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Example:




Transformations generating digital expansions in base (3

v

Let 3 > 1 be a real number.

v

Let A be a finite set of real numbers, the digit set.

v

For each a € A, let X; = [¢a, ra) be a half open interval, such
that ry < /¢ for a < b. Set X = [J,.4 Xa.

Define the transformation T : X — X by

v

T(x)=px—a if xeX,.

v

Define the digit sequence b(x) = bi(x)ba(x)--- by

b(x)=a if TF1x)eX,.
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For each a € A, let X; = [¢a, ra) be a half open interval, such
that ry < /¢ for a < b. Set X = [J,.4 Xa.

Define the transformation T : X — X by

v

T(x)=px—a if xeX,.

v

Define the digit sequence b(x) = bi(x)ba(x)--- by

b(x)=a if TF1x)eX,.
Then
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and we call b(x) the T-expansion of x.
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intermediate expansions
different alphabets



Conditions on (3, companion matrix, eigenvectors

Let 5 > 1 be a Pisot unit, i.e., an algebraic integer with minimal
polynomial of the form X9 — ¢; X971 — X972 — ... — ¢4 € Z[X],
\3j| < 1 for every other root (,. .., 34 of the minimal polynomial,
and ¢y € {—1,1}.

Let M be the companion matrix

G @ -+ Cd-1 &4

1 0 0
M=10

o -- 0 1 0

Note that |[det M| = |cg| = 1. Let vj € (C(ﬁj‘-f_l, ., B, 1)5,
1 <j < d, be aright eigenvector of M to the eigenvalue §3;
(with By = ) such that 37, vj = e; = (1,0,...,0)".



Tiles in the contractive hyperplane
Let H be the hyperplane of RY spanned by the real and imaginary
parts of vy, ...,vy. Define the map

d
®:Q(B) = H, x> xUy,

=2
where xU) € Q(;) is defined by (P(8))Y) = P(8;) for P € Q[X].
Assume that A C Q(3). For x € Q(8) N X, define the tile
T = Lim ®(5"T"(x)) = Lim M"&(T~"(x)),

where Lim denotes the Hausdorff limit.



Tiles in the contractive hyperplane
Let H be the hyperplane of RY spanned by the real and imaginary
parts of vy, ...,vy. Define the map

d

o:Q(B) = H, x> xUly,

=2
where xU) € Q(;) is defined by (P(8))Y) = P(8;) for P € Q[X].
Assume that A C Q(3). For x € Q(8) N X, define the tile
T = Lim ®(5"T"(x)) = Lim M"&(T~"(x)),

where Lim denotes the Hausdorff limit. If y € T~"(x), then

gy = 5”(2 ) T;ﬁ”) — bi(y)B" e o)+ x,
k=1

O(B"y) = M2 (bi(y)) + - - + MOD(by(y)) + ().



Structure of the tiles 7,

T, = Lim (3" T "(x))

n—oo

= o(x) + Lim {M"20(bi(y)) + -+ O(baly)) | T"() = x}

n—oo

-~

Dy

D, = { i I\/lkd)(u_k) <o u_qugbi(X)ba(x) - -+ € S},
k=0

where S denotes the set of two-sided sequences u = (uy)xez € AZ
such that every suffix of u is a T-expansion of some y € X:

S={ue Al | uupy1--- € b(X) for all k e Z}

M is contracting on H, {---u_qup | - - - u_qupb1(x)ba(x)--- € S}
is compact for every x € X = D, is compact as the image of a
compact set by a continuous map



Structure of T-expansions

Define Xa = (£, ra], X = U, Xa, T : X — X with
T(x)=px—a if xeX,,

b(x) = by(x)ba(x) - - - with

bu(x)=a if TFx)eX,.

Theorem
A sequence u = ujup - -+ € A¥ is the T-expansion of some x € X,
i.e. u= b(x), if and only if

b(£y,) <tex UkUk+1- - <lex b(ry,) forall n>1.

The closure S of S is a sofic shift if b(¢,) and b(r,) are eventually
periodic for every a € A. If S is a sofic shift and T(X) = X, then
b(¢,) and b(r,) are eventually periodic for every a € A.



When is D, = D, ?

It follows from the lexicographic condition for T-expansions that
Dy =Dy, x <y, if no suffix s of a word b(¢,) or b(rs), a € A,
satisfies b(x) <iex S <iex b(Yy)-

We can say more: Assume T(X) = X and set

V=" |J {THr). T(n)} U {ta ¢ X} U {r. ¢ X},

1<k<m,,acA:r,eX

where m, is the minimal positive integer such that
T (ra) = T™(ra),

with m, = oo if Tkr, % Tkr, forall k > 1.

Proposition
If x <y and nos € V satisfies b(x) <iex S <iex b(y), then Dy =D,,.



Proposition
If x <y and nos €V satisfies b(x) <iex S <lex b(y), then Dy =D,,.
Idea: If ---u_jupb(x) € S, but --- u_jugb(y) ¢ S, then there
exists an n > 0 and an a € A with r, € X such that

> U_p--lUg = bl(ra) n+1(ra)

> s= bn+2(ra)bn+3(ra) s = B(T™(ry))

> b(X) ex S Slex b(y)
Since s € V, we have T"1(r,) = T"1(r,), thus

M"® (bi(rs))+ - +® (bpy1(ra)) = M "®(b1(r2)) 4+ -+ (bpr1(ra)).
If - u_pou_p_1b1(ra) - bat1(ra)b(y) € S, then we have shown
S 2o Mk®(u_y) € D,. Otherwise, iterate with x = T"1(r,).

Consequence: The number of different sets Dy, x € X, is bounded
by the number of elements in V. (Often, it is #V — 1).

Remark: The set Vis finite if and only if, for each a € A such that
ra € X, b(rs) and b(r,) are eventually periodic or m, < co.



Properties of {7, }.czi5nx (when A C Z[f])
®(Z[B) N X) is a Delone set (uniformly discrete, relatively dense).
The tiles are uniformly bounded, thus {7} .cz3)nx is locally finite.
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If V is finite, this gives a GIFS, the union is disjoint up to a set of
measure zero, A 1(97,) = 0, and {Tx}xezjgnx is quasi-periodic.
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If every tile has positive measure, then every tile is the closure of
its interior.
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Theorem

If 3 is a Pisot unit, A C Z[f3], V is finite, then {Tx}.cz[pnx IS a
multiple tiling of H. (There exists some m > 1 such that almost
every point of H lies in exactly m tiles T, x € Z[5] N X.)

cf. Thurston (1989), Praggastis (1999), Akiyama (1999, 2002),
Ito—Rao (2006), Berthé-Siegel (2005)



Properties of {7, }.czi5nx (when A C Z[f])
®(Z[B) N X) is a Delone set (uniformly discrete, relatively dense).
The tiles are uniformly bounded, thus {7} .czs)nx is locally finite.
Every tile subdivides into contracted copies of other tiles:

.= |J M7, D= (MDy+¢(b1(Y)))
yeT—1(x) yeT1(x)

If V is finite, this gives a GIFS, the union is disjoint up to a set of
measure zero, A" *(07,) = 0, and {T}xezp)nx is quasi-periodic.

Theorem

If B is a Pisot unit, A C Z[B], V is finite, then {Tx} czipnx is
multiple tiling of H. (There exists some m > 1 such that almost
every point of H lies in exactly m tiles Ty, x € Z[5] N X.)

The tiling need not be self affine (in the sense of Praggastis (1999)):
If S is not sofic, then there is no partition {X;};c; of X with a

finite set / such that D, does not change on X; and the elements
of T71(x) belong to the same sets X; for all x € X;.
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b(x) is eventually periodic if and only if x € Q(5) N X.

cf. Bertrand (1977), K. Schmidt (1980), Frank—Robinson (2008)
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Periodic T-expansions

Theorem
If 3 is a Pisot number and A C Q(f3), then
b(x) is eventually periodic if and only if x € Q(5) N X.

cf. Bertrand (1977), K. Schmidt (1980), Frank—Robinson (2008)
Theorem

If B is a Pisot unit and A C Q(3), then

b(x) is purely periodic if and only if x € Q(8) N X and 0 € 7.
cf. Ito-Rao (2006), Berthé-Siegel (2005)

Equivalently: b(x) purely periodic <= x € Q(3) and V(x) € X,

d
V:QB) —-RY, xm— Zx(j)vj = xv1 + ®(x),
j=1
X=1J (w1 -Dy), xvi—De=WV(x) - Tx if x € Q(B) N X
xeX

Remark: x € Q = V(x) = (x,0,...,0)*



Properties of X

Theorem

If 3 is a Pisot unit, A C Z[B], V is finite, then {T} ezignx /s a
tiling of H if and only if {z + )A(}Zezd is a tiling of RY.

cf. Ito—Rao (2006)



Properties of X

Theorem

If B is a Pisot unit, A C Z[B3], V is finite, then {Tx} czipnx is
tiling of H if and only if {z + )A(}Zezd is a tiling of RY.

cf. Ito—Rao (2006)

Set )A(a = Uxexa(x"l — Dy) and define

~

. T(x)=Mx—W(a) ifxe X,
, m(x)=x ifx=xvi—y, yeH

-

) XD
X X

—
™ —

Then T is bijective up to a set of measure zero, 7 is surjective,

roT=Tor and \/ :I\'k(Tr_l(B)) = B,
k>0
where B and B are the Lebesgue o-algebras on X and X resp.

= (X,B, T) is a natural extension of the dynamical system (X, B, T),
)\d is an invariant measure of (X B, T)



Properties of X

Theorem
If 3 is a Pisot unit, A C Z[$3], V is finite, then {Tx} czipnx is a
tiling of H if and only if {z + )?}Zezd is a tiling of RY.
cf. Ito—Rao (2006)
Set X, = Uxex,(xv1 — Dx) and define

T:X>X, T(x)=Mx—W(a) ifxeX,.
If a € Z[], then W(a) € Z, hence

T(x)=Mx (mod Z9).

Proposition
If AC Z[B] and 0 € Dy, then f* xvi € X, () (mod Z7).

If{z + )?}Zezd is a tiling of R? and 0 is an inner point of Dy for
every x € X, then

bi(x) =a ifandonly if B 'xvieX, (modZ?).



Degree of the multiple tiling
Set & = minyep(rp,(x) — x)3, where

P = {x € Z[B] N X | b(x) is purely periodic}.

P is finite (since 0 € 7 for every x € P), thus € > 0.

Proposition
Let z € Z[B] N [0,00) and k > 0 such that 3~*z € [0, ¢).
Then ®(z) lies exactly in the tiles Tr(x45-+5), X € P.

®(Z[B] N[0, 00) is dense in H. Consider two properties:

(F): P consists only of one element.
(W): JyeP:VxeP3zeZ[f]|N[0,e), k>0:
T x+2)=Ty+2)=y.
Theorem
If {Tx}xezpnx is a multiple tiling, then {7Tx} czipnx is a tiling if
and only if (W) holds.

cf. Akiyama (2002); (F) = (W)



Example: 3 = 145 (the golden mean), 52 = 3 +1, A= {0,1},
greedy expansions.




Example: 3° = 32 4+ 3+ 1 (Tribonacci number), A = {0,1},
greedy expansions.

Xo X1



Example: 3° = 3+ 1 (smallest Pisot number), A = {0,1},
greedy expansions.




Example: 0 = 1+2\/§

A={-1,0,1}

X1 =[-aB,—a), Xo=[-a,q)
X1 =[a,ap), any a € (ﬁ %]
= T5(+a) = T5(+a), #V =16

here: o = %




:

Example: g =
A={-11}
X_1=1[-1,0), X; =[0,1)

= multiple tiling of degree 4

X_1 1




Example: 3° = 32 4 34 1 (Tribonacci number), A= {-1,0,1},
X1 =[-ap,—a), Xo =[-a,a), X1 =[a,af), a=1/(+1)




Example: 3% = 34 1 (smallest Pisot number), A= {-1,0,1},
= [—Oéﬂ, —O[), Xo = [_a7a)' X1 = [a’alg)' Q= 52/(52 + 1)




Symmetric 3-transformations (Akiyama—Scheicher (2007))
X=[=373) T(x)=6x—[x+3]
B<3: A={-1,0,1},
X1 = [_ %7_*) Xo = [ 257 26) X1 = [215’%)

1t

G S

Example: g =

> (the golden mean) = tiling




= double tiling
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