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Problem 5.1. Let X and Y be random variables.

(a) Prove that

E
[
f(X)g(Y )

]
= E

[
f(X) E[g(Y )|X]

]
if f and g are real-valued functions.

(b) Prove that
Var[aX + bY ] ≤ aVar[X] + bVar[Y ]

if X and Y are real-valued and independent and a, b ∈ [0, 1].

Problem 5.2. Given a constant α ∈ R, let the function h(x) be defined by

h(x) :=
eα + e−α

2
+
eα − e−α

2
x.

(a) Prove that
eαx ≤ h(x)

for all x ∈ [−1, 1].

(b) Prove that
eα + e−α

2
≤ e

α2

2 .

Problem 5.3. Let (X0, X1, . . . , Xm) be a martingale with X0 = E[Xm] and

|Xi −Xi−1| ≤ ci for all 1 ≤ i ≤ m.

Prove that for any t > 0,

P [Xm > E[Xm] + t] ≤ exp

(
− t2

2
∑

1≤i≤m c
2
i

)

and

P [Xm < E[Xm]− t] ≤ exp

(
− t2

2
∑

1≤i≤m c
2
i

)
.


