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Lyndon word decompositions

Lyndon words

A word on an alphabet of q letters is a Lyndon word if it is strictly
smaller in lexicographic order than all its cyclic shifts. J

Example: binary Lyndon words length < 3,

0 <jex 001 <jex 01 <y 011 <jex 1.
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Lyndon word decompositions

The standard decomposition

Theorem 1 (Chen, Fox, Lyndon)

Every word w can be uniquely written as a concatenation of
Lyndon words in non-increasing lexicographic order, the standard
decomposition of w.

Example: standard decompositions of binary words length 3,

(0)(0)(0)  (01)(0) (1)(0)(0) (1)(1)(0)
(0o1)  (011)  (1)(01)  (1)(1)(1)

A standard decomposition w = viva ... v, with v; a Lyndon word
and vj >1ex Vjy1 is strictly decreasing if v; >1ex Vji1.
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Lyndon word decompositions

The standard decomposition

Theorem 1 (Chen, Fox, Lyndon)

Every word w can be uniquely written as a concatenation of
Lyndon words in non-increasing lexicographic order, the standard
decomposition of w.

Example: standard decompositions of binary words length 3,

(0)(0)(0) (01)(0) (1)(0)(0) (1)(1)(0)
(001)  (011)  (1)(01) (1)(1)(1)

A standard decomposition w = viva ... v, with v; a Lyndon word
and vj >1ex Vjy1 is strictly decreasing if v; >1ex Vji1.
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Lyndon word decompositions

Binary words length 4 and 5.

0000 0100 1000 1100
0001 0101 1001 1101
0010 0110 1010 1110
0011 0111 1011 1111

00000 01000 10000 11000
00001 01001 10001 11001
00010 01010 10010 11010
00011 01011 10011 11011
00100 01100 10100 11100
00101 01101 10101 11101
00110 01110 10110 11110
00111 01111 10111 11111
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Binary words length 4 and 5.

(0)(0)(0)(0)  (01)(0)(0) (1)(0)(0)(0) (1)(1)(0)(0)
(0001)  (01)(01)  (1)(001)  (1)(1)(01)
(001)(0)  (011)(0)  (1)(01)(0) (1)(1)(1)(0)
(0011) (0111)  (1)(011)  (1)(1)(1)(1)
(0)(0)(0)(0)(0)  (01)(0)(0)(0)  (1)(0)(0)(0)(0)  (1)(1)(0)(0)(0)
(00001) (01)(001) (1)(0001) (1)(1)(001)
(0001)(0) (01)(01)(0)  (1)(001)(0)  (1)(1)(01)(0)
(00011) (01011) (1)(0011) (1)(1)(011)
(001)(0)(0)  (011)(0)(0)  (1)(01)(0)(0) ~ (1)(1)(1)(0)(0)
(00101) (011)(01)  (1)(01)(01)  (1)(1)(1)(01)
(0011)(0) (0111)(0)  (1)(011)(0)  (1)(1)(1)(1)(0)
(00111) (01111) (1)(0111)  (1)(1)(1)(1)(1)




Lyndon word decompositions

Theorem 2 (Band, H., Sepanski)

For words of length n > 2 the no. of strictly decreasing standard

decompositions is,
(g—1)g" .

@ Hence, the proportion of words length n with strictly
decreasing standard decompositions is q%l.

@ i.e. half of binary words have strictly decreasing standard
decompositions.
@ Proof relies on generating functions and a classical result,

S = am )
Ilm
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g-nary graphs

g-nary graphs

V = g vertices labeled by words length m.

E = g™ directed edges e, each labeled by word w length
m+ 1.

Origin vertex o(e), first m letters of w.
Terminal vertex t(e), last m letters of w.

2q-regular

Spectral gap: adjacency matrix has simple eigenvalue 1 and
eigenvalue 0 with multiplicity V — 1. (Maximal spectral gap
and maximally mixing.)
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g-nary graphs

Example: binary graph with 23 vertices

001 0011 011

BAYLOR

Jon Harrison Quantum Graph Properties via Lyndon Words



g-nary graphs

Example: binary graph with 23 vertices

001 0011 011

BAYLOR

Jon Harrison Quantum Graph Properties via Lyndon Words



g-nary graphs

Example: binary graph with 23 vertices

001 0011 011

BAYLOR

Jon Harrison Quantum Graph Properties via Lyndon Words



g-nary graphs

Example: binary graph with 23 vertices
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g-nary graphs

Example: ternary graph with 32 vertices
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g-nary graphs

Periodic orbits

@ A path length / is labeled by a word w = a3, ..., a/4+m.

o A closed path length [ is labeled by w = a1,..., a;.

@ A periodic orbit 7y is the equivalence class of closed paths
under cyclic shifts.

@ A primitive periodic orbit is a periodic orbit that is not a
repartition of a shorter orbit.

@ Primitive periodic orbits length / are in 1-to-1 correspondence
with Lyndon words length /.

Example: 0011 is a primitive periodic orbit length 4.
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g-nary graphs

Pseudo orbits

@ A pseudo orbit % = {71,...,ym} is a set of periodic orbits.

e A primitive pseudo orbit 7 is a set of primitive periodic orbits
where no periodic orbit appears more than once.

@ Note: there is a bijection between primitive pseudo orbits and
strictly decreasing standard decompositions.

Example: 011010 has strictly decreasing standard decomposition
(011)(01)(0).
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Pseudo orbit approach

Quantum graph

To quantize graph; assign a unitary vertex scattering matrix o)
to each vertex v.

Example

A democratic choice is the discrete Fourier transform matrix,

1 1 1 1
1 w w2 w1
O'(V) — L 1 OJ2 w4 . wz(dv_l)
e,e’ \/a
1 Wil @2a-) e

27i

w =e 9 a primitive g-th root of unity.

J,
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Pseudo orbit approach

Characteristic polynomial

Combine vertex scattering matrices into an E x E matrix X,

{agg, v = t(e') = ofe)

DA—
o€ 0 otherwise

; (2)

Quantum evolution op. U (k) = L, with L = diag{h, ..., /g}.

Characteristic polynomial of U(k)

E
Fe (k) = det (€1 — U(K) = > aneE"
n=0

@ Spectrum corresponds to roots of Fi(k) = 0.

e Riemann-Siegel lookalike formula, a, = agag_,,. BAYLOR
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Pseudo orbit approach

Periodic orbits on a quantum graph

To periodic orbit v = (eq, ..., ey) on a quantum graph associate,
@ topological length E, = m.
e metric length |, = ey
@ stability amplitude Ay = Y ¢,e, X eze, - - - Lepen_1 Lerenm-
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Pseudo orbit approach

Pseudo orbits on a quantum graph

To pseudo orbit 5 = {71,...,ym} associate,
@ ms = M no. of periodic orbits in 4.

e topological length E; = Zj‘il E,.
e metric length Iz = Z}‘il by
o stability amplitude Ay = [}, A,,.
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Pseudo orbit approach

Theorem 3 (Band,H.,Joyner)

Coefficients of the characteristic polynomial F¢ (k) are given by,
an = Z (—].)m:Y A’7 exp (lklfy) y
Y E5=n

where the finite sum is over all primitive pseudo orbits topological
length n.

Idea
e Expand det ({1 — U (k)) as a sum over permutations.
@ A permutation p € Sg can contribute iff p(e) is connected to
e for all e in p.
@ Representing p as a product of disjoint cycles each cycle is a
primitive periodic orbit. BAYLOR
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Pseudo orbit approach

Variance of coefficients of the characteristic polynomial

_ 1 (K. 1 n=0
n = -1 m'YA_ li - lk/rydk:
= 30 (U7 As Jim o [ {0

5| Een otherwise
K
(Janl= > ()™ AsA5 lim L[ et-ngg
_ _"E £ Rl K—o0 K 0
YV IEy=E5=n
= Z (_1)m7y+m"y/A,7A,7/ (5/,77/’7/ (3)

Diagonal contribution

(l2n*)aing = D 1457

JIEy=n
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Pseudo orbit approach

Background

@ Variance of coeffs of the characteristic polynomial of graphs —
Kottos and Smilansky (1999).
@ Spectral statistics of binary graphs — Tanner (2000)&(2001).

@ Variance of coeffs of characteristic polynomial of binary
graphs via permanent of transition matrix — Tanner (2002)

Random matrix variance

5 n(E — n)
— 14+ =
(lan|*)coE + E1

{lan/*)cur = 1
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Pseudo orbit approach

Diagonal contribution

1

@ Transition probability |‘7((eve)'|2 =

’ q

@ No. of primitive pseudo orbits length n equal to no. of strictly
decreasing standard decompositions of words length n,

(g—1)g"

Diagonal contribution

1 g—1
<’an|2>diag= Z ‘Aﬁ‘zz Z E=—

VIEy=n YIEy=n

For a sequence of graphs with increasing connectivity g the
diagonal contribution approaches the random matrix result,

(lan)®)cvE =1 . BAYLOR
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Pseudo orbit approach

Off-diagonal contributions (with Tori Hudgins)

Figure of 8 pseudo orbit pairs.
e.g. 7 ={0000101}, 5" = {00001, 01} have same metric length.

001 011

100 110

Scattering matrix at intersection vertex v = 010,

a<v):\2<i _11> (4)

As and Ay differ by —1 but m5 =1 and my = 2. Hence,

(=)™ AsAs = |As] BAYLOR
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Pseudo orbit approach

Off-diagonal contributions (with Tori Hudgins)

Figure of 8 pseudo orbit pairs with longer encounters.
e.g. 7 ={0010011} and 7’ = {001,0011} have same metric
length; both use edge 1001 twice.

A5 = Ay but m; =1 and my = 2,
(—1)™ Ay Ay = —|A5 (5)

Contributions of figure 8 pairs intersecting at a point and with
longer encounters cancel in the limit of long pseudo orbits. OR

Jon Harrison Quantum Graph Properties via Lyndon Words



Pseudo orbit approach

Off-diagonal contributions (with Tori Hudgins)

Figure of 8 pseudo orbit pairs with longer encounters.
e.g. 7 ={0010011} and 7’ = {001,0011} have same metric
length; both use edge 1001 twice.

A5 = Ay but m; =1 and my = 2,
(—1)™ Ay Ay = —|A5 (5)

Contributions of figure 8 pairs intersecting at a point and with
longer encounters cancel in the limit of long pseudo orbits. OR

Jon Harrison Quantum Graph Properties via Lyndon Words



Pseudo orbit approach

Off-diagonal contributions (with Tori Hudgins)

Figure of 8 pseudo orbit pairs with longer encounters.
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Contributions of figure 8 pairs intersecting at a point and with
longer encounters cancel in the limit of long pseudo orbits. OR
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Pseudo orbit approach

Summary

@ New result for Lyndon words decompositions.

@ Graph spectrum encoded in finite number of short primitive
pseudo orbits.

@ RMT behavior requires stronger conditions.
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