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Problem 6.1. Pick one of the proofs of Dirac’s theorem and show that it can also
be applied to prove Ore’s theorem (possibly with some minor changes). Based on
the proof, describe an algorithm that finds a Hamilton cycle in a given graph G that
satisfies the condition of Ore’s theorem. What running time can you achieve? What
running time is necessary to check whether G satisfies the condition of Dirac’s or
Ore’s theorem, respectively?

Problem 6.2. Suppose that G is a graph in which d(x) + d(y) ≥ n holds for
every pair x 6= y of non-adjacent vertices. Prove that the degree sequence of G is
hamiltonian.

Problem 6.3. Recall that the square G2 of a graph G has the same vertex set as
G and an edge between v and w iff v and w have distance at most two in G.

(a) Prove that if G is k-connected (for some positive integer k), then G2 is k-tough.

Hint. Given a set S that separates G2 into components C1, . . . , Cs, what can
we say about the neighbourhoods of V (C1), . . . , V (Cs) in G?

(b) Find a connected graph G on at least three vertices for which G2 is not ha-
miltonian.

Note. Then G2 is a 1-tough graph that is not hamiltonian.

Problem 6.4. Let T be a tree with ‖T‖ ≥ 2. Recall that the Erdős-Sós Conjecture
states that

ex(n, T ) ≤ 1

2
(‖T‖ − 1)n.

(a) Show that the Erdős-Sós Conjecture is true if T = K1,r (with r ≥ 2).

(b) Prove the weaker statement

ex(n, T ) ≤ ‖T‖n.

Hint. If the minimum degree of G is large enough, we might be able to find a
copy of T in G one vertex after another.

(c) Show that the Erdős-Sós Conjecture is best possible in the sense that

ex(n, T ) ≥ 1

2
(‖T‖ − 1)n

for infinitely many values of n. (These values might depend on T .)
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Problem 6.5. Let r be a positive integer. Show that every 8r2-connected graph G
contains a TKr.
Note. A theorem of Mader implies that every graph with average degree at least 16r2

contains a 8r2-connected subgraph. Thus, this problem implies Theorem 6.7 from the
lecture with c = 16.

Problem 6.6. Let ε > 0 and integers r1 > r2 ≥ 1 be given.

(a) Prove that Hadwiger’s Conjecture for r = r1 implies the conjecture for r = r2.

(b) Show that there exists r0 (depending on ε) such that for each integer r ≥ r0,
every graph G with χ(G) ≥ r1+ε contains an MKr. How far can you decrease
the bound r1+ε and still prove the existence of an MKr?


