ASYMPTOTIC ENTROPY OF RANDOM WALKS ON REGULAR
LANGUAGES OVER A FINITE ALPHABET

LORENZ A. GILCH

ABsTRACT. We prove existence of asymptotic entropy of random walks on regular lan-
guages over a finite alphabet and we give formulas for it. Furthermore, we show that the
entropy varies real-analytically in terms of the probability measures of constant support,
which describe the random walk. This setting applies, in particular, to random walks on
virtually free groups.

1. INTRODUCTION

Let A be a finite alphabet and let A* be the set of all finite words over the alphabet A,
where o denotes the empty word. Consider a transient Markov chain (X, )nen, on A* with
Xy = o such that the transition probabilities depend only on the last K € N letters of
the current word, in between two steps the word length differs only by at most K letters
and in each step only the last K € N letters of the current word may be modified. Denote
by m, the distribution of X,. We are interested whether the sequence 2E[—logm,(X,)]
converges, and if so to describe the limit. If it exists, it is called the asymptotic entropy,
which was introduced by Avez [I]. The aim of this paper is to prove existence of the
asymptotic entropy, to describe it as the rate of escape w.r.t. the Greenian distance and
to prove its real-analytic behaviour when varying the transition probabilities of constant
support.

We outline some background on this topic. It is well-known by Kingman’s subadditive
ergodic theorem (see Kingman [I1]) that the entropy exists for random walks on groups if
E[—log m1(X1)] < co. In contrast to this fact existence of the entropy on general structures
is not known a priori. In our setting we are not able to apply the subadditive ergodic theo-
rem since we neither have subadditivity nor a global composition law of words if we restrict
the random walk to be on a proper subset of A*. This forces us to use other techniques like
generating functions techniques. These generating functions are power series with probabil-
ities as coefficients, which describe the characteristic behaviour of the underlying random
walks. The technique of our proof of existence of the entropy was motivated by Benjamini
and Peres [2], where it is shown that for random walks on groups the entropy equals the
rate of escape w.r.t. the Greenian distance; compare also with Blachére, Haissinsky and
Mathieu [3]. In particular, we will also show that the asymptotic entropy h is the rate of
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escape w.r.t. a distance function in terms of Green functions, which in turn yields that h
is also the rate of escape w.r.t. the Greenian distance. Moreover, we prove convergence in
probability and convergence in L of the sequence —% log 7, (X,,) to h, and we show also
that h can be computed along almost every sample path as the limes inferior of the afore-
mentioned sequence. The question of almost sure convergence of —% log 7, (X,,) to some
constant h, however, remains open. Similar results concerning existence and formulas for
the entropy are proved in Gilch and Miiller [8] for random walks on directed covers of
graphs and in Gilch [7] for random walks on free products of graphs. Furthermore, we give
formulas for the entropy which allow numerical computations and also exact calculations
in some special cases.

Kaimanovich and Erschler asked whether drift and entropy of random walks vary con-
tinuously (or even analytically) when varying the probabilities of the random walk with
keeping the support of single step transitions constant. In this article we also show that h
is real-analytic in terms of the parameters describing the random walk on A*. This fact ap-
plies, in particular, to the case of bounded range random walks on virtually free groups. At
this point let us mention that several papers concerning continuity and analyticity of the
drift and entropy have been published recently: e.g., see Ledrappier [13], [14], Haissinsky,
Mathieu and Miiller [9], Gilch [7]. The recent article of Gilch and Ledrappier [5] collects
several results about analyticity of drift and entropy of random walks on groups.

The reasoning of our proofs follows a similar argumentation as in [§] and [7]: we will
show that the entropy equals the rate of escape w.r.t. some special length function, and we
deduce the proposed properties analogously. The plan of the paper is as follows: in Sections
and [3l we define the random walk on the regular language and the associated generating
functions. Sections [] explains the structure of cones in the present context. In Sections
and [ we prove existence of the asymptotic entropy, while in Section [7 we give explicit
formulas for it. Section [§ shows real-analyticity of the entropy.

2. NOTATION

Let A be a finite alphabet and denote by o the empty word. A random walk on a regular
language is a Markov chain on a subset £ C A* := (], -, A" U {o} of all finite words over
the alphabet A, whose transition probabilities obey the following rules:

(i) Only the last two letters of the current word may be modified.
(ii) Only one letter may be adjoined or deleted at one instant of time.
(iii) Adjunction and deletion may only be done at the end of the current word.
(iv) Probabilities of modification, adjunction or deletion depend only on the last two
letters of the current word.

Compare with Lalley [12] and Gilch [6]. The assumption that transition probabilities de-
pend only on the last two letters of the current word may be weakened to dependence of
the last K > 2 letters by blocking words of length at most K to new letters (compare
with [I2] Section 3.3]. In general, a regular language is a subset of A* whose words are
accepted by a finite-state automaton. It is necessary that by each modification of a word of
the regular language in one single step a new word of the regular language is created. The
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results below, however, are so general such that w.l.o.g. — for ease and better readability —
we may assume that the regular language £ consists of the whole set A*. We will use the
notation w € L, w € A* respectively, to emphasize at some points that we explicitely mean
a word of the language or just a word over the alphabet. Let us note that random walks on
virtually free groups constitute a special case of our setting, and our results directly apply.

We introduce some notation. For a word w € £ and k € N, w[k] denotes the k-th letter
of w, and [w] denotes the last two letters of w. The random walk on £ is described by
the sequence of random variables (X, )nen,. Initially, we have X := o. If we want to start
the random walk at w € £ instead of o, we write for short Py [-] := P[- | Xy = w]. For
two words wi,wy € A*, we write wyws for the concatenated word. We use the following
abbreviations for the transition probabilities: for w € L, aj,a2,b1 € A, be,c € AU {0},
n € Ny, we write

P[Xn-i-l = wagbgc ‘ Xn = walbl] = p(albl,agbgc),
P[X,11 = boc | Xy, = a1] = p(aq, bac),
P[X, 11 = b | X,y = 0] = p(o,b9).
We assume that P,[X; = v] > 0 implies P,[X; = u] > 0 for all u,v € £. We call this
property weak symmetry. For wy,ws € L, the n-step transition probabilities are denoted
by pU™ (w1, wy) := Py, [Xn = ws]. The natural word length of any w € L is denoted by |w)|.

Malyshev [15] proved that the rate of escape w.r.t. the natural word length exists under
some natural assumptions, that is, there is a non-negative constant ¢ such that

lim —’Xn’ =

n—oo N

¢ almost surely.

Here, ¢ is called the rate of escape. Furthermore, by [15] follows that ¢ is strictly positive
if and only if (X,,)nen, is transient. In [6] there are explicit formulas for the rate of escape
w.r.t. more general length functions.

Another characteristic number of random walks is the asymptotic entropy. Denote by 7,
the distribution of X,,. If there is a non-negative constant h such that the limit

1
h = lim ——Elogm,(X,)
n—oo n

exists, then h is called the asymptotic entropy. Since we only have a partial composition
law for concatenation of two words (if £ C A*) and since we have no subadditivity and
transitivity of the random walk, we can not apply — as in the case of random walks on
groups — Kingman’s subadditive ergodic theorem to show existence of h. It is easy to see
that the entropy equals zero if the random walk is recurrent (see Corollary [[4]). Therefore,
we assume from now on transience of (X, )nen,-

Moreover, we assume that the random walk on L is suffiz-irreducible, that is, for all w € £
with P[X,, = w] > 0 for some m € N and for all ab € A? there is some n € N such that

P|Jw;, € A : X, = wwiab,Vk < n: |X5| > w] | Xo :w} > 0.

This assumption excludes degenerate cases and guarantees existence of ¢; compare with [6]
End of Section 2.1]. At this point let us mention that lim,, —% log 7, (X},) is not neces-
sarily deterministic: take two homogeneous trees of different degrees di,ds > 3 equipped
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with simple random walk; identify their root with one single root which becomes o; then
the limit depends on the fact in which of the two trees the random walks goes to infinity.

3. GENERATING FUNCTIONS

For wy,ws € L, z € C, the Green function is defined as
G(wr,walz) ==Y p™ (wr,wy) - 2",
n>0
the last visit generating function as
L(wy,ws|z) : ZIP’ n—wg,VmE{l n}:Xm#w1|X0:w1] -2
n>0
and the first return generating function as
U(wy,wi|z) : Z]P’ X, =w,Vm e {1,. n—l}:Xm#wl‘XO:wl]-z".
n>1

By conditioning on the last visit to wp, an important relation between these functions is
given by

G(wi,ws|z) = G(wy,wy|z) - L(wy, we|2).
Denote by R, the radius of convergence of G(w,wl|z), w € L. If R,, > 1 then

G(w,w|1) < (3.1)

L
R
indeed, since G(w,wlz) = (1 — U(w,w\z))_1 it must be that U(w,w|z) < 1 for all
0 < z < Ry; moreover, U(w,w|0) = 0, U(w,w|z) is continuous, strictly increasing and
strictly convex for 0 < z < Ry, so we must have U(w,w|1) < 1/R,, which yields (3.1)).

In the following we introduce further generating functions, which also have been used in
[6]. Define for a,b,¢,d,e € A and real z > 0

H(ab,c|z) := Z]P’[Xn =c,Vm <n:|Xp|>1|Xo = ab] - 2"

n>1
and
L(ab,cde|z) = ZIP’[Xn =cde,Ym € {1,...,n} : | X;| > 3| Xo = ab] - 2"
n>1
G(ab,cd|z) = ZIP’[Xn =cd,Ym e {l,...,n}: | Xp| > 2‘X0 = ab| - 2"
n>0

We write L(ab,cde) := L(ab,cde|1). These generating functions can be computed in two
steps: first, one solves the following system of equations:
H(ab,clz) = p(ab,c)-z+ Z (ab,de) - z - H(de, c|z)
dec A2

+ Z (ab,def) - ZH ef,qlz) - H(dg,c|z); (3.2)

defeA3 geA



ASYMPTOTIC ENTROPY OF RANDOM WALKS ON REGULAR LANGUAGES 5

compare with [I2] and [6]. The system (B.2]) consists of equations of quadratic order, and
therefore the functions H(-,-|z) are algebraic, if the transition probabilities are algebraic.
We now get the functions G(ab, cd|z) by solving the following linear system of equations:

G(ab,cd|z) = Sgpled) + Z plab,cidy) - z - G(erdy, ed|z) +
c1d1€A?
+ Z p(ab, crdyeq) - ZH diey, flz) - Gle1f, cd|2).
cidie] €A3 feA
Finally, we get
L(ab, cde|z) = Z p(ab, cdier) - z - G(dieq, ef|z).
die1 €A2

We remark that we implicitely took into account the assumption £ = A*; if £L C A* one
has to restrict these definitions and systems of equations to the terms which may occur.
Moreover, one can compute the Green functions of the form G(o,abc|z) by solving

G(wi,walz) = Oy, (we2)+ Z plwi,ws) - z - G(ws, waz) +
w3z€L:|w3|<3
+g(wr) - > plwi[2wn(3],ede) - z- Y H(de, f|2) - Gluwn [1]ef,ws|2),
cdec A3 feA

where wy,wy € L with |wq|,|ws] < 3 and 13(wy) = 1, if Jwy| = 3, and 13(wy) = 0
otherwise.

We also define for ab € A2:

f(ab) ==Y plab,cde) (1—2}1 (de f]l)

cdec A3 feA

This is the probability of starting at a word wab € L, where w € A*, such that the first
step goes to a word of length |wab| + 1 with no further future visits of words of length
|wab| or smaller. We define a “length function” on £ by

l(xy...2p) = —logL(o,x1...2,) for xize...z, € L. (3.3)

For n > 5, the terms L(o,x; ...x,) can be rewritten as

Z L(o,z1b1c1|1) Z Hi(bi—lci—laxibici)’Z/(bn—3cn—3axn—2xn—lxn); (3.4)

bici1€A2 ba,....bn_3EA, i=2
€2,...,Cn—3EA
each path from o to x; . ..z, is decomposed to the last times when the sets A3, A%, ..., A"~ !

are visited.

4. CONES

In this section we introduce the structure of cones in our setting. A path in £ is a sequence
of words [wp, w1, ..., wpy] in £ such that P, [X; =w;] >0 forall 1 <i<m.ForneN,
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define L>,, := {w € L | |w| > n}. For any w € £ with |w| > 2, we define the cone rooted
at w as

C(w) == {w € Lz, | 3 path [w,wy, ..., wy_1,®] with m € Nywy,...,wp_1 € Ly}

By the above made weak symmetry assumption, for wy,ws € £ with |wq| = |ws|, we have
C(w1) = C(wz) whenever there is a positive probability path from w; to wg in Lx|y,)-

By suffix-irreducibility, for all cd € A2, each cone C(wab), where w € A* and ab € A2,
has a subcone C(wzed) C C(w) with a suitable choice of z € A*\ {0}. We say that two
cones C'(wy ... wy,) and C(y1 . ..yy,) are isomorphic if C(wy,—1wy,) = C(ypn—1yn), that is,
two isomorphic cones differ only by different prefixes. In particular, there is a natural 1-to-
1 correspondence of paths inside C(wy ... w,,) and paths in C(y; ...y,) where obviously
each pair of corresponding paths has the same probability. Since the transition probabilities
depend only on the last two letters of the current word, there are only finitely many different
cone types up to isomorphisms. We identify the different cone types by two-lettered words
ab € A2, and write 7(C(w)) = ab for its cone type, where ab are the last two letters of w.
For each isomorphism class of cone types we fix some ab representing its cone type. Let
J C A? be the set of different cone types. The boundary 0C(w) of C(w) is given by all
words wy € C(w) with |wg| = |w|. An important property is the following one: if C(w;)
and C'(ws) are two isomorphic cones with woab € OC(w1), then there is wy € A* such that
woab € 0C (wa).

Now we make the non-singular covering assumption that each cone C(wagby), w € A*,
aogby € A?, contains two proper disjoint subcones, that is, we assume that there are subcones
of the form C(wwiaiby),C(wwaaghy) C C(wagby) with w; € A* \ {o}, a;b; € A? and
C(wwyarby) N C(wwaazbe) = . We refer to the remarks at the end of this section if this
property does not hold. The next task is to cover (up to a finite complement) any cone
C(w) by a finite number of pairwise disjoint subcones Cf, ... ; Cr(w) such that

r(w) r(w)
U r(C)=7 and (C\ Ua
i=1 1=1

< 00,

that is, among these subcones every cone type appears. We now show how to construct this
covering. Suppose we are given a cone C(wagbg) with w € A* and agby € A2. Inside this
cone we find subcones of the form C(wwgab) for each ab € A? with suitable wg € A*\ {o}.
Furthermore, we can choose these subcones in a way such that they are not contained in
each other, that is, C(wwia1by) € C(wweagby) for all these chosen cones of all different
types: indeed, since we assume existence of a non-singular covering of C'(w) by subcones
one can walk from w inside L, to words wwiaib; and wwaagby, where wy,wy € A*,
a;b; € A% and C(wwyaiby) N C(wwgazby) = @. Then we have found a subcone of type
7(C(a1b1)), and we search for other cone types in the subcone C(wwsaazbs). Obviously, a
subcone in C'(wwyazbs) does not intersect C'(wwyaqby). Iterating this step leads to subcones
in C(w) of all different types which do not intersect each other. After we have found non-
intersecting subcones of all types in C'(w) we cover this cone by further subcones, which
are not intersecting the above chosen subcones, such that the difference of C'(w) and the
union of subcones is finite. This is, for instance, done by taking all cones rooted at words
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v € C(w), where v is at the same distance (that is, minimal length of a path)to 9C(w) as
the subcone of maximal distance to w and where v is not contained in any of the above
chosen subcones yet. See Figure [1l

FiGURE 1. Covering of cones by subcones: the numbers represent the dif-
ferent cone types; the cones with entire boundary lines belong to the cov-
ering.

Let us remark that, for each cone type, we fix such a covering, such that the covering of
C'(w) does not depend on the choice of the specific root w on the boundary of C'(w): fix a
covering for C(ab), ab € A?%; if w = wpa1by € L with 7(C(w)) = ab then we fix the covering
of C(w) = C(wpab) which is inherits the covering from C/(ab). This is well-defined since
the covering of a cone depends only on the relative location of its subcones in its interior.

We can also cover £ (up to a finite set) by a finite number of non-self-containing subcones,
where each cone type appears. To this end, we just apply the algorithm explained above

and take cones of the form C(w) with |w| > 2. We denote by C’fo), . ,Cy(L?)) the covering
of £, which contains all types and whose complement is finite.

Now we explain how to proceed if every cone contains no two disjoint subcones. This case
may, in particular, occur if £ is a proper subset of A*. For ab,cd € A%, observe that
cd € C(ab) if and only if ab € C(cd). This implies that C(w) = {v € L | |v| > |w|} and, in
particular, that there is only just one cone type. We can then cover C'(w) by the subcone
C(wy) for any wy € £ with |wi| = |w| + 1 and p(w,w;) > 0. One can show that in this
case the random walk converges almost surely to a deterministic infinite word and that the
support of the random walk is a proper subset of A*. In order to see this, assume that the
random walk tends with some positive probabilities to some infinite words with prefixes
wabc and wdef, where w € A*, a,b,c,d, e, f € Awith a # d. Since C(wabe)NC(wdef) = )
it must be that the random walk enters either C(wabc) or C(wdef) on its way to infinity
due to the assumption of singular covering. That is, the letter a is deterministic, and by
induction the infinite limiting word is deterministic
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We call the random walk expanding if each cone contains two disjoint subcones. The results
below depend not on the fact if the random walk is expanding or not. At the end, however,
we will see that the non-expanding case leads to zero entropy.

5. ExXiT TIMES

In this section we prove a law of large numbers, which turns out to be the asymptotic
entropy in the later section. For this purpose, we define exit times (compare with [0]), for
which we derive a law of large numbers. Throughout this section, we use the following
notations: wop, wy,ws € A*\ {0} and a,b,¢,d,ay,b1,a2,ba,--- € A.

5.1. Exit Time Process. We define the following exit times. Let ey be the last time

at which the random walk visits (J/°; 802-(0) and stays in one of the cones C}O), ces CT(L?))
afterwards forever, that is,

ey = sup{m € Ny ‘ X, € OC’Z-(O),Vn >m: X, € C’Z-(O) \OC’Z-(O) for any i € {1,... ,no}}.

Inductively, if Xe, = w and C(w) has a covering (determined only by the type of C(w))
(k) c®)

consisting of subcones C (1) 35 explained in Section M, then

ept1 = sup{m > e, | X, € 8Ci(k),Vn >m: X, € C'Z-(k) \8C‘i(k) for any i € {1,...,7(w)}}.
Observe that X,,, n > ey, has the prefix wy if Xe, = wpab. Define the relative increment
between two exit times as follows: set Wy = X¢; for B > 1:if Xg, | = wpab and
Xe, = wowicd, then Wy, := wyed for £ > 1. Since we have only finitely many different
cone types and the subcones of coverings of any cone C' are nested at uniformly bounded
distance (w.r.t. minimal path lengths) to 0C, the random variables W can take only
finitely many different values.

For z € L, define
r(z)

S(x) = oc,
=1

where Cy,...,Cy(,) s a covering of C(zx). Furthermore, define for x = z1...2, € £ and
Y=21.. Tpoxy 47;,... 7, 5 € C(z) with d = d(z,y) := |y| — |z|

L(z,y) := Z]P’[Xn =y,Vme{l,...,n}: X, € C(x) \8C(a:)‘X0 = a:}
n>0

= Z L(zn—120,91) - L1 [2y1[3):92) - -+ - L(Ya—1, a2 4 d—1%nra)-

Y1y Yd— 1Y EA3:
yi[l}:x;rzﬂ

Obviously, L(x,y) depends on x only by its last two letters.

Proposition 5.1. The process (Wk) s a positiv recurrent Markov chain with transition

probabilities

k>1

{égiﬂﬂ(%y), ify € S(x),

3
0, otherwise.
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Proof. Let be wo, ..., w11 € A"\ {0} such that w;;1 € S(w;) for all i € {0,...,k} and
wo € U;‘gl 80](-0). We set zg := wq and inductively: if 2,1 = yr_1ap_1bp—1 With yp_1 € A*

and ap_1b,_1 € A? then set x}, := y,_wy. Then:

= G(o,wp|l) - L(wg, w1)L(wi,wa) - ... L(wk_1,wg) - E([wy]).
Consider
]P’[WkH =wki1 | Wo =wo,..., W = wk]
P[Wo = wo, ..., Wi = wg, Wii1 = Wit1]
P[Wo = wo, ..., Wy = wy]
~ G(o,wo|1) - L(wo, wy)L(wy,ws) - ... - L(wg—1,w) - L(wg, wpr1) - E([wp])
N G(0,wp|1) - L(wg, w1 ) L(wy,ws) - ... L(wg_1,wy) - £([wg]) = a@y).
Since there are only finitely many different values for W, positive recurrence follows due

to suffix-irreducibility, which implies irreducibility of the process (Wk) e>1 O

The random variables Wy, k > 1, can take values in
Wy = {w € A*!IP’[WQ =w | Wy = wpab] > 0 for any wy € A*,ab € Az}.
Observe that the transition probabilities depend on x only by its last two letters.

Lemma 5.2. We have supp(P[W; = -]) = W).

Proof. Let y = ai1bjwyasby € Wy with w, € A* (we omit the special case y = ajasbs which
follows analogously). Then there is a1b; € A? with L(ayby,y) > 0 and &£(agbs) > 0. By
construction of our coverings there is some wy € A* with woa by € U, OC'Z-(O). Choose
m € N such that p(™ (0,wpayby) > 0. Then:

P[W; = y] > p™ (0, woa1by) - L(aiby, y) - £(azbs) > 0.
O

For sake of better identification of the cones, we now switch to a more suitable repre-
sentation of cones and coverings. We identify the different cone types by numbers Z :=
{1,...,7r} ¢ N. If C(w) is a cone of type 4, then the covering of C'(w) has n; subcones
of type j. We denote these subcones by Cj,, = Cj, , (w),...,Cj, = Cji o, (w) or identify
them just by ji1,. .., jin;, which correspond to the cones of type j with different locations
inside C'(w). We will sometimes omit the root w in the notation of the subcones when it
will be clear from the context and only the relative positon of a subcone in some given
cone will be important. If 7(C(Xe,_,)) =4 and Xe, € 9Cj, (X, _,), then we set iy := j;.
At this point we recall the relation between Wy and X, : if X¢, = woapbp and Wi =
wiaiby then X¢, = wowiarby; in general, if Xo, | = wagp_1br—; and Wy = wgaby then
Xe, = wwgagbg. That is, there is a natural bijection of trajectories of (Wy)ren and
(Xe, )ken- In particular, the value of Wy, determines the value of i uniquely. For a better

visualization of the values i, := j;;, see Figure 2l In other words, the random variables
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FIGURE 2. Numbering of subcones

i, collect the different cones which are entered successively by the random walk (X,,)nen,
on its way to infinity, while the W}’s keep, in addition, the information where the single
subcones are finally entered.

For s,t € Z, let n(s,t) denote the number of different cones of type ¢ in the covering of a
cone of type s. Define

. ,m € L, 7(C(z[1]z[2]) = m,7(C(x)) = j,
W= {(jm"’x)‘ 1j§ n < n(m,j),z € 0C;,, , (xz[1]z[2]) N 1}7\/0 } ’

In other words, (jmn,z) € W if = agbowoab € Wy with 7(C(agbp)) = m and C(x) is the
n-th cone of type j inside C'(apbp). Furthermore, define

Wy = {(s,tn)|8,t €Z,1<n<n(st)}.
That is, t,, corresponds to the n-th cone of type ¢ in a covering of a cone of type s.

The process ((1k,Wk))k N with state space W is also a positive recurrent Markov chain
since the values of i, are uniquely determined by the values of W}, and the process (W) ken
is a Markov chain. Moreover, for (ig i, wk—1), (Jm.n,wr) € W, the transition probabilities
are given by

q(wk—lawk)a lfm :ia

P{(ilmwk) = (jm,nywk)‘(ik—lawk—l) = (ik,lawk—l)} = {07 i

In particular, the transition matrix of ((ik, Wk)) keN has zero entries. In order to apply the
result of [10, Theorem 1.1] for getting the analytic behaviour of the entropy later we have

to adapt the Markov chain in order to obtain a transition matrix without zeroes.

The process (ix)ren 18, in general, not a Markov chain because it can be seen as a projection
of the process (Wg)gen-
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Define the following projection for (ix;, w1), (jmmn, w2) € W:

. . L (Zyjz,n) = (Zvjn)v if m= i)
(i 1), U, w2) = {(i,m) = (igr), i m i

Here, j; represents the [-th cone of type j in a cone of type 4, namely the cone represented
by jii. We now define the hidden Markov chain (Y)ren by

Yk = W((ika Wk)a (ik+17 Wk+1))'

In other words, (Yi)ken traces the way to infinity in terms of which subcones are entered
successively without distinguishing which of the hit boundary points are the exit time
points X, .

Morever, observe that supp(P[Y; = :]) = W, since — by construction of the coverings

— for any (s,t,) € Wy there is wpab € |J°, 802-(0) and x € Wy with 7(C(z)) = s and
P[Xe, = woz | Xe, = woab] > 0 and there is y € 9C;, , ([z]) with g(z,y) > 0 such that

PlY; = (s,tn)] > IP’[XeO = woab, Xe, = wox, Wy = y]
> P[Xe, = woab] - P[Xe, = woz | Xe, = woab)] - q(z,y) > 0.

5.2. Modified Exit Time Process. The aim of this subsection is the construction of a
Markov chain related to the exit time process (ix, W )ren such that the transition matrix
has strictly positive entries and the modified process leads under 7 to the same hidden
Markov chain for almost every trajectory.

Consider the two subcones Cj,;, C C(a1b1) and Cj, , C C(azgbe) belonging to coverings of

the bigger cones with 7(C(a1b1)) = i and 7(C(azbz)) = k. Assume that yoab € 9Cj, .
Since both cones are isomorphic, there is unique gy = g([f’j’“b} € A* such that goab € 9C}, ;

see Figure [3l In the following we will use this notation 4y = gjg T gy describing this

FIGURE 3. Prefix replacement

replacement.

For i,j € T and ab € A? with 7(C(ab)) = j we write
#{jsp | s # 1} = [{(sp,wab) € W|s € T\ {i},1 <t <n(s,j)}|,
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which is independent from the specific choice of ab. Let (ig i, ), (jmn,yoab) € W. Define
the following transition probabilities on W:

1 £(ab) . . B

?({Jl')s),tls;éi}ﬂ g(m)m(x, Yyoab), fm=iAn=1,

4(rts ), mns yoab)) = | FGE LA goad), ifm=iAn>2
1 £(ab) _[i,,ab] : ,
#{Js t[sFi}+1 g(m)ﬂl(x, Yo ab), if m #i.

Observe that the transitions depend on x only by its last two letters. It is easy to see that
these transition probabilities define a Markov chain (inherited from the process (ix, Wi )gen):
each step from (igj, ) to (jm,n,yoab) either behaves according to ¢(-,-) (case m = i and
n > 2) or steps from (i, ) to (ji1, yoab) (when seen as a step of the process (ix, Wy )ren))
are split up into different equally likely paths (ir;, ) to (jmn,yoab) with m # i or
m =1iAn = 1; since (-, -) depends on its first argument only by 4 (and not by k and [), it
follows from q(-,-) that §(-,-) describes also a random walk. Moreover, the corresponding
transition matrix has strictly positive entries. By suffix-irreducibility and Proposition [B.1]
the matrix @ = (qA((ik,l, z), (Jmon, y))) is stochastic, and governs a positiv recurrent Markov
chain (ik,xk)keN with invariant probability measure v. The initial distribution of (il,xl)
is given by [i1, defined as

[ (imn, ) = P[(iy, W1) = (imn,2)] = P[7(C(Xey)) = m, W1 = 2] > 0

for (immn,x) € W. If we equip the process with the invariant probability measure v as
() ()

initial distribution we write (lk , X, )keN‘

Then the process ((ik, xi), (i1, Xk+1)) is again a positiv recurrent Markov chain with

keN
transition matrix Q2 (arising from @) and invariant probability measure denoted by vs.

Once again, if we equip this process with the initial distribution v5, which arises in a

natural way from v, then we write ((ig/),xg)), (i,(;jzl, XI(QI)) oy

We now define two hidden Markov chains (Z,(:))keN and (?k)keN by
Zl(gy) = W((il(:)7xl(:))7 (118217 X]SQl))? ?k = W((ik, Xk)7 (ik+17xk+1))‘

That is, (Z;(:))keN and (?k)keN differ in their evolution only in their inital distributions.
The crucial point now is the following proposition:

Proposition 5.3. For all (s(l),t(l)), e (s("),t(”)) € Wi,

PlY; = (sW,tM),..., Y, = (s )] =P[Y; = (sW,tW),... Y, = (s/,t™)].

Proof. We prove the claim by induction on n. First, let j,s € Z and t) = j,, with
2 < m < n(s,j), and let agby, ab € A? with 7(C(agby)) = s and 7(C(ab)) = j. If Cj, is

the m-th cone of type j in the covering of C'(agbg) then there is unique xg = x%s’j’m’ab] € A*
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with zgab € 0C; . With this notation we get:

]P’[Yl = (8,Jm), [Wa] = ab] = Z P[(i1, W1) = (sg, )] - ¢(x, zoab)
(up,1,z)EW:u=s

= > sk ) ((sk @), (fsms Toab))
(up,1,z)EW:u=s
= ]P’[Yl = (8,Jm), [x2] = ab].
Now we turn to the case t) = j;. Once again, if Cj,1 is the first cone of type j in the
covering of C'(agbg) then there is unique xy = :Egs,],l,ab] € A* with zgab € 0C} 1. We get:
P[?l :(Sajl)v[ =a

b]
= Z m(Sk 1T )[@((Sk,z,x)a (ts;1,zoab)) + Z q((sk, @), (tp,quab)):|

(w 1,2)EWsu=s (tp.q panb)EW:
p#s,arbr=ab

B . q((sk2), (ts1, zoab)) q((sk1, @), (ts1, woab))
a Z m(sm,x)[ #{tey |k # s} +1 i Z #{tri | k#£st+1 }

(ug,1,2)EW:u=5s (tp,q,ya1b1)EW:

p#s,a1bi=ab

= Z ]P)[(il, Wl) = (Sk,ly LE)] . q(x, xoab) = ]P’[Yl = (S,jl), [Wg] = ab] .
(up,1,x)EW:u=s

Now,
P[Y:=(s,tD)] = Y P[Y1=(s.tW), [xo] = ad]
abe A2
— Z P[Y D WY [Wy] = ab] = P[Y; = (sV,¢1)].
abe A2

We now perform the induction step where we will use the equations from the initial step
as induction assumptions. First, consider the case t*t1) = j.. with m > 2; then for all
agbo,ab € A% with 7(C(agbg)) = "D =: s and 7(C(ab)) = j there is unique zo =
:Egs,],m,ab} € A* with zgab € 9Cj, , (agby). Since we have an underlying Markov chain we
obtain:

P[Y; = (s t(l)) ?n+1 = (s" 1), x,,14] = aobo, [Xn 2] = ab]
- Z Z (s, 40, X0 = (u, 1), [Xn41] = woagbo]

(4,0 )W woEA*
-q((sk> woaobo), (js,m- Toab))
- P[?l - (s(l)’t(l))v e ’?n = (3("),15( )) [Xnt1) = aobo]

= P[Yl = (8(1)7t(1))7 ceey In = (s(n),t(n)), [Wn-‘rl - aObO

— IP’[Y1 — (s(l),t(l)), oY = (s(n-i-l),t(n—l—l))’ W,p1] = aobo,[ ni2] = ab].
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Now we turn to the case ¢t = j;. Once again, if (1 is the first cone of type j in the
covering of C'(agbg) (of type s) then there is unique zy = x([)S’J’l’ab} € A* with zpab € 0C} ;.
We get by distinguishing whether tntl) — J1 arises from i,40 = js1 or ipq1o = ji; with
k # s:

P[SAG = (s, M), ... Yoi1 = (s, 1), [Xn41] = aobo, [Xnto] = ab]

- Z P[?l = (8(1)7t(1))7 s 7?n = (s(n)’ t(n))a in—l—l = Up,g) Xn+1 = ’LU]
(up,q,w)EW:[w]=agbo
(@ w), Gonsmoab)) + 3 (s ), G )

(th,1,y)EW:
t=j,k#s, [y} =ab

= ]P’[?l = (S(l),t(l)), . ,?n = (S(n), t(n)), [Xn+1] = aobo]
. [ §(ab)  L(agbo, zoab) I (ab)  L(agbo, zgab) }
§(aobo) #{jry | k # s} + 1 §(aobo) #{jra | k # s} +1

(tl)yq ,y)EW:
t=j,p#s,[y|=ab

~ ~

§(aobo)

= B[V = 0 0) Yo = (), W] = o]
0v0

= P[Yy = (s tW), . Yo = (5" 1), (W] = aobo, [Wipo] = ab].

]L(aobo, l‘oab)

]L(a(]b(], :anb)

Finally, we obtain:

P[?l = (S(l)at(l))7 oo 7?n+1 = (3(n+1), t(n+1))]

~

- Z ]P)[?l = (3(1)7t(1))7 oy Ypg = (S(n+1)7t(n+1))7 [Xn-i-l] = agpbo, [Xn+2] = ab]

aobo,abe A2
- Z PIY1= (s, W), Ygn = (s, e D) (W 4] = agbo, [Wayo] = ab]
apbo,abe A
= ]P’[Yl = (3(1)7t(1))7 o Y = (3(n+1),t(”+1))]_
This finishes the proof. .

The statement of the lemma can be said in other words: the process governed by @ can be
seen as a exit time process, where one has more subcones to enter (namely, the subcones of
indices jj 1, k # 4, when being currently in a cone of type ¢), but under the projection 7 folds
the process down to the same hidden Markov chain (Yj)ken, and it does not distinguish

if iy = j;1 or ik = Jmmn, M # 1.
Hence, the Markov chains ((ik, W), (g1, Wk+1))keN and ((ik,xk), (ik.ﬁrl, Xk+1))keN lead
to the same hidden Markov chain in terms of probability. The important difference is

that the transition matrix @ has strictly positive entries, while this must not hold for the

transition matrix of the chain ((ik, W), (igt1, Wk+1))keN'
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5.3. Entropy of the Hidden Markov Chain related to the Exit Time Process. In
this subsection we derive existence of the asymptotic entropy of the hidden Markov chains

(Yi)ren and (Yi)ken-

First, consider the hidden markov chain (Zj)ken: this process is stationary and ergodic
(V) )

since the underlying Markov chain (ik y X,
is a constant H(Z) > 0 such that

)k ¢y 18 stationary and ergodic. Hence, there

1
lim ——logP|Z; = sy,...,Zy = s,| = H(Z)
k—oo k
for almost every realisation (s;,5s,...) € WY of (Zg)ren; see e.g. Cover and Thomas [4

Theorem 16.8.1]. We now deduce the same property for the process (?k)keN-

Proposition 5.4. For almost every realisation (sq,ss,...) € WY of (S?k)keN,

1 - .
lim —ElogIP’[Yl =51,..., Y =5, = H(Z).

k—00

Proof. The processes (Zg)ren and (?k) ren differ only in the inital distribution. Moreover,
there are constants ¢, C' > 0 such that
C- ﬂl(im,m $) < V(im,ny 33) <C- ﬂl(im,m 33)

for all (iy.n, ) € W. We now get for almost every trajectory (s;, s,,...) € WX of (?k)keNi

lim —%log]}”[{ﬁ =51,..., Y :§k]

k—o00

: 1 : :
= kll{{olo _E log Z ]P)[(llyxl) =Y (lk-‘rla Xk+1) = gk+1]

gl,...,gk+1€W:
(Y4178
. 1 . . .
- klggo—zlog Z (yy) 4y, Yy) - (s Yy y)
Y "’Qk+1€W:
(Y9405,
. 1 . .
= Jim —plog D v()aly,py) 0y, )
YyoYp g WV
W(ijgjqu):ﬁj

1
= lim —Elog]P’[Zl =51,.... 2 = 8| = H(Z).

k—o0

As a consequence we obtain the next statement:

Corollary 5.5.

1 -~ ~
lim _E/IOg]P)[Yl :§17"'7Yk :§k] dP(§17§27"') = H(Z)

k—00
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Proof. Since |W| < oo by construction, there is g9 > 0 such that
1>q(y,.y,) >eo forally,y, € W.
Hence,
0< —%logﬂ”[\?l = 51,... Yy = sp] < —%10?;0— log &9,
where ¢ = min{f1(y) | y € W}. Therefore, we may exchange integral and limit, which
yields the claim. O

Let x =x1...2, € L, n = |z| > 2, be on the boundary of some cone C. Define
Z($1 .o Zp) = —log Z L(o,x1 ... xp—2bc).
be€eA2:x1 ... —2bcEOC

Proposition 5.6.

(X
lim (Xoy) = H(Z) almost surely.
k—o0 k
Proof. Assume that W, = y;a;bj, where y; € A* and ajb; € A? with 0 < j < k. That
is, Xe; = y1y2...yja;b;. By definition, Xe, is on the boundary of some cone, which we
denote by Cj.

Let 5 € Z. Recall that the covering of £ consists of ng subcones. Each of these subcones
CZ-(O) has again a covering consisting of n; subcones of type j. Write N; := >, n;, and we
denote by C’J(’lk) these different subcones with 1 < k < N;. Furthermore, we write w ~ yab
if w = yed € OC(yab) for y € A* and ab, cd € A?, that is, w ~ yab if w lies on the same
boundary of a cone as yab (namely the cone C(yab)).

Moreover, we have for all j € Z and wyab, weab € Uf\gl 80](-1,3 that P[Xe, = wiab] > 0 if

and only if P[Xe, = waab] > 0. Therefore, there are ¢, C' > 0 such that
¢ P[Xe, = waab] < P[Xe, = wiab] < C-P[Xe, = waal]

or all wiab,weab € -:‘ .. Assume now that 7 a1by)) =35 € 1. serve that
for all wyab,waab € (J;2, 9C1). A hat 7(C(a1b 7. Ob h

IC (yoyr1a1b1) = {yoy1c1dy, . . ., Yoyicxd, } implies that C](lk) has the form {weydy, . .., wegdy}

for some suitable w € A*. We have:

N Y > PXe, = wilq(yi[wi],ws) - q(wa,ws) - ... - qlwp_1,wy)
wiEL: wa,...,wErEWp:
wi~Yoyra1br  wi~yiab;
N;
= > > > PXe, = wilqlyiwi],w) - qlw,ws) - ... - qlwp_1,wg)

k=1 w1 EL: wa,...,wrEWp:
wi~yoyra1br  wi~y;a;b;

IN

Nj
C- Z Z Z P Xe, = wl]f([wﬂ)]L(wl,wg) ~q(wa,ws) - ...+ q(wg_1,wy)

k=1 w1680(»1k) w2,...,wEWp:
Pk wiyiaib

= C- P[Yl = (jyt(l))w s Y= (Sk—lyt(k_l))]7 (51)
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where the values of s, ...,s5_1 and t(), ... ¢ =1 are determined by the values of W, =
y;a;b;. Analogously,
Ni- Y > PXe, = wilq(yiwi],ws) - qlwa,ws) - ... - qlwp_1,wg)

w1 EL: w2,...,wLEWp:
wi~yoyrarbr  wi~yiaib;

> c- P[Yl = (]7 t(l))7 N (Sk—l7 t(k_l))] . (52)

Recall that G(o,w) = G(o,0)L(0o,w) for all w € L and that £(-) can only take finitely
many values. Writing Xe, = 21 ...z, and j = 7(C(Xe,)), we now can conclude as follows:

lim [(Xey)
k—o0 k
. 1
= klggo—zlog Z L(o,xy ... TE—2bc)
bc€A2:xq...xp _2bc€OC),
. 1
= kll)nolo ~Z log[ Z Z L(o,w)L(wy,ws) - ... L(wg_1,wg)

w1 EL: w2,...,wrEWD:
wi~yoyrairbr  wi~yiazb;

| §([wa])
- Y o2y Gl g s
wi~yoy1arbt  wi~yaqb;
e o)
WiE—1
= kli_)rgo—%log[ Z Z P[XelZwl]Q(yl[wl],u&)'---'Q(wk—l,wk)]

wi€EL: wa,...,wrEWp:
wi~yoyra1br  wi~y;a;b;

= lim ! log [Nj Z Z P[Xe, = w1]q(y1[wi],we) - ... - q(wk_l,wk)}

k—oo k
wiEL: wa,...,wrEWp:
wi~Yoyra1br  wi~yiab;

1 . _
= kli)ngo—zlogP[Yl = (3, tM), . Yoy = (-1, tF Y] = H(Z).

The last equation follows from (5I) and (B.2]). We need those important estimates since
the first coordinate of Y; describes only the cone type of Xe, but there may be several
cones of the same type j = 7(C'(Xe,))-

O

Recall the definition of I(z1 ...z,) = —log L(o,x1 ... xy,) for x = 1 ... 2, € L.

Corollary 5.7.

A =

= H(Z) almost surely.

Proof. It suffices to compare Z(Xek) with {(Xe, ). Assume for a moment that Xe, = z1... 2y,
and that Xe, is on the boundary of the cone C. Then, the probability of walking inside
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C from x1...x2, € OC to any 21 ...2,_2ab € OC can be bounded from below by some
constant £g, because the probabilities depend only on z,_1z, and ab € A%. Therefore,

L(0o,Xe,) €0 < Z L(zy...xm—2ab),
be€A2:x1 .. xp—_2abeOC
Z L(0,x1 ... 2p_2ab) &9 < |A?- L(o, Xe,).
abeA2:x1...xn_2abcOC
Taking logarithms, dividing by & and letting & tend to infinity yields the claim. U

Now we come to an important law of large numbers. For this purpose, define d(z,y) =
ly| — |x| for z,y € £ with |z| < |y|, where | -] is the natural word length. Denote by vy the
invariant probabilty measure of (Wy)ren and define

A= > w(@) -qlzy) - dz,y). (5.3)
z,yEWp
Then:

Proposition 5.8.
o 1)
im ——=

k—oco TN

=(-\"YH(Z) almost surely.

Proof. Define

ey :=sup{m € N||X,,| = k}.
Transience yields €, < oo almost surely for all k& € N. Define the maximal exit times at
time n € N as

k(n) = max{k e N|e, <n},
t(n) = max{k € N|e, <n}.

Obviously, k(n) > t(n) and each exit time ey corresponds to exactly one & with [ > k.
First, we rewrite

(Xn) _ UXn) = 1(Xey,y) | 1(Xey) t(n) k(n) Gxm

n n t(n)  k(n) éx(n) N (54)

Let &1 be the minimal occuring positive single-step transition probability. Since the sub-
cones of coverings of bigger cones are nested at bounded distance we have &y(,) > eg(,) >
@y (n)—p for some suitable D € N. The first quotient on the right hand side of (5.4) tends
to zero since

L(o,X,) - & ™ < L(o,Xe
L(o, Xe

t(n)) (due to weak symmetry),

E;L—et(n) < L(O, Xn)

t(n) )
and due to (follows completely analogously as in [16] Proof of Theorem D)

€t(n) < ék(n) n—00 1 €t(n) > ék(n)—D n—00

n - n n n

L,

which in turn yields (n — eg(,))/n — 0 as n — oo.
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By Corollary B.7) {(Xe,,,,)/t(n) tends to H(Z). On the other hand side, & /k tends almost

surely to 1/¢ and &y(,)/n tends to 1 almost surely; see [6 Proposition 2.3]. It remains to
prove that the limit limg_,o, k(n)/t(n) exists. Clearly,

k(n) 1 t(n)—1
) ~ i) (10 Ko 2 A Xe) $ K X))

Note that
d(O, Xetl) < Dl, d(X

et(n) Y

Xe < Do

for a suitable constants Dy and Dy. Thus, it is sufficient to consider

k(n) )

k
1
E Z d(Xei ) Xei+1 )
i=1

Since d(Xe,;, Xe;,,) can be computed from W; and W, ;, we may apply the ergodic
theorem for positive recurrent Markov chains on the process ((Wj, Wj+1))j N which yields
almost surely

k

1 Z Z

kh—>n;OE ' d(XeiaXei+1) - VO(II}')Q(I’,?J)CZ(.Z',y) = *
i=1 z,y)EWD

This finishes the proof and gives the proposed formula. O

6. EXISTENCE OF ENTROPY

We follow the reasoning of [7] for the proof of existence of the entropy. First, we need the
following lemma:

Lemma 6.1. There is R > 1 such that G(o,w|R) < oo for all w € L.

Proof. A simple adaption of the proof of [12 Proposition 8.2| shows that G(v,w|z) has
radius of convergence R(v,w) > 1. At this point we need suffix-irreducibility. With the
help of this fact we are able to prove the lemma in several steps:

(1) There is Ry > 1 such that L(o,abc|Ry) < oo for all abc € A3: this follows from the
inequality G(o,w|z) > L(o,w|z).

(2) There is Ry > 1 such that G(ab,cd|R;) < oo for all ab,ed € A?: this follows from
the inequality G(ab, cd|z) > G(ab, cd|z).

(3) Since for a,b,c,d,e € A

L(ab, cde|z) = Z plab,cdieq) - 2 - G(dyeq, delz),
die1€A2

we have L(ab, cde|Ry) < oo.
(4) By G(o,w|z) = G(0,0|z)L(0,w|z) and Equation [B34]), we get G(o,w|R) < oo for
all w € £, where R = min{R(0,0), Ry, R1} > 1.

This finishes the proof. O
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In the following let o € [1, R).
Lemma 6.2. There are constants D1 and Do > 0 such that for all m,n € Ny
p™ (0, X,) < Dy DY - o7,
Proof. Denote by C, the circle with radius g in the complex plane centered at 0. A straight-
forward computation shows for m € Ny:

1 cdr 1, ifm=0,
R " — =
2mi Jo, 2 0, if m#0.

Let w =w; ... w; € L. An application of Fubini’s Theorem yields

1 dz 1 dz
- -m%c - (k) k ,—m“~
5t jég G(o,w|z) z . 2 Jo, ,;>0p (0,w)z" z .
= 2— p(k) (07 w) %\ Zk - = p( )(O, w)
i Zk>0 C, z

Since G(o0,w|z) is analytic on C,, we have |G (0, w|z)| < G(o,w|p) for all |z| = p. Thus,
1 “m
P (0,w) < o 07" - Glosule) - 2m0 = Glo,ule) -0

Set L := 1V max{L(ab,cde|o) | a,b,c,d,e € A} and Dy := G(0,0[0) - 3 ypecas L(0, abelp).
An application of Equation (34 provides for ¢t > 3

G(o,w|0) = G(0,0|0) - L(o,wy ... w;) < Dy - |A2¢3) . L3,

Set Dy := Dy V max{G(o,w|p)|lw € L,|w| < 2}. Since |X,,| < n, we obtain by setting
Dy :=|A>- L

p"™(0,X,) < Dy - |A*L! - o™ < Dy - JAPML™ - o™ = Dy - DY - 0™

The following technical lemma will be used in the proof of the next theorem:

Lemma 6.3. Let (An)neN, (an)nen, (bn)nen be sequences of strictly positive numbers with
A, = a, + b,. Assume that lim,_ —%log A, = c € [0,00) and that lim, o by, /¢ = 0
for all g € (0,1). Then lim, —% log a,, = c.

Proof. A proof can be found in [7, Lemma 3.5]|. O
Lemma 6.4. For n € N, consider the function f, : L — R defined by

~LlogSn o p™ (0,w), if p™ (0,w) > 0,
fn(w) = .
0, otherwise.

Then there are constants d and D such that d < fp(w) < D for alln € N and w € L.
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Proof. Let w € L and n € N with p(")(o,w) > 0. Denote by R the radius of convergence
of G(w,w|z). By Inequality ([B1]), we get

2
n 1
> p™(0,w) < Glo,w[1) = Flo,w|1) - G(w,w[1) < T
m=0 :
that is,
1 1
falw) 2~ log 7= 2 —log
n 1- B 1 - R

For the upper bound, observe that w € £ with p(™ (o,w) > 0 can be reached from o in n
steps with a probability of at least £fj, where

g0 := min{p(wy, ws) | w1, ws € A*, p(wy,wy) >0} >0

is independent from w. Thus, the sum an2:0 p(m)(o, w) has a value greater or equal to &(.
Hence, f,(z) < —logeo. O

Now we can finally prove:

Theorem 6.5. The asymptotic entropy h of (X )nen, exists and equals h = £-\~1- H(Z).

Proof. We can rewrite - A\~ - H(Z) as

1
-V H(Z) = /z AU H(Z)dP = / lim ——I(X,,)dP
n—oo N
= /nh_>n010——logL(o Xn(w)[1) dP(w)
_ 1. G0, Xn(w)|1) , 1
= /Jgnéo—ﬁlogwd]?(w) = /Jgnolo—ﬁlogG(o,Xn(w)ll) dP(w).
Since
G(o, Xp|1) = Zp > p™(0, X)) = ma(X,),
m>0
we have
1
. _1 . ] ] —_——
-\ -H(Z) < /hnn_1>1£f nlogﬂ'n(Xn(w)) dP(w). (6.1)

The next aim is to prove limsup,,_, —%E[log Wn(Xn)] < h. We now apply Lemma by
setting

’I’L2
A=Y "™ (0, X0), an =Y p™ (0, Xp) and by = Y p™ (0, Xy).
m=0

m>0 m>n2+1
By Lemma [6.2]
Q—n —1
n -m __ n
bo< Y. Di-Dj-g _Dl.DQ.l_g_1

m>n2+1
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Therefore, b, decays faster than any geometric sequence. Applying Lemma yields

2
- o1 Z" m
?-\ 1, h(Z) = nh_)n;()_glog mzop( )(Oan)

By Lemma [6.4] we may apply the Dominated Convergence Theorem and get:

n2

-1 _ -1 _ : 1 (m)
0\ -H(Z)—/E-/\ "H(Z)dP = /Jl_)rrolo—ﬁlogZp (0, X,) dP

m=0

2
1 n
= 1 _ (m
nh_Ig)lo nlogg p" (0, X

= 1111_{1010—%2]) 0, w) logZp

weL
For w € L, set

po(w) = — Z p(m (0, w).
nc+1 =

Recall that Shannon’s Inequality gives
=3 o, w) log () = = 3 ) (0,w)log (o, 0)
weL weL
for every finitely supported probability measure p on £. We apply now this inequality on
Ho:

(- ATV H(Z) > limsup— Zp(” (0,w)log(n? + 1) ——Zp(n ow)logp( )( w)

n—oo M

weLl weLl
1
= limsup——/logwn(Xn) dPp.
n—00 n
Now we can conclude with Fatou’s Lemma:
_l n Xn . . _1 n Xn
h=¢- "1 H(Z) < /liminfL()d]P’ <liminf [ Z108™(Xn) pp
n—o00 n n—oo n
< limsup/ —loem(Xn) o < . -1 Fr(Z) = b (6.2)
n—o00 n
Thus, h = lim,, —%E[log Wn(Xn)] exists and the limit equals £- A\~! - H(Z). O

We get the following types of convergence:
Corollary 6.6. (1) For almost every path of the random walk (X, )nen,

I — lim inf 2087 (Xn).

n—00 n
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(2) Convergence in probability:
1
——log m,(X,) 5 h
n

(3) Convergence in Ly:

1
- log 7, (X,,) Lip,

Proof. The proofs are completely analogous to the proofs in [7, Corollary 3.9, Lemma 3.10],
where [7, Lemma 3.10] holds also in the case h = 0. O

Corollary 6.7. The entropy is the rate of escape with respect to the Greenian distance,
that is,

1
h = lim ——logG(o, X,,|1) dP
n—oo N

Proof. This follows from the simple fact G(o, X,,|1) = G(0,0|1)L(0, X,,|1) and Proposition
0. S| U

7. CALCULATION OF THE ENTROPY

In order to compute h = £ - A\~! - H(Z) we have to calculate the three factors: while there
is a formula for ¢ (given in [0, Theorem 2.4|) and there is also a formula for A (given in
(B3), it remains to explain how to calculate H(Z). For this purpose, define

H(Zy,....2n) =~ Y  PlZi=sy,....2,=53,|]10gP[Zy =5,,...,%n =5,],
§17"'7§newﬂ'
and let the conditional entropy H(Zy|Z1,...,Z,—1) be defined as
— > PlZi=si,.... %y =5,|108P(Zy =5,|Z1 =51, ... Zn-1 =5, 41].
§17"'7§newﬂ'

By [4, Theorem 4.2.1], H(Z) = lim, oo 2H(Zy,...,Z,). In general, the computation of
H(Z) is a hard task. But there is a simple way in order to calculate H(Z) numerically,
which is due to the inequalities

H(Zo| (G, x), G, %)), 2, oo Zon) < H(Z) < H(Zi | Zny. o Zpr)  (7.1)
for all n € N; see [4, Theorem 4.5.1|. In particular, it is even shown that

H(Zy | Zay . Zo1) — H(Z | (G5, G x5, 20, 2 )

Hence, one can calculate H(Z) numerically up to an arbitrarily small error. Furthermore:

n—oo

0.

Corollary 7.1. If the random walk is expanding, then h > 0. Otherwise, h = 0.

Proof. In the expanding case, the random walk has at least two possibilities for entering a
subcone decsribed by X, for every given value of Xe,. Thus,

H(Z) > H(Zo| (G, <), (Y, x5, Z1) > 0,
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which yields A > 0 due to (). On the other hand side, if the random walk on £ is not
expanding, then each cone has a covering consisting of of only one single cone. Then the
projections Z, become deterministic and this implies

0< H(Z)< H(Zy | Z1, ..., Zn_1) = H(Zy) = 0.
0

We call ab € A% unambiguous if 9C(ab) = {ab}. In other words, whenever the random walk
enters a subcone of type C(wab), w € A*, it must enter it through its single boundary
point wab. This allows us to “cut” the random walk into pieces and to obtain another
formula for the entropy H(Z). For n € N, xo,..., 2, € Wy and ab € A? define

w(ab, zg, ..., Tp,x) = ]P’[Wg =29,..., W, =2,[W,] = ab‘Wl = ab],
w(ab, o, ... an) = > PWy=yp,..., Wy =y, [Wy] = ab|W; = ab],
yz,..z./.%me.Wo:

where ~ is the relation introduced in the proof of Proposition 5.6 In particular, g(ab, z2) =
IP’[WQ = x9,[Wa] = ab‘Wl = ab}. Denote by vy the invariant probability measure of the
process (ix, Wi)ren and set, for unambiguous ab € A2,

vw (ab) = Z V1 (Gm,m s ).
(im,n,x)EW:[z]=ab
Then:

Proposition 7.2. If ab € A? is unambiguous, then

h(Z) = _;/W(ab)z Z Z w(ab, xa,...,x,)logw(ab, za,. .., xy,).
n>1 xg,..[.x?;lil/\/o: TnE€EWo:[zn]=ab

Proof. By Propositions 5.3 and [5.4] we have that
1
——logP[Y1 =54,..., Y, =8, — H(Z)
n

for almost every realisation (s, ss,...) € WL. Observe that 7(W, 1) = ab is equivalent
to Y, = (tn, o4, m) for some cone type t,, € Z, where a denotes the cone type of C(ab)
and 1 <m < n(t,,«). For any such trajectory, we define

No := min{m € N|7(Wy,41) = a} and Ny := min{m € N|m > Nj_1,7(Wp,+1) = a}.

For any realisation (sq,8s,...) € WX and n € N, denote by d(n) the maximal index k
with N, < n. Since [Wy, +1] = ab for all k € N we can use the strong Markov property as
follows when N; < n:

]P)[YNJ'-I-l = SNj410 Yy =38, | Y =s,... 7YN]‘ :§Nj]
= ]P)[YNJ-—H = §Nj+1" LY, = Sn | [WNJ-+1] = ab]

= ]P)[YNj-i-l = §Nj+17’ . 7Yn = Sp ’ YNJ' = §N]]
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Therefore, we can rewrite the following probability:
PIY1 =51, Yam) = S4m))
=P[Y1=s1,-... YN, =S5, |P[YNo+1 = Snos1s---» YN =585, | Yvg =8n ] -+
P [YNd(n)fl'l'l = SNy +1r - Y Nagy) = SNy | YNyt = §Nd(n)—1].

Obviously, d(n)/n tends almost surely to vw(ab). Hence, if we consider only the subse-
quence where n equals one of the N.’s we obtain the following almost sure convergence:
1
- log]P’[Yl =581, Yn) = §d(n)]
din) 1
= —Tm[IOgP[Yl :§17”’7YN():§N0]
+lOg]P>|:YNO+1 — §NO+17 “ e ’YNl — §N1|YNO :§NO:| + P +

+ IOgP[YNdm)—lH = SNy 1+ Y Nagny = SNy |YNd<n>—1 = §Nd(n)_1]]

e, —Vw(ab)z Z Z w(ab, xa, ..., xk_1,x)logw(ab, za, ..., rp_1,T).
k>1x2,....x_1EWo: z€Wp:
[z;]#ab [z]=ab

This proves the claim. O

We now state an inequality which connects entropy, drift and growth. For this purpose,
define the growth of A* as g := log |.A|. Then we get:

Proposition 7.3. h < /¢-g.
Proof. Let € > 0. By Corollary (1), there is some N, € N such that for all n > N.:
1 —e <P[~logm(Xy) > (h —e)n, | X,| < (0 +)n] < emhmein. | gEFen,

Taking logarithms and dividing by n gives
1
(h—¢)+ ﬁlog(l —¢) < (l+e¢)-logl|A|
Making ¢ arbirtraily small yields the proposed claim. O

Finally, we remark that the entropy is zero for recurrent random walks:

Corollary 7.4. If (X,,)nen, is recurrent then h = 0.

Proof. Clearly, —LE[log m,(X,)] > 0. Assume now that limsup,,_,., —2E[log m,(X,)] =
¢ > 0. Then there is a deterministic sequence (ng)ren such that, for any small €1 > 0,

1
- n—E[log Ty (Xn, )| = c—e1 >0 (7.2)
k

for all sufficiently large k. Denote by pg the minimal occuring positive single-step transition
probability. Then —n—lk log 7y, (Xp,) < —logpo. Moreover, choose N € N with 1/N < c—e¢y.
Then there is some § > 0 with

1 1
- > —| > .
IP’[ o log mp, (Xp, ) > N} >0 Vk €N large enough
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To see this, assume that § = J; depends on k with liminf;_,., 6z = 0 which leads to a
contradiction to (Z.2]) since

1 1
(—logpo) - O + (1 — 5k)N > —n—kE[logﬂnk(Xnk)] >c—ey.

If 0, tends to zero then we get a contradiction to the choice of N.

Choose now ¢ > 0 arbitrarily small with € < 4. In the recurrent case we have ¢ = 0. Then
there is some index K € N such that for all £ > K:

0—e< ]P)[_ log Tny, (Xnk) > nk/N7 |Xn| < 5”]9] < e_nk/N : |~’4|Enk

which yields the inequality

1 1
— + —log(d —¢) <el .
- los(d — ) < <log |4
But this gives a contradiction if we make e sufficiently small since the right hand side tends
to zero, but the left hand side to % Thus, lim sup,,_,~ —lE[log Fn(Xn)] = 0, yielding

n

h =0. U

8. ANALYTICITY OF ENTROPY

The random walk on £ depends on finitely many parameters which are described by the
transition probabilities p(wq,w2), w1, ws € A* with |wi| < 2 and |ws| < 3. That is, each
random walk on £ can be defined via a vector p € RIB2*Bsl wwhere B; := U _; A" U {o}.
The support of p is the set of indices in By x Bs corresponding to non-zero entries of p.
Fix now any subset B C By x B3, which allows at least one well-defined random walk
on A*, and consider in the following only vectors p with support B, which give rise to a
well-defined random walk on .A*. We ask whether the entropy mapping p — h = h,, varies
real-analytically. The crucial point will be the following lemma: B N

Lemma 8.1. The transition probabilities q(wi,ws), wi,wy € Wy, vary real-analytically
w.r.t. p.

Proof. Observe that analyticity of g(wq,ws) follows from analyticity of &(ab), H(ab,c),
ab € A% c € Aand L(ab, cde), de € A?. Hence, we prove real-analyticity of these generating
functions. The function z — H (ab, c|z) has radius of convergence bigger than 1, which can
be easily deduced from Lemma Thus, for 6 > 0 small enough, we have

00 > H(ab,c|1+6) =Y Pop[Xn =, ¥m < n: | Xp| > 2)(146)".
n>1
The probability Pg[X,, = ¢,Vm < n:|X,,| > 2] can be rewritten as
Z c(ni,...,ng)pit ... Dy,

ny,...,ng>1:
ni+---+ng=n
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where p1,...,pq correspond to the non-zero entries of the vector p. Therefore,

H(ab,c|1+9) :Z Z ey, ...,ng)(pr(L+9)" ...« (pa(l40))" < 0.

n>1 ny,...,ng=>1:
ni+---+ng=n

Hence, p lies in the interior of the domain of convergence of H(ab,c|1) if seen as a multi-
variate power series in terms of p. This yields real-analyticity of H(ab,c|1) in p. The same

holds for &(ab) and L(ab, cde), which is proven completely analogously since L(ab, cde|?)
has also radius of convergence bigger than 1, see proof of Lemma O

Now we can prove:

Theorem 8.2. The entropy h wvaries real-analytically under all probability measures of
constant support.

Proof. The claim follows now easily via the equation h = £- A\~! - H(Z). By Lemma &1}
vy (as the solution of a linear system of equations in terms of ¢(-,-) is real-analytic, so A
is analytic. Moreover, by Han and Marcus [I0, Theorem 1.1], H(Z) is also real-analytic.
Real-analyticity of ¢ can be shown completely analogously to the proof of Lemma with
the help of the formula for ¢ given in 6] Theorem 2.4|. This finishes the proof. O
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