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Overview

@ Sturm-Liouville operators with nonlocal potentials on the interval

@ First order differential operators with nonlocal potentials on the interval

© Dirac systems with nonlocal potentials on the interval
Q@ Literature
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Sturm-Liouville operators with nonlocal potentials on the interval

Sturm-Liouville eigenvalue problems

Consider nonlocal Sturm-Liouville eigenvalue problems of the form
d?y(x
(T0) () =~ T2 () = w0,
with the boundary conditions

0<x<1,

¢(0) = ¢/(1) + <¢7 V>L2 =0,
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Denote (-, )1, by the usual inner product in L2(0,1).
(AGH)

where v € L5(0,1) is the nonlocal potential and A € C is the spectral parameter.
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Sturm-Liouville operators with nonlocal potentials on the interval
Unperturbed operators

2 X
VOIS
D(T) = {1 € WE(0, D(0) = ¥/(1) + o, Ve,

=0}
d?
Toy = _TlJb((ZX)

D(To) = {1 € W5(0,1)[1(0) = (1)

d2
1’¢ 'lf((zX)

D(T1) = {¢ € W3(0,1)[4(0) = v'(1)
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Sturm-Liouville operators with nonlocal potentials on the interval

Spectrum

The operators Tg and T; are self-adjoint and have discrete spectra
U( To) = {71'2/12},,61\] and O'( Tl) = {71'2([7 — %)z}neN-

The operator T is self-adjoint and has a discrete spectrum {\,},en, where
A1 < X2 < ... and each eigenvalue is repeated according to its multiplicity.
Moreover, T is a rank-one perturbation of the operator Ty and the spectra of
the operators T and Ty weakly interlace, i.e., A, < 72n? < A,y1 for every

n € N.

A4O0> «F» «E» «
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Sturm-Liouville operators with nonlocal potentials on the interval

Resolvents of Ty and T;

1
(T~ 2700 = [ Gxsi2)f(e)ds. j=0.1L
0
Green functions

Go(x,s;z) = L

A\

sinzxsinz(l —s) for s> x,
zsinz |sinz(l —x)sinzs for s < x,
1
Gi(x,s; z)

sinzx cosz(1 — s)
zcosz

for s > x,
cosz(l —x)sinzs for s < x.
Kamila Degbowska
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Sturm-Liouville operators with nonlocal potentials on the interval

Characteristic function

Characteristic function

sin zs sin z

(v(s) + v(s))ds ——/ / Go(x, s; z)v(s)v(x)dsdx,

1
d(z) = cosz+/
0

(T —2%)"g(x) = (To — 2°) Tg(x) + ¥(x; z)(g, ¥(,2))

sin zd(z)

Let Uk be the k-th Fourier coefficient of the function v(x) = Y72 Uk sin k.

s oo
d(z) =cosz + szz 2

2z 72 — 22’
k=1

where
ak = |0k + (=1)*2mk|? — (27k)?

«A4O0> 4F > «=E> « =

acr
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Sturm-Liouville operators with nonlocal potentials on the interval

Direct spectral analysis

o Every eigenvalue of the operator T is a squared zero of its characteristic
function d and, conversely, every squared zero of d is an eigenvalue of T.
The number 72n?, n € N, is an eigenvalue of T if and only if

U = (=1)""27n,

and this relation is equivalent to d(mn) = 0.

o All eigenvalues z2 not in the spectrum of Ty are simple, and simple are the
corresponding zeros z of d (except for the case where z = 0, which is then
a zero of even order of d). If 72n? for some n € N is an eigenvalue of T,
then this eigenvalue is multiple if and only if

/01 /0 G1(x, 5: mn)v(s)v(x)dsdx = O,

in this and only in this case the number 7n is a multiple zero of d. .
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Sturm-Liouville operators with nonlocal potentials on the interval

Direct spectral analysis

order of the corresponding zero z of the characteristic function d, and both
a zero of d is 2.

do not exceed 2. If z =0 is an eigenvalue of T, then the order of z =0 as
Asymptotics
The eigenvalues A1 < Ay < ... satisfy the asymptotic distribution
— 1
)\n = (n _ §) + lu’l‘l

for some sequence (fn)nen in £2(N).

@ The multiplicity of a non-zero eigenvalue z? of the operator T equals the

n
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Sturm-Liouville operators with nonlocal potentials on the interval

Inverse spectral analysis

Given the spectrum o(T) of an operator find the nonlocal potential v.

Algorithm

1. Given o(T), construct the function d via d(z) =

erN 2(k—7)2
2. Calculate the values d(7n), n € N.
3. For every n € N, solve the quadratic equations

(U + (=1)"27n)? = (—1)"(27n)?d(7n) for ¥,, taking the solution that
satisfies the relation (—1)"*10, < 2mn.

4. Put v(x) = ) cn VnsinTnx.

A4O0» «Fr» «Z» «E>» = Q>
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Sturm-Liouville operators with nonlocal potentials on the interval

Example of a solution to an inverse problem

Let \; = 72 and A\, = m2(n — %)2 for all n > 2. Then
2_ .2
d(z) = £

= cos z
2_ = ’
2=
2 ~
so that d(mk) = (—1)"1’(‘2—j,v1 = 27 and
4
v =

(—1)12xk |1
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First order differential operators with nonlocal potentials on the interval
Boundary value problem

Consider the following nonlocal eigenvalue problems

(1) () = 122 v = i), 0 <x<, 1)
with the boundary conditions
/
Wi / W(x)v()dx = 0, )
0

(N +4(0), ¢ :=9()=(0), velx0])

The corresponding operator

(AP)(x) =i

PO 1 vl

D(A) = {¥ € WE(0,1) : - +1/¢
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First order differential operators with nonlocal potentials on the interval

Direct spectral analysis

The operator A is self-adjoint. |

Let A_ and Ay be the differential operators id% on Ly(0,/) with the domains
D(A-) ={¢ € W3(0,1): p_ =0}, D(Ay) = {¢ € W5(0,/) : ¢y = 0},

respectively. Both these operators are self-adjoint. Their spectra are discrete,

the eigenvalues of A_ are )\( ) = 2ﬂ (n € Z) and of Ay are >\( ) — 7(2’; 1)

(n € Z) with the corresponding elgenfunctlons ¢n (x) — e~ % and
,(,+)(x) = e*")‘wx, respectively. The set of eigenfunctions { ,(7+): ne Z} is a

complete orthogonal system in L,(0, /), and the potential v € L»(0,/) can be
represented by the Fourier series

ﬂ
v(x) = E vae =X,
neZ
where

! : s
Vo = / v(x)e'CrVixdx, neZ.
0
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First order differential operators with nonlocal potentials on the interval

A is a rank two perturbation of A_ and a rank one perturbation of A, . )

e iz(x=s) 1 for s<x
G (esiz)=ism—{ L |
ezl —1 e for s> x,

G+(X7 S, Z) =

e~ iz(x—9) -1 for s < x,
I 77\ a—iz
e~Zl 41 e for s> x.

The resolvent (A — z/)~1 is an integral operator and

G(x,s,z) — G (x,5,2z) = SO(X;)(‘Z:B)(SZ)’
where
_ izl / / -
F(z) = 2"1+z—iz/ —2i [/0 G+(0,s;2)v(s)ds — /0 G, (s,0; z)v(s)ds

— /OI/OI G (x,s; z)v(s)v(x)dsdx.
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Spectrum

First order differential operators with nonlocal potentials on the interval

™

1! ;
vy = _/ v(x)eM X dx =
I'Jo
3) If 2n-1)F
and only if

1) All eigenvalues of the operator A different from (2n — 1)%, n € Z, are
simple.
2) The number (2n —1)%, n € Z, is an eigenvalue of A if and only if

2i

K

is an eigenvalue of A, then this eigenvalue has multiplicity 2 if
1

2T

Kamila Dgbowska

i
(Vk — Vg — E”Vk‘2> =0.
4) The operator A has no eigenvalue with multiplicity exceeding 2.
(AGH)
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First order differential operators with nonlocal potentials on the interval

Characteristic function

The characteristic function of the operator A has the following form
. n Al
—sin — 4 cos —
2
with

Qp
>
2n€Z)‘£7)_)‘

. R BN
a,,-—1v,,+1v,,—§|v,,]7 ne€Z.

The characteristic function x of the operator A is an entire function of A and

/

—Vp— |
2

x(M7) =1y

2

, nez.
Kamila Debowska (AGH)
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First order differential operators with nonlocal potentials on the interval
Asymptotics

The sequence of eigenvalues of the operator A (counting multiplicities) can
number so that

S A< <A < <M< <A<

listed in an increasing order satisfies the asymptotic distribution,

2T s
)\,,—Tn—i—ﬁ,,, )\_,,:—Tn—i—ﬁ_,,, nGN,
where (3, are real values such that
Zﬂf < o0.
Kamila Dgbowska
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First order differential operators with nonlocal potentials on the interval

Algorithm for solving inverse problem

nonlocal potential v € L»(0,/).

Let us assume that we know all eigenvalues of the operator A, we find the
Step 1. Construct the characteristic function y as

n=1
Step 2. Calculate the values X()\S,ﬂ) for all n € Z, where )\57 ) —
Step 3. Solve the quadratic equation for v,

Y ()\£7+)> — (_1)n
Step 4. Write the potential v(x) =3,., Ve X,
Kamila Dgbowska
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First order differential operators with nonlocal potentials on the interval

Example for solving inverse problem

Let \; = % and A\, = n for n # 1 be the eigenvalues of the operator A and let
| = 27. The characteristic function Y, in this case, is the following

_1
X(A\) = —sin (77)\))\ 2

A—1"
For >\£,+) =n % calculate the values X(A#))
quadratic equation

(-1)" ,’7’_% We solve the
2
(=1)" |7vn — i = (-1)"
which is equivalent to

n—1
b
n_

3
2

v, — i]? = !

-1

3 )
T2
from which we compute the Fourier coefficients of the potential v

i n 3 + n—1])(n 3
Vp = —— - = — - =
" 2w 2
Kamila Debowska (AGH)
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Dirac systems with nonlocal potentials on the interval

Spectral problems

The following spectral problem for the Dirac system with the nonlocal potentials

P90 v ()t = A (%),
{—fdwix(x) Ut = (), Ot O beed
where
1,92 € W3(0,b), vi,v2 € L2(0,b), ¢ = %(%(b) + 12(b))

with the boundary conditions
¥1(0) = 12(0),
P1(b) — ¥2(b) + i ((¥1, v1) + (Y2, 2)) =0

is equivalent to the problem (1)—(2).

Kamila Debowska (AGH) Direct and inverse problems for one-dimensional Dirac o 28 February 2019



Dirac systems with nonlocal potentials on the interval
Theorem

Moreover, the corresponding operator A defined by

dV(x)

(AV)(x) =B + V(x)wt

with the domain

D) = {w = (12 .02 € WHO,6): 1:(0) = v2(0),

Y1(b) — a(b) + i ((¥1,v1) + (Y2, v2)) = 0, }

is self-adjoint.
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Dirac systems with nonlocal potentials on the interval
Proof

We consider the problem on the interval [0, 2b] in the following way

P2(b — x) P1(x — b)

[ ]
([ ]
[ ]

We define the functions

_ lle(X—b), b < x <2b,
‘“X)‘{ Bllo—r, BExZf

and
v(x) = vi(x — b), b <x <2b,
| va(b—x), 0<x<b.

Then ]
v = 2 ((2b) + %(0)),
which is equal to ¢4 = 1 (1(/) 4+ (0)) for / = 2b. In fact, we write the Dirac

system with nonlocal potentials as the eigenvalue problem for the first order
differential operator, substituting /| = 2b. A

Kamila Debowska (AGH) Direct and inverse problems for one-dimensional Dirac of 28 February 2019 25 /33



Fourier series

Dirac systems with nonlocal potentials on the interval

b’ 2l)l(X) =€

AL = <n— 1) u

—ialh

()
X ¢2(X) _ el>\,, X
The nonlocal potentials v; and v, can be represented by the Fourier series

vi(x) = Z v,(,j)wj(x), 0<x<b, j=1,2,
neZ
and, respectively,
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Dirac systems with nonlocal potentials on the interval
Description of the spectrum

1) All eigenvalues of the operator A different from (n — 3)%
simple.
2) The number (n— 3)%, i i

)., n € Z, are
n € Z, is an eigenvalue of A if and only if
2
i =2 (=D (= v
3) If (n—3)%
and only if

+ v,(, )).
1
Z (+) NG

is an eigenvalue of A, then this eigenvalue has multiplicity 2 if
k;én

((_1)k+1‘7k + ( 1)k+1
Kamila Dgbowska
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Dirac systems with nonlocal potentials on the interval
Characteristic function

The characteristic function of the operator A has the form

. Qp
X(A) = —sin(Ab) + cos(Ab) ) NCIY
neZ \n
where
1 1
_ Syl (D) (2) Lyt (D)

01,7—2( ]-) ( +Vn)+2( 1) (Vn +v

and )\( ) =(n—- %)%

2

( ) ‘ (1)+
Moreover, we infer the following equation

X (Aﬁ)) = (-1)"

2
g( 1)+l (v,(,l) + v,(,2)) — 1‘
Kamila Dgbowska
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Inverse problem

Dirac systems with nonlocal potentials on the interval

Step 1. Knowing all eigenvalues A, of the operator A, we construct the
characteristic function y:

X(A) = =b(A = o) [

n=1

(mr
Step 2. We calculate the values X()\S,Jr)) for all n € Z, where A
Step 3. Solve the quadratic equation for v,

(+)

o3

n’ o= (n— %)
X ()\ﬁr)) = (=1)"|bv, —if*.
Kamila Dgbowska
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Dirac systems with nonlocal potentials on the interval

Example for solving inverse problem

Let \; = % and A\, = n for n # 1 be the eigenvalues of the operator A and let
b = m. The characteristic function Y, in this case, is the following

-

X(A) = —sin (77)\))\ —1
For \;) = n— 1 calculate the values X()\gﬂ)
quadratic equation

=(-1)" =5

3. We solve the
2
|V, — i =
and get

N

-1
v——i n—§+ n—1 n—§
L 2 '
Then
W - (1) (
2T
Kamila Dgbowska
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