00) is called ez-
cessive (or P-excessive) if v P < v, where v P(y) = >, v(z)p(z,y).
If vP = v, then it is called invariant. The following well known re-
currence criteria can be found in every book on Markov chains, for
example Kemeny, Snell and Knapp [K-S-K].

THEOREM 2.1 — The following are equivalent.

(a) (X, P) is recurrent.
(b) F(z,y)=1 forallz,y€ X.

(c) P has an invariant measure v such that every P-ezcessive mea-
sure is a constant multiple of v.

(X, P) is called reversible, if there is a measure m on z such that
m(z) > 0 and a(z,y) = a(y,z) for all z,y, where a(z,y) = m(z)p(z,y).
In particular, m is P-invariant. The associated Dirichlet space D(X, P)
consists of all functions f : X — R with finite Dirichlet norm

Dr(f) =5 3 (@)~ f(w) e(z1)

z,yeX
(If P is the SRW on the graph X, then we write D(f) or Dx(f).) This
is a quasi-norm, its kernel consisting of the constants. If we choose a
reference point (root) o € X, then ||f||2 = Dp(f) + f(0)? defines a
norm. Different roots give rise to equivalent norms, and D(X, P) is
a Banach (indeed Hilbert) space. By £o(X) we denote the space of
finitely supported functions X — R, and by Do(X, P) its closure in the
Dirichlet space.
The capacity of z € X is

cap(z) = inf{D(f) : f € b(X), f(z) = 1}.

The following transience criteria are due to Yamasaki [Y1], [Y2] and
Varopoulos [V1] (in analogy with the continuous setting of Brownian
motion), see also Soardi and Yamasaki [S-Y].
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THEOREM 2.2 -~ For a reversible Markov chain, the following
statements are equivalent.

(a) (X, P) is transient.
(b) For some (<= every) z € X, one has cap(z) > 0.
(c) The constant function 1 is not in Do(X, P).

For further equivalent statements, see the survey [W3]. However,
note that in [W3], there is a mistake in the definition of extremal length
(the weights of the edges are missing), and that the corresponding
criterion is known only in the case when P has finite range.

Criteria (b) and (c) show that transience/recurrence relies only on
properties of the Dirichlet norm. Thus, one can derive a variety of
comparison results for recurrence of different reversible Markov chains
by comparing the Dirichlet norms of finitely supported functions.

One can also compare non reversible and reversible Markov chains.
Let P be the transition matrix of an irreducible Markov chain (not
necessarily reversible) over X with excessive measure v. On the real
Hilbert space £2(X,v) with inner product

(F,9)w = Y f(z)g(z)v(),
z€X

P acts as a contraction, as one can deduce from the inequality

(PP < 23 vle@ S @) + 5 3 L v(ehpl@ I )” < (1.1
y o 2

The following theorern has a row of forerunners; the version proved
here is an extension of Theorem 1 of Chen [Ch].

THEOREM 2.3 — Let P and ( be irreducible transition matrices
over X, such that P has excessive meusure v and () is reversible with

associated invariant measure m. Suppose that
(1) supy m(z)/v(z) < oo, and
(2) there is eq > 0 such that P > co@ elementwise.

Then recurrence of P implies recurrence of Q.
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The extension is that [Ch] also requires that infx m(z)/v(z) > 0.
Indeed, I have severe doubts about the very last inequality in the proof
of [Ch, Thm. 1].

Proof - One needs the following popular lemma of Baldi [B-L-P]
(originally used in the classification of connected Lie groups carrying a

recurrent random walk).

LEMMA — Let H be a real Hilbert space, and let Ty, T, be two in-
vertible linear operators on 'H such that Ty is self-adjoint and (Tzf, ) >
(T1f,f) >0 for all f € H. Then

(T7Y ) > (TSYf, f) forallf € H.

Coming back to the proof, we have u(z) = m(x)/z/(:v) < C for some
constant C' > 0. Define P = L(I + P) and Q = (1 - 55u)] + HuQ,
that is,

ao,9) = (1- 55u())y) + 55l 0).

Then P and ( are stochastic, irreducible contractions of the real Hilbert
space ¢2(X,v). Furthermore, @ is reversible with associated invariant
measure v, and v is P-excessive. Also, P > ¢, Q with £; > 0. By (2),

1_151 (P-e@)f, f), <(f, f), forall fe¥X,v).

Consequently, if 0 < z < 1, then

(I==P)f,f), 2 (I -2Q)f,f), 20

on £(X,v). Thus, for 0 < z < 1, the operators T} = &;( — 2Q)
and T, = I — 2P satisfy the assumptions of Baldi’s Lemma. We have
(I-2P) ' f(x) = >, Gp(z,y|2) f(y) (analogously for Q), and setting
f =6, we get

(1-£)Gp(z,2|3%) = Gp(z,z|2) < EI—GQ(JT z|z) for every z € (0, 1)
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Letting 2 — 1 from below, we obtain Gp(z,z) < Gg(z,z)/ey for
every X. Thus, recurrence of (X, P) implies recurrence of (X,Q).
Now let f € £o(X). Then

Dy(f)= —;Z(f(z) — f@)u(@)i(z,v)

2 S0~ S0 @) 540w = 55Dalh).

From Theorem 2.2 we now deduce that recurrence of (X,Q) implies
recurrence of (X, Q). ]

3. Recurrence and unimodularity

Let T be a closed subgroup of AUT(X). (In the sequel, all subgroups in
consideration are tacitly assumed to be closed.) Being locally compact,
I’ carries a left Haar measure dvy. For a Borel subset B of I, we write
|B| for its measure. We shall also need the modular function A of T.
Recall that this is a homomorphism from I' to the multiplicative group
of positive reals satisfying |By| = A(y)|B| for every Borel set in I' and
Jrg(y " HA(yY)dy = [ g(v) dvy for integrable functions g on I'. The
group I is called unimodular when A = 1.

If » € X, then the stabilizer I';, is open and compact, so that

0 < |I'y] < 00. For v € T, we have I',, = y[,y71,

Trel = AL (3)

whence

Note that there are various examples of graphs with non unimodular
automorphism group, see e.g. Soardi and Woess [S-W].
We shall use the following formula:

frema=5 [ swé=Ird T iw. @

{vyz=y yelx

whenever f : X — R is a function for which the sum (integral) con-
verges absolutely. (Note the difference between the stabilizer Iy C T
and the orbit 'z C X.) Analogously, if e = [z,y] € E(X), then I'¢ is
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the set of all v € ' satisfying {ya,vy} = {z,y}. Again, I'c is open and
compact (I'; N Ty is a subgroup with index 1 or 2), and the analogues
of formulae (3) and (4) remain valid for functions defined on E(X).
For a subgroup I' of AUT(X, P), let X;, ¢ € I, be the orbits of T’
on X. We define the transition matrix P of the factor chain on I by

]3(27]) = Z p(a:,w),

weX;

where z € X; is arbitrary. It inherits irreducibility from P.

LEMMA 3.1 — Let I be a subgroup of AUT(X, P). Suppose that
the factor chain (I, P) has an excessive measure . Then

V(‘T):D(z)lrxla .Z‘EXi,
defines an excessive measure for P on X. If I is invariant then so is v.

Proof - Choose a reference point o; in each orbit X;. Let y € Xj.
Using (3) and (4), we compute

Yo v@p(e,y) =Y 5() Y Ialp(e,y) = > (i) 'Fw"lp(*roi,y) dy

T€X i€l z€X; iel r o

= 3200) [ A~ ptonr )y = 3 56) [ plos )y

i€l i€l

=Y 0() Y I0ylplor, w) = 0y >~ ()3, 5)

i€l weX; i€l

<yl 9(5) = v(y).

If 7 is invariant, then the inequality is an equality. O

THEOREM 3.2 - If (X, P) is recurrent then every subgroup I' of
AUT(X, P) is unimodular.

Proof - First step. We suppose that I' acts transitively.
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First observe that for every positive 2 < 1 and every z € X, the
measure ¥(y) = G(z,y|z)/G(z,z|?) satisfies vP < lv. Now, by tran-
sitivity, G(z,2|2) = G(y,y|z) for all z,y. Using (1) we get, in the
recurrent as well as in the transient case,

_ im G@yl2) o G(2yl2)
Fow = 18 G uls) =2 Gleel)

From the above and Fatou’s lemma we infer that for every z, the mea-
sure v(y) = F(z,y) is excessive.

On the other hand, by Lemma 3.1, y |I‘y| defines an invariant
measure.

Now suppose that (X, P) is recurrent. Then, by Theorem 2.1,
F(z,y) = 1 for all z,y. Also, by Theorem 2.1, up to multiplication
with a constant there is a unique excessive measure, which has to be
invariant. Consequently |Ty| = C F(z,y) = C > 0 for all y. This yields
A(Y) = |Ty|/IT,l = 1 for all v € T.

Note that we did not really need the graph structure, but only that
I' is a group of permutations of X with compact point stabilizers.

Second step. Coming to the general case, let Y C X be one of the
orbits of I' on X. Define the stopping time

t¥ =min{n>1:Z,€Y}.

By recurrence, it is P,-almost surely finite for every z. The induced
random walk (Y, PY) has transition probabilities

P (z,y) =PulZy =y], z,y€Y.

Recurrence of (X, P) implies recurrence of the induced walk: if z,y €
Y, then F(z,y) is the same for the original and for the induced random
walk. Now, I' acts transitively on Y. Let &£ = [y I'y. This is a compact
normal subgroup, and I'/R is a transitive group of permutations of ¥’
with compact point stabilizers. It leaves PY invariant, so that we are
in the situation of the first step. Therefore I'/ R, and also I', must be
unimodular. a

Note that in the last theorem quasi t-ausitivity was not required.
We remark that Theorem 3.2 can also be deduced from Thm. 51 of



194 WOLFGANG WOESS

Guivarc’h, Keane and Roynette [G-K-R] concerning random walks on
locally compact groups. However, the proof in [G-K-R] is too long; a
shorter proof can be given by “extrapolating” the above first step, see
§6.

We now apply Theorem 2.3 and Theorem 3.2 to quasi transitive

graphs.

THEOREM 3.3 — If(X,P) is quasi transitive and recurrent, then
the SRW on X s recurrent.

Proof - Let I' = AUT(X, P). Recurrence implies that I' is uni-
modular. Quasi transitivity and local finiteness imply that I' acts with
finitely many orbits on the set of ordered pairs (z,y) such that z ~ y.
For each pair, let n, , be minimal among all integers n with p{")(z,y) >
0, and let €, , = p("=v)(z,y). Then K = max{ngy : ¢ ~ y} < 0o and
g0 = min{ez, : & ~ y} > 0. Define P = (I + P)X. Then P is
recurrent (a very easy exercise using the Green function), irreducible,
and if @ ~ y, then

" €o
pz,y) > ﬁq(:v,y),

where () stands for the SRW on X. In order to verify the other hy-
pothesis of Theorem 2.3, first recall that the SRW is reversible with
m(z) = deg(z), which is bounded above by quasi-transitivity.

Next, let (I, P) be the factor chain of (X, P) modulo I'. As [
is finite, P is recurrent and has an invariant (probability) measure
v. Lemma 3.1 yields existence of a P-invariant measure v on X. As
I' is unimodular, this v is constant on each orbit by (3). Therefore
infx v(z) > 0, and we obtain supy m(z)/v(z) < co. Theorem 2.3 now
tells us that also  must be recurrent. O

Thus, we have proved statement (I) of the Main Theorem.

Next, we shall look for a class of random walks which have to
be recurrent when the SRW is recurrent. A reversible Markov chain
with associated invariant measure m is called strongly reversible, if
infx m(z) > 0 and supy m(r) < co.
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LEMMA 3.4 - If(X,P) is quasi transitive, recurrent and revers-
ible, then it must be strongly reversible, and m is constant on each orbit
of AUT(X, P).

Proof -~ LetI' = AUT(X, P). From Lemma 3.1 and Theorem 3.2
we know that P has an invariant measure v which is constant on each
orbit of T'.

Now suppose that P is reversible with respect to m. Let z,y € X,
and choose n such that p(")(z,y) >0.If vy €T then

m(z)p'"™(z,y) = m(y)p™ (y, )
and
m(yz)p™(z, y) = m(yy)p™ (y, z).

Dividing, we get m(yz)/m(z) = m(yy)/m(y), that is, the function
g(7) = m(yz)/m(z) does not depend on z € X. This means that g
is an exponential on T': it satisfies g(8v) = ¢(8)g(y). We have two
possibilities: either g = 1, in which case m is constant on each orbit of
F, or ¢ and m are unbounded.

By recurrence, it must be m = Cv for some C > 0, and the first
case must hold. o

We say that (X, P) has finite second moment, if

M3(P) = sup E,(d(Z1,2)?) < 00.
zeX

THEOREM 3.5 — Let X be a quasi transitive graph. Then the
SRW on X is recurrent if and only if some (<= every) strongly re-
versible, quasi transitive random walk on X with finite second moment

18 recurrent.

Proof — The “if” part follows from Theorem 3.2.

Conversely, let (X, P) be strongly reversible with associated invari-
ant measure m. If f € £o(X) and e = [z,y] € F = E(X), then we
write |V f(e)] = | £(z) - f).

For arbitrary z,y € X, write II(z,y)- for the (finite) set of geodesics
(paths of length d(z,y)) from z to y, and H.(z,y) for all paths in
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II(z,y) containing edge e. Using the Cauchy-Schwarz inequality, we
have

1
(f(2) - f(y))* < M) > ST(V(e)d(z,y).

m€ll(z,y) €ET

Hence

De(f<s X mepe e Y VA dey)

e e IR
= eez;;(vf(e))2¢(e) :
with
#e) = %ZEX m(@)p(r, v)d(e, ) AL,

We obtain Dp(f) < supg ¢(e) D(f), where D(-) is the Dirichet norm
associated with the SRW.

If (X, P) is recurrent, then I' = AUT(X, P) is unimodular (Theo-
rem 3.2). We use quasi transitivity to show that ¢ is bounded above:
then recurrence of the SRW implies recurrence of (X, P) by virtue of
Theorem 2.2. Let X;, ¢ € I, be the finitely many orbits of I in X. For
every t, choose 0; € X;. Let e be an edge of X. Then, applying formula
(4) and Lemma 3.4,

_ Me(yoi, )l
d(e) = Z 3T |Z/ m(y0:)p(yoi, y)d(yoi, y) =22 T 0r ) dy

Oz ’H —16(0i77_1y)|
)Z/p(ow y)d(o;, 7 ty)—2 d

QIFO,I (05,7~ 1y)|
m(o;) / |H'y—le(0i7w)i
plo;, w)d(o;, w)—T———-=dy
Z 2|F01I zy:; {vyw=y} ( ) ( ) 'H(Oiaw)'

o) o w)
_;2IFO,I;‘D( i w)d(o,w) | (o)
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(We have used unimodularity in the last identity.) Using (4) once more,

|H7€(oi,w)] IH (Ouw)] 1
e Y e wr ST X Y e

e’ele e'ele meM(o;,w)
e’

= oy 30 e eTerd ey <ITddon,n).

n€ll(o;,w)

Therefore,

m(o;)
< I 5 G B 210
20T, |
As X is locally finite, I' also has only finitely many orbits on E(X),
and (by unimodularity, see (3)) || is constant on each orbit. We get

that ¢(e) is bounded above by the finite number

M,(P) (max|F |> Z 2|£0i? O

The last result extends an inequality for Dirichlet norms proved for
random walks on discrete groups by Varopoulos [V2]. It also extends
the one indicated in [SC, §3, Remark 2]: there, Saloff-Coste assumes
amenability (non-validity of a strong isoperimetric inequality). But
amenability of a quasi transitive graph implies unimodularity of every
quasi transitive group of automorphisms, see Soardi and Woess [S-W]
and Salvatori [S]].

4. Growth and isoperimetric inequalities

Let X be a locally finite, connected graph. Recall that the invariant
measure associated with the SRW is given by

= Z deg(z).
€A

For z € X and n > 0, the n-ball centered at z is B(z,n) = {y € X :
d(y,z) < n}. The growth function of X at z is V(z,n) = m(B(z,n)).
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We set

V(n)=Vx(n) = ig}f V(z,n) and V(n)= Vx(n)= S;P V(z,n).

We say that the graph X has polynomial growth, if V(n) < C'n? for
some C,d > 0 and all n > 1. If X is vertex transitive, then V(z,n) =
V(n) = V(n) is independent of z, and if X is quasi transitive, then
V(n)/V(n) is bounded.
In general, two postive functions Vp(-),Vi(-) on N are said to be
equivalent, if
Vi(n) < 1 Vioi(een) (i=0,1)

for all n, where ¢y1,¢c2 > 0.
The main result linking growth with the algebraic structure of quasi
transitive, infinite graphs is the following.

THEOREM 4.1 — Sup})ose that T is a closed subgroup of AUT(X)
which acts quast transitively. If there are constants C,d > 0 such that
V(n) < Cn? for infinitely many n, then the following holds.

(a) There is a compact normal subgroup & of I' such that T'/R is a
finitely generated, discrete group which has a nilpotent subgroup
with finite indez.

(b) T/R acts with finite vertex stabilizers on the factor graph f\X.
(c) There is an integer d(X) < d such that

Cy %) < V(n) < V(n) < Cy ndX)

for alln > 1, where 0 < C1,(C3 < 00.

(d) If d < 3 then d(X) € {1,2} and I'/ R has a finite index subgroup
isomorphic with Z or Z*.

Outline of proof - (Compare with [W2]). This uses (1) the for-
mula of Bass [Ba] for the growth degree of a finitely generated nilpotent
group, (2) Gromov’s [Gr] famous classification of the finitely generated
groups with polynomial growth, and (3) the extension to compactly
generated topological groups due to Losert [Lo]. (Previous to [Lo],
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there was the paper by Trofimov [Tr] on transitive graphs with poly-
nomial growth.)

If T is any locally compact group, generated by a compact, sym-
metric neighbourhood U of the identity, then the associated growth
function is Vr(n) = Vrpy(n) = U™, where || is left Haar measure.
Change to another generating neighbourhood gives rise to an equiva-
lent growth function.

Now, if I' < AUT(X) acts quasi transitively on the graph X, then
one can find a neighbourhood U of the identity such that the corre-
sponding growth function Vp(n) is equivalent with Vx(n). By [Lo,
Thm. 2], T has a compact normal subgroup & such that T = I'/& is
a (possibly 0-dimensional) Lie group. As it is totally disconnected, it
must be discrete and finitely generated, and it must have finite vertex
stabilizers on X = &\X. This proves (b).

We get that T, X and X have equivalent growth functions (compare
with Theorem 5.3 below). Now Gromov’s theorem implies that T has
a nilpotent subgroup M with finite index, and the growth function of
N is equivalent with that of I'. By [Ba), the exponent of polynomial
growth of 9 is integer: this is d(X) = (M), and we get (a) and (c).
(d) also follows from [Bal: if d(91) € {1,2}, then 9 has a finite index
subgroup ismorphic with Z4(™,

Note that both [Gr] and [Lo] formulate their result under the as-
sumption Vp(n) < C n? for all n. However, checking the proofs, one
sees that one only needs this for infintely many n. O

For A C X, we define 04 as the set of all edges in E(X) having one
endpoint in A and the otherin X \ A. Then m(A) and |0A| are discrete
analogues for volume and surface area. Given a function §: N — R*,
we say that X satisfies a §-isoperimetric inequality ISg, if there is a
constant £ > 0 such that

F(m(A)) < k|0A]

for every finite A C X.

If, in particular, §(t) = '=1/¢ (with d > 0) then we speak of a d-
dimensional isoperimetric inequality, in short IS4. Note that if X has
bounded vertex degrees, then ISy is equivalent with X being infinite.
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IS4 is equivalent with a d-dimensional Sobolev inequality. For a
function f: X — R, its Sobolev norm (with respect to the SRW) and
its norm in (X, m) are

1/p
1 )
Sx(N =5 =35 3 If@)~fw)| and |f], = ( > !f(x)l"m(x)) ,
r,yeX reX

respectively, whenever these sums converge. (If p = co then we mean
the sup-norm.) The following is well known, see e.g. [SC].

ProrosiTiON 4.2 - X satisfies ISq if and only if

171l 4, < K Sp(f) for every | € to(X).

(The constant k is the same as in ISy 2
Next, we link growth with isoperimetric inequalities. The following
is a simple exercise.

LEMMA 4.3 - If X satisfies IS, then V(n) > Cn? for some
C>0.

Under an additionl condition, there is a converse to the last lemma,

For f: X — R, define

Pnf(:v)ZV—(;lm S fy)mly).

7 y€V(z,n)

We say that X is smooth if there is a constant 77 < oo such that
If = Puflh <nnS(f) forall fe £o(X) and all n.

With the growth function, we associate the right semicontinuous func-
tions

f(t) = min{n: V(n) > 1} and 3(t) = t/§(2t), t> Linfy m(z).

We remark that [SC] defines § with a “>” but then uses right semicon-
tinuity. For this reason, we (re-)prove the following; see also [(C-S2].

PROPOSITION 4.4 - If X is smooth (with constant n) then it sat-
isfies ISz with constant x = 2n.
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Proof - Let A C X be finite. Then, for arbitrary n,
m(A) = m[ls > 1] < m[1a — Palal > 1/2]+ m[P,14 > 1/2].

(Here, we denote [f > ¢] = {z € X : f(z) > ¢}.) By Markov’s
inequality, and using smoothness,

TTLH].A — Pn1A| Z 1/2] S 2“1A — PnlAHI S 2n77|6A| .
Now choose n = §(2m(A4)). Then V(z,n) > 2m(A) and consequently
P,1a(z) < m(A)/V(z,n) < 1/2 for every z € X. We get
m(A) < 20§(2m(4))[9A]. 0

COROLLARY 4.5 — If X is smooth then it satisfies ISq (d > 1) if
and only if V(n) > Cn? for alln (C > 0).

Next, we show that this applies to quasi transitive graphs. In anal-
ogy with Theorem 3.5 above, we simplify (and extend) the proof of
[SC, Thm. 2.1].

THEOREM 4.6 — IfAUT(X) has a unimodular subgroup I' which
acts quasi transitively, then X is smooth.

Proof - Recall the notation of the proof of Theorem 3.5. Let
f € to(X). For z,y € X and = € T(z,y) we have lf(y) = f(2)] £
Yeer VI

1
f-Puflh= :
I -Pusli= 3 e

S (@)~ F)ml)|m(a)

y€B(z,n)

ZV(;B 2 m( > 2 IV

rzeX y€B(z, WEII(I y) €E€ET

m(y)l(z.9)
2 i) ) ‘

y€B(z,n)

= [Vi(e)l (Z

el zeX V 1 n)

Hence ||f — Pufll1 < (supg(x) n(e,n))S(f), where

nle,n) = Z m(x) E ﬁ(y_)l_n_e(ﬂ)_l

r€X v (.’E, TZ) y€B(z,n) |H(‘L‘7y)|
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We show that n(e,n) < n 7 for some finite 7.
Choose o; € X;, where X;, i € I, are the finitely many orbits of T’
in X. Let e € E(X). Then, applying (4) and unimodularity,

_ _m(y0;) m(y)e(y0:, y)|
ern)= ZIle V(z0i,n) EB%;M) Moyl 7

m(o, m(w)lnv‘le(oi’w)‘
_ZIFO.I/V(oz,n) weBlom (05 w)] ’

— Z 1 m(él’) Z m(w) A lnwe(oia w)| dy .

‘UJGB(O,',TL) 'H(0i7 'UJ)'
As in the proof of Theorem 3.5,

'H’Ye(o'i’ w),

- dy <|Ir.|d i, W),
P (o) 7S IMeldCenw)

which is bounded by n IT.]. We obtain nie,n) < ny(e), where

(RIS ’;}(O‘”,)

As T' acts on E(X) with finitely many orbits, and once more using
unimodularity in the edge-version of (3), we see that n = supg nle) is
finite. O

We remark that the constant 7 obtained here can be “translated”
into the one given in [SC].

5. Rough isometries

Let (X,d) and (X',d") be two metric spaces. A rough isometry is a
mapping ¢ : X — X’ such that

ATNd(2,y) = A7'B < d'(¢e, py) < Ad(z,y) + B

for all z,y € X, and
d'(2',pX)< B
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for every ¢’ € X', where A > 1and B > 0.

In this case we say that the two spaces are roughly isometric.

We can construct a rough inverse @ of ¢: for every 2’ € X', choose
z € X such that d(z',p2) < B, and set gz’ = z. Then one easily
works out that ¢ is a rough isometry with constants A’ = A and
B’ = max{3B,(24 + 1)B}. Furthermore, d(¢pz,z) < (A + 1)B for
every z € X, and d'(ppz’,2") < B for every z' € X'. It is obvious
that the composition of two rough isometries is again a rough isometry.
Hence, to be roughly isometric is an equivalence relation between metric
spaces.

In the sequel, we shall only consider graphs, and rough isometries
will always refer to their discrete metrics induced by neighbourhood.
Finite connected graphs are roughly isometric with a singleton. Here,
we always consider infinite graphs.

The following is easy to prove; for (b), see e.g. [Sl].

ProposiTION 5.1 — (a) Let T < AUT(X) act quasi transitively,
and let & be a compact normal subgroup of T'. Then the factor graph
A\ X is roughly isometric with X.

(b) Every quasi transitive graph is roughly isometric with a vertex
transitive graph.

(The vertex transitive graph in (b) is constructed over one of the orbits
of the autmorphism group on the graph.) If I' is a finitely generated
discrete group and S is a finite, symmetric set of generators then the
Cayley graph X(T,S) of T' with respect to S has vertex set X =T,
and z ~ y < a 'y € S. Then I' < AUT(X), acting by left
multiplication. Considering the growth of I'is the same as considering
the growth of X(T',5); different generating sets give rise to equivalent
growth functions. The typical Cayley graph of 7% is the d-dimensional
grid.
The following is easily deduced from Thm. 4 of Sabidussi [Sb)].

ProOPOSITION 5.2 — IfT' < AUT(X) acts on X quast transitively
and with finite vertex stabilizers, then I' 1s fintely generated and X 1s

roughly isometric with any Cayley graph of T.
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Rough isometries preserve growth, isoperimetric inequalities and
recurrence; see e.g. Kanai [K1], [K2].

THEOREM 5.3 — Let X and X' be roughly isometric graphs with
bounded verter degrees. Then we have the following.

(a) The growth functions of X and X' are equivalent.
(b) X satisfies IS; if and only if X' satisfies IS,.
(c) The SRW on X is recurrent if and only if the SRW on X' is

recurrent.

Typically, one can prove (¢) by comparing the relative Dirichlet
norms and applying Theorem 2.2.

With these results, one can easily prove the following converse of
the Main Theorem.

COROLLARY 5.4 ~  Suppose that X is quasi transitive. If there is
a compact normal subgroup & of AUT(X) such that the factor group
AUT(X)/ R is discrete, finitely generated, and contains a finite index
subgroup isomorphic with Z or Z2, then the SRW on X is recurrent.

Proof - By the above results, X is roughly isometric with one
of the grids Z%, where d € {1,2}. The simple random walks on these
grids are very well known to be recurrent, see the classical paper by
Pélya [Po]. O

6. Conclusion

For an almost transitive graph X, we now have the following from
Theorem 4.1 and §5: either X is roughly isometric with Z or Z?, or
Vx(n) > Cn® for all n. To conclude the proof of the Main Theorem,
we must show that in the second case, every almost transitive random
walk on X has to be transient. By Theorem 3.3, it is enough to show
this for the SRW. Since Varopoulos’ breakthrough of 1986 [V2], several
different methods have been found. Let me start with my favourite.
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Variant 1. Transient subtrees. The following extends the isoperi-
metric inequalities of §4. Let X be a locally finite graph. Given
% : N — Rt and a “root” o € X, we say that X satisfies IS, if
there is kK > 0 such that

F(m(A4)) < k04|

for every finite, connected subgraph A of X containing o. Thomassen
[T1], [T2] has proved the following remarkable result by purely graph
theoretical methods.

THEOREM 6.1 — Let X be a graph with bounded vertez degrees
satisfying IS ,, where § is non decreasing and
o0
F(n)" < 0.
0

n=

Then X has a subtree T such that the SRW on T is transient.

Recall that a tree is a connected graph without (non trivial) cycles.
Thomassen uses ISz, with the cardinality of A in the place of m(4) =
5", deg(z), and with the set of vertices in A having a neghbour in
X \ A in the place of A: For his proof, vertex degrees do not have to
be bounded (local finiteness is enough). We remark that already the
construction of a transient subtree of the grid Z3 is a non-trivial task,
see Doyle and Snell [D-S] and Gerl [Ge].

Also note that for any connected subgraph Y of X, one has Dy(f) <
Dx(f)forall f € £o(Y). Hence, by Theorem 2.2, transience of the SRW
on Y implies transience of the SRW on X.

Proof 1 of the Main Theorem - If X is quasi transitive and
V(n) > Cn®, then X satisfies IS3 by Theorem 4.6 and Corollary 4.5.
Therefore ISg, holds with F(t) = t2/3 and arbitrary o. Now X has a
transient subtree by Theorem 6.1, and the SRW on X must be tran-
sient. Consequently every other almost transitive random walk on X
must be transient as well (Theorem 3.3). a

Variant 2. Isoperimetric inequalities and decay of transition
probabilities. In one of the most significant steps on his way towards
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the classification of the recurrent groups, Varopoulos [V1] has proved
the following (in a more general form than stated here).

THEOREM 6.2 — If X s a locally finite graph satisfying ISy
(d > 1) then the transition probabilities of the SRW satisfy

o P (z,9)/ deg(y) = O(n™?).

Proof 2 of the Main Theorem - If X is quasi transitive and
V(n) > Cn3, then X satisfies IS3 by Theorem 4.6 and Corollary 4.5.
By Theorem 6.2, p(™(0,0) < Cn=3/2, and G(0,0|1) < . a

Variant 3. Growth and decay of transition probabilities. The
following property is a variant of smoothness.

There is 7 > 0 such thay

*) IIf = Pufll? < nan(f) for all f € £o(X), n € N.

For the following theorem, see [SC] and the preceding versions by
Carlen, Kusuoka and Stroock [C-K-S], Coulhon and Saloff-Coste [C-
S$1] and Varopoulos, Saloff-Coste and Coulhon [V-S-C].

THEOREM 6.3 ~ If X is a locally finite graph satisfying () and
V(n) > Cn? (d> 1), then

sup p*(z,2) = O(n~4?).
Now the following is proved almost exactly like Theorem 4.6.

THEOREM 6.4 - IfAUT(X) has a unimodular subgroup T' which
acts quast transitively, then X satisfies ().

Proof 3 of the Main Theorem - Let X be quasi transitive and
V(n) > Cn3. If AUT(X) is non unimodular, then the SRW is tran-
sient by Theorem 3.2. Otherwise, X satisfies () by Theorem 6.4, and
we may use Theorem 6.3 to conclude as in Proof 2. O

Variant 4. Lifting the random walk to the automorphism
group. This is the method which has been (vaguely) indicated in [W3].
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By Lemma 5.1 and Theorem 5.3, it is sufficient to prove the Main
Theorem in the case when X is vertex-transitive. More generally, let
(X, P) be irreducible and transitive, and let I' = AUT(X, P). Choose
o € X and define

1
®(7) = |—F—|p(o,70) and p(dy)=®(y)dy, v€eT. (5
Then one gets the following.

PROPOSITION 6.5 — i is a probability measure on T', and its n-th
convolution powers satisfy

u(”)(ro) — p(n)(o,o).

Furthermore, P is symmetric (p(z,y) = p(y,«) for all z,y) if and only
if ® is symmetric (®(y™1) = ®(v) for all ).

This simple, but useful fact was proved by Woess [W1]; the con-
struction goes back to Soardi and Woess [S-W]. Varopoulos [V3] has
extended his results on the decay of transition probabilities to locally
compact groups.

THEOREM 6.6 — Let I' be a locally compact, unimodular group,
and let U be a compact, symmetric neighbourhood of the identity which
generates T'. Suppose that Vp(n) > Cn? for all n. If ® is a sym-
metric probability density in L%(T) with compact support satisfying
infyy ®(y) > 0 then

18] = O(n=%1?)  for everyd' < d.

(Here, &™) is the n-th convolution power, and the norms refer to
Haar measure on I'.)

Although this is not completely within the main theme of this pa-
per, I next give an outline of a simpler proof than in [G-K-R] that a
recurrent locally compact group must be unimodular.

THEOREM 6.7 — Let T be a locally compact group with countable
base of the topology and p a Borel probability measure on T such that
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(supp )™ =T. If pu is recurrent, i.e.,
> #I(U) = oo (6)
n=1

for some nonempty, open U C I' with compact closure, then T is uni-

modular.

Outline of proof - By a theorem of Loynes (see [G-K-R,
Thm. 22]), either 3", u{® is a Radon measure or else (6) holds for
every U. In particula;, recurrence implies that p is irreducible in the
sense that supp u generates I' as a closed semigroup.

For 0 < 2z < 1, we can define a Borel measure on T’ by v, =
> >1 z”,u(") It satisfies v, * u = p* v, < zv,. Choose a nonzero con-
tinuous function fy: ' — R+ \3V1th compact support. By irreducibility
(recurrent or not), -

C.={v :a Radon measure on T such that v * p < 2v, p*rv < 2y

and ,/rfody =1}

is compact in the vague topology and non empty by the above. Hence
also Cy is nonempty. Let vy € Cy.

In the recurrent case, like in the discrete setting (Theorem 2.1),
there is a Radon measure v; such that p * 1, = p, and every Radon
measure with g *v < v is a multiple of ;. Now the equation is satisfied
by left Haar measure, and consequently v is left Haar measure (normed
by [ fodyy = 1).

Analogously, there is a measure v, such that v, * 4 = v, such that
every measure with vy < v is a multiple of v;. Thus, vy = C v, must
be right Haar measure.

We get that left and right Haar measure coincide. O

Proof 4 of the Mair Theorem - Let X be transitive and V(n) >
Cn®. Let Q be the SRW and P = 3(I+Q). Then the SRW is transient
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if and only if P is transient. Let I = AUT(X), and define ® and p as
in (5). Then

U =supp ® ={yeTl:d(yo,0) <1}

is a compact, open, symmetric neighbourhood of the identity, and (see
[W2])
U™ ={y €T :d(yo,0) < n},

so that U generates I', and

Ve(n)/ITo] = Vx(n)/ deg,

where deg is the (constant) vertex degree in X. Furthermore, ® is
continuous and constant on U.

If T is non unimodular, then we use Proposition 6.5 and Theo-
rem 6.7 (or Theorem 3.2) to obtain

Gp(o,0l1) =1+ > pM(T,) < 0.
n>1
Otherwise, all conditions of Theorem 6.6 are satisfied (with d = 3), and
|®™)]|o, < Cn~5/2. By Proposition 6.5,

p™(0,0) = /F 8 (y)dy < C |05,

so that P is transient. O

Variant 5. A transient random walk with finite second mo-
ment. In the preceding variants, we have not used the full strength
of Theorem 3.5. This will be done here. Recall Lemma 5.1 and The-
orem 5.3, and let X be a vertex transitive graph with V(n) > Cn®.
Following [V2] and Ancona [An], we now construct a transitive random
walk (X, P) with finite second moment. Let (Ak)k>1 be a sequence of
positive numbers such that 3, Ax = 1 and 34 k*)\; < 0co. We define a
transition matrix P by

p(zv y) - Z )‘k%k)lB(z,k)(y) .
k=1

It is easy to see that Ma(P) < Yp k%A < o0.
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PrROPOSITION 6.8 — If X is vertex transitive, V(n) > Cn® and
AUT(X) is unimodular, then the \; can be chosen such that

sup p(")(x,y) = O(n"l's) for everye < 1/2.
z"y

Outline of proof ~ The proof follows [An, Lemme 4.3 & Cor. 4.4].
First of all, note that AUT(X, P) = AUT(X). By Lemma 3.1, v(z) = 1
defines a P-excessive measure, that is, P is doubly stochastic. Let E be
the matrix over X with all entries equal to one. Then EP = PF = E.

Decompose P = Q+R, andlet || Q|1 = sup, 3°, ¢(z,y) and [|R||oc =
sup, , 7(z,y). We claim that

P" < (J|QIIT + nl|R||lsc)E elementwise for alln € N.
This is true for n = 1, and if it holds for n — 1, then

=(Q+R)P"T<QP"} 4 ||R||c E P

<(QIT™ + (n = VI Rllo)Q E + || Rlloc £
Noting that @ £ < ||Q||1 £, we see that the statement also holds for n.
Now we define @ and R = P - @ by

q(z,y) = i)‘k‘??g)lek ().

(Again, deg is the constant vertex degree.) Then we get from the above
that

m-—

supp(“ (z,y) < (Z /\k) +n Z M deg

Setting A\x, = (kv/logk) Sfork>2and Ay = 1 — Zkzz Ak, the proof
now proceeds as in [An]. O

Proof 5 of the Main Theorem - Suppose without loss of general-
ity (Theorem 3.2) that AUT(X) is unimodular. We may apply Propo-
sition 6.8 to find a transient random walk which is transitive and has
finite second moment. By Theorem 3.5, also the SRW is transient. [
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