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1. Lipschitz-Killing curvatures of sets with positive reach

Differential geometry:
integrals of k th mean curvatures of a d-dimensional submanifold
My C R? with smooth boundary:

Cr(Myg) = Sq1-k(e1s ..., 52q-1) dH!
OM,
k th Lipschitz-Killing curvature, k =0,...,d — 1, where
Si((5e1, ..., 5q-1) := const(d, ) Z ...
1<iy...<i;<d—1

[ th symmetric function of principal curvatures sc1,..., 34 1

M. Zdhle Curvature densities of self-similar sets



1. Lipschitz-Killing curvatures of sets with positive reach

Differential geometry:
integrals of k th mean curvatures of a d-dimensional submanifold
My C R? with smooth boundary:

Cr(Myg) = Sq1-k(e1s ..., 52q-1) dH!
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k th Lipschitz-Killing curvature, k =0,...,d — 1, where
Si((5e1, ..., 5q-1) := const(d, ) Z ...
1<iy...<i;<d—1
[ th symmetric function of principal curvatures sc1,..., 34 1

Special cases: k = 0 total Gauss curvature = Euler characteristic,
k = d — 2 total mean curvature, k = d — 1 surface area, define
additionally for k = d: Cy(M) := L4 (M) volume
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1. Lipschitz-Killing curvatures of sets with positive reach

Differential geometry:
integrals of k th mean curvatures of a d-dimensional submanifold
My C R? with smooth boundary:

Cr(Myg) = Sq1-k(e1s ..., 52q-1) dH!
OM,
k th Lipschitz-Killing curvature, k =0,...,d — 1, where
Si((5e1, ..., 5q-1) := const(d, ) Z ...
1<iy...<i;<d—1
[ th symmetric function of principal curvatures sc1,..., 34 1

Special cases: k = 0 total Gauss curvature = Euler characteristic,
k = d — 2 total mean curvature, k = d — 1 surface area, define
additionally for k = d: Cy(M) := L4 (M) volume

Convex geometry:
VE(K) k th intrinsic volume of a convex body K; for smooth boundary

VH(K) = Cu(0K)
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Geometric measure theory (extension of both approaches):

integrals of k th generalized mean curvatures over the unit normal bundle
norM, of a d-dimensional submanifold M,; C R? with positive reach
(unique foot point property)

Ck(]\[d) = / Sdflfk(%b...,%dfl)deil

norMg

k th Lipschitz-Killing curvature, k =0,...,d — 1, where

Si((3e1,. .., 54-1) := const(d, 1) Z ..

1<iy...<i;<d—1

[ th symmetric function of generalized principal curvatures s, ..., 34 1
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Geometric measure theory (extension of both approaches):

integrals of k th generalized mean curvatures over the unit normal bundle
norM, of a d-dimensional submanifold M,; C R? with positive reach
(unique foot point property)

Ck(]\[d) = / Sdflfk(%l,... ,%dfl)deil

norMg

k th Lipschitz-Killing curvature, k =0,...,d — 1, where

Si((3e1,. .., 54-1) := const(d, 1) Z ..

1<iy...<iy<d—1
[ th symmetric function of generalized principal curvatures s, ..., 34 1

Curvature measures: [Federer 1959], explicit representation [Z. 1986]
Additive extension to unions of sets with positive reach: [Z.1987], [Rataj,
Z. 2001]

M. Zdhle Curvature densities of self-similar sets



For e > 0 and A C R? denote

A.={zcR?:d(z,A) <¢}.
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For e > 0 and A C R? denote
A.={zcR?:d(z,A) <¢}.

Theorem (Fu 1985)

For any compact K C R% with d < 3, Lebesgue-a.e. ¢ > 0 is a regular
value of the distance function of K and, hence, the closure of the
complement of the the parallel set K. has positive reach.
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For e > 0 and A C R? denote
A.={zcR?:d(z,A) <¢}.

Theorem (Fu 1985)

For any compact K C R% with d < 3, Lebesgue-a.e. ¢ > 0 is a regular
value of the distance function of K and, hence, the closure of the
complement of the the parallel set K. has positive reach.

For arbitrary d and compact K with this property define the & th
Lipschitz-Killing curvature of the parallel sets K. for those ¢ by

Cu(K.) = (~1)**C (Ko

(consistent definition).
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For e > 0 and A C R? denote
A.={zcR?:d(z,A) <¢}.

Theorem (Fu 1985)

For any compact K C R% with d < 3, Lebesgue-a.e. ¢ > 0 is a regular
value of the distance function of K and, hence, the closure of the
complement of the the parallel set K. has positive reach.

For arbitrary d and compact K with this property define the & th
Lipschitz-Killing curvature of the parallel sets K. for those ¢ by

Cu(K.) = (~1)**C (Ko

(consistent definition).

For classical sets K as above we have
lim Cr(Kz) = Cr(K),

for fractal sets explosion. Therefore rescaling is necessary:
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2. Fractal curvatures - approximation by close neighborhoods

F self-similar set in R? with Hausdorff dimension D satisfying OSC

Winter [Thesis 06, printed version 08]: Under the additional assumption
of polyconvex neighborhoods F the following limits exist:

Ci(F) := lin%J ED_ka(FE)

£—

in the "non-arithmetic case” and generally,

! /1 D—kC(F)ld
el J; © TR

Cp(F) = }Lr%

(Integral representation for Cj(F') which admits some explicit or
numerical calculations.)
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2. Fractal curvatures - approximation by close neighborhoods

F self-similar set in R? with Hausdorff dimension D satisfying OSC

Winter [Thesis 06, printed version 08]: Under the additional assumption
of polyconvex neighborhoods F the following limits exist:

Ci(F) = lim eP=FCL(FY)

£—

in the "non-arithmetic case” and generally,

! /1 D—kC(F)ld
el J; © TR

Cp(F) = }Lr%

(Integral representation for Cj(F') which admits some explicit or
numerical calculations.)

New system of geometric parameters, allows to distinguish
self-similar fractals with equal Hausdorff dimension, but different
geometric features.
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Measure version (Winter):

Cu(F,): = (w)gii%“ié‘/é 5D‘ka(F€,-)éds (1)
= Cu(FYHP(F)""HP(F N (). 2)
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Measure version (Winter):

Cu(F,): = (w)}%‘lié‘/s 5D‘ka(F€,-)éds (1)
= Cu(FYHP(F)""HP(F N (). 2)
Extensions

Z.: non-polyconvex neighborhoods, random self-similar sets (results for
total curvatures)

Winter/Z. (in preparation): measure version in the deterministic
non-polyconvex case
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Measure version (Winter):

Cu(F,): = (w)}%‘lié‘/s 5D‘ka(F€,-)éds (1)
= Cu(FYHP(F)""HP(F N (). 2)
Extensions

Z.: non-polyconvex neighborhoods, random self-similar sets (results for
total curvatures)

Winter/Z. (in preparation): measure version in the deterministic
non-polyconvex case

Interpretation of H” (F)~1Cy(F): some fractal analogue of the
pointwise mean curvatures on smooth submanifolds
here: constant values because of self-similarity
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Measure version (Winter):

I 1
F ) Dk (F.. ) 2 1
Cr(F,-) \lné\/(;g Ci( 5’)5d5 (D)

Cr(FYHP(F) *"HP(Fn (). 2)

;
(w) limny

Extensions

Z.: non-polyconvex neighborhoods, random self-similar sets (results for
total curvatures)

Winter/Z. (in preparation): measure version in the deterministic
non-polyconvex case

Interpretation of H” (F)~1Cy(F): some fractal analogue of the
pointwise mean curvatures on smooth submanifolds
here: constant values because of self-similarity

Interpretation as curvature densities:
(allows to consider more general types of (random) fractals, applications
to random fractal tessellations)
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3. Average curvature densities

Let O be from (OSC), SO := UZV:I S;0 for the generating similarities
S1,...,Sn with contraction rations 71,...,7TN.

For 0 <e <egand z € F let Ap(x,¢) be a family of sets of such that
Ap(z,e) C F. N B(z,ae) for some a > 1 and

Si(Ar(z,€)) = Ag,(r)(Si(x),re) , i=1,...,N.

Examples:
1. Ap(x,e) = F. N B(x,ag)

2. Ap(z,e) = F.N1I;" (B(z,¢)),
the set of those points from F. which have a foot point on F within
the ball B(z,¢)

3. Ap(z,e) ={y e Fe: [y —z| < or(y,9)},
where o5 (y,€) is determined by H? (F N B(y, or(y,€))) = €”
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Main result:

For HP-a.a. z € F the following limit exists

1 ! 1
lim —— [ e *Cu(F., A -
lim ol /6 € Ck( -, F(a:,e)) 5 de
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Main result:

For HP-a.a. z € F the following limit exists

1 ! 1
lim —— kO (F., A z
513%|1n5|/5 Ok (e, Ar(a,))  de

and equals the constant
d(y,0°)

D —k 1 Dy g,
HP(F)~ ( Plor)” //d(y(sm) Ck(FaAF(y;E))gdéH (dy)

provided the last integral converges.

M. Zdhle Curvature densities of self-similar sets



Main result:
For HP-a.a. z € F the following limit exists

1 ! 1
lim —— kO (F., A z
513%|1n5|/5 Ok (e, Ar(a,))  de

and equals the constant

d(y,0°)

D —k 1 Dy g,
HP(F)~ ( Plor)” //d(y(sm) Ck(FaAF(y;E))g(kH (dy)

provided the last integral converges.

The limit agrees with the former local variant HP (F)~1Cy(F) if the
total fractal curvature C}(F') exists and the sets Ap(x,e) are chosen as
in Example 3. (k=0,...,d.)
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Main result:

For HP-a.a. z € F the following limit exists

1 ! 1
lim —— kO (F., A z
513%|1n5|/5 Ok (e, Ar(a,))  de

and equals the constant

d(y,0°)

D —k 1 Dy g,
HP(F)~ ( Plor)” //d(y(sm) Ck(FaAF(y;E))gdéH (dy)

provided the last integral converges.

The limit agrees with the former local variant HP (F)~1Cy(F) if the
total fractal curvature C}(F') exists and the sets Ap(x,e) are chosen as
in Example 3. (k=0,...,d.)

Heuristic interpretation:

Example 3 corresponds to D-dimensional Minkowski content and
Example 2 to D-dimensional Hausdorff measure on F' (for k = d this is
exact).
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