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Aim of the talk

Generate nice fractal sets and self-similar tilings from substitutions
and automorphisms of free groups.
Define related dynamical systems.
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some of these pictures, and many other tilings, can be found on
the site:

http://saturn.math.uni-bielefeld.de/tilings /index

maintained by E. Harriss and D. Frettloeh

Pierre Arnoux Extensions of substitutions



Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Primitive substitutions

» o substitution on A alphabet of cardinal d
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Pisot substitutions and dual extensions

Substitutions

Primitive substitutions

» o substitution on A alphabet of cardinal d
> Foric A:
o(i) =w®
W
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Primitive substitutions

» o substitution on A alphabet of cardinal d
» Forie A:
o(i) =w
=wi . wl)

_ l((l) W;EI)S;EI)

» Abelianization f : A* — Z9. f(W) = (|W|q,|W

27"'7|W|d)
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Primitive substitutions

» o substitution on A alphabet of cardinal d
» Forie A:
o(i) =w
=wi . wl)

_ l((l) W;EI)S;EI)
> Abelianization f : A* — Z9. f(W) = (|W|1,|Wa,...,|W|q)

» Abelianization of o: matrix A such that:
f(o(W)) = Af(W).
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Primitive substitutions

» o substitution on A alphabet of cardinal d
» Foric A:
a(i)y =w

=W w

_ l((l) W;EI)S;EI)
> Abelianization f : A* — Z9. f(W) = (|W|1,|Wa,...,|W|q)
» Abelianization of o: matrix A such that:

f(o(W)) = A.f(W).

> Ais given by: a;j = number of occurences of i in o(j).
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Primitive substitutions

v

o substitution on A alphabet of cardinal d
Forie A:

v

o(i) =w
=W w

_ l((l) W;EI)S;EI)

v

Abelianization f : A* — Z9. f(W) = (|W|1, |W|a,...,|W/|4)
Abelianization of o: matrix A such that:
f(o(W)) = A.f(W).

A is given by: a;j = number of occurences of i in o(j).

v

v

v

We suppose A > 0, with Perron eigenvalue A.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

1-dimensional tiling

» u e AN periodic point of o.

Pierre Arnoux Extensions of subst




Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

1-dimensional tiling

» u e AY periodic point of o.
» Q, = {S"u} dynamical system associated with o.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
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1-dimensional tiling

» u e AY periodic point of o.
» Q, = {S"u} dynamical system associated with o.

» L = (/,) Perron eigenvector of A.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

1-dimensional tiling

» u e AY periodic point of o.

» Q, = {S"u} dynamical system associated with .

» L = (/,) Perron eigenvector of A.

» 1-dim tiling 7 from u and L; this tiling is self-similar. ¢; tiling
flow.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

1-dimensional tiling

u € AN periodic point of o.
Q, = {S"u} dynamical system associated with o.

L = (/,) Perron eigenvector of A.

vV v. v Y

1-dim tiling 7 from u and L; this tiling is self-similar. ¢; tiling
flow.

v

(Q5,S) is a section of the tiling flow.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Stepped lines

Definition
Stepped line V = (xp)n>0 in RY: the steps x,+1 — X, belong to the
canonical basis B of RY.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Stepped lines

Definition
Stepped line V = (xp)n>0 in RY: the steps x,+1 — X, belong to the
canonical basis B of RY.

Definition

Stepped line associated to a fixed point u = (a,...) of o :
VU= U,V @),
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Primitive substitutions and 1-dim tilings
Stepped lines

Extension of substitution

Pisot substitutions and dual extensions

Substitutions

Self-similarity of stepped lines |

Proposition
For any letter a € A, we have a disjoint decomposition:

ohtl oh
v @ = HP,b|Pb prefix of o(a) v (&) + €sn(P)

_ (b
- LIP,b;Pb prefix of o(a) Ve () + Alep
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Self-similarity of stepped lines |

Proposition
For any letter a € A, we have a disjoint decomposition:

ohtl oh
v @ = HP,b|Pb prefix of o(a) v (&) + €sn(P)
= HP,b;Pb prefix of o(a) Van(b) + Aep
Proof. o"1(a) = 0"(0(a)) O
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Self-similarity of stepped lines Il
Definition

xp € V! is of type aif upy1 = a.
Y42 set of vertices of type a of VY.
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Primitive substitutions and 1-dim tilings

Substitutions Stepped lines

Extension of substitution
Pisot substitutions and dual extensions

Self-similarity of stepped lines Il

Definition
xp € V! is of type aif upy1 = a.
Y42 set of vertices of type a of VY.

Proposition
Let u be an infinite fixed point of the substitution o. Then we
have the disjoint decomposition:

pusa — H Avu,b +ep
P,b|Pa prefix of o(b)
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Self-similarity of stepped lines Il

Definition
xp € V! is of type aif upy1 = a.
Y42 set of vertices of type a of VY.

Proposition

Let u be an infinite fixed point of the substitution o. Then we
have the disjoint decomposition:

VU = 11 AVHP + ep
P.b|Pa prefix of a(b)

Proof. o""1(a) = o(c"(a)) O
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Projection on the Perron-Frobenius space

Stepped line of the fixed point:
Natural projection on the Perron-Frobenius space: renormalizable
tiling.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Projection on the Perron-Frobenius space

Stepped line of the fixed point:

Natural projection on the Perron-Frobenius space: renormalizable
tiling.

It also defines a number system, and a parametrization of the
curve underlying the canonical stepped line
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Projection on contracting spaces and Rauzy fractals

Proposition

E & F invariant splitting of R4 for A. If the restriction of A to E is
strictly contracting, the projection of the vertices of a canonical
line on E along F is a bounded set.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Projection on contracting spaces and Rauzy fractals

Proposition

E & F invariant splitting of R4 for A. If the restriction of A to E is
strictly contracting, the projection of the vertices of a canonical
line on E along F is a bounded set.

Proposition
Let R, be the closure of the projection of the vertices of type a,
for all a € A. The sets R, satisfy the relation:

Ra = 11 AR} + ep
P,b|Pa prefix of o(b)
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Projection on expanding spaces

Let E @& F be an invariant splitting of R, such that the restriction
of A is strictly expanding, and denote by g the projection on F
along E.

Proposition
For all a € A, the set U,>oA~"Mg(V°"(2)) is a compact curve C?.

Proposition
We have:
C? = U A7H(CP + ep)
P,b|Pb prefix of o(a)
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Primitive substitutions and 1-dim tilings
Stepped lines

Extension of substitution

Pisot substitutions and dual extensions

Substitutions

An example

35
45
46
17
18
19
29

O 0O ~NOOo P WDN -

Lt
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Primitive substitutions and 1-dim tilings
Stepped lines

Extension of substitution

Pisot substitutions and dual extensions

Substitutions

Invariant subspaces

The characteristic polynomial is
P(X)=X%—- X" —5X% - X5+ X* +5X3 + X2 -1,

P(X) = (X —1)(X2+ X+ 1)(X3+ X2+ X —1)(X3 = X2 =X —1).
The space splits in a natural way:

R=E,® Er @ E5

R = EnOEFOET=E, DEsDE, (1)
= E/@Ej@Efs@Efu@ET,u@ET,s (2)
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Pisot substitutions and dual extensions

projection on the contracting space




Primitive substitutions and 1-dim tilings
Stepped lines

Extension of substitution

Pisot substitutions and dual extensions

Substitutions

projection on the contracting space

2 025 -2 115 -1 -015 9 05 1 15

15
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Extension of substitution
Pisot substitutions and dual extensions

projection on the contracting space
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

projection on the contracting space

115 -1 -0i5 9 05 -3 -2 -1 0 1
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Primitive substitutions and 1-dim tilings

Substitutions Stepped lines

Extension of substitution
Pisot substitutions and dual extensions

projection on the contracting space

-115 -1 -0i5 9 05 —54,;7

[05
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Primitive substitutions and 1-dim tilings

Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

projection on the contracting space

30 T T T T T

25

20

101

-30 -20 -10 0 10 20 30
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Extension of substitution
Pisot substitutions and dual extensions

projection on the contracting space

20 T T T T T

30 . . . . L
-30 -20 -10 0 10 20 30




Primitive substitutions and 1-dim tilings

Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

projection on the contracting space

30 T T T T T

150 g P ,

101

S

o
T

-30 -20 -10 0 10 20 30
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Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

projection on the contracting space

20 T T T T T

101

-30 -20 -10 0 10 20 30
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Primitive substitutions and 1-dim tilings
Stepped lines

Extension of substitution

Pisot substitutions and dual extensions

Substitutions

projection on the expanding space

3 . . . . I
-3 -2 -1 0 1 2 3 4 5 6
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

projection on the expanding space

20 T T T T T T T T
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Primitive subs ons and 1-dim
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

projection on the expanding space

200

50

-100 -

-150 -

200 I I I I
-150 -100 -50 0 50 100
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism |: geometric models of words and weighted
paths

» For W e A*:
f(W) = abelianization of W.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism |: geometric models of words and weighted
paths

» For W e A*:
f(W) = abelianization of W.

» Example: f(21121211) = (5, 3). Ce e f
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Substitutions

Primitive substitutions and 1-dim tilings
Stepped lines

Extension of substitution

Pisot substitutions and dual extensions

Formalism |: geometric models of words and weighted

paths

» For W e A*:
f(W) = abelianization of W.

> Example: £(21121211) = (5, 3).

> (x,i): segment (x, x + &)

g1

set of formal sums of weighted paths

Pierre Arnoux
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Primitive substitutions and 1-dim tilings

Substitutions St (s

Extension of substitution
Pisot substitutions and dual extensions

Formalism |: geometric models of words and weighted
paths

» For W e A*:
f(W) = abelianization of W.

» Example: £(21121211) = (5, 3).
> (x,i): segment (x, x + &)

g1

set of formal sums of weighted paths

» This weighted path is
((0,0),1) +((1,0),1) 4+ ((2,0),2),
representation of the word 112
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Il: the geometric model for the substitution

» Associate to o a geometric map Ej(o)
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Il: the geometric model for the substitution

» Associate to o a geometric map Ej(o)

> To a segment i, we associate the path

a (i)
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Il: the geometric model for the substitution

» Associate to o a geometric map Ej(o)
> To a segment i, we associate the path
a (i)
» Example:
1+ 112

2—12
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» Associate to o a geometric map Ej(o)
> To a segment i, we associate the path
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» Example:
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Formalism Il: the geometric model for the substitution

» Associate to o a geometric map Ej(o)
> To a segment i, we associate the path
a (i)
» Example:
1+ 112

2—12
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Il: the geometric model for the substitution

» Associate to o a geometric map Ej(o)
> To a segment i, we associate the path
a (i)
» Example:
1+ 112

2—12
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Il: the geometric model for the substitution

» Associate to o a geometric map Ej(o)
> To a segment i, we associate the path
a (i)
» Example:
1+ 112

2—12
> Ei(0)(x,i) = - -
by (AC) + (P, wi)

Shift of the origin: x — A.x, needed
for connexity of the image.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Rauzy fractals and dual substitutions

» Rauzy fractal: projection of the fixed line of E;(o) on the
contracting space
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Rauzy fractals and dual substitutions

» Rauzy fractal: projection of the fixed line of E;(o) on the
contracting space

» Solution of an IFS coming from the substitution
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Primitive substitutions and 1-dim tilings
Stepped lines
Extension of substitution

Substitutions

Pisot substitutions and dual extensions

Rauzy fractals and dual substitutions

» Rauzy fractal: projection of the fixed line of E;(o) on the
contracting space
» Solution of an IFS coming from the substitution

» There is a dual method of generation
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Ill: the dual map for the substitution

» E;i(o) is a linear map on a vector space
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Ill: the dual map for the substitution

» E;i(o) is a linear map on a vector space
» We can define formally its dual map.
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Ill: the dual map for the substitution

» E;i(o) is a linear map on a vector space
» We can define formally its dual map.

» If Ais invertible, this dual map is easily computed:
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Ill: the dual map for the substitution

» E;i(o) is a linear map on a vector space
» We can define formally its dual map.

» If Ais invertible, this dual map is easily computed:

E@)xi)= Y (a7 (x=f(PD)).i).

wi=i

>
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Primitive substitutions and 1-dim tilings
Stepped lines
Extension of substitution

Substitutions

Pisot substitutions and dual extensions

Formalism Ill: the dual map for the substitution

» Geometric interpretation of this
map: represent (x,i*) by the
upper face of the unit cube at x
orthogonal to (x, i).
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Ill: the dual map for the substitution

» Geometric interpretation of this
map: represent (x,i*) by the
upper face of the unit cube at x
orthogonal to (x, i).

» Example:

1—12
2—13
3—1
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Ill: the dual map for the substitution

» Geometric interpretation of this
map: represent (x,i*) by the
upper face of the unit cube at x
orthogonal to (x, i).

» Example:

1—12
2—13
3—1

e
< - &
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Ill: the dual map for the substitution

» Geometric interpretation of this
map: represent (x,i*) by the
upper face of the unit cube at x

orthogonal to (x, ). e § % %

» Example:
1—12
2—13
3—1
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Formalism Ill: the dual map for the substitution

» Geometric interpretation of this
L=
map: represent (x,i*) by the s % s @

upper face of the unit cube at x
orthogonal to (x, ).
» Example:
1—12
2—13
3—1
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Properties of the dual map

» Generates a polygonal tiling which approximates the
contracting plane
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Properties of the dual map

» Generates a polygonal tiling which approximates the
contracting plane

» By renormalization, generates the Rauzy fractal
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Primitive substitutions and 1-dim tilings

Substitutions St (s

Extension of substitution
Pisot substitutions and dual extensions

Properties of the dual map

» Generates a polygonal tiling which approximates the
contracting plane

» By renormalization, generates the Rauzy fractal

» We can obtain a self-similar tiling with fractal tiles
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Primitive substitutions and 1-dim tilings
Stepped lines

Substitutions

Extension of substitution
Pisot substitutions and dual extensions

Properties of the dual map

» Generates a polygonal tiling which approximates the
contracting plane

» By renormalization, generates the Rauzy fractal
» We can obtain a self-similar tiling with fractal tiles

» There is a related R~ action on this tiling space, dual to the
previous tiling flow.
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

A free group automorphism

o automorphism of the free group Fy:

1 — 2
2 — 3
3 —4
4 4171

Matrix M =

O O = O
o= O O
= O O O
= O O
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

A free group automorphism

Characteristic polynomial X4 — X3 +1
Eigenvalues 1.01891 4+ 0.602565/, —0.518913 + 0.66661/
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

A free group automorphism

Characteristic polynomial X4 — X3 +1
Eigenvalues 1.01891 4+ 0.602565/, —0.518913 + 0.66661/
Non Pisot!
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

A free group automorphism

Characteristic polynomial X4 — X3 +1

Eigenvalues 1.01891 4+ 0.602565/, —0.518913 + 0.66661/
Non Pisot!

Expanding plane P, = C
Contracting plane P. =C
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

A free group automorphism

Characteristic polynomial X4 — X3 +1

Eigenvalues 1.01891 4+ 0.602565/, —0.518913 + 0.66661/
Non Pisot!

Expanding plane P, = C

Contracting plane P. =C

Associated projections e, ¢
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Notations
Free groups automorphisms and ti Extensions of free group automorphisms

Plane tiling

Projections of the canonical basis

7 (e4)
t Te (€2) 0.75
1.2 e (€3) 0.5
.25 e (ed)
0.7 -
20.5-0.25 0.25 0.5 0.75 Y
TTe (€2)
0.5 _0. 7 (el)
0.25 -¢.5
- 0.75
-0.2 0.2 0.4 0.6 0.8 Y 1.2 e (e3)
7o (1)

Pierre Arnoux Extensions of substi




Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Geometric extensions of free group automorphisms |

» Words as discrete lines in R*
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Geometric extensions of free group automorphisms |

» Words as discrete lines in R*

> o acts naturally on discrete lines in R*
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Geometric extensions of free group automorphisms |

» Words as discrete lines in R*
> o acts naturally on discrete lines in R*

» Map E;i(c) defined on space Gy of weighted sum of discrete
lines
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Geometric extensions of free group automorphisms |

» Words as discrete lines in R*
> o acts naturally on discrete lines in R*

» Map E;i(c) defined on space Gy of weighted sum of discrete
lines

» This is still 1-dimensional!
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Geometric extensions of free group automorphisms Il

> j:s+—i(s)andj:t— j(t)
segments; define the oriented
face i A j as the oriented surface e o

(s, 8) = i(s) + (1)
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Geometric extensions of free group automorphisms Il

> j:s+—i(s)andj:t— j(t)

segments; define the oriented
face i A j as the oriented surface
(s, t) = i(s) +(2).

» o acts in a natural way on faces "“4 )0.274))
by taking i A j to

E1(o)(i) A E1(0)())
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Geometric extensions of free group automorphisms Il

> j:s+—i(s)andj:t— j(t)
segments; define the oriented

f i A h i d f j {ﬂ ‘ b

ace | as the oriented surtace

(5.6) = i(5) 4 /(1) Jz_ i@ Jz JZ
B ‘@ J.-4.

» o acts in a natural way on faces
by taking i A j to
Ei(o)(i) A Ex(o) ()

» Map Ep(o) defined on space G
of weighted sum of discrete
faces
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Notations
Free groups automorphisms and tilings Extel of free group automorphisms

Plane tiling

Geometric extensions of free group automorphisms Il

> j:s+—i(s)andj:t— j(t)
segments; define the oriented

f A J he ori d surf. j {ﬂ ‘ b

ace |/ as the oriented surtace

(5.8)  i(9) + (0. jg f@ Jg 1
b4 40

» o acts in a natural way on faces
by taking i A j to
Ei(o)(i) A Ex(o) ()

» Map Ep(o) defined on space G
of weighted sum of discrete
faces

» The matrix of Ex(o) is positive!
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Plane tiling

Geometric extensions Ill: formalism

» We define the space of formal finite sums of weighted 2-faces
(x,i Aj), with x € Z*.
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Notations
Free groups automorphisms and tilings Extel of free group automorphisms

Plane tiling

Geometric extensions Ill: formalism

» We define the space of formal finite sums of weighted 2-faces
(x,i Aj), with x € Z*.

» The 2-dimensional extension Ey(o) is defined on this space by:
Ex(o)(x.i A J) =
S St (A + F(PR) + (PR, Wi wi?)
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Geometric extensions Ill: formalism

» We define the space of formal finite sums of weighted 2-faces
(x,i Aj), with x € Z*.
» The 2-dimensional extension E(o) is defined on this space by:
Ex(0)(x,i A ]) = | -
Shor S (A0 + F(PR) + 7(PD), Wi A W)
» The matrix associated to Ep(o) is the exterior square of M:
000100

O OO+~ O
O R O OO
= O O O O
O O OO
_ O O O =
O O~ OO
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Notations
Free groups automorphisms and tilings Extel of free group automorphisms

Plane tiling

Geometric extensions Ill: formalism

» The matrix associated to Ep(o) is the exterior square of M:
0 00100

O OO+~ O
O R O OO
R O O O O
O R O OO
_ O O O =
O O~ OO
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Geometric extensions Ill: formalism

» The matrix associated to Ex(o) is the exterior square of M:
000100

O O = O
= O O O
o O O o
= O O O
o O o
o= OO

001010
» This matrix is positive!
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Notations
Free groups automorphisms and tilings Extel of free group automorphisms

Plane tiling

Geometric extensions Ill: formalism

» The matrix associated to Ex(o) is the exterior square of M:
000100

O O = O
= O O O
o O O o
= O O O
o O o
o= OO

001010
» This matrix is positive!

» This is the correct generalization of the notion of substitution
(seen as a positive free group endomorphism) in the non-Pisot
case
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A new substitution tiling of the plane

» by projection me:
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Plane tiling

A new substitution tiling of the plane

» A substitution rule on the
expanding plane

» by projection Te: JZL ﬁ JZ JZ
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

A new substitution tiling of the plane

> by projection me:

» A substitution rule on the
expanding plane

» That generates a
substitution polygonal
tiling
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An exact substitution tiling

» By replacing each face by the limit of its renormalization, one
obtains an exactly self-similar tiling, with fractal tiles.
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

An exact substitution tiling

» By replacing each face by the limit of its renormalization, one
obtains an exactly self-similar tiling, with fractal tiles.

» The fractal tiles are solutions of a graph-directed IFS given by
the substitution rule.
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Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

A discrete surface in R*

» The tiling lifts to a unique discrete surface in R*
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

A discrete surface in R*

» The tiling lifts to a unique discrete surface in R*

» Discrete approximation of the expanding plane

Pierre Arnoux Extensions of substitutions



The discrete surface




Notations

Free groups automorphisms and tilings

Extensions of free group automorphisms
Plane tiling

Duality

We can do exactly the same for the contracting plane:
Define the dual map E?(0).
It is also positive.

Get dual substitution tiling and a dual self-similar tiling.
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Notations
Free groups automorphisms and tilings Extensions of free group automorphisms

Plane tiling

Conclusions

Formalism extendable in all dimensions
Geometric models for a family of automorphisms
Problems with cancellations
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Quasi-crystals and Rauzy fractals
Symbolic dynamics

Applications Open problems

Cut-and-project tiling

» The fractal tiles of the expanding tiling are solution of a GIFS.
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Cut-and-project tiling

» The fractal tiles of the expanding tiling are solution of a GIFS.

» The vertices of the contracting tiling are solution of a GIFS.
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Applications Open problems

Cut-and-project tiling

» The fractal tiles of the expanding tiling are solution of a GIFS.
» The vertices of the contracting tiling are solution of a GIFS.

» After projection on the expanding space, we can observe a
very much curious phenomenon:
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Cut-and-project tiling

» The fractal tiles of the expanding tiling are solution of a GIFS.
» The vertices of the contracting tiling are solution of a GIFS.

» After projection on the expanding space, we can observe a
very much curious phenomenon:

» The second IFS is the opposite of the first!
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Quasi-crystals and Rauzy fractals

Symbolic dynamics
Applications Open problems

Cut-and-project tiling

v

The fractal tiles of the expanding tiling are solution of a GIFS.

v

The vertices of the contracting tiling are solution of a GIFS.

v

After projection on the expanding space, we can observe a
very much curious phenomenon:

v

The second IFS is the opposite of the first!

v

These polygonal tilings are cut-and-project tilings.
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Quasi-crystals and Rauzy fractals
Symbolic dynamics

Applications Open problems

Generalized Rauzy fractals

The window for the tiling of the expanding plane is the contracting
Rauzy fractal X< = UX7, ;.

It can be obtained by projecting on the contracting plane the
vertices of the discrete approximation to the expanding plane.

It can also be obtained by renormalization of the projection of the
image of a patch of faces by the action of the dual map:

X€ = lim M~"(nc(E;(0)"(U1)))

the same property is true for the expanding Rauzy fractal.
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Quasi-crystals and Rauzy fractals
Symbolic dynamics
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The window

S.(2A4)

Se(312) Se (; A3)

Ticeq
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renormalization and projection
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renormalization and projection
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Quasi-crystals and Rauzy fractals
Symbolic dynamics

Applications Open problems

The other window

Se(p(4n3) Se(p(2n4))

S.(p(An1) S.(p(2A1)

Uinjev. Se (9 (i1 4))
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Quasi-crystals and Rauzy fractals
Symbolic dynamics

Applications Open problems

Symbolic dynamics

By taking the product of the corresponding Rauzy fractals:

C e
Xing % Xicas

one obtains a partition of the torus T4.

This partition gives a symbolic dynamics for the action of the
matrix A which is a subshift of finite type.

This is the first known explicit Markov partition for a non-Pisot
irreducible automorphism of the torus.

It is the natural extension of the S-expansion.

Pierre Arnoux Extensions of substitutions



Quasi-crystals and Rauzy fractals
Symbolic dynamics

Applications Open problems

Formalism IV: geometric extensions of substitutions

» Easy to generalize to dimension k.
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Formalism IV: geometric extensions of substitutions

» Easy to generalize to dimension k.
» Define Ek(O') . Qk — gk-
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Formalism IV: geometric extensions of substitutions

» Easy to generalize to dimension k.
» Define Ek(O') . Qk — gk-

» Boundary map dy : Gx — Gx_1, commutative diagram:

E (o
Ga (e) Ga
o | L dq
Ej_1(o
Ga—1 1) Ga-1
dg—1 | L 0d-1
g1 5l0) g1
0 | 0
Go o) Go.
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Formalism V: dual extensions of substitutions

» Ei(o) linear map on Gy.
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Formalism V: dual extensions of substitutions

» Ei(o) linear map on Gy.

> one can define the dual map E; (o).
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Formalism V: dual extensions of substitutions

> Ei(o) linear map on Gy.
> one can define the dual map E; (o).

» If M, is invertible, it is easy to compute this dual map.
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Formalism V: dual extensions of substitutions

> Ei(o) linear map on Gy.
> one can define the dual map E; (o).

» If M, is invertible, it is easy to compute this dual map.

Ef(o)(x,i") = > (A*l (x—f(P,(,j))) J)

w =i

>
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Quasi-crystals and Rauzy fractals
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Applications Open problems

Formalism V: dual extensions of substitutions

> Ei(o) linear map on Gy.
> one can define the dual map E; (o).
» If M, is invertible, it is easy to compute this dual map.
>
E@)xi)= Y (a7 (x-f(PD)).i).
wi =i
> and similar formulas for E}(c).
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Formalism V: dual extensions of substitutions

> there is a coboundary map ¢} : G5 ; — Gj.
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Formalism V: dual extensions of substitutions

> there is a coboundary map 6} : G;_; — G}.
» The diagram is commutative:

Eo(o)*

g 29 g
5 [
Ei(o)*

g g
5 [
R =
Gia "2 g5,
5y [
E (o0)*

g Mg
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Quasi-crystals and Rauzy fractals
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Geometric models for duality

> Define ¢k : Gf — Gg—«k :
Pr(x, iF A Ni) = (1) (e e 1A Aa—k)

where {i1,...ix} et {j1,...Jjda—k} give a partition of A
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Geometric models for duality

> Define ¢k : Gf — Gg—«k :
Pr(x, iF A Ni) = (1) (e e 1A Aa—k)

where {i1,...ix} et {j1,...Jjda—k} give a partition of A

» Poincaré duality
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Geometric models for duality

> Define ¢k : Gf — Gg—«k :
Pr(x, iF A Ni) = (1) (e e 1A Aa—k)

where {i1,...ix} et {j1,...Jjda—k} give a partition of A
» Poincaré duality
» We can use this to define dual maps E (o)
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Quasi-crystals and Rauzy fractals
Symbolic dynamics

Applications Open problems

Hiromi Ei's theorem

o free group automorphism; we have :

E?¥"K(o) = Ex(67Y)

where G is the mirror image of o.
E*(0) pseudo-inverse for o.
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Quasi-crystals and Rauzy fractals
Symbolic dynamics
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Topology of tiles and their boundary

The boundary can be studied by a suitable extension.
Alternative and more efficient methods have been developed:
Prefix-suffix graphs and their generalizations

Due to Siegel-Thuswaldner
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Transversal dynamics

» Study the transversal flow of these tilings.
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Transversal dynamics

» Study the transversal flow of these tilings.

» Find a good symbolic dynamics for this R?-action
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Transversal dynamics

» Study the transversal flow of these tilings.
» Find a good symbolic dynamics for this R?-action

» Meaning unclear:
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Applications Open problems

Transversal dynamics

» Study the transversal flow of these tilings.
» Find a good symbolic dynamics for this R?-action
» Meaning unclear:

» pseudo-group of translations?
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Transversal dynamics

Uy
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Classification problems

» Which automorphisms have positive Ex(0)?
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Classification problems

» Which automorphisms have positive Ex(c)?

» Do all of them define a fractal tiling?
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Classification problems

» Which automorphisms have positive Ex(0)?
» Do all of them define a fractal tiling?

» What of those with positive matrix A: can we get rid of
cancellations?

Pierre Arnoux Extensions of substitutions



Quasi-crystals and Rauzy fractals
Symbolic dynamics

Applications Open problems

Classification problems

» Which automorphisms have positive Ex(0)?
» Do all of them define a fractal tiling?

» What of those with positive matrix A: can we get rid of
cancellations?

» In the general case, can we obtain results by grouping tiles
(blocking)?
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Arithmetic problems

» Can we get completely real examples?
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» Can we get completely real examples?

» What can be said on the number system?
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Arithmetic problems

» Can we get completely real examples?
» What can be said on the number system?

» Can we obtain good approximation in this way?
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Quasi-crystals and Rauzy fractals
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Applications Open problems

Arithmetic problems

» Can we get completely real examples?
» What can be said on the number system?
» Can we obtain good approximation in this way?

» Can we go beyond the algebraic case (generalized continued
fractions)?
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Word problems

» Can we define a good structure of 2-dimensional words
corresponding to the tilings (underlying lattice)?
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Word problems

» Can we define a good structure of 2-dimensional words
corresponding to the tilings (underlying lattice)?

» Can we define a reasonable notion of complexity?
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Word problems

» Can we define a good structure of 2-dimensional words
corresponding to the tilings (underlying lattice)?

» Can we define a reasonable notion of complexity?

» Can we define discrete dynamical systems (transversal
dynamics)?
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Applications Open problems

Word problems

» Can we define a good structure of 2-dimensional words
corresponding to the tilings (underlying lattice)?

» Can we define a reasonable notion of complexity?

» Can we define discrete dynamical systems (transversal
dynamics)?

» Can we find an equivalent of sturmian sequences in this
setting?
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