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Axiom A (S. Smale,1967): M a compact Rie-
mannian manifold, ¢ : M — M a diffeomor-
phism with a hyperbolic structure on the set
X C M of non-wandering points.

Typically, X is some type of fractal. X may be
decomposed into irreducible pieces called basic
sets.

Smale space (D. Ruelle): a purely topological
version.

(X,d) compact metric space, ¢ homeomor-
phism. Each point x has neighbourhoods

X% (xz,e) x X%z, ¢),

local stable and unstable sets, with

d(e(y),e(z)) < Xd(y,z), y,z€ X°(x,€),
A 1Y), v 1(2)) < Ad(y,2), y,z € X% x,¢),
with 0 < A < 1.



Hyperbolic toral automorphism:

11
( ) o) ' R?/Z% — R? /77

Shifts of finite type:

Let G = (G9,G1,4,t) be a finite directed graph.
Then
S = {(eMi_o e et
i(eP T = t(e), for all k}
o(e)f = eFTL ileft shift”
The local product structure is given by
S5(e,27™) = {(..., %, %, %, el 2. )}
> e, 27 ={(..., e 2 el ey s k. )}

A shift of finite type is any system conjugate
to (Xg,0), for some G.



Why shifts of finite type are important.

Theorem 1. The shifts of finite type are ex-
actly the totally disconnected Smale spaces.

Theorem 2 (Bowen). If (X, ¢) is any irreducible
Smale space, then there exists

T (X, 0) = (X, 9),

continuous, surjective and finite-to-one.

Proof is by constructing Markov partitions (cod-
ings).

Krieger’'s invariant (to come....)



Solenoid: Start with 2z € T — 2™ € T; expand-
ing, but not a homeomorphism.

X = ImT T+« ---
{GR)e>o | 241 = 21}
p(2) = 2z~

We have X3%(x,e) ~ Cantor, X%(xz,¢e) ~ (—¢,¢).

Let G be the graph with one vertex, m edges,so
> o is the full m-shift. There is a factor map

T (Xag o) = (X, 9)

based on the base m expansion of real num-
bers.

This map has a special property: for all e in
>a,e > 0, w(X8(e,e)) is open in X3(w(e),€)
and

m:2%(e,e) — w(X°(e,€))

IS @ homeomorphism. We say such a map is
s-bijective.



Krieger’s Invariant (1978 7)

Krieger gave a construction of a C*-algebra
from a shift of finite type, whose K-theory was
readily computed. He also gave a dynamical
interpretation.

Let G be a directed graph and let N be the
number of vertices in G. Let A be the adja-
cency matrix for the graph G.

DY (=g, 0) =limzZN A4 72N A,
ie. ZN x N/(z,k) ~ (Az, k+ 1).

e If G has one vertex and m edges, then N =
1, A= [m] and D*(Xqg,0) = Z[1/m].

o If A=0, then D$(Zs,0) = 0.

o If det(A) = +1,then D3(X,0) =2 ZN.



D% as a functor

If 7 : (X,0) — (X/,0) is a factor map, does
it induce a group homomorphism between the
invariants D3%(X,0) and D3(X/,0)7

If = is s-bijective, then there is a map

78 D%(X,0) — D%(X/, o).

If w is u-bijective, then there is a map

7* : DS(X 0) — D%(Z, 0)

(Kitchens, Boyle, Marcus, Trow)



Problem: Can we extend Krieger’s invariant
to an arbitrary a Smale space, (X,p) ?

Idea: Start with Bowen:

T (X,0) — (X, p).

For N > 0, define

ZN(T‘-> — {(607617"'76]\7) |
m(en) = m(en),
0<n< N}

For all N > 0, (Zn(w),0) is also a shift of
finite type and we can consider D3(X n(7),0).
We also have o, : (Zn(7),0) — (Zn_1(7),0)
which erases e, 0 <n < N.

Idea: Compute homology of (X, ¢) from
D3(XZn(w),0), N > 0 and the factor maps i,
from (Zn(7),0) to (En_1(7),0).

Problem: Functoriality of 6.



Homology: Second attempt

Theorem 3 (Better Bowen). Let (X, ) be an
irreducible Smale space. There exists a Smale
space (Y,v) with Y“(y,e) totally disconnected
for all y and an s-bijective factor map

Ts . (Yﬂb) — (Xa 90)

That is, Y¥%(y,¢) is totally disconnected, while
YS(y,e) is homeomorphic to X*4(mws(y),e).

This is a “one-coordinate’” version of Bowen's
T heorem.

Reversing the rdles of stable and unstable, find

(Z7 Ca 77?1»)'

We call m# = (Y, v, 7s, Z,(,m) an s/u-bijjective
pair for (X, ).



Consider the fibred product:

> ={(y,2) €Y x Z | ms(y) = mu(2)}
with

pyz\ps
Y A
W\S\« »/7Tu
X

ps(y,z) = z is s-bijective, pu(y,z) = y is u-
bijective. It follows that > is a SFT.

For L, M > 0,

>rm(m) = {(yo,---,Yr,20,- -+, 20M) |
yl & Y,Zm - Z,

WS(yl) — Wu(zm)}-
IS a shift of finite type. Moreover, the maps

o, "2 M — ZL-1,M:0m 2L M — 2L M-1
which erase y; and 2z, are s-bijective and wu-
bijective, respectively.
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We get a double complex:

D3(Xg2)~—D*(X12)~D*(Zo2)~—

D3(Xp,1)-D*(X11)-D*(Z01)

D3(Xp0)-—D*(X10)~D*(Z20)

Iy Or—m=nD*(Zr )
— Or—m=n-1D°(Zp M)

O = Tlo(—1)6; + = t3(—1)m+Mass

HY () = ker(93)/Im (% 41).
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Basic theorems

Recall: beginning with (X, ), we select an
s/u-bijective pair # = (Y, ns, Z,m,) and com-
pute HR (7).

Theorem 4. The groups H3(m) do not de-
pend on the choice of s/u-bijective pair m =
(Y, ns, Z,my), but only on (X, p).

From now on, we write H3 (X, ¢).

Theorem 5. The functor H{(X,p) is covari-
ant for s-bijective maps, contravariant for u-
bijective maps.

Theorem 6. For all N, H{;(X, ¢) is finite rank
and only finitely many are non-zero.
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We can regard ¢ : (X,p) — (X,p), which is
both s and u-bijective and so induces an auto-
morphism of the invariants.

Theorem 7. (Lefschetz Formula) Let (X, p)

be any Smale space having an s/u-bijective pair
and let p > 1.

> (DN Tr(¢)P: HY(X,9)2Q

NezZ
— HY (X, ) ® Q)

#{z e X [ '(z) =z}
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Example 1: Shifts of finite type

If (X,p)=(X,0), then Y =% = 7 is an s/u-
bijective pair.

N |H3(Z,0)
0 | D3(X,0)
£ 0 0

Example 2: (X, ) = m-solenoid (Bazett-
P.)

An s/u-bijective pair is Y = {0,1,...,m — 1}%,
the full m-shift, Z = X. We get

N | HYy (X, )

0 Z[1/m]

1 7,
+0,1 0
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Example 3: A hyperbolic toral automor-
phism (Bazett-P.):

1 1
1 0

) . R?/Z? — R? /77

We get
N HY (X, 9) p°
—1 Z 1
1 1
2
0 2, 1 O)
1 7, —1
= +1,0 0 O
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