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The Dittrich-KFiz twisted problem

Consider the following straight domain Q in R2:

20 X
In this talk we consider the case § =0

Consider the Laplace operator defined on H = L2(Q) with DBC
on D and NBC on N.
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The Dittrich-KFiz twisted problem

Twisted system

N y D
0 Q2
d !
D N

free system

N y

Main problem — study of the scattering theory
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The Hamiltonian

Let
D(h) = {¢ € H'(Q) | ¢;p =0} and

] = /Q IV 2dx

Then
D(H) ={y e H'(Q), Ay € H | ¢p =0, dyory = 0}

Hy = —Ay
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The Hamiltonian

In fact we can prove that

If » € D(H) then + € H2(S) for every open set Qy C Q such
that o
{(07 0), (Oa d)} N QO =0
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Questions

@ Point spectrum
@ Absence of singular continuous spectrum
@ Completeness of the wave operators
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Wave operators

Let Q4 = (0,d) x R~ and 2, = (0,d) x RT and x; the
characteristic function of ;.

Let Hy = —A on Q with BDC on {0} x R and NBC on {d} x R,
H, = —A on Q with BDC on {d} x R and NBC on {0} x R
Prove the existence of the TWO wave operators : j = 1,2

itH itH;

QF =s— lim e
I t—=+oo

Xe

and
WE =s— lim e™iy;e™ Pag(H)

/ t—+o0

Here Pac(H;) = Iy
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Completeness

Prove that

QF)* +
( /') W/
and the completeness relation

Pac(H) = QF WiE + Q3 W5

If Pac(H) =13 i.e. osing = ) — asymptotic completeness
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The spectrum

Theorem:
Uess(H) == [5,-'—00), g == 4Ld2
Proof : — J.Dittrich, J.K¥iz

(See also Ph. Briet, H. Abdou Soimadou, D. KrejCitik, to appear
in ZAMP)
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The spectrum

Denote by opp(H) the set of all eigenvalues of H and o4(H) the
set of discrete eigenvalues of H.

We know from J.Dittrich, J.Kfiz that if § > 0 then o4(H) # 0. We
show that

Theorem: If § =0then opp(H) =10



The spectrum
[e]e] le]e]

strategy of proof

Suppose that there exist an eigenvalue A € R and ¢ € H s.t.
Hiyp = M\
Then we construct a sequence (¢n)nen of D(h) s.t.
2)0xv)|? = lim (h(¥,@n) — A, ¢n)) =0
then regularity properties of ¢ and the fact v € H' = ¢ = 0.

In fact v, = (¥ + 2x0x¥)xn Where
Xn IS an approximation of the identity function
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Mourre estimate

Let 7 := {Ex}ken- and let E€ R\ 7 and n > 0, s.t.
(E-mE+nNT =0, Py:=Pe_yeiy

The conjugate operator :

A= %(F(X)iax + i0xF(x))

F € C?(R), F(x) ~ x in a neighbourhoud of +oc0
Theorem:

@ There exists a positive number o and a compact operator
K on such that

P,ilH, AP, > aP, + P,KP,
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It also holds

@ D(A)n D(H) is a core of H.

o e leaves D(H) invariant and sup ||| < oo,
Y € D(H),

@ the form i((Hvy, Ay) — (A, Hy)) on D(A) N D(H) is
bounded below. The associate operator B is s.t.
D(B) > D(H)

@ The operator associated to i((By, Ay) — (Ay, By)), is
bounded from D(H) to D(H)*

See Georgescu-Gerard, JFA (2004) for a details about these
conditions.
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Mourre estimate

Corollary:
Usc( H) = @

So H is purely absolutely continuous and the asymptotic
completeness holds.
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elements of proof

Let E € (Eq, E2),n as above and P, the spectral projector of
H;. First we consider the operator H; (H»), then choose A as
the generator of dilation group,

1, . .
A= E(Xlax + i0xX)
So a simple calculation shows that in a suitable sense
P,ilH, AP, = —2P,05P, = 2EP, + 2(H; — E)P, + 2P,05P,

> 2(E — Ey + o(n)) Py

— a strict Mourre estimate for H;y (Hs).
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elements of proof

For the twisting model let F € C*°(R) st. F(x) = x if |x| > 1
and F(x) = 0 elsewhere, in particular near {(0,0), (0,d)}.
Let

A= %(F(X)i@x + i0xF(x))
So
P,[H, AP, = —P,(F' 82+02F')P, = 2EP,+P,(F'(Hi—E)+(H;—E)F’
+2P,F'05P, + P,2E(F' — 1) + %F”’Pn

>2(E — E1 + o(n)) P, + P,KP,

for some compact operator K — a Mourre estimate for H.
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Thanks for your attention
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