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The Landau Hamiltonian

Let B> 0and A := JB(—x2, x1) "
The Landau Hamiltonian acting in L2(R?) is

Aof = (iV+A)2f, domAg = {f € [2(R?) : (iV+A)f € [2(R?)}

A, describes the propagation of a quantum particle in R? in a
magnetic field of strength 91A, — 9.A1 = B
Properties of Ag:
= Ao = AS
= 0(Ao) = gess(Ao) = {B(29+ 1) : g € No}
= Aq := B(2g + 1) is an eigenvalue of infinite multiplicity and
called Landau level
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Statement of the problem

= Relatively compact perturbations of Ay smear the Landau levels
to eigenvalue clusters:
= (iV + A)? + V with sign definite and compactly supported
V: Raikov, Rozenblum, Pushnitski, . ..
= (iV + A)2 on an unbounded domain  with suitable
boundary conditions: Bruneau, Goffeng, Kachmar,
Miranda, Persson Sundqvist, Pushnitski, Rozenblum, ...

= Goal: similar result for A, := (iV + A)? + ads

= Conditions on « : £ — R which ensure the clustering of the
eigenvalues
= accumulation rate of the eigenvalues in terms of «
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Definition of the operator

= Assumptions:
= ¥ c R?isaclosed C"'-curve
= o € L>®(X) is real valued

= Define

aalf] = [V + AY[| 72 g, +/za|f|z|2do,

doma, := {f € L3(R?) : (iV + A)f € L2(R?;C?)}.

= q, is symmetric, closed, semibounded from below
= Associated self-adjoint operator is A,

Theorem (Behrndt, Exner, MH, Lotoreichik)

There exist real valued V. € L>(R?) with V. — adx in the
distributional sense, such that

(iV + A2+ V. — A,
in the norm resolvent sense.
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A Krein type resolvent formula for A,
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A Krein type resolvent formula for A,

= Let A € p(Ag) and G, be the Green function for Ay, i.e.
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A Krein type resolvent formula for A,

= Let A € p(Ap) and G, be the Green function for Ay, i.e.
(Ao =210 = [ @r(x.) )y
= Define y()\) : L3(X) — L3(RR?),
Y(N)e(x / Gr(X,y)p(y)do(y), xeR?
= Define M()\) : L3(X) — L3(%),

M(\)o(x) = / Ga(x,y)p(y)do(y), xeX

Proposition (Ozanova; Behrndt, Exner, MH, Lotoreichik)

(Au =2 = (Ao =) =1V (1 + aM))  ar(3)*
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A Krein type resolvent formula for A,
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A Krein type resolvent formula for A,

(Ao = N7 = (Ao = 2) " = () (1 + aM(V)  ay(A)*
Consequences:

= (A, — N7 — (Ay — N~ is compact
" Oess(An) = 0ess(Ao) = {Ag =B(2g+ 1) : g € No}
= Goal: analyze ¢(A,) in the neighborhoods of A4

= Strategy:
= Apply abstract perturbation theory to (A, — A\)~' and
(Ao — )"
= Relate —y(\)(1+ aM()\))_1a7(5\)* to certain Toeplitz type
operators

= Use knowledge on Toeplitz operators
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Some results from perturbation theory

= Assumptions:
= T=T*
= A € op(T) isolated with dimker(T — A) = oo
= Pp = projection onto ker(T — A)
= W = W* compact with
o(W)={u} : ke N}U{—p, : k e N} and
Py =y >y > >0
= Question: Eigenvalues \; of T+ Win (A —7,A] and [A,A +7)

Proposition (Behrndt, Exner, MH, Lotoreichik)
If W is not sign-definite, then Ve > 03/ € N s.t.

Mo ASOtem_, A= <(T+eme
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A Toeplitz type operatoron ' C

For a fixed g € Ny let P, be the orthogonal projection onto
ker(Ag — Aq)

Let ' C X be closed

Define in L?(R?) the bounded sesquilinear form

{[f] == /r |(Pgf)|r [do

Associated self adjoint operator Tg
Logarithmic energy of a measure u:

)= [ [ 10 pmau)duty).

Logarithmic capacity of a compact set K:

Cap(K) := sup {€~"") . ;s > 0 measure on R?,
supp pu C K, u(K) =1},
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Spectrum of the Toeplitz type operator

= Define in L2(R?) and I C X the bounded sesquilinear form
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Spectrum of the Toeplitz type operator

= Define in L2(R?) and I C X the bounded sesquilinear form
2
[ = /r |(Pyf)r [’do

= Associated self-adjoint operator Tg
= Logarithmic capacity of a compact set K:
Cap(K) :=sup {€~'") : 1 > 0 measure on R?,
supp p C K, u(K) = 1}.

Proposition (Pushnitski, Rozenblum)
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Spectrum of the Toeplitz type operator

= Define in L2(R?) and I C X the bounded sesquilinear form
2
[ = /r |(Pyf)r [’do
= Associated self-adjoint operator Tg
= Logarithmic capacity of a compact set K:
Cap(K) :=sup {€~'") : 1 > 0 measure on R?,
supp p C K, u(K) = 1}.

Proposition (Pushnitski, Rozenblum)

™ M 1/k 2
() limsup, . (k' sc(T5)"" < &(Cap(1)*.
(i) IfT is a C*°-smooth arc with two endpoints, then
. rw1/k _ B 2
limsupy_,.., (k!'sk(Tg)) "™ = 3(Cap(N)".
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One sided estimates

s Let Iy == (Aq — B,Ag) and I := (Ag, A + B
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One sided estimates

= Letly :=(Ag— B,Ag) and Iy := (Aq,Aq + B]
= Denote by \{(q) the eigenvalues of A, in 5

Theorem (Behrndt, Exner, MH, Lotoreichik)

LetT :=supp«. Then

limsup (k!|AE(q) — Agl) "/ < g (Cap(r))?.

K—o0
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One sided estimates

= Letly :=(Ag— B,Ag) and Iy := (Aq,Aq + B]
= Denote by \{(q) the eigenvalues of A, in 5

Theorem (Behrndt, Exner, MH, Lotoreichik)

LetT :=supp«. Then

limsup (k!|AE(q) — Agl) "/ < g (Cap(r))?.

K—o0

Proof:
= For A < 0 sufficiently negative

|Pg((Aa = A)"" = (Ao — \)71) Pyl
= | = Pey(W) (1 + aM(\)) " ay(A)*Pg| < T}
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One sided estimates

= Letly :=(Ag— B,Ag) and Iy := (Aq,Aq + B]
= Denote by \{(q) the eigenvalues of A, in 5

Theorem (Behrndt, Exner, MH, Lotoreichik)

LetT :=supp«. Then

limsup (k!|AE(q) — Agl) "/ < g (Cap(r))?.

K—o0

Proof:
= For A < 0 sufficiently negative

|Pg((Aa — N7 — (A — )\)*1)Pq|
-1 «
=| = Poy(\) (1 + aM(X))  ay(A)* Py < ch
= Apply result from Pushnitski, Rozenblum
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Clustering of eigenvalues from one side

Proposition (Behrndt, Exner, MH, Lotoreichik)

Ifa > 0 on %, then for all sufficiently small e > 0 there are only
finitely many eigenvalues of A, in (Aq — €, \q).
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Some results from perturbation theory

= Assumptions:
= T=T*
= A € op(T) isolated with dimker(T — A) = oo
= Pp = projection onto ker(T — A)
= W = W* compact with
o(W)={u} : ke N}U{—p, : k e N} and
Py =y >y > >0
= Question: Eigenvalues \; of T+ Win (A —7,A] and [A,A +7)

Proposition (Pushnitski, Rozenblum)
If W < 0 anddimrank Py WP, = oo, thenVe > 03/ € N s.t.

(1 =)y SA=X < (1 + &)y
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Clustering of eigenvalues from one side

Proposition (Behrndt, Exner, MH, Lotoreichik)

Ifa <0 on X, then for all sufficiently small e > 0 there are only
finitely many eigenvalues of A, in (Aq, Aq + €).
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Clustering of eigenvalues from one side

Proposition (Behrndt, Exner, MH, Lotoreichik)

Ifa <0 on X, then for all sufficiently small e > 0 there are only
finitely many eigenvalues of A, in (Aq, Aq + €).

Proposition (Behrndt, Exner, MH, Lotoreichik)

If« < 0 on %, then then infinitely many eigenvalues of A,
accumulate to Aq from below.
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Two sided estimates

= Let Iy := (Aqg — B,Aq) and I := (Ag,\q + B]
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Two sided estimates

= Let Iy := (Aqg — B,Ag) and I := (Ag,\q + B]
= Denote by A\ (q) the eigenvalues of A, in [
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Two sided estimates

= Letly :=(Aq— B,Ag) and Iy := (Aq,Aq + B]
= Denote by A\ (q) the eigenvalues of A, in [
Theorem (Behrndt, Exner, MH, Lotoreichik)

Let o > 0 and assume that T := supp a be a C*°-smooth curve
with two endpoints. Then

limsup (k!(AF(q) — Ag)) /" = g(Cap(l'))z.

k— oo
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Two sided estimates

= Let Iy := (Aqg — B,Ag) and I := (Ag,\q + B]
= Denote by A\ (q) the eigenvalues of A, in [
Theorem (Behrndt, Exner, MH, Lotoreichik)

Let o > 0 and assume that T := supp a be a C*°-smooth curve
with two endpoints. Then

limsup (k!(AF(q) — Ag)) /" = g(Cap(l'))z.

k— oo

Theorem (Behrndt, Exner, MH, Lotoreichik)

Let o < 0 and assume that T := supp o be a C*°-smooth curve
with two endpoints. Then

lim sup (k!(Aq — /\;(q)))”k =
k—o00

B
> (Cap(n)*.
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Thank you for your attention!
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