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Suppose we are given a free product of the formZ
d1 ∗Z

d2 with d1 andd2 ∈ N.
We consider random walks onZd1 ∗Z

d2 governed by probability measuresµ :=
α1µ1 + α2µ2, whereµ1,µ2 are irreducible probability measures onZ

d1,Zd2 and
α1,α2 > 0 with α1+α2 = 1. We investigate the asymptotic behaviour of then-step
return probabilities ofnearest neighbour random walks, that is, the asymptotic
behaviour of the probability of returning to the starting point aftern steps.

Gerl (see [2]) conjectured that then-step return probabilities of two symmetric
measures on a group have the same asymptotic typeρnn−λ (ρ is the spectral
radius), that is,λ is a group invariant. Cartwright (see [1]) came to the astonishing
result that for simple random walks onZd ∗Z

d with d ≥ 5 there are at least two
possible types of asymptotic behaviour, namelyn−3/2 andn−d/2.

This was the starting point for the present investigation, if the range of differ-
ent asymptotic behaviour can still be wider.

With the help ofDarboux’s method, we prove that in the more general setting
of free products of the formZd1 ∗Z

d2, only the following asymptotic behaviour
can occur:ρnn−3/2,ρnn−d1/2,ρnn−d2/2.
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