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Introduction Motivations

Motivations

Q: How does “geometry” affect quantum particles on a manifold?

M 3D-manifold (e.g., M = R3)
geometric structure (→ sub-Riemannian geometry)

→ ∆ “Laplace” operator (sub-Laplacian)
defined on C∞c (M) ⊂ L2(M), −∆ ≥ 0, symmetric

Geometry
Evolution of heat
and of quantum 

particles

Laplacian

Geometry, 
measure

Evolution of 
quantum particles

sub-
Laplacian

Remark (Essential self-adjointness ←→ Quantum dynamics in M:)

H = −∆, D(H) = C∞c (M) is essentially self-adjoint
(Stone’s Theorem)⇐⇒ ∃! solution to

(Schrödinger)

{
i∂tu(p, t)− Hu(p, t) = 0

u(p, 0) = u0(p)
, ‖u(·, t)‖L2(M) = ‖u0‖L2(M).

Question: ?? Point interactions for 3D sub-Laplacians ??

Is the sub-Laplacian essentially self-adjoint on M \ {p}, p ∈ M?
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Introduction Motivations

Examples

1) Euclidean case. M = Ω ⊂ Rn open;

∆ =
n∑

i=1

∂2
i = div(∇ · ).

3 Ω = Rn =⇒ H = −∆ is essentially self-adjoint;

7 Ω = Rn \ {0}, n = 1, 2, 3 =⇒ H = −∆ is not essentially self-adjoint (need
boundary conditions corresponding to different dynamics). [e.g., Albeverio, Gesztesy,

Høegh-Krohn, Holden (book)]

3 Ω = Rn \ {0}, n ≥ 4 =⇒ H = −∆ is essentially self-adjoint. [e.g., Albeverio, Gesztesy,

Høegh-Krohn, Holden (book)]

2) The previous results extend to the case where (M, g) is a complete Riemannian
manifold and ∆LB = divvolg (∇ · ), is the Laplace-Beltrami operator (volg Riemannian
volume). [Gaffney (1951–1954), Colin De Verdière (1982)].
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The Heisenberg group

The Heisenberg group

Spoiler: the sub-Laplacian is

∆H = (∂x −
y

2
∂z)2 + (∂y +

x

2
∂z)2

= X 2 + Y 2

X (x , y , z) = ∂x−
y

2
∂z , Y (x , y , z) = ∂y+

x

2
∂z ,

where D = span{X ,Y }
is the Heisenberg distribution:

• X and Y are left invariant vector fields with respect to the Lie group law

(x , y , z) ∗ (x ′, y ′, z ′) =

(
x + x ′, y + y ′, z + z ′ +

1

2
(xy ′ − x ′y)

)
,

together with the vertical vector field Z = ∂z = [X ,Y ].

• The Haar measure (left and right invariant) is the Lebesgue measure.
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The Heisenberg group

Heisenberg sub-Laplacian

Let 〈·, ·〉 be a metric on D that makes X , Y orthonormal. Then

the sub-Riemannian gradient ∇H is

∇Hφ := (Xφ)X+(Yφ)Y , φ ∈ C∞(M), i.e., 〈∇φ,W 〉 = dφ(W ), ∀W ∈ Γ(D).

the sub-Laplacian is the operator on L2(M) defined by

∆H = div(∇H · ) = X 2 + Y 2.

Properties:

∆H is invariant under left translations: ∆H(f ◦ Lp) = (∆H f ) ◦ Lp, where
Lp(q) := p ∗ q, p, q ∈ R3 are left translations.

[Hördmander (1967)] ∆H is hypoelliptic

f ∈ C∞(Ω) and ∆hu = f inΩ =⇒ u ∈ C∞(Ω)

[Folland (1973)] ∆H is sub-elliptic

f ∈W k,p(Ω) and ∆hu = f inΩ =⇒ u ∈W k,p+1,p(Ω)
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The Heisenberg group

Metric structure and dilations

Metric structure: Thanks to “[X ,Y ] = Z” (Hörmander condition), once 〈·, ·〉 is given, R3

can be endowed with the Carnot-Carathéodory distance d .

Dilations: λ > 0, δλ : R3 → R3, δλ(x , y , z) = (λx , λy , λ2z)

Laplacian: ∆H(f ◦ δλp) = λ2(∆H f )(δλp)

Measure: L3(δλE) = λ4L3(E)

→ Homogeneous (Hausdorff) dimension = 4
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Metric structure: Thanks to “[X ,Y ] = Z” (Hörmander condition), once 〈·, ·〉 is given, R3

can be endowed with the Carnot-Carathéodory distance d .
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Essential self-adjointness of the Heisenberg sub-Laplacian
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Essential self-adjointness of the Heisenberg sub-Laplacian

Results

Question: ?? Point interactions for 3D sub-Laplacians ??

Is the sub-Laplacian ∆H essentially self-adjoint on R3 \ {0}?

Two relevant dimensions are involved : the topological one (3) and the
Hausdorff one (4).

Theorem (Srichartz, 1986)

H = −∆H , dom(H) = C∞c (H1) is essentially self-adjoint

The theorem holds actually for all sub-laplacians with respect to smooth measures.

Answer: YES!

Theorem (Adami, Boscain, F., Prandi(2019 - submitted))

H̊ = −∆H , dom(H̊) = C∞c (R3 \ {0}) is essentially self adjoint.
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Essential self-adjointness of the Heisenberg sub-Laplacian Elements of the proof

Elements of the proof

1) Essential self-adjointness criterion:
H̊ = −∆H , dom(H̊) = C∞c (R3 \ {0}) is ≥ 0 symmetric:
H̊ ess a.a. ⇐⇒ ker(H̊∗ + i) = {0}.

Lemma (ABFP - Pavlov’s type)

H̊ is ess. s.-a. ⇐⇒ there are no L2-solutions of

(H + i)θ =
∑
|α|∈N

cαD
αδ0 in the sense of distributions, (∗)

where cα ∈ R, and H = −∆H , dom(H) = C∞c (H1) is the (essentially self-adjoint)
sub-Laplacian on R3.

2) Non commutative Fourier transform helps in ...
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Essential self-adjointness of the Heisenberg sub-Laplacian Elements of the proof

Elements of the proof

...solving (∗)!

(−∆H + i)θ =
∑
|α|∈N

cαD
αδ0 in the sense of distributions.

Euclidean idea: Let us focus on the distributional equation (−∆ + i)θ = δ0 (∗∗). By
Fourier transform we get

(∗∗) ⇐⇒ (|λ|2 + i)θ̂(λ) = 1 ⇐⇒ θ̂(λ) =
1

|λ|2 + i

=⇒ ‖θ‖2
2 = ‖θ̂‖2

2 =

∫
Rn

1

||λ|2 + i |2 dλ ∼
∫ ∞

0

ρn−1

|ρ2 + i |2 dρ
ρ→∞∼

∫
ρn−5

=⇒ ‖θ‖2
2 <∞ ⇐⇒ n − 5 < −1 ⇐⇒ n < 4.

By non-commutative Fourier tr. in H1: ‖θ‖2
L2(H1) ≥ ‖θ̃‖

2
L2(H̃1) &

∫ +∞

1

dλ

|λ| = +∞.

Hence, there are no L2 solutions of (∗), meaning that H̊ is essentially self-adjoint.

�
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General 3D sub-Laplacians

General 3D sub-Laplacians

A sub-Riemannian manifold is (M,X ) where M is a smooth n-dimensional manifold and
X = {X1, . . . ,Xm} is a family of smooth vector fields on M satisfying the Hörmander
condition: for any p ∈ M

∃s(p) ∈ N : span{X1(p), . . . ,Xm(p), [Xi ,Xj ](p), . . . , [Xi1 , [Xi2 , . . . [Xis−1 ,Xis ]](p)} = TpRn,

For p ∈ M, we let

Dp = span{X1(p), . . . ,Xm(p)}, n1(p) = dim(Dp) rank at p.

Examples:

• Heisenberg group : M = R3 3 (x , y , z) = p, X = {X1,X2}, X1 = ∂x , X2 = ∂y + x∂z .

Hörmander condition: [X1,X2] = ∂z . rank n1 ≡ 2 < n = 3.

• Martinet space: M = R3, X1 = ∂x , X2 = ∂y + x2

2
∂z .

=⇒ [X1,X2](x , y , z) = x∂z , [X1, [X1,X2]](x , y , z) = ∂z

=⇒ n(x , y , z) =

{
(2, 3) if x 6= 0

(2, 2, 3) if x = 0
,

There is a singular region Z = {x = 0} in which commutators of length 2 are not
sufficient to generate the whole tangent space. The others are called contact points.
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General 3D sub-Laplacians

sub-Riemannian manifolds: sub-Laplacian

the sub-Riemannian gradient ∇H is

∇Hφ :=
m∑
i=1

(Xiφ)Xi , φ ∈ C∞(M),

given ω measure on M, the sub-Laplacian is the operator on L2
ω(M) defined by

∆ω = divω(∇H · ) =
m∑
i=1

X ∗i Xi =
m∑
i=1

X 2
i + divω(Xi )Xi .

Sub-Laplacians are hypoelliptic and sub-elliptic:

f ∈W k,p(Ω) and ∆hu = f inΩ =⇒ u ∈W k,p+ 2
s
,p(Ω)

Essential self-adjointness

3 (M, d) complete and ω smooth =⇒ H = −∆ω is essentially self-adjoint [Strichartz (86)].

Theorem (Adami, Boscain, F., Prandi(2019 - submitted))

Let H = −∆ω, where ω is a smooth measure and dom(H) = C∞c (R3 \ {p}), where p is a
contact point. Then H is essentially self adjoint.

Based on sub-elliptic estimates and local normal forms for D around contact points.
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General 3D sub-Laplacians Hardy inequality

A comment on Hardy inequality

A quite standard way to obtain essential self-adjointness is to combine Hardy inequalities
with Agmon type estimates to prove that ker(H̊∗ + i) = {0}.

Q: Can we find a Hardy inequality of the following type ?

??

∫
H1

|∇Hu|2 dq ≥ CH

∫
H1

u2

δ2
0

dq, for u ∈ C∞c (H1 \ {0}), with CH ≥ 1 ??

[Lehrbäck (2017)]: ∃CH > 0;

[Garofalo, Lanconelli (1990)]: in Hn the following inequality is sharp∫
Hn

|∇Hu|2 dq ≥
(
Q − 2

2

)2 ∫
Hn

u2

(K/|∇HK |)2
dq, for u ∈ C∞c (Hn \ {0})

where K(x , y , z) =
(
(|x |2 + |y |2)2 + 16z2

) 1
4 is the Korány norm.

[Yang (2012)]: FALSE proof of CH =

(
Q − 2

2

)2

= 1.

We can actually prove that CH < 1 (by approximating K−1).
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[Garofalo, Lanconelli (1990)]: in Hn the following inequality is sharp∫
Hn

|∇Hu|2 dq ≥
(
Q − 2

2

)2 ∫
Hn

u2

(K/|∇HK |)2
dq, for u ∈ C∞c (Hn \ {0})

where K(x , y , z) =
(
(|x |2 + |y |2)2 + 16z2

) 1
4 is the Korány norm.

[Yang (2012)]: FALSE proof of CH =

(
Q − 2

2

)2

= 1.

We can actually prove that CH < 1 (by approximating K−1).
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Conclusions

Conclusions

We proved Essential self-adjointness of 3D pointed sub-Laplacians (around regular
points) with respect to a smooth measure.

* Can this be extended to topological dimension n ≥ 4?
* No Hardy inequality for the CC distance with constant 1 → what’s the best constant?

Thank you for your attention!
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Conclusions

Rotations of a thin molecule

We apply our result to the Schrödinger evolution on SO(3) of a thin molecule rotating
around its center of mass, described as follows. Consider a rod-shaped molecule of mass
m > 0, radius r > 0, and length ` > 0

α
r

z

y
x `

The classical Hamiltonian is

H =
1

2

(
Iω2

x + Iω2
y + Izω

2
z

)
=

1

2

(
L2
x

I
+

L2
y

I
+

L2
z

Iz

)
.

where (ωx , ωy , ωz) is the angular velocity,

Ix = Iy = I := m
3r 2 + `2

12
, Iz = m

r 2

2
.

are the momenta of inertia, and Lx = Iωx ,
Ly = Iωy , Lz = Izωz are the corresponding
angular momenta
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Conclusions

Rotations of a thin molecule

α
r

z

y
x `

Letting r → 0, we have that Iz → 0, and the
classical Hamiltonian reads

Hthin =
1

2I

(
L2
x + L2

y

)
.

The corresponding Schrödinger equation is

i~dψ
dt

= Ĥthinψ, where

Ĥthin =
1

2I

(
L̂2
x + L̂2

y

)
.

Here, L̂x , L̂y , (and L̂z) are the three angular
momentum operators :
L̂x = iFx , L̂y = iFy , L̂z = iFz , for v.f. on
SO(3) such that [Fx ,Fy ] = Fz . Hence
(SO(3), {Fx ,Fy}) is a sR manifold whose
corresponding sub-Laplacianis

∆dh = F 2
x + F 2

y = −2I Ĥthin.

=⇒ a point interaction at (α0, β0, γ0) does not affect the evolution of a thin molecule.
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