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On the Self-affine Tiles with Polytope Convex Hulls and

Their Lebesgue Measure

Abstract

Let F be a self-affine tile generated by a finite number of affine
maps. The problem of determining the convex hull of F is of
geometrical interest. In regard to this problem, we give
necessary and sufficient conditions for the convex hull of F to
be a polytope. Additionally, we determine the vertices of such
polytopes. Our constructive proofs lead us to upper bounds for
the Lebesgue measure of F. We also test our technique on
well-known examples.
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Some Problems

Let M,(R) denote the set of n x n matrices with real entries.

A matrix T € M,(R) is called expanding (or expansive) if all its
eigenvalues have moduli > 1. We call a finite set

D ={d,---,dq} CR" a digit set. Let T* denote the adjoint of
T.
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Some Problems

We first recall a couple of known theorems.

THEOREM

[1] Let F = F(T, D) be the compact set satisfying TF = F + D
for an expanding matrix T and a digit set D. Let {n;} be the
outward unit normal vectors of (n — 1)-dimensional faces of the
convex hull P of D. Then the convex hull of F, C(F), is a polytope
if and only if every nj is an eigenvector of (T*)k for some k.

[1] R. Strichartz, and Y. Wang, Geometry of self-affine tiles I,
Indiana Univ. Math. J 48 (1999), 1-23.

(*) It is stated in [1] that even in the case when AV is a multiple
of the identity, hence C(F) is a polytope, it is not clear how to
estimate the number of faces of C(F).
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Some Problems

Let u(F) denote the Lebesgue measure of T.

[2] Let T € Mp(R) be an expanding integer matrix and D C Z" be
a digit set with #D = |det(T)|. Then u(F(T,D)) is an integer.

[2] J. C. Lagarias and Y. Wang, Integral self-affine tiles in R" I.
Standard and non-standard digit sets, J. London Math. Soc. 54
(1996), 161-179.

(**) It is also mentioned by the authors that the techniques in [1]
or [2] don’t seem to work for affine iterated function systems
(AIFSs) involving mappings with different linear parts.
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Some Problems

Here we consider the attractors of AIFSs with polytope convex
hulls. Regarding the problems in (*) and (**), we are interested in
the following questions:

(1) How can we get the vertices of C(F)?

(2) How can we compute or approximate u(F(T,D))?
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Note on Attractors

The norm of a matrix T € M,(R) induced by || - || is given by

1Tl = P {ITx| : x € R"}.
x||=1

For T ={Ty,---, Tq} C Mp(R), we define
171 = max{[[Tj|| : T; €T},

Forji---jk €{1,---q}, let J=(j1,--- ,jk) denote a multi-index
and let |J| = k be the length of J. By T, we mean the product
Ty Tj and we let Tk = {T,: |J]| = k}.
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Note on Attractors

[3] The number

AT) = lim | T5|1** = limsup || 75|V = inf |52/ *

is called the joint spectral radius of T .

[3] G.-C. Rota and W. G. Strang, A note on the joint spectral
radius, Indag. Math. 22 (1960), 379-381.
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Note on Attractors

PROPOSITION

[4] Suppose that T = {Ty, Ty, ..., Tq} C Mn(R) satisfies
XNT) < 1. Then for any D = {dy,--- ,dq} C R", there exists a
unique nonempty compact set F = F(7T, D) satisfying

q
F=JTi(F+d).
j=1

[4] I. Kirat and |. Kocyigit, Remarks on Self-affine Fractals with
Polytope Convex Hulls, manuscript (2008).
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Note on Attractors

REMARK

[4] The expanding assumption on Tj_1 cannot guarantee

A7) < 1. To see this, we give the following example of a set of
expanding matrices with \(7) = 1:

Let T = {Tl, T2} with

[0 1 1 o 1
Tl_[—21 =5 4
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Assume that 0 € D. For d;, € D, the sequence d; d,, ...d;,
corresponds to the point x =322, T;; Tj, ... Tj,dj, € F and hence
x will be represented by ji5 . As usual Jij2---Jp (e, the
block jij2 ... jp is repeated mdeflnltely) denotes a perlodic
sequence and jij2 - -+ jmjm+1jm+2 - - - jp an eventually periodic (e.p.)
sequence.

We set

K
Ac={jr2-jk =Jti2- - k0= TyTp,... Tydj : dj,...,d; € D}.

Let ¢j(x) = Tj(x +d;), 1 <j < g. In the Hausdorff metric, we
know that

A= 4100, k=1,2,...,

=k

converges to F as k — oo.
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Results: The single-matrix case

Let S € R" be a set. We will denote the set of vertices of C(S) by
V(S). Now let Vi = V(Ax).

THEOREM

[4] Assume that Ty = To =--- = T4 and \(7) < 1. Then

(i) C(F) is a polytope if and only if #V; = #V;11 = t for some k.
In such a case, for any j > i, V; has t elements too.

(i) If #Viy1 = #V; =t for some i, then #V(F) =t and for any
J > i,V consists of consecutive terms of points of V(F) which are
periodic points in O(F).

v

[4] I. Kirat and I. Kocyigit, Remarks on Self-affine Fractals with
Polytope Convex Hulls, manuscript (2008).
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Results: The multiple-matrix case

The previous theorem may not hold true if we drop the assumption
that 1 =T, = = T4. For the general case, we will give
another characterization of polytope convex hulls of similar nature.

We let (juj2---Jp)r = Jj1j2---Jpjtj2 - Jp---Jij2 - Jp;

~~

r  times
e., (Jij2 .- .jp)r denotes a finite sequence consisting of r blocks of
digits jijo . .. jp. For bounded s and all sufficiently large r > 2, a
point of the form

X =if... im(ij2 .. -jp)r.jp+1 .. -jp+s

will also be called an e.p. point.
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Results: The multiple-matrix case

Let Wi oo consist of e.p. points of the form i1ia...imj1j2 ... Jjp
associated to the e.p. points of Wy C V. Set

WE oo = {x = i{itiz .. .imjij2 - Jp | it - imjif2 - - -Jp € Whoos X & Wioo

THEOREM

[4] Assume that F is a self-affine set defined by

T ={T1, T, ..., Tg} C My(R) with \(T) < 1 and a digit set D.
Then C(F) is a polytope if and only if there exists a ko € N and a
subset Wy, C Vi, with e.p. points such that

Wi o0 U Vi € C(Wie,o0)-

In such a case, C(F) = C(Wi,,00) and all periodic vertices of C(F)
appear in Vy for all sufficiently large k.
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Algorithms

Algorithm 1: The single-matrix case

1. Choose a number ky € N,

2. Start finding V1, Vs, - - - Vy,, and stop finding more of them if
#V; = #Vii1 for some i € {1, - ko},

3. Extract the points in V(F) from Vi, in the following way:
If k> i+1and

Vier = it 2-ditlit2s J3--Jit2)it3, o Jk—i-dk = J1-Ji1s
(similarly other sequences here)...},

then

V(F) = {1 Jit1-eJhkim1sJ2 it leefhk—im1fLs ooy Jh—im L 1J2 - Jk—i—2 -+ }
When kK </i+1 and

Vier = {tedkeditly J2e-didliv2s J3--Jit2fit3s oo k1o dkritl = -
(similarly other sequences here)...},

we have V(F) = {jl--~jk7j2--~jkj17 ...,_jk_jl...jkfl, }
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Lebesgue measure

Set C = U=k 94(C(F)), k=1,2,....

We can use the vertex-finding algorithms together with the
following simple proposition to give upper bounds for the Lebesgue
measure of F.

PROPOSITION

{1(Ck)} converges to pi(F) decreasingly.
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Examples

Example

The twin dragon. For T =1[1 7],
D={d=[5].da=[¢ ]}, F(T,D) is called the twin dragon
tile (see the Figure). For this example, we find #Vs = #V5 = 8
and

Vs = {22111,21111,11112,11122,11222,12222,22221,22211}.

Since #V4 = # Vs = 8 , the convex hull is an octagon. Using
Algorithm 1, we can extract the vertex set V(F) from Vs.
Expressed as coordinate pairs,

V(F) = {(2/37 _1)7 (2/37 _1/3)7 (07 1/3)7 (_1/37 1/3)7
(_2/37 0)7 (_2/37 _2/3)a (07 _4/3)a (1/3’ _4/3)}

as marked in the next Figure . O
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A Haar tile  For the expansive matrices
-1 -1
T1 = Tz = [g Bz] )

andD:{dlz[g]7d2:[é]7d3:[(1)]7d4:[1]7}athe
associated self-affine set F = F(7, D) is a tile (see the Figure).
We obtain #V, = #V3 = 6 and

Vs = {434,343,323,232,121,212}. Since V3 has 6 strings, the
convex hull is a hexagon. Again by the vertex finding
algorithm, from V3, we get

V(F) = {43,34,32,23,12,21}
= {(171/3)7(1a4/3)a(2/374/3)’(1/3’_2/3)7(0’1/3)7(0’—2/3)

For the Lebesgue measure, we get from the second column of
the next Table that 0 < p(F) < 1.0104. Since D is a complete
residue system for T; 1, u(F) is a non-zero integer. Therefore,
u(F) =1, ie., F is a Haar tile. O
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Table: First few successive approximations to Lebesgue measures

‘ ‘ The Haar tile Levy's dragon Heighway's dragon The 3-digit tile
n(Cy1) 1.1666 1.9375 0.52546 0.51192
n(Ca) 1.0833 1.7031 0.47222 0.45152
n(C3) 1.0417 1.5156 0.4349 0.41183
n(Cs) 1.0208 1.3867 0.40538 0.38557
1(Cs) 1.0104 1.2969 0.38028 0.36813
n(Cg) 1.0806 0.32872 0.34363

Notice that the table suggests that the convergence of 1(Ck) to
the actual value of u(F) in the single-matrix case is faster than the

other case.
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Algorithms

Algorithm 2: The multiple-matrix case

1. Choose a number kg € N,
2. Start finding V1, Vs, - - - Vi, and stop finding more of them if a
there is a subset W; C V; with e.p. points such that

Wi UV € C(Wi o)

for some i € {1,--- ko}, In such a case, C(F) = C(Wi ).

Ibrahim Kirat On the Self-affine Tiles with Polytope Convex Hulls and Their Leb



Examples

For the following examples, it is easy to show that A\(7) < 1.

A disconnected attractor.
Let

and D={dy=[¢],do=[ % |}. Then F = Ujgzll-_j together
with some C(Vx) = C(Ak) are depicted in the next Figure. By
Algorithm 2, C(F) is a heptagon with vertex set

Viow = V(F) = {2,12,112,1112,11112,111112,1111112}.

D/
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Figure: The disconnected attractor
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Figure: The disconnected attractor
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Examples

Levy's Dragon.
For the expansive matrices

and D = {dl = [ ’ ] ,dy = [ 9 ]}, the associated self-affine set
F = F(7,D) is a tile, called the Levy dragon (see the Figure for
F together with some C(Vy)). By Algorithm 2,

Vio.oo = V(F) = {22221,2221, 221, 21, 121, 1121, 11121, 111121}.

Then the convex hull of Levy’s dragon is an octagon. From the
third column of the Table, we see that 0 < u(F) < 1.0806. O
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Examples

Heighway's Dragon.
For the expansive matrices
=0 7] T =[ a

and the digit set D={di=[¢ |, o =[]}, F=F(7,D)isa
tile, called the Heighway dragon. F = F(7, D) is depicted in
the next Figure. For this example, the vertex set is

Vig.0o = V(F) = {2211,2212211,212211, 2112211, 21112211,
211112211,11112211,1112211,112211,12211}.

Therefore, C(F) is a decagon. We use this decagon to
approximate the Lebesgue measure. Thus the fourth column of
the Table implies 0 < u(F) < 0.32872. O
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Examples

[4] A 3-digit tile.

For the expansive matrices
Tl_lz[i El] T2_1:T1_1[31 jl]:[jz f1]7 7_3_1:[1 2:|
and the digit set D={cdv =[5 ], b=[1], 5= % |},
F = F(7,D) is a tile (see the next Figure). By Algorithm 2, the
vertex set is obtained as

V(F) ={111112,11112,1112,1121112,121112,21112,21121112,
23332, 23323332, 333332, 33332, 3332, 3323332, 323332}.

Therefore, C(F) is a tetradecagon. For the Lebesgue measure,
the fifth column of the Table yields 0 < u(F) < 0.34363 so that
p(F) is not an integer. O
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Examples
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Figure: The 3-digit tile
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Figure: The 3-digit tile
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