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1. INTRODUCTION

1. {S;}Y, is an IFS of injective C! conformal contrac-
tions on a compact subset X C R¢.

2. Each S; can be extended to a C' injective conformal
contraction on some open connected V' O X satisfying

0 < in‘f/HS'( r)]| < supHS/( <1, 1<i<N.
re

xeV

3. Let K C X be the self-conformal set:

4. For any set of probability weights {p;}2',, let u be the
self-conformal measure:

N
p= sz'u o St
i=1

5. Problems: Absolute continuity of g and dimg(K)
in the absence of the open set condition (OSC).



Notation and conditions:

St ={1,...,N}", = ¥ = Gzn.
n=0

For I = (iy,...,4,) € X",

Sy = Siyor-08,,, v o= it [Si(@)l, Ry = supl|Si(x)]|

zeV

Main assumptions: Bounded distortion property, weak
separation condition.

Bounded distortion property (BDP): 3 constant
C > 0 such that VI € X,

157 ()|
<(C, Vzxz,yeV.
157 (y)l]

In particular,

ri <Ry <Cr, VIeX"

The BDP is satisfied if, say, for each 4, In || S}(z)|| is Holder

continuous.
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For 0 < b < 1, let

Ty ={I="(i1,...,0n) €S : Rr<b< Ry . .},
Ay = {S] 1 e Ib}.

Weak separation condition (WSC): 3 constant
ve€ Nand D C X, D° # 0, st. VO < b < 1 and
re X,

#{S e A,z e S(D)} <n.

Example 1. An IFS satisfying BDP and WSC, with
K =10,1].

a9+9x+11 @) a¥+9x+11
—_— CC:
16 32 327 73 323216
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2. ABSOLUTE CONTINUITY OF SELF-CONFORMAL
MEASURE

Theorem 2.1. (Lau-Wang-N., 2009) Assume the BDP
and the WSC. Then an associated self-conformal mea-
sure [ 1s singular with respect to H |k if and only if
there exist 0 < b <1 and S € Ay such that ps > RS,
where ps == > {pr: Sy =S5, I € I} and Rs = Ry if
S =25].

For the IFS in Example 1, for any {p;}, p is singular with
respect to Lebesgue measure.
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3. HAUSDORFF DIMENSION OF SELF-CONFORMAL
SETS

Theorem 3.1. (Lau-Wang-N., 2009) Assume the BDP
and the WSC. Then

(a) o = dlmH(K) — dlmB(K)7
(b) 0 < HYK) < .

Topological pressure function:

1
P(s):= lim — E o
(s) nlingonln R7
Jeymn

P is strictly decreasing, convex, and continuous on R.

Theorem 3.2. (Special case of Mauldin-Urbanski, 1995)

Assume the BDP and OSC. Then dimy(K) = «, where
a 18 the unique zero of P.

Theorem 3.3. (Peres-Rams-Simon-Solomyak, 2001)

0SC & 0<HYK)<oo and Pla)=0.
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Example 2. A conformal IF'S with overlaps but satis-

fying the WSC:

Sg(aj‘)

r? x 13

8 +16+16

0.2
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Modified topological pressure function:

~ 1
P(s) = lim —1In Z Ry.
e pe{S:Jexn}

Theorem 3.4. (Deng-N., 09) Assume the BDP and
the WSC. Then dimy(K) is the unique zero of P.

Remark: Ferrari has a similar result but his weak sep-
aration condition is different and is formulated in terms
of the attractor K.



Outline of Proof of Theorem 3.4

(1) Introduce auxiliary topological pressure functions. For
A€ (0,1), define

Q,(s) = lim — 1DZR¢,

n—aod n

QSEA)\TL
Qu(s) = Fm ~in 3 R,
peA\n

Both @,(s) and Q,(s) are strictly decreasing, con-
tinuous on R. @Q,(s) is convex.

(2)
Theorem 3.5. Assume the BDP and the WSC.

Then dimy(K) = «, where « is the unique zero of

Q, and Q,.

Upper bound follows from definition of Hausdorft di-
mension by taking the cover {¢p(K) : ¢ € Ay }.

Lower bound follows by combining WSC and the re-
sult 0 < HY(K) < oo.
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(3) Define

Bn::{SJ:JEZ*:Tn+1<RJ§Tn}2Arn.

Then d fixed integer £ > 0 s.t.

B, C {¢OS[: O € A, ]EOZZ}.
i=0

Hence 3 a constant C' > 0 s.t.

S m<Y m<oY R

peA,n oeB), peA,n

1 o .1 .
TP L. TP
peB), peA,n
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(4) For each integer j > 0, let

B.,;:={S;:JeX"} Nk,
:{SJ:JEZ”:Tj+1<RJ§rj}QBj.

Then
{Sy:Jex=|J{o:0€B.,;3 | B
J=0 j=0

Hence,

1 N B N B .
~In ) Rj<-ln Ri<—In) > R
pe{S;:Jexn} J=0 ¢€B,, J=0 ¢€B;

— 0
Thus,
P(a) <0

The proof for P(«) > 0 is more straightforward.
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For b € (0,1), let ap be the unique nonnegative number
satistying

(3.1) Y R'=1.

PpEA,
We can show that if {S;}# ; has the BDP, then

. Im#FA
lim = lim oy
b—0+ — Inb b—0Tt

Following Zerner, we call the common value in the growth
dimension of the IFS {S;}}¥, and denote it by dg.

Theorem 3.6. Assume the BDP. Then

(a) dimy(K) < dg.
(b) If WSC also holds, then dimy(K) = dg.

Theorem 3.7. Assume that {S;}, satisfies the BDP.
Then the OSC 1s satisfied if and only if the WSC is
satisfied and Sy # St for all distinct I, J € X*.



