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Transience and volumes of trees

By
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1. Introduction. Given a locally finite, connected graph G with countable sets of vertices
V and (undirected) edges E, the simple random walk (SRW) on G is a Markov chain X,
(n=20,1,2,...) which is associated with the graph in a natural way: Starting at some
vertex of G, we perform random steps along the edges; having arrived at a vertex we select
with equal chance that one among the adjacent vertices to which our next step will take
us. In other words, the state space of (X,) is ¥ and the one-step transition probabilities
Pr[X, ., =v|X,=u}=p,, (u, veV)are given by

1/d(w) if v is adjacent to u,
1.1 =
(@ Pao {0 otherwise.

d(u) denotes the degree of vertex u. The transition matrix P = (p, ), ,.y can be regarded
as the adjacency matrix of G, normalized by dividing each element by the corresponding
row-sum. The n-step transition probabilities Pr[X, = v| X, = u] = p, are just the en-
tries of the matrix power P,
(1.2) P =20,, and p =3 pr Vp,, forn=1,2...

weV
By the study of the SRW, one can relate geometric properties of G with probabilistic ones.
One of the most important concepts concerning Markov chains is that of recurrence-
transience: The SRW — and, briefly, also the graph G — is called

o0
recurrent, if Y p, = oo,
n=0

(1.3) "
transient, if Y pi < co.
n=0
This definition does not depend on the particular choice of u, v € V [2]. The infinite sum
of (1.3) is the mean number of visits to vertex v during the SRW after starting in u.

In the present article we exhibit a simple criterion for transience, or recurrence respec-
tively, of infinite trees T. To faciliate the exposition, we assume that d(v) = 2 forallve V,
and talking of subtrees, we implicitly mean those subirees which have the same property.
We shall use a natural notion of the volume of T, denoted by ¥, (T), as introduced in [4],

1) Partially supported by CNR, GNAFA (Italy).
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and the family of generalized volumes ¥, (w), where w is a weight function on T with
respect to a chosen reference vertex e (Section 2). With e as the starting point, the mean
number of visits of the SRW to e,

1.4) G(T)= Y p¥, (also briefly denoted by G,)
n=0

can be directly related with the volume, resp. the generalized volumes of T (Sections 3 and
4): G (T) < d(e) ¥_{(w) for every generalized volume of T (Theorem 1), and there is a
generalized volume ¥, (&) such that G (T) = d(e) ¥, (®) (Theorem 2).

As a consequence, T is transient if and only if it admits a finite generalized volume: this
result is related to the criterion of [6], where transience of a large class of Markov chains
is set in relation with the energy of flows on the corresponding graph. Our Theorems 1
and 2 give direct and elementary relations between the probabilistic quantity “mean
number of visits” and the geometrical quantities “generalized volumes™.

2. Generalized volumes of a tree. Chosing a reference vertex e gives rise to an orientation
of the tree: we write u— v if the vertex u lies on the shortest path connecting e with vertex
v. Given u € ¥, we denote by U(u) (more exactly: U,(u)) the set of all vertices v adjacent
to u such that u—%» v; in particular, U (e) consists of all neighbours of e.

Definition. A weight function on T with respect to the reference vertex e is a

nonnegative function w defined on E, [u, v]— w, ,, such that
(2.1) > o,,=1 foral yveV
veU(u)

The generalized volume of T with respect to w is the infinite sum

f@=3% o, + ¥ T o0,

uelU(e) uelU(e) velU(w)

2 2 2
+ Z Z Z COe,ucou,va)v,w Rl
uelU(e) veU(w) welU(v)

2.2)

If w is the “natural” weight function with respect to e, ie. w, , = 1/4 U(u), then the
corresponding infinite sum is called the (ordinary) volume of T, denoted by ¥ (T) (com-
pare [4]). ¥,(T) is a sum of areas of consecutive squares — each one corresponding to an
edge of T —filled into the region [0, o) x [0, 1] of the real plane: We start with d(e) squares
of side 1/d(e) each; having already drawn the square of side a, , corresponding to edge
[, v], u—=> v, then we attach on the right d(v) — 1 squares of side a, /(d(v) — 1), each one
corresponding to an edge [v, w], w € U(v). See Fig. 1, where edges and corresponding
squares are labelled by equal numbers.

In the general case, the side g, , of the square corresponding to edge [u, v] is subdivided
into the sides a, ,w, ,, of the squares corresponding to the edges [v, w], w e U (v).

3. Volumes and simple random walks on branches. Given two adjacent vertices u and
v, the branch B, , of T is the subtree spanned by u, v and all vertices w such that v—% w.
If u-—5v and o is a weight function on T with respect to e, then we can define the
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13
1%

16

Fig. 1

generalized volume of B, ,:

Yool@)=14+ ¥ @, + ¥ X of,0l,

weU(v) welU(v) xeU(w)

2 2 2
+ Z Z Z Wy, w Wiy, x D,y +oo
wel(v) xeU(w) yelU(x)

(3.1)

The partial sum of this infinite sum up to (and including) the (k + 1) st summand will be
denoted by ¥, ,(w, k). Thus we have:

Lemma 1. 2) 7,(w) = ¥ 2,7, ,(w)
ueU({e)
b) 7., @0=17% (@k+)=1+ ¥ of,%,(@®5h.
welU(v)
c) ¥, ,(w, k) tends to ¥, ,(w) monotonically as k — .

Clearly, the transition probabilities of the SRW Xi* (n =0, 1,2,...) on B, , coincide
with those of X, on T at every vertex of the branch with the exception of u, where we have
P, = 1 instead of p, , = 1/d(u). Now consider the SRW on B, , with starting point u.
Denote by G, , the mean number of visits to u during this walk and by G, ,(k) the mean
number of visits to u with the additional restriction that we count only those visits where
the SRW does not exceed distance k from u before returning to u:

(3.2) Gyo=3 PrX%®=u|X%" =14
n=0

(3.3) G, (k) =3 PrlX»® = u, dist(X%"% u) <k for m < n|X%" = u].
n=20

Here, dist denotes the usual distance between vertices of the three, that is the number of
edges of the shortest connecting path.
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1 1
Proposition 1. a) G, =1/ — .
P ) ¢ /d(e) ue%:(e) Ge,u

1
b) G, 0 =1,G, (k+1)=1+1 S S—
) ’ () ’( ) we%(v) Gu,w(k)

©) G, ,(k) tends to G, , monotonically as k — co.

Proof. We use the particularities of the tree structure and apply methods of “taboo
probabilities”. See [2] for a general view, compare also [1], [5]. — Let u, v be two adjacent
vertices, we introduce the quantities

W= PriXyt=u Xt fuform=1,...,n—1|Xs"=ul, f9=0

0 = PrXet = u| X4t =ul, 40 =1.

u,v

(3.4)

For k = 0, £,"(k) and ¢{”,(k) are defined in the same way with the additional restriction:
dist(X%", u) < k for m < n. Set

(3.5) E.,=% f% and E (k=% £2F).
n=0 n=0

F, ,is the probability that the SRW on B, , ever returns to u, and F, (k) is the probability
that it returns before reaching a distance larger than k from the starting point u. Further-
more, for the SRW on T we define

W =pPriX,=e¢, X, +eform=1,....,n—1|X,=¢], fO=1

feel

F= 3% .
n=0

(3.6)

n
Then we have p%, = 3 f® p& P for n < 1, hence
i=0

3.7) G, =1/ — F)
and, in the same way
(3.8) G,,=1/1 —F,).
1
Now, /"= ¥ — f hence
ueU(e) d(e)
1
(3.9) F=—r -
d(e) wev(e)

Combining (3.7), (3.8) and (3.9) we obtain a).

To satisfy the conditions of the definition of £ (k + 1), the first step of X% has to go
from u to v (with probability 1) and the last step from v to u (with probability 1/d(v)), and
in the meantime X,° remains in B, , — {u} at distance < k from v. Similar arguments as
above yield (if u—>> 1)

1 1
(3.10) Fu,,,(k+1)=@/<1 - %()a-(v—)ﬂ,w(k))
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n

We have for n 2 1: g%, (k) = 3 f2(k) ¢, ?(k), hence
i=0

(3.11) G, (k) = 1/(1 = F,_ (k).

This together with (3.10) yields b). ¢) is an immediate consequence of the monotone
convergence theorem. [J

Note that in the recursion formula of (3.10) there is a certain similarity with continued
fractions, which has in fact inspired the above and the following proposition. Continued
fraction methods can be used to deal with simple random walks on certain trees [3], [8].
The continued fraction - analogue of the next proposition (with = instead of <) is [7],
Th. 11.1: compare with [3]. -

Proposition 2. G, (k) =7, ,(w, k), k=0,1,2,...,.
Proof. We use induction k. For k = 0, both terms have value 1.

k—k+ 1. The function x—1/x is convex for x > 0. Hence we obtain from
>, ®,, =1 and Jensen’s inequality:
wel (v)

1Y oj.%hWobs X 17 (k.

welU(v) welU(v)

Combining this with Lemma 1b), the induction hypothesis and Proposition 1b) yields

1
Y, (o, k+1)=21+1 ——
o : / weXU:(v) Yo (@, k)

>1+1
h / ws%cw G, .. (k)

=G, (k+1). O

4. Main results.

Theorem 1. Given a reference vertex e of T and a weight function w with respect to e,
we have

G(T) = dle) 7; ().
Proof. Proposition 2, Lemma 1c¢) and Proposition 1¢) imply
G,,<de 7, ,(w foral uelU(ey.
Using Lemma 1a) and Jensen’s inequality we get

/ 1
21/ ¥

ueU{e) Ge,u

V(o) 2 1/ e Voa@)

e

e)

The last term is equal to y by Proposition 1a). O
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Suppose that X, is transient, G, < co. Besides the “natural” weight function and the
corresponding (ordinary) volume there is another weight function @, that we call the
“harmonic” weight function, which is also natural in a certain sense. We define @ as
follows:

(4.1) Bpu=(—FE)GJde) if ueU).

e u
For v = e, there is a unique vertex u such that v € U(u); we define for w e U(v)

& _ {EA,D(l - E;,w)/(1 - El,v) if EI,U< 1

(4.2) arbitrary (e.g. = 1/(d(v) — 1) if F,,=1

(F, , as defined in (3.5)). Note that F, , = 1 (< 1) means that the SRW on B, , is recurrent
(transient). The proof of Proposition1 shows that 3 (1 —F ) =d(e)/G,, ie.

uel(e)
> &,,=1.Hv+eveU@andF, ,=1then 3 &,, =1 by definition. Suppose
uel (e) welU(v)
F,,<1 and let k—oo in (3.10): we get > (1-F,,)=(1—F,)F,, hence
welU(v)
> @, ,=1and & is in fact a weight function.
welU (v)

For u e V denote by [e = ug, uy, ..., uy_ 1, 4, = u] the unique shortest path in T con-
necting ¢ and u. Then we get

(4.3) ¥, (@) = (G./d(e))* ZV %( )(1’9,..11’“1,.,2' v Fy Wl = F )P
Define
4.4) W,,=Pr[dnz0: X, = v| X, = u] for u, ve V, in particular W, = W, ..

It is well known [1] that by the tree structure,
- W,

ug,e”

W,=W,, W

On the other hand it is obvious that for ue V, v e U (u),
(4.5) E . =W

u,v v, u’

Hence we have

(4.6) Y (@) =(G/de) L X (W,— W),

ueV velU()
and the term on the right is in fact half of the energy of a flow on T as defined in [6]. For
the following theorem we refine the inequalities obtained in [6] to show that the minimum
among all generalized volumes is in fact G,(T)/d(e).
Theorem 2. Given the reference vertex e, there is a weight function @ such that
d(e) 7,(®) = G (T).

Proof. If X, is recurrent we have nothing to prove. So assume that X, is transient
and take @ to be the harmonic weight function. Define for k = 0

U ={ueV|distme) <k}, U' =U, (e
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and forue V
Wk =Pri3nz0: X, =¢, X,eUform=0,....,n X, =u].

Observe that W, (k) = 1, W,(k) = W, (k) if u—> v and W,(k) = 0 if dist(u, e) > k. Clearly,
W, (k) tends to W, monotonically as k — co. As in [6], we have

XX (Wh-wErs T (- WKk =de)

ueUF dist(v,u)=1 ueUl(e}
Hence, letting k — o0, we get by the dominated convergence theorem
> OX W-WPs X (1-wy,

u¥e dist(v,u)=1 uel(e)
and adding on the left the term where u = e,
S W -WPE Y (L-WH+(Aa—-W)H

ueV dist(w,u)=1 uclU(e)

=2 % (W)

uel(e)

{4.7)

In (4.7), each edge has been counted twice. If we introduce the orientation —» and use (4.5)
and (3.9) we obtain
> X W-wrs ¥ (1-FK,)=d9/G,

ueV vel(uw ucUl(e)
in other words, 7, (®) < G,/d(e). L

Observe that in the proof we did not use the tree structure.

Corollary 1. A4 tree is recurrent if and only if there is a reference vertex e and a weight
function o with respect to e such that ¥, (w) < co.

An immediate consequence of Corollary 1 is the following.

Corollary 2. If a tree is recurrent then every subtree is recurrent.

Proof. If T’ is a subtree of T and o' is a weight function on T’ with respect to
reference vertex e e V(T”), then we can define a weight function on T If [u, v] € E(T), set

O b if uyve V(T

4.8) Wy =10, ifueV(T) and veV(T)— V(T
1dwy — 1), fwoeV(T)—V(T).

Obviously ¥, (w') = ¥, (w), the latter volume is infinite and thus every generalized volume
of T’ is infinite. O

On the other hand, every tree has recurrent subtrees (for example, copies of the positive
integers N with edges [i, i + 1], i € IN), and a transient tree may even have infinitely many
recutrent branches: take a homogeneous tree of degree = 3 (which is well known to be
transient), and to each vertex attach a copy of the half-line IN. Each of these half-lines is
a recurrent branch. However, the construction of & in Theorem 2 yields the following
observation.
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Theorem 3. Every transient tree has a transient subtree which has no recurrent branch.
Proof. Consider ¢ as defined in (4.1) and (4.2). If u € V and v € U (1) then (3.10) yields
(4.9) E,=10+ X (I1-FE.).

weU(v)

Hence, if F, , < 1 then F, , <1 for some we U(v). Thus, if we take
(4.10) V'={e} u{veV~ {e}|F,, <1 for the unique ue V s.t. u—>v},

then V'’ spans a subtree T’ of T, and the restriction &’ of @ to T’ is a weight function on
T’ such that (&) = ¥,(®) < co and &) , > 0 for all u, ve ¥V’ with ve U(u). It may
happen that T’ is not a subtree in our sense, namely, if d’(e) = 1, where d’ denotes the
degree in T'. However, T" is transient and cannot be a half-line, i.e. there are vertices in
T" of degree = 3. Among these, let ¢” be the one that is closest to e. Now let T” be what
remains when cutting off the line segment that connects e and ¢” in T’. The restriction
@" of @ to T” is a strictly positive weight function on T” with reference vertex e”, and
Yo () £ 4 (@), ,,

If B, ,is a branch of T” such that u->> v then clearly 1> ¥, , (®") < ¥, (®") < o0, where
A>0, and B, is transient by Proposition 2 (with k — o). If v-*>u then by (4.9),

u, v
recurrence of B, , would imply recurrence of B, B, . o ,»---» By, o and finally of

U, V12
B} ,,, where [e”, vy, ..., v,_, 0] is the shortest path in T” connecting ¢” and v, and

we U"(e") — {v,}. However, B;. , cannot be recurrent by the above argument. [J

Coming back to “ordinary” volumes, another consequence of Theorem 1 is the follow-
ing corollary.

Corollary 3. If T’ is a subtree of T and e is a vertex of T', then
G.(T) £ d(e) ¥.(T),
where d(e) is the degree of e in T and ¥,(T") is the volume of T’ with respect to e.

Proof. Take the “natural” weight function of T’ and extend it to a weight function
on T as in the proof of Corollary 2. Now Theorem 1 yields the result. [J

We conclude with a conjecture (Corollary 3 is the “if”-part, and Theorem 3 seems to
be a vague affirmation of the “only if”-part).

Conjecture. A tree is transient if and only if it has a subtree of finite (ordinary)
volume,
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