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Introduction
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[QICLIEEILIN  Motivations

Motivations

Q: How does “geometry” affect quantum particles on a manifold?

e M 3D-manifold (e.g., M = R?)
@ geometric structure (— sub-Riemannian geometry)
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[QICLIEEILIN  Motivations

Motivations

Q: How does “geometry” affect quantum particles on a manifold?

e M 3D-manifold (e.g., M = R?)
@ geometric structure (— sub-Riemannian geometry)

@ ﬂivolution of
“ ” . antum particles
— A “Laplace” operator (sub-Laplacian) - W“\ um part

defined on C2°(M) C L3(M), —A > 0, symmetric k sub- /‘\77/
Laplacian

Remark (Essential self-adjointness «— Quantum dynamics in M:)

(Stone’s Theorem
<~

H=—A, D(H) = C(M) is essentially self-adjoint ) 31 solution to

i0:u(p, t) — Hu(p, t) =0

s (s )z = lluollzomy-
u(p,0) = uo(p) ) )

(Schradinger) {
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[QICLIEEILIN  Motivations

Motivations

Q: How does “geometry” affect quantum particles on a manifold?

e M 3D-manifold (e.g., M = R?)
@ geometric structure (— sub-Riemannian geometry)

Evolution of
u ” . uantum particles
— A “Laplace” operator (sub-Laplacian) J P

defined on C2°(M) C L3(M), —A > 0, symmetric k sub- /‘ T
Laplacian

Remark (Essential self-adjointness «— Quantum dynamics in M:)

Stone’s Theorem
<~

H=—A, D(H) = C=(M) is essentially self-adjoint ' ) 31 solution to

. ideu(p, t) — Hu(p,t) =0
(Schrddinger) o NaCs O)llizmy = [luollizqmy-
u(p,0) = uo(p) “ “
Question: ?? Point interactions for 3D sub-Laplacians ??
Is the sub-Laplacian essentially self-adjoint on M\ {p}, p € M? J
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[QICLIEEILIN  Motivations

Examples

1) Euclidean case. M = Q C R” open;
A= 282 div(V ).

v/ Q=R" = H = —A is essentially self-adjoint;

X Q=R"\{0}, n=1,2,3 = H = —A is not essentially self-adjoint (need
boundary conditions corresponding to different dynamics). [e.g., Albeverio, Gesztesy,
Hgegh-Krohn, Holden (book)]

v Q=R"\ {0}, n >4 = H = —A is essentially self-adjoint. [e.g., Albeverio, Gesztesy,
Hgegh-Krohn, Holden (book)]
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Examples

1) Euclidean case. M = Q C R” open;
A= 282 div(V ).

v/ Q=R" = H = —A is essentially self-adjoint;

X Q=R"\ {0}, n=1,2,3 = H = —Ais not essentially self-adjoint (need
boundary conditions corresponding to different dynamics). [e.g., Albeverio, Gesztesy,
Hgegh-Krohn, Holden (book)]

v Q=R"\ {0}, n >4 = H = —A is essentially self-adjoint. [e.g., Albeverio, Gesztesy,
Hgegh-Krohn, Holden (book)]

2) The previous results extend to the case where (/V/, g) is a complete Riemannian
manifold and A;p = divye, (V - ), is the Laplace-Beltrami operator (vol, Riemannian
volume). [Gaffney (1951-1954), Colin De Verdiere (1982)].
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The Heisenberg group

The Heisenberg group
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The Heisenberg group

Spoiler: the sub-Laplacian is

Do = (0= S0:) + (9 + 50:)°
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The Heisenberg group

The Heisenberg group

Spoiler: the sub-Laplacian is

Do = (0= S0:) + (9 + 50:)°

=X*+Y?
| (f“‘mﬁm\\iﬁ?zma)

X(X’y7z) = 8X—%827 Y(X7.V7 Z) - 8}/“!‘%827 /“J

where D = span{X, Y}
is the Heisenberg distribution:

Heisenberg;distribution
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The Heisenberg group

Spoiler: the sub-Laplacian is
Do = (0= S0:) + (9 + 50:)°

:X2+Y2

(?E:T(err#clm\imzrnzf)

X(x,y,2) = %=3 0z, Y(x,y,2) = 8,43 s,

where D = span{X, Y}
is the Heisenberg distribution:

e X and Y are left invariant vector fields with respect to the Lie group law
/! ! / ! ’ / 1 ! /
(y,z)x(x,y,2') = <X+X,y+y 242+ Sy —xy)) ;

together with the vertical vector field Z = 9, = [X, Y.

e The Haar measure (left and right invariant) is the Lebesgue measure.
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The Heisenberg group

Heisenberg sub-Laplacian

Let (-,-) be a metric on D that makes X, Y orthonormal. Then

@ the sub-Riemannian gradient Vy is
Vuo = (XP)X+(YP)Y, ¢e CP(M), i.e., (V¢, W) = dp(W),YW € I(D).
o the sub-Laplacian is the operator on L?(M) defined by

Ap=div(Vy - )= X>+ Y2
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The Heisenberg group

Heisenberg sub-Laplacian

Let (-,-) be a metric on D that makes X, Y orthonormal. Then

@ the sub-Riemannian gradient Vy is
Vuo = (XP)X+(YP)Y, ¢e CP(M), i.e., (V¢, W) = dp(W),VW € I(D).
o the sub-Laplacian is the operator on L?(M) defined by
Ap=div(Vy - )= X>+ Y2

Properties:

e Ay is invariant under left translations: Ax(f o Lp) = (Anf) o Lp, where
Ly(q) := p*q, p,q € R? are left translations.
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The Heisenberg group

Heisenberg sub-Laplacian

Let (-,-) be a metric on D that makes X, Y orthonormal. Then

@ the sub-Riemannian gradient Vy is
Vuo = (XP)X+(YP)Y, ¢e CP(M), i.e., (V¢, W) = dp(W),VW € I(D).
o the sub-Laplacian is the operator on L?(M) defined by
Ap=div(Vy - )= X>+ Y2

Properties:

e Ay is invariant under left translations: Ax(f o Lp) = (Anf) o Lp, where
Ly(q) := p*q, p,q € R? are left translations.

@ [Hordmander (1967)] Ay is hypoelliptic
feC®(Q) and Apu=f inQ = veC™(Q)
@ [Folland (1973)] Ay is sub-elliptic

feW(Q) and Apu=f inQ = ue WPTP(Q)
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The Heisenberg group

Metric structure and dilations

Metric structure: Thanks to “[X, Y] = Z" (Hérmander condition), once (-, ) is given, R
can be endowed with the Carnot-Carathéodory distance d.

(\ﬁﬂ?en\f m internet)

Figure 3: The Heisenberg sub-Riemannian sphere
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The Heisenberg group

Metric structure and dilations

Metric structure: Thanks to “[X, Y] = Z" (Hérmander condition), once (-, ) is given, R
can be endowed with the Carnot-Carathéodory distance d.

(\ﬁﬂ?en-f m internet)

Figure 3: The Heisenberg sub-Riemannian sphere

Dilations: A > 0, 5y 1 R® = R3, Sx(x,y,z) = (Ax, Ay, \?2)
o Laplacian: Au(f o dxp) = N2(Auf)(6rp)
o Measure: L3(05E) = N L3(E)

— Homogeneous (Hausdorff) dimension = 4

Valentina Franceschi Point interactions for 3D sub-Laplacians February 28th, 2019 8 /18



Essential self-adjointness of the Heisenberg sub-Laplacian

Essential self-adjointness of the Heisenberg sub-Laplacian
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Essential self-adjointness of the Heisenberg sub-Laplacian

Results

Question: 7?7 Point interactions for 3D sub-Laplacians 7?7

Is the sub-Laplacian Ay essentially self-adjoint on R®\ {0}?

Two relevant dimensions are involved : the topological one (3) and the
Hausdorff one (4).
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Essential self-adjointness of the Heisenberg sub-Laplacian

Results

Question: 7?7 Point interactions for 3D sub-Laplacians 7?7

Is the sub-Laplacian Ay essentially self-adjoint on R®\ {0}?

Two relevant dimensions are involved : the topological one (3) and the
Hausdorff one (4).

Theorem (Srichartz, 1986)
H = —Ay, dom(H) = C°(H") is essentially self-adjoint }

The theorem holds actually for all sub-laplacians with respect to smooth measures.
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Essential self-adjointness of the Heisenberg sub-Laplacian

Results

Question: 7?7 Point interactions for 3D sub-Laplacians 7?7

Is the sub-Laplacian Ay essentially self-adjoint on R®\ {0}?

Two relevant dimensions are involved : the topological one (3) and the
Hausdorff one (4).

Theorem (Srichartz, 1986)
H = —Ay, dom(H) = C°(H") is essentially self-adjoint }

The theorem holds actually for all sub-laplacians with respect to smooth measures.

Answer: YES!
Theorem (Adami, Boscain, F., Prandi(2019 - submitted))
H=—Ay, dom(H)= C*(R*\ {0}) is essentially self adjoint. }
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Essential self-adjointness of the Heisenberg sub-Laplacian [SERENTERGRTERIE

Elements of the proof

1) Essential self-adjointness criterion:
= —Apy, dom(H) :“CC"O(R3 \ {0}) is > 0 symmetric:
ess a.a. <= ker(H* + i) = {0}.

T T-

Lemma (ABFP - Pavlov's type)

H is ess. s.-a. <= there are no L?-solutions of

(H+ )0 =Y caD0o in the sense of distributions, (%)

|| EN

where ¢, € R, and H= —Ay, dom(H) = C°(H") is the (essentially self-adjoint)
sub-Laplacian on R3.

2) Non commutative Fourier transform helps in ...
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Essential self-adjointness of the Heisenberg sub-Laplacian [SERENTERGRTERIE

Elements of the proof

...solving (x)!

(—Ap+i)0= Z caD%8p in the sense of distributions.
|| EN

o Euclidean idea: Let us focus on the distributional equation (—A + /)0 = do (*x). By
Fourier transform we get

1
A2+

— ||g|‘§:||é”§:/ #dAN/oo p" 1 ppzoo/pnf5
o [|[A2+i[? o IP+iP

= |||} <00 <= n—5< -1 < n<A4.

(%) <= (A +)IN) =1 << ) =
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Essential self-adjointness of the Heisenberg sub-Laplacian [SERENTERGRTERIE

Elements of the proof

...solving (x)!

(—Ap+i)0= Z caD%8p in the sense of distributions.
|| EN

o Euclidean idea: Let us focus on the distributional equation (—A + /)0 = do (*x). By
Fourier transform we get

1
e

. 1 o pnfl p—ro0 _s5
:>62:62:/7.d>\~/ ———d N/"
” H2 ” H2 - |‘M2+’|2 0 |p2_|_,|2 p p

= |||} <00 <= n—5< -1 < n<A4.

(%) <= (AP +)IN) =1 < ()

. . . = oo d\
@ By non-commutative Fourier tr. in H': ||6'Hf2(H1) > HGH?Z(W) Z/ o = +o00.
1

Hence, there are no L? solutions of (*), meaning that H is essentially self-adjoint.
O
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General 3D sub-Laplacians

General 3D sub-Laplacians
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General 3D sub-Laplacians

General 3D sub-Laplacians

A sub-Riemannian manifold is (M, X’) where M is a smooth n-dimensional manifold and
X ={X1,...,Xn} is a family of smooth vector fields on M satisfying the Hérmander
condition: for any p € M

3s(p) € N:span{Xi(p), .- -, Xm(p), [Xi, Xj](P), - - -, [ X, [Xi, - - - [Xis 1, Xi(P)} = THR",
For p € M, we let
Dp = span{Xi(p), ..., Xm(p)}, ni(p) = dim(D,) rank at p.

Examples:

e Heisenberg group : M = R3 > (x,y,2) = p, X = {X1, X2}, X1 = O, Xo = 0y + x0;.
Hormander condition: [X1, Xo] = 0;. rank m =2 < n=3.

o Martinet space: M =R3 Xi = 0y, Xo = 0, + %82-

= [X1, X2](x,y,2z) = x8,, [Xu,[X1, Xo]l(x,y,2) = 0:

2,3 if 0
= n(x,y,z) = 23) !X# ;
(2,2,3) ifx=0
There is a singular region Z = {x = 0} in which commutators of length 2 are not
sufficient to generate the whole tangent space. The others are called contact points.

v
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General 3D sub-Laplacians

sub-Riemannian manifolds: sub-Laplacian

o the sub-Riemannian gradient V is

m

Vo =y (Xid)Xi, ¢ € CF(M),

i=1
@ given w measure on M, the sub-Laplacian is the operator on LfJ(M) defined by
Ay =dive (Vi) =D XX =Y X7 +diva (X)X
i=1 i=1

Sub-Laplacians are hypoelliptic and sub-elliptic:
feWP(Q) and Awu=f inQ = ue W-PHP(Q)
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General 3D sub-Laplacians

sub-Riemannian manifolds: sub-Laplacian

o the sub-Riemannian gradient V is

m

Vo =y (Xid)Xi, ¢ € CF(M),

i=1
@ given w measure on M, the sub-Laplacian is the operator on LfJ(M) defined by
Ay =dive (Vi) =D XX =Y X7 +diva (X)X
i=1 i=1

Sub-Laplacians are hypoelliptic and sub-elliptic:
feWP(Q) and Awu=f inQ = ue W-PHP(Q)

Essential self-adjointness

v/ (M, d) complete and w smooth = H = —A,, is essentially self-adjoint [Strichartz (86)].
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General 3D sub-Laplacians

sub-Riemannian manifolds: sub-Laplacian

o the sub-Riemannian gradient V is

m

Vo =y (Xid)Xi, ¢ € CF(M),

i=1
@ given w measure on M, the sub-Laplacian is the operator on LfJ(M) defined by
Ay =dive (Vi) =D XX =Y X7 +diva (X)X
i=1 i=1
Sub-Laplacians are hypoelliptic and sub-elliptic:

feWP(Q) and Awu=f inQ = ue W-PHP(Q)

Essential self-adjointness

v (M, d) complete and w smooth = H = —A,, is essentially self-adjoint [Strichartz (86)].
Theorem (Adami, Boscain, F., Prandi(2019 - submitted))

Let H= —A,, where w is a smooth measure and dom(H) = C°(R>*\ {p}), where p is a
contact point. Then H is essentially self adjoint.

Based on sub-elliptic estimates and local normal forms for D around contact points.
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General 3D sub-Laplacians [IEEI VAT

A comment on Hardy inequality

A quite standard way to obtain essential self-adjointness is to combine Hardy inequalities
with Agmon type estimates to prove that ker(H* + i) = {0}.

Q: Can we find a Hardy inequality of the following type ?
2
77 / |Vyul® dg > CH/ 2 dq, forue C(H'\{0}), with Cy>1 77
HL Hl (50

@ [Lehrbick (2017)]: 3CH > 0;
@ [Garofalo, Lanconelli (1990)]: in H" the following inequality is sharp

2 Q_2 2 U2 o) n
/HH‘VHU‘ dqz (T) /Hnm dq7 fOr ue CC (H \{0})

1
where K(x,y,z) = ((|x]* + |y[?)* + 162°)* is the Korany norm.

Q-2)?
@ [Yang (2012)]: FALSE proof of Cy = ) = 1.
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General 3D sub-Laplacians [IEEI VAT

A comment on Hardy inequality

A quite standard way to obtain essential self-adjointness is to combine Hardy inequalities
with Agmon type estimates to prove that ker(H* + i) = {0}.

Q: Can we find a Hardy inequality of the following type ?

2
[0l da> Cu [ % da forue CEE {0, with Gr=T
H H 0

[Lehrbick (2017)]: 3CH > 0;

[Garofalo, Lanconelli (1990)]: in H" the following inequality is sharp

2 Q_2 2 U2 o) n
/HH‘VHU‘ dqz (T) /Hnm dq7 for ue CC (H \{0})

where K(x,y,z) = ((Ix]* + y[?)* + 1622)% is the Kordny norm.
Q -2\’
@ [Yang (2012)]: FALSE proof of Cy = ) = 1.

e We can actually prove that Cy < 1 (by approximating K1).
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Conclusions

Conclusions
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Conclusions

Conclusions

We proved Essential self-adjointness of 3D pointed sub-Laplacians (around regular
points) with respect to a smooth measure.

* Can this be extended to topological dimension n > 47
* No Hardy inequality for the CC distance with constant 1 — what's the best constant?
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Conclusions

Conclusions

We proved Essential self-adjointness of 3D pointed sub-Laplacians (around regular
points) with respect to a smooth measure.

* Can this be extended to topological dimension n > 47
* No Hardy inequality for the CC distance with constant 1 — what's the best constant?

Thank you for your attention!
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Conclusions

Rotations of a thin molecule

We apply our result to the Schrédinger evolution on SO(3) of a thin molecule rotating
around its center of mass, described as follows. Consider a rod-shaped molecule of mass
m > 0, radius r > 0, and length ¢ > 0

The classical Hamiltonian is
1
H =5 (1o + 1] + Lw?)

_1g+5+@
o\ "t L)

where (wx,wy,w;) is the angular velocity,

3r2 4 ¢2 r?
IX—/y—/.—mT, lz—mj.
are the momenta of inertia, and Ly = lwy,
L, = lwy, L, = l,w, are the corresponding

angular momenta
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Conclusions

Rotations of a thin molecule

Letting r — 0, we have that I, — 0, and the
classical Hamiltonian reads

. _l 2 2
Hipin = 2/ (Lx+ Ly) .

The corresponding Schrodinger equation is

. d A
Iﬁ% = Hninyp, where

Finin = % (Ei + l:i) .
Here, L, I:y, (and I:z) are the three angular
momentum operators :

[.=iF., L, =iF, L[,=iF, forvf. on
50(3) such that [Fi, Fy] = F,. Hence
(50(3),{Fx«, F,}) is a sR manifold whose
corresponding sub-Laplacianis

v 2 2 y
Aoy = Fi + F) = =2/ Huyin.

= a point interaction at (ao, Bo,Y0) does not affect the evolution of a thin molecule.
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